Solution to Exercise 1.2.4
We put :={1,...,n} and assume G < S,, acts transitively on .

(1) Let U <gg V and U £ Invg(V). Choose 0 # v € U with [(v) min-
imal. We may assume that v ¢ Invg (V). We choose the notation so that
Q=A{w,...,wtand v = > !, wjw;, hence a; 0 fori=1,...,r. Iffr=1
then w; € U and U = V, because G acts transitively on Q. So let r > 1.

Replacing v by ai Ly if need be, we may also assume that o = 1.

(a) If G =S,, we put g; := (w1 w;) € G and get for j =2,...,r

I
vj =0 — aj_lgjv = (a; — ozj_l)wj + Zai(l - ozj_l)o.)i eU.

i=2
i#]
Then {(v;) < r and from the minimality of » = I(v) we conclude that v; = 0 for
j=2,...,r. It follows that aj =1 for j=1,...,ror r =2 and v = w; — wo.
Assume that a; = 1 for j = 1,...,7. Since v € Invg(V) we have r < n.

Then v :=v — (w1, wp) v =w; —wy, € U and [(v") = 2.
Thus we have r = 2 and w; —w € U for all w € 2, since G acts doubly
transitively on Q and so U > Inv® (V).

(b) Now let G := A,,. If r < n — 2 we may argue exactly as in (a) replacing
the transposition (w1 w;) by (w1 wj)(wn—1 wy) and (w1 wy) by (w1 wy wWp—1) to
show that U > Inv¥ (V).

So we may assume that » > n — 1, hence » > 3 (and r > 4 if n > 5). For
3§j§rweputg} = (w1 w2 wj) € A,, and

T
v =0 — ozj_lg;v = (ag — Otj_l)(.UQ + (a; — 04205]»_1)(4)]' + Zai(l — ozj_l)w,; eU.
i=3

i)
Then v} = 0 because I(v}) < r. If r > 4 the last sum is not empty and we
conclude that o; =1 for j = 2,...,7. Replacing (w w1) by (w w1)(ws wa) in the
argument of (a) we obtain U > Inv® (V). In particular (i) is proved.

So it remains to consider the case r = 3 and, consequently n = 4. Here
v5 = 0 means

g = ag_l, ag = agagl hence ag =1, g = a%.

If X?>+X+1 € K[X] isirreducible then g = a3 = 1 and v/ — (wq wy)(wa w3) v =
w1 —wy € U, a contradiction. In particular (iii) is proved.

Now let a := a be a primitve third root of unity in K and az = a?. Put
v o= (w1 wa)(wo w3)v=a?wy + aws + wy

v’ = (wp wy we)v=aw + o ws +wy



Then
wi=v"—av+v=-2w3+2ws €U

and [(w) = 2 if char K # 2, a contradiction, which proves (ii).

Note: If char K = 2 then W := (v, ')k <gg V and affords (with respect to
the basis (v, v’)) the matrix representation

(w1w2w3)»—>[g ?}, (w1w4)(w2w3)l—>[(1) (1)}

With respect to the basis (Z?Zl wi, v) the module W affords the matrix repre-
sentation

(W1WQW3)F—>|:3 g], (w1w4)(w2w3)H{é }}



