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Crystallographic root systems.

Definition

A crystallographic root system @ is a finite set of non zero vectors in Euclidean space
V st

(R1) N Ra ={a,—a}foralla € ®

(R2) s4(®) = @ foralla € ®, where 5o : v — v — 2((;”’;)) « is the reflection along «

(R3) 228 c 7 oralla, f € ®.

(o)

® is called irreducible if for all , 8 € ® there are

meN,a=ai1,...,am,my1 =B € Pt [T (o, ai11) #O0.

Remark

® irreducible root system, then there is a basis A = {a1,...,an} C ® C V s.t. for all
o€ dthereare ay,...,an € Zxo With

a=aio1 + ...+ anan positive root
or
a=—aja1 —...— apay Negative root

&1 := &+ (A) denotes the set of all positive roots.
Ila =3 ¢y € DT (the highest root) with maximal height >°7 , ¢; € N.



The irreducible crystallographic root systems
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Example

A = {Oq,OQ}
O+ = {1,201 + a2, 001 + a2, a2}

order of sq; Sa, IS4

al a2 (Say s Serg) 22 Dg
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Finite Weyl groups
Definition

Let @ be crystallographic root system.
Then W(®) := (sq : a € @) is called the Weyl group of ®.

Remark

Assume that @ is irreducible.
> W(®) = (sa:a€A)
» The Dynkin diagram encodes a presentation of W (®)
> W (®) acts irreducibly on V.

Fy o—0=o0—0
ap az  az ag

W (Fy) = (s1,52,83,54 | 87, (si55)2(|i — j| > 1), (s152)3, (s283)*, (s354)3)

) A, B, /Cy D, Es E7 Es

[®] n(n+1) 2n? 2n(n — 1) 72 126 240
[W(®)| | (n+1)! 2"n! 27~ 1nl 27345 210345 7 21435527
W (D) Snp1  CalSn (C37Y):Sn Si(8):2 C2xSe(2) 2.0F(2):2




Affine Weyl groups

TR

2al+a2

- < affine Weyl group <sl,s2,s3>

<s1,s2,83 | s172,82/2,8372
(s1s2)M,(s183)74,(s2s3)"2 >

’
’

Definition
H, 1 :={v eV | (v,a) =k} (affine hyperplane)
aV = (QQQ)a the coroot of o € ®

Sak V= Voo v—((v,a) — k)a” the reflection in the affine hyperplane H,



Affine Weyl groups
Remark
aV = ﬁa, Sa kv v—((v,0) —k)aY, Hop:={veV|(v,a)=k}
> (@)Y =a
> (aV,a)=2,a" =aif (a,a) =2
> Hop = Hapo + %av

> sq,k fixes H, i, pointwise and sends 0 to ka¥, so it is the reflection in the affine
hyperplane H, .

Definition

Let ® be an irreducible crystallographic root system.
> &V = {aV | a € ®} the dual root system
> L(®) := (®)z the root lattice, L(®)# = {v € V | (v,a) € Zforall a € &}
> L(®V)# =: L(®) the weight lattice

Proposition
The affine Weyl group of ®

Wa(®) := (Sak | @ € B,k € Z) 2 L(®Y) : W (D)

is the semidirect product of W (@) with the translation subgroup L(®V).



Proof: W, (®) = L(®Y) : W(®)

> Sa kv v— ((v,a) — k)oY with

> oV = <a2a>a, (a, V) = 2.

> W(P) = (sa,0 | @ € P) < W (D).

> Sa,08a,1 = t(a¥) because both map v € V to

(v —(v,0)a")s0,1 =v — (v,0)a" — ((v,0) — (v,Q) (o, ") —1)a" =v+ "
=2
> So L(®Y) = (t(aV) | a € D) < W (D).
> L(®V)NW(P) = {1}.
> L(®V) is normalized by W (®) because
$a,0t(V)Sa,0 = t(Sa,0(v))

and W(®)(®V) = oV.
> Sak = sa,Ot(kOlv) (S L(q;,\/) : W(CI’)



Affine Weyl groups




Root lattice, weight lattice

root lattice
L(®) = (a1, a2)

o (

~ weight lattice
S L(®) = (a1, saz)



Alcoves

Definition

> H:={H,p|acd kecZ}

> Vo=V —UgexH

» A connected component of V° is called an alcove.

Ao :={v eV |0< (v,a) < 1forall o € &t} the standard alcove.

So := {sa,0 | @« € A} U {s4,1} the reflections in the faces of the standard alcove.

v

v

Theorem
® irreducible crystallographic root system.
> A, is a simplex.
> Weo(®) = (So).
> W (®) acts simply transitively on the set of alcoves.
» A, is a fundamental domain for the action of W, (®) on V.



The standard alcove is a fundamental domain




Presentation of W, (®) in standard generators S,

OSS

2al+a2

affine Weyl group <sl,s2,s3>

<s1,82,83 | s172,82/2,8372
(s1s2)M,(s183)74,(s283)"2 >




Affine reflection groups

Ay o020

Ri(n>2) A

=G o==04=0

B,(n>3) :>>—o «es =0

G, (n=3) S0—0 -+ 0—0%0
Ba(n>4 Z>o—o o—o<z
Es

A O0—0—0=0—0
G, ot=0—0
Figure 4.1: Extended Dynkin diagrams



The length function

Definition
Any w € W, (®) is a product of elements in S,. We put
£(w) := min{r | Is1,...,sr € So;w = s1s2 - s, } the length of w and call any

eXpression w = s1 - - - sy(,,) @ reduced word for w.

Definition
Forw € Wo(®) let L(w) := {H € H | H separates A, and A,w} and
n(w) := |£(w)].



S

Words of minimal length

s1(s1s2s1)(s1s2s3s2s1)(s1s2s3s1s3s2s1)(s152s3s1s3s5153s2s1) ...
=s2s1s3s1s3s2s1



Words of minimal length

w =83s2s1s3s1s2s1 =s2s1s3s1s2s3s1



Separating hyperplanes

Y
R
o e
,,,.,,,,,,,,,,,:\,j'\,/,,,,,,,,,,:\:j ..... _
A e

w =53s2s1s3s1s2s1 = sZsls3slsis3sl
L(w) contains 7 hyperplanes length of reduced word of w =7



The length function

Definition
Any w € W, (®) is a product of elements in S,. We put
(w) := min{r | 3s1,...,8r € So;w = s152 - - - s»} the length of w and call any

expression w = sy ---s a reduced word for w.
£(w)

Definition
For w € W, (®) let L(w) := {H € H | H separates A, and A,w} and
n(w) = |L(w)].

Theorem
Letw = s1--- sy and H; := Hs; = {v € V | vs; = v}. Then

L(w) = {H1, Has1, H38251, - - -, Hy(w)Sp(w)—1 " 5281}

In particular n(w) = £(w).



Coweights modulo coroots and diagram automorphisms

v

Wa(®) = L(2Y) : W(®)
L(®V) coroot lattice
L(®)# ={ve V| (v,a) € Zforall a € } coweight lattice
> ( V) C L(®)#
> W, (®) := L(®)# : W(®) acts on the set of alcoves.
» W, (®) acts simply transitively on the set of alcoves.
» So Wa(<1>) = Wa(®) : Q where Q = Stab,;

v v

We (<1>)( o)-
Q= W, (®)/Wo(®) 2 L(®)#/L(BV) acts faithfully on the simplex As.
Q acts as diagram automorphisms on the extended Dynkin diagram.

v

v

| Ay Bn Cn Doy, Dony1 Es Er Eg Fy G

Q| Chy1 C2 Co2 CaxC Cy Cs Cs 1 1 1







Affine reflection groups
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Figure 4.1: Extended Dynkin diagrams



S

The order of the finite Weyl group

Wa=L(Phi*):W(Phi) => [W(Phi)l =8



The order of the finite Weyl group

v

& irreducible crystallographic root system.

Wo(®) = L(®V) : W(P)

Ao, is a fundamental domain for the action of W, (®).

P(AY) := {37, Miey | 0 < A; < 1} is a fundamental domain for L(®V).
» L(®V) is a normal subgroup of W, (®) with

Wo (®)/L(®V) = W(P).

v

\4

v

v

Theorem

P(AVY) is the union of |W ()| alcoves.
(up to a set of measure 0).
Write the highest root & = 37" ; ¢;c;. Then

vol(P(AVY))/ vol(As) = n!|Q|cy - - - cn.

So [W(®)| = n!|Qlcq - - - cn.



The order of the finite Weyl group

[W(®@)| = n!|Qc1 - cn.

P Cly o esCn 12 W ()| W(®)
An 1,1,...,1 n+1| (n+1)! Sn+1
Bn, 1,2,...,2 2 2np) C2 1S
Ch 2,...,2,1 2 2np) Co1Sn
Dn | 1,2,...,2,1,1 4 2n=lInl | 037t S,
Es 1,2,2,3,2,1 3 27345 S4(3) : 2
Er | 2,2,3,4,3,2,1 2 2103457 | Cg x Sg(2)
Eg | 2,3,4,6,5,4,3,2 1 21435527 | 2.0{(2).2
Fy 2,3,4,2 1 2732 1152
Ga 3,2 1 223 D1s




