Solution to Exercise 3.4.2

(a) Let G = (z). By Example 1.1.24 every irreducible matrix representation
of G is equivalent to

5f:xj»—>(Mf)j 1<j<n

for some monic irreducible polynomial f € Q[X] dividing X™—1, in other words,
some cyclotomic polynomial @4 := J[4;)_;(X — ¢4) € Q[X] with d | n. Here
My is the companion matrix of f (see Example 1.1.24). Let x4 be the character
of p,. Then

xa(z?) = Z Cfij (1<j<n) and Ir(G) ={xa| d|n}.
(@d=1

(b) For every d | n there is a unique subgroup Hy := (/%) < G of index
d. Then 04 := (1g,)¢ is the unique transitive permutation character of degree d.

(c) Let 69: Hy — Q be the trivial representation. and let By := (1, x,...,2¢71).

Then [52G(x)]3d = dxa_q(z) and, since X4 —1 = Hm‘d P4,
d 0 ifmtd
Hd = Z Xm = Z €m,d Xm with €m,d = { 1 ifm | d
1<m<d m=1

mld

Let uyn be the Mobius function of the poset N ordered by divisibilty (see Defi-

nition 2.5.3); thus [un(Z,7)]1<ij<d = [Ei,j]l_gli,jgd' Hence

d
d
Xa= Y i, d) 0 = Y (=)0,
m=1 1S7T|L§d m

see Example 2.5.4.
(d) Tt follows from Lemma 3.2.7 (b) that

N d if g€ Hy,
ed(g)_{ 0 if g¢ Hy

for any d | n. From this we get 64(g) = 26,,(¢%) for g € G since g € Hy if and
only if ¢¢ € H,, = {1}.



