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Sphere packings.




Lattice sphere packings.

Definition.

Let L € L,,. Then min(L) = min{(¢,¢) | £ € L} is called the minimum
of L and
Min(L) :={zx € L | (z,2) = min(L)}

the set of minimal vectors of L. The density of the sphere packing
associated to a lattice L is proportional to the Hermite function

~ min(L)
(L) = W

vn :=max{y(L) | L € L, } is called the Hermite constant.

Remark.

The Hermite function is invariant under orthogonal transformations
and scaling and hence defines a function

7+ £n/(R500n(R)) = GLn (Z)\ GLn(R)/(R>00n(R)) — Rxo.



Densest and locally densest lattices.

Theorem.
The densest lattices are known up to dimension 8 and in dimension
24.

n 1 2 3 4 5 6 7 8 24

Tn 1 1115|126 | 1.41 | 1.52 | 1.67 | 1.81 2 4

L Ay | Ay Ag Dy Ds Es E; Es | Ao

extreme | 1 1 1 2 3 6 30 2408

Definition.

A lattice L € L,, is called extreme, if its similarity class realises a local
maximum of the Hermite function.

There are only finitely many similarity classes of extreme lattices in
L,,. These are known for n < 8.



Notation and some linear algebra.

v

Remember that we consider row vectors = € R™ with the usual
inner product (z,y) = > i, xiy; = zy'".

» For 0 # 2 € R™ the orthogonal projection onto (z) is given by
L_r. where

zxtr

» The space R7.X" carries the Euclidean inner product

sym

(A, B) := trace(AB).
» A e RZX" defines a quadratic form on R™ by

sym
a pa(a) = adal”.
(A, ) =pa(z) forall A e RZX", 0 # z € R™.

sym ?

v



Perfection and eutaxie.

Definition.
A lattice L € L, is called perfect, if

(e | @ € Min(L)) = REX?

sym °*
L is called eutactic, if there are A, > 0 for all z € Min(L) such that
L= Y .
x€Min(L)

It is called strongly eutactic if all A, can be chosen to be equal.

Remarks.

> 7, = _, SO if L is perfect, then | Min(L)| > n(n + 1).
» L =M | N = L is not perfect, since

Ty € Endgym (RM) & Endgym (RN) for all z € Min(L).
» If L is eutactic, then (Min(L))g = R™.



A eutaxie criterion using Aut(L).

Theorem

Let G < Aut(L) be such that the natural representation G — O,,(R) is
real irreducible. Then L is strongly eutactic.

Proof.
» Min(L) =: X is a union of G-orbits, so

fR" >R a— Z(:c,a)Q
reX
is a G-invariant quadratic form on R™.

» Since R is an irreducible G-module, f is a multiple of the inner
product f(a) = ¢(a, o) for some ¢ € R.

» This implies that I,, = >~ ¢ 'm, since

> f(0) = Spex(@0!)? = X,y agzal” = cla,0) = calya.

T



Indecomposable root lattices are strongly eutactic.

Corollary

» Let L € L,, be an indecomposable root lattice. Then L and its
dual L# are strongly eutactic.

» If h :== |R(L)|/n € Z denotes the Coxeter number of L then for all

a e R”
Z (z,a)? = 2h(a, @).
zER(L)
» A decomposable root lattice L = R; L ... L R, is strongly
eutactic, iff h(Ry1) = ... = h(Rs).
Proof.

L (and L#) are strongly eutactic, since S(L) is real irreducible. So
Y wen(r) (@ @)? = c(a, a). Applying the Laplace operator

Ap =30 % we get 4|R(L)| = 2nc and hence ¢ = 2|R(L)|/n.
Rules: A, (z, )™ = m(m — 1)(z, z)(x,«)™ 2 and

Ay, @)™ =2m(2m — 2 + n)(a, )™t



Voronoi’s theorem.

Theorem (Voronoi, ~ 1900).

A lattice L is extreme, if and only if it is perfect and eutactic.

Theorem.
All indecomposable root lattices are extreme.

Proof. We have seen that all indecomposable root lattices are
strongly eutactic (hence eutactic) since their automorphism group is
real irreducible.

Perfection is shown by inspection of their minimal vectors.

Min(A,) ={e; —e; |1 <i#j <n+1} D Min(A,_1)

By induction we assume that A,,_; is perfect.

{Te,—ensn | 1 < i < n}is linearly independent modulo

(e | * € Min(A,,_1)) hence

dim({(r, | € Min(A,))) > 7"(”2_1) +n= 7”(";1).



Strongly perfect lattices.

Definition (B. Venkov)

A lattice L is called strongly perfect if Min(L) is a spherical 5-design,
soifforallp € Rlzy,...,Zn]deg<s

m Z p(z) :/Sp(t)dt

x€Min(L)

where S is the sphere containing Min(L).

The following are equivalent.

» X := Min(L) is a 5-design.

» X := Min(L) is a 4-design.

> > .ex f(x) = 0for all harmonic polynomials f € R[zy,...,z,] of
degree 2 and 4. harmonic means homogeneous and A(f) = 0.



Continued.

The following are equivalent.

» X := Min(L) is a 5-design.

» X := Min(L) is a 4-design.

> > .ex f(x) = 0forall harmonic polynomials f € R[zy,...,z,] of
degree 2 and 4. f harmonic means A(f) =0

There is some ¢ € Rsuchthat }~__ \ (z,)* = ¢(a, o) for all
a € R™

v

(DY) T,ex(@a)t =UXE(a,0)?
(D2)  Y,ex(ma)? =m0 q)
for all & € R™ where m = min(L).




Strongly perfect lattices are extreme.

Theorem.

Let L be a strongly perfect lattice. Then L is strongly eutactic and
perfect and hence extreme.

Proof. (a) The 2-design property is equivalent to L being strongly
eutactic, because by (D2)

> @) =" (a,0)

rzeX )
ameat” al,atr

for all & € R™ where X = Min(L), m = min(L).



Strongly perfect lattices are extreme.

Theorem.

Let L be a strongly perfect lattice. Then L is strongly eutactic and
perfect and hence extreme.

Proof. (b) 4-design implies perfection: A € RY " defines
pa o= aAalT.

U:=(m, |z €X)=Ry" < Ut ={0}.
So assume that A € U+, so
0 = trace(z'"zA) = trace(zAz'") = zAz"" = pa(z) forallz € X
By the design property we then have
1
2 2
pa(t)dt = — pa(z)*=0
Jyoon =5 32

and hence A = 0.



Strongly perfect lattices.

Theorem.
Let L be strongly perfect. Then min(L) min(L#) > (n + 2)/3.
Proof. Let o € Min(L#). Then

(D2) = (D2) = Y (0 (w,00? — 1) = K g g (B0 ) _

n n+2
xeX >0

Remember (D4 Ypex (@) :n(n+2)(0‘704)2
(D2) X Xim



The strongly perfect root lattices.

Theorem.
The strongly perfect root lattices are A, Ay, Dy, Eq, Er, Eg.

Proof. Let L be a strongly perfect root lattice.
We use the necessary condition that min(L) min(L#) > £2 to
exclude the other cases.

» L =A,, then min(L¥) = i and
2n n+2

min(A,,) min(A#) = i > 7 © (n—1)(n—2)<0

» L =0D,. Then min(L#) = 1 and




Ay, Ay, Dy, Eg, E7, Eg are strongly perfect.

Need to show that for all & € R®

_ 4 3| X|m? 2 _
pla) = Z(‘T7O‘) - n(n + 2) (a,)* =0

zeX

Introduce a Euclidean inner product by

0

0
< f,g>= g(a—m, ol 87)“) for f,g € Rlz1,...,Tn]deg=t

If g(a) = (a,)/?, then < f,g >= AY?(f) and if g(a) = (z,a)! then
< f.g>= f(a). L,
Hence < p.p >= 3, oy (z,y)* - 2Xlm.

Corollary.

A lattice L € L,, with min(L) = m is strongly perfect, if and only if

4 3| Min(L)]?m*
2 e =nTy

z,y€Min(L)



Some applications of representation theory.

» Recall that the automorphism group of a lattice L is
G:=Aut(L) ={oc € O0,(R) | o(L) = L}.

» Gactson L, ={¢ € L|%(¢,0) =Q(¢) = a}.

» In particular Min(L) is a union of G orbits.

a— Z (z,0)?

z€Min(L)
is a G-invariant polynomial of degree d.

> Invy(G) :={p € Rlz1,...,z,] | pis G —invariant , deg(p) = d} is
a finite-dimensional vector space of which the dimension is
calculated from the character table.

» Since —1 € G the space Invy4(G) = 0 for odd d.
(a,@)? € Invay(G).

v



No harmonic invariants.

Theorem.

Let G = Aut(L) and assume that ((a, a)?) = Invau(G) for all
d=1,...,t. Then all G-orbits and all non-empty layers of L are
spherical 2¢-designs.

Corollary.

» If R™ is an irreducible RG-module then Invy(G) = ((a, o)) and L
is strongly eutactic.

» If additionally Inv4(G) = {(o, @)?), then L is strongly perfect.



The Barnes-Wall lattices of dimension 2<.

» Letd e N, m = [£], A:=F4 and (e, | a € A) an orthogonal
basis of R2* with (e, eq) = 27™.
» For an affine subspace X =a+U,a€ A, U < Alet
2d
XX = D pex € €R? .
» Then (xx,xx) = 27™|X| = 2¢¥=™, where
k = dim(X) := dim(U).
» Let A(d, k) denote the set of all affine subspaces of A of
dimension k.
» For X € A(d,2k) the norm (yx, xx) = 2%—™.
» Define the Barnes-Wall lattice

BWy:= 2" *xx | k=0,...,m, X € A(d,2k))z.



The Barnes-Wall lattices of dimension 2<.

Some properties of BW,.

2™ d even
» min(BWgy) = 2™, where m = | ], det(BW,4) = { 1 dodd
BW,; = Z2, BW, = D,, BW; = Eg.
BW, densest known lattice in dimension 16.
BWj5 extremal even unimodular lattice.
Aut(BW,) = 21++2d.Q;d(2) ifd> 3.
For d > 2 the Barnes-Wall lattice BW is a strongly perfect
lattice, in fact Christine Bachoc has shown that all
Aut(BW,)-orbits form spherical 6-designs using coding theory.

vV VvV vV VY



The Thompson-Smith lattice of dimension 248.

» Let G =Th denote the sporadic simple Thompson group.

» Then G has a 248-dimensional rational representation
p: G — 0(248,Q).

» Since G is finite, p(G) fixes a lattice L < Q%%.

» Modular representation theory tells us that for all primes p the
[F,G-module L/pL is simple.

» Therefore L = L# and L is even (otherwise Lo/2L < L/2L
would be a proper G-invariant submodule).

> Invey(G) = ((a, a)) for d = 1,2,3. So all layers of L form
spherical 6-designs and in particular L is strongly perfect.

» min(L) min(L#) = min(L)? > 24342 > 83.3, s0 min(L) > 10.

» Thereis av € L with (v,v) =12, so min(L) € {10, 12}.



Classification of strongly perfect lattices.

Theorem.

>

All strongly perfect lattices of dimension < 12 are known
(Nebe/Venkov).

All integral strongly perfect lattices of minimum 2 and 3 are
known (Venkov).

All lattices L € L4 such that L and L# are strongly perfect (dual
strongly perfect) are known (Nebe/Venkov).

Elisabeth Nossek will classify the dual strongly perfect lattices in
dimension 13,15,.. ..

All integral lattices L of minimum < 5 such that Min(L) is a
6-design are known (Martinet).

All lattices L of dimension < 24 such that Min(L) is a 6-design
are known (Nebe/Venkov).



Certain extremal lattices are strongly perfect.
Theorem.

Let L = L¥ € £L,, be an even unimodular lattice and p € R[zy, ..., z,],
deg(p) =t > 0, A(p) = 0. Then

oo

ZP g% Z(Z p(6))¢’ € M, n/2+t:

¢cL j=1 teL;

If 2m = min(L) then 6, is divisible by A™ € MY, .
In particular if n/2 4+ ¢ < 12m, then 6, , = 0 and hence ZeeLj p(¢) =0
for all 7 and all harmonic polynomials of degree t¢.

Theorem.

Let L be an extremal even unimodular lattice of dimension
n = 24a + 8b with b =0, 1, 2.

> All nonempty L; are (11 — 4b)-designs.
» Ifb=0o0rb=1then L is strongly perfect and hence extreme.

» All extremal even unimodular lattices of dimension 32 are
extreme.



Proof of Theorem for n = 24a.

L extremal means min(L) = 2 + 2a.

Let p be a harmonic polynomial of degree ¢t > 0.

Then 6y, = *¢'** + ..., hence 6, , is a multiple of Al+a,
A'ra has weight 12(1 + a) = 12a + 12.

01, has weight 12a + ¢.

Soift < 11thenfr, =0.

This means that ZeeLj p(¢) = 0 for all j, so the nonempty L; are
spherical 11-designs.

vV vV.v v v v .Y

A similar proof applies to n = 24a + 8bfor b =1, 2.



Even unimodular lattices of dimension 24.

Remember.

Let L = L¥ € L,, be an even unimodular lattice and p € R[zy, ..., z,],
deg(p) =t > 0, A(p) =0. Then

oo

Zp )g?® Z(Z p(0)g’ € M, n/2+t:

(el j=1 LeL;

If 2m = min(L) then 6, is divisible by A™ € MY, |

Application for n = 24.

Know that MY, = {0} so if L is an even 24-dimensional unimodular
lattice and p a harmonic polynomial of degree 2, then 6, , = 0.

In particular all even unimodular 24-dimensional lattices are strongly
eutactic.



Venkov’s classication of the even unimodular lattices
of dimension 24.
Theorem (Venkov).

Let L be an even unimodular lattice of dimension 24.
» The root system R(L) is either empty or has full rank.

» The indecomposable components of R(L) have the same
Coxeter number.

Proof. Assume that R(L) # (. Since L is strongly eutactic

> (wa)= |R(L) (a, @) for all @ € R**

12
zE€R(L)

In particular R(L)* = {0}.
If R(L) =R L...LRsn; = dim(Ri), and a € <Ri>Rs then

Z (z,0) = Z (z,a)? = 2';?' (o, ).

z€R(L) zER;

Hence h(R;) = Bl — Bl ig independent of i.

Uz



The even unimodular lattices of dimension 24.

The possible root systems are found combinatorically from the
classification of indecomposable root systems and their Coxeter
numbers:

0, 24A1, 12A,5, 8A3, 6Ay, 4Aq, 3Ag, 2A15, Aoy,
6]D)4, 4D6’ 3]1)87 2]D)127 ]:[])247 4E67 3E87
4A5 1 Dy, 2A7 L 2D5, 2Ag9 L D¢, Ars L Dy,

Theorem.

For each of the 24 possible root systems there is a unique even
unimodular lattice in dimension 24 having this root system.



Proof of Theorem for R # 0.

Proof. Let M := (R(L))z C L = L*# C M#. The inner product
induces a bilinear form

bar : M# /M x M#* /M — Q/Z, (x + M,y + M) — (x,y) + Z

with associated quadratic form
Qe s M¥IM — Q/Z, 2+ M = Q@) + Z = 3(2,0) + Z.

The even unimodular lattices L that contain M correspond to totally
isotropic self-dual subgroups

(L/M)* = L/M < M# /M with qu (L/M) = {0}.
R(L)= R(M)iffforall ¢ € L — M,

min({ + M) = min{2Q(¢{+m) | m € M} > 4.



Example. Root system 6A,.

A¥ /Ay = (z) 2 Fs.
) ) 4/5 fora=1,-1
AF = (Ag, ) with m1n<ax+A4>={ 6% fora=2-2

Unimodular overlattices of 6A, correspond to self-dual codes
C =C+ <FS.

100 2 0 0 10 0 2 1 2
Ci:{0 1 00 2 O0|,C:{0101 2 3
0010 0 2 001 3 21

yield the lattices
Ly = <6A4,$1 + 24, 0 + 225, 3 + 2$6> =~ 4Eq

Lo = (6Ay, 21 + 224 + 5+ 226, X2 + T4 + 225 + 326, T3 + 324+ 225 + 26)



24-dimensional even unimodular lattices.

Theorem.

For each of the 24 possible root systems there is a unique even
unimodular lattice in dimension 24 having this root system.

Remark.

The uniqueness of the Leech lattice, the unique even unimodular
lattice of dimension 24 with no roots is proven differently. It follows for
instance from the uniqueness of the Golay code, but also by applying
the mass formula:

h
B B
> Aut(Ly)| 7t = may = _ BT, H 2J
i=1 j=1
where Ly, ..., L; represent the isometry classes of even unimodular

lattices in R2F.

1027637932586061520960267
1294777933340026851560636148613120000000
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