
Solution to Exercise 2.1.10

Let U/N = CḠ(gN) with U ≤ G. Then

U = {u ∈ G | guN = gN} = {u ∈ G | [g, u] ∈ N} ≥ N CG(g).

Thus

|CG(g)| = [N CG(g) : N ] · |CG(g) ∩N | ≤ [U : N ] · |CN (g)|
≤ |CḠ(gN)| · |CN (g)|

with equality if and only if U = N CG(g).
(b) Using part (a) we obtain

∑
g∈G

|CG(g)| =
n∑

i=1

∑
h∈H

|CG(gih)| ≤
n∑

i=1

∑
h∈H

|CḠ(giN)| · |CN (gih)|.

(c) Let Ωi := {(h, u) ∈ N ×N | gi h u = u gi h}. Then

|Ωi| =
∑
h∈N

|CN (gih)| =
∑
u∈N

|CgiN (u)|.

Furthermore

|CgiN (u)| = |{gix | x ∈ N, ugix = u}| = |{x ∈ N | ugi = ux−1
}| =

=
{

0 if ugi 6∈ uN

|CN (u)| if ugi ∈ uN .

(d) Consider G as a G-set with conjugation as action, thus FixG(g) = CG(g).
We then obtain from (2.3) and part (b) and (c)

k(G) =
1
|G|

∑
g∈G

|CG(g)| ≤ 1
|Ḡ|

n∑
i=1

|CḠ(giN)
1
|N |

∑
h∈N

|CN (h)| = k(Ḡ) · k(N).
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