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® Introduce Clifford-Weil group C(T).

® Complete weight enumerators of codes of Type T are invariant
under C(T).

® In many (conjecturally all) situations the invariant ring of C(T")
IS generated by the cwep for C' of Type T

® Symmetrized weight enumerators and symmetrized Clifford-
Weil groups.

® Higher weight enumerators and higher Clifford-Weil groups.



Recall that a Type T' = (R,V, 3, ®P) consists of
a ring R with involution 7, a left R-module V,
an e-Hermitian form g:V xV — Q/Z

an R-gmodule ® < Quadg(V,Q/Z)

containing x — B(x,rxz) for all r € R

such that for all ¢ € ® there is ry, € R with

@) 1 (z,y) — o(z+y) — é(z) — ¢(y) = B(=z,Tpy)

A code C is an R-submodule C < V¥ and the

dual code is C+t = {v e VN | =N | B(v;,¢;) =0 for all c€ C}
C is isotropic if ¥ ; ¢(c;) =0 forall g € P, c€ C.

A self-dual isotropic code is a code of Type T'.



Complete weight enumerators,

For c = (c1,...,eny) € VY and v € V put

ay(c) ' =|{i e {1,...,N} | ¢; = v}|.
Then

cwee 1= > ][] x3”<c) € Claxy : v e V]
ceCveV

is called the complete weight enumerator of the code C.
The tetracode.
11110 4
t4'_[o 1 2 1] <3

2 2
cwey, (zo, z1,x2) = ajg + aﬁox% + xox% + 3zgx{ro + 30T 125.

hwey, (z,y) = cwey, (z,y,y) = 2* + 8xy°.



Clifford-Weil groups.

Let T := (R,V,3,®P) be a Type. Then the
associated Clifford-Weil group C(T) is a subgroup of GL|V|(<C)

C(T) = (mr,dg, heewe | 7 € R, ¢ € P, e = ueve € R sSymmetric idempotent )
Let (ey|v € V) denote a basis of clVl. Then

My @ ey > ery, dg ey — exp(2migp(v))ey

heguee v |eV[TH2 3" exp(2miB(w, vev))eqy 4 (1—eyo
weeV



Type I codes (2;)

1 1
R=F2=V, f(z,y) = jay, ® = {p 12— Ja* = f(x,2),0}
. 1 (1 1
C(I) = (dp = diag(1,-1),h1 11 = Bl -1 )T ho) = G
Type II codes (2r).
1 1

R=T>=V, B(w,y) = Zay, @z{cb:wHZas?,qu:so,sqs,O}

C(H) = <d¢ = diag(l,i),h2> = GII



Type III codes (3).
1

1
R:F3:V7 ﬁ(x,y)=§xy, ¢:{g033|—>§$2:ﬁ($,$>,2g0,0}
100 1 111
C(Ill) = (mp = | 001 | ,d, = diag(1,(3,(3),h1 1.1 =7 1¢3¢2 |)
010 1¢%¢3

Type IV codes (41).

1 1
R=F,=V, B8(x,y) = Etrace(a:g), b ={p:x— Eazf, 0}

where 7 = z2.

1000 1111

. |ooo1 L 11 1-1-1
C(IV) = <mw = 10100 7d90 — dlag(la-la-la-l)ahl,l,l — 5 1-1 1-1 >

0010 1-1-1 1



Theorem.

Let C < VYN be a self-dual isotropic code of Type T'. Then cweg
is invariant under C(T).

Proof.

Invariance under m, (r € R*) because C is a code.

Invariance under dy (¢ € ®) because C is isotropic.

Invariance under he y,. v, DeCause C' is self dual.

The main theorem.(N,, Rains, Sloane (1999-2006))
If R is a direct product of matrix rings over chain rings, then

Inv(C(T)) = (cwen | C of Type T).



Symmetrizations.
Let (R,J) be a ring with involution.
Then the central unitary group is

ZU(R,J) :={g € Z(R) | g9’ = g9 = 1}.

Theorem. Let T = (R,V,3,P) be a Type and

U:.={ueZU(R,J) | ¢(uv) = ¢(v) for all p € d,v e V}.
Then m(U) :={my |u € U} is in the center of C(T).



Let U < ZU(R,J) and Xo,..., X, be the U-orbits on V.
The U-symmetrized Clifford-Weil group is

cON(T) = {g'V) | g e C(T)} < GL,,11(C)

If
1 Ze):ia..(ize)
| X ’ YHXG) N

’UEXZ‘ 7=0 wEXj

g(

then

gD (z) = Y az;.
j=0

Remark. The invariant ring of C(U)(T) consists of the U-symmetrized
invariants of C(T"). In particular, if the invariant ring of C(T) is
spanned by the complete weight enumerators of self-dual codes

in T, then the invariant ring of CU)(T) is spanned by the U-
symmetrized weight-enumerators of self-dual codes in T'.



Let U permute the elements of V and let C < V¥, Let X0y Xn
denote the orbits on U on V and for ¢ = (¢q1,...,cy) € C and
0 <5 <n define

aj(c) ={1<i<N|¢ge€ X}

Then the U-symmetrized weight-enumerator of C is

CWG(CU) => ]I a:;j(c) € Clxg, ..., xn]
ceC 3=0



Gleason’s Theorem revisited.
For Type LILIII,IV the central unitary group ZU(R, J) is transitive
on V — {0}, so there are only two orbits:

£C<—>{O}, yHV_{O}

and the symmetrized weight enumerators are the Hamming weight
enumerators.

100 L (111
C(ll) = (mp = [ 001 | ,dy, = diag(1,¢3,(3),h1,1,1 = 73 1¢3¢35 |)
010 1¢5¢3

yields the symmetrized Clifford-Weil group Gy = C(U)(IID)

cO ) = (m$" = 1,,dS") = diag(1, ¢3), h{%; = hs =

-

13



1000 1111

B ~ | o001 s 11 1-1-1
C(IV) == <mw — 0100 7d90 - dlag(lv_la_la_l)ahl,l,l - 5 1-1 1-1 >

0010 1-1-1 1

yields the symmetrized Clifford-Weil group Gy = C(U)(IV)

cav) = (m{"? = 1p,dy" = diag(1, ~1),h{"P; = ha = % (1_?>>



Hermitian codes over [q

1 1
(9) 1 R=V =TFg, B(z,y) = gtrace(:py), S ={{p:x+— gaﬁ, 2p,0}.

Let o be a primitive element of Fg and put { = (3 € C. Then
with respect to the C-basis

(07 17 a? a27 a37 a47 a57 a67 a7)

of C[V], the associated Clifford-Weil group C(9%) is generated by
dp := diag(1,¢,¢%,¢,¢%,¢,¢%, ¢, ¢,

(100000000 (111111111)
000000001 1¢2¢ 1 ¢ ¢¢?1¢?
010000000 1¢ ¢¢21¢%¢%¢ 1
001000000 | 11¢3¢RC L ¢ ¢
me ;= | 000100000 |, h:==|1¢ 1 ¢ ¢¢21¢2¢?
000010000 Sl1c¢21¢22¢1¢
000001000 1¢2¢2¢ 1 ¢ ¢¢21
000000100 11 ¢ ¢¢21¢2¢2¢
000000010 \1¢21¢2¢2¢ 1 ¢ ¢



C(9%7) is a group of order 192 with Molien series

0(1)
(1 —t2)2(1 —t%)2(1 —t5)3(1 — t8)(1 — t12)

where

0(t) ;= 1+ 3t*+ 24t% + 74¢3 + 156¢10 4 321¢12 4 505414 4 705416
+ 905¢18 + 989¢20 + 931¢22 + 837¢2% + 640t2° + 406¢28
+ 243130 4 111432 4 31434 4 9436 4 38

So the invariant ring of C(9%) has at least

0(1) +9 = 6912 4+ 9 = 6921

generators and the maximal degree (=length of the code) is 38.

What about Hamming weight enumerators 7



U:=2zU(9") = {z e F§ | 2T = 2% = 1} = (F})?
has 3 orbits on V = Fg:
{0} = Xo, {1,0%,0%, 2%} =1 X1, {a,0°,0°,a"} = X

100
c W (9Hy = (a") .= diag(1,¢,¢2), mT? := [o01 |, A .=

1
010 3

e

4 4
1-2 | )
21

of order 122 = 48 of which the invariant ring is a polynomial ring
spanned by the U-symmetrized weight enumerators

g2 = 2§ + 8x1x2, q4 = x§ + 16(zox3 + woa3 + 3aiw3)

g6 = x%—l— 8(3:090:1)’ —+ CCOCIZQ -+ 2:(3(15 -+ 2:1:6)
—|-72(CU0371$2 + 23301;1332 + 2$OCU1£E2) + 320381382
of the three codes with generator matrices

Lapfriaol i
70121’0042040

= O
N OB




Their Homming weight enumerators are

ro = qa(z,y,y) =+ 8y?,
ra = qa(z,y,y) = z* 4+ 32zy> 4 48y*,
re = qe(x,y,y) = x% + 1623y3 + 7222y* + 288zxy> 4+ 3524°.

The polynomials ro, 74 and rg generate the ring Ham(9#) spanned
by the Hamming weight enumerators of the codes of Type 9.

Ham(9) = C[ry,r4] ® r6C[ro, r4] with the syzygy

2 __ 3 4 322 13 3
T — Zr2fr4 — 57“27“4 — Zr4 — 13716 + 3727476 .

Note that Ham(9#) is not the invariant ring of a finite group.



Higher genus complete weight enumerators.

Let () = (cgi), Y evN i=1,....m, be m not necessarily
distinct codewords. For v := (v1,...,vm) € V™, let

av(e®, . ™y =i e {1,..., N} | ) =v; forallie{1,...,m}}.

The genus-m complete weight enumerator of C is

(1) (m)
cwenm (C) 1= 3 T 22" e Clay v e VM.
(D). cm)yecmveV™

N O R OB &

RCINC RN C R

Cgm) Cgm) c§m) Cg\fm)
T

velVm



C =iy = {(0,0),(1,1)}, then cwex(C) = x3, + 25, + 23, + %,

10000111
C—eq—= |0 1001011
00101101
00011110,

cwes(eg) = a8y + 28, + 2§y + 2§, + 168zgyx§ 25077+

4 4 4 4 4 4 4 4 4 4 4 4
14(zggz01 + TooT10 + TooTi1 + 51210 + 51271 + Z10T71)



For C < VY and m € N let
C(m) ;= R oC = {(cV),..., )T ) m) c oy < (vm)N
Then

cwen (C) = cwe(C(m)).

Moreover if C'is a self-dual isotropic code of Type T = (R, V, 3, D),
then C(m) is a self-dual isotropic code of Type

Tm — (Rmx'm, ijﬁ(m)’ Cb(m))
and hence
cwen, (C) is invariant under Cp(T) := C(T™)

the genus-m Clifford-Weil group.



Example: C>(1).

01 O 1
R=F3" R = Gly(F2) = (= (1 o)’ e (1 1>>

V = 1[4“% — {(8) : (é) : (?) : G)},symmetric idempotent e = diag(1,0)

1000 1000
_ . _|oo10 _ | o001
C2(1) =tma=4100|" ™ = | 0100 |"
0001 0010
1100
_ 1 |1-100 .
he,e,e—ﬁ 0011 ) dgoe_dlag(17_1717_1)>

001-1

CQ(II) — <ma,mb, he,e’e, d¢6 — dlag(l,z, 1,Z)>



CQ(II) — <ma7mba he,e,ea dgbe — dlag(l,z, 177’)>
C>(II) has order 92160 and Molien series

1+ 32
(1 —t8)(1 — t24)2(1 — t40)

where the generators correspond to the degree 2 complete weight
enumerators of the codes:

€8, 924, d;_zp dj_oa and dg—Q

C>(II) has a reflection subgroup of index 2, No. 31 on the Shephard-
Todd list.



Higher genus Clifford-Weil groups for Type I, II, III, 1IV.

Cm (1) = 247203, (F>)
Crn(11) = ZgY 21727 Sp, (F5)
Cm(Ill) = Z4. Sy, (F3)

Cm(IV) = Z2.Upp, (Fa)



Higher genus Clifford-Weil groups for the classical Types of
codes over finite fields.

Con(T) = S.(ker()\) x ker(A)).Gm(T)

@) 1 (z,y) — o(z+y) — o(z) — ¢(y)

R J e | Gm(T)
Fq & Fy (r,s)) = (s,7) | 1 | GLoy,(Fy)
F. r/ =i 1 | Ugp(F 2)
Fy, g odd rd =r 1 | Spoy,,(Fy)
Fy, ¢ odd rd =r —1 OéI_m(Fq)
Fy, g even | doubly even Spom (Fq)
Fq, q even | singly even O;‘m(Fq)




