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This talk introduces Hecke operators for codes and therewith
answers a question raised in 1977 by Michel Broué.



A lattice L in Euclidean N-space E := (R¥,(,)) is the Z-span of
an R-basis B = (by,...,by) Of E

N
L= (by,...,bn)z ={D_ aibi|a; € Z}.
i=1
The dual lattice of L is

L*:={ve E|(v,f) € ZNL € L}.

L is called integral, if L C L* or equivalently (¢/,m) € Z for all
¢{,m € L.

L is called even, if (¢,¢) € 27 for all £ € L.

L is called unimodular, if L = L*.

The theta series of a lattice L is

lelL

where ¢ = exp(miz).



The hexagonal lattice.

9 = 146¢°+6¢°+6¢%+12¢1* + 6418+ 6¢%4+12¢2°+ 6432+ . ..



Theorem. (Theta transformation formula)

Ire(z) = (%)_k\/det(L)ﬁL(—é) (where 2k = N = dim(L))

Hecke's theorem. If L = L* then ¥ € M, (©) where

1 2 0 1
@:<<o 1>’<—1 o>>

If L =L* and L is even, then ¥y € My (SL>(Z)) where
(11 0 1
s =5 1).(_9s)
We have

M(O) := P Mp(©) = C[9,2,95,]
k=0
and

M(SLo(Z)) = & My (©) = Cl¥g,, 9n,,]
k=0



Construction A.

Let p be a prime and (by,...,by) be a basis of E such that

(0 ifis
(b, b5) _{ 1/p ifi=j

Let C <FY =7Z" /pZ" be a code. Then the codelattice L is

N
Lo :={)_ ajbj| (a1 (modp),...,ay (mod p)) e C}
i=1

Example. L;, = Z?, Leg = Eg and
M(©) =Clor, 9.l M(SL2(Z)) =Cldr, . 01,,,]

Remark. (a) L§ = Lay, sO Lg is unimodular, if C is self-dual.
(b) Lo is even unimodular, if p=2 and C is a Type II code.

2
(c) V1, = cwec (Yo, - .., Pp_1) Where 9o = V(o1 zyp;, = L0% o0 ¢ @TPI/P.



Parallels between lattices and codes.

code
self-dual code
doubly-even self-dual code
weight enumerator
invariant polynomial
MacWilliams identity
Gleason’s theorem
Molien’'s theorem
Hamming code eg
Golay code go4
Runge’'s ®d-operator
Kneser-Hecke operators

lattice
unimodular lattice
even unimodular lattice
theta series
modular form
Theta transformation formula
Hecke's theorem
Selberg trace formula
root lattice Eg
Leech lattice Aoy
Siegel's ®-operator
Hecke operators



Motivation.
Determine linear relations between cwe,,(C) for
C e Mn(T)={C<VN|C of Type T}.

Mie(Il) = [eg L eg] U [d;%] and these two codes have the same
genus 1 and 2 weight enumerator, but cwesz(eg L eg) and cwe3(d1"6)
are linearly independent.

h(M>4(I1)) = 9 and only the genus 6 weight enumerators are
linearly independent, there is one relation for the genus 5 weight
enumerators.

h(Ms3>(11)) = 85 and here the genus 10 weight enumerators are
linearly independent, whereas there is a unique relation for the
genus 9 weight enumerators.



Three different approaches:

1) Determine all the codes and their weight enumerators.

If dim(C) = n = N/2 there are [[%Z5(2" — 2%) /(24 — 2%) subspaces
of dimension d in C.

N = 32,d = 10 yields more than 1018 subspaces.

2) Use Molien’s theorem:

Invn(Cm(I1)) = (cwen (C) | C € My (11))

and if ay := dim(Invy(Cn(Il))) then
S antN = — S (det(1 - tg))!
N=0 |Cm(II)| gECm(II)

Problem: C1p(II) < GL1g24(C) has order > 10°9.

3) Use Hecke operators.



Fix a Type T'= (Fy,Fq, 8, P) of self-dual codes over a finite field
with g elements.

Myn(T) ={C <F} | C of Type T} = [C1] U ... U [C}]

where [C] denotes the permutation equivalence class of the
code C. Then n:= % =dim(C) for all C € My(T).

C,D € Mpn(T) are called neighbours, if dim(C)—-dim(CNnD) =1,
C ~ D.

YV =C[C1]®...®C[C),] = Ch

Kn(T) € End(V), Kn(T) : [C] — > [D].
DeMy(T),D~C
Kneser-Hecke operator.
(adjacency matrix of neighbouring graph)



Example. Mig(II) = [eg L eg] U [d’i'_es]

49

mQ/\\

70

78 49
K1e(ID) = ( 70 57

57



VYV has a Hermitian positive definite inner product defined by

(1G], [C5]) = | Aut(C;)]6;5.

Theorem. (N. 2006)
The Kneser-Hecke operator K is a self-adjoint linear operator.

(v, Kw) = (Kv,w) for all v,w € V.

Example. {5 = |A“t(68f8)| hence
\Aut(d16)|

diag(7,10)K1(11) " = K16(11) diag(7, 10).



h h
cwen, 1 V — C[X], Y a;[Ci] — ) a;cwen(C;)
i=1 i=1

IS a linear mapping with kernel

Vm = ker(cwey,).
Then

V=YV _1>2Vg2>2V1>...2V,={0}

is a filtration of V yielding the orthogonal decomposition

n
V= Ym where Ypm =V,,_1 N V.

m=0

h
Vo=1{> alCi]|> a; =0}
i=1

and

h
1
VA =Y, =
0 =Yo= {2 R

[Ci])-




Theorem. (N. 2006)
The space Vi = Y (N) is the Kn(T)-eigenspace to the eigen-
value z/](\,m)(T) with u](\,m)(T) > uj(vm+1>(T) for all m.

Type M (1)
qt’ ("™ —q—qm+1)/(g—1)
qit (vt — ™) /(g — 1)

B (@™ —q™)/(qg—1)

¥ ("™t —¢™) /(¢ — 1)

H (qn—m—l—l/Q o qm . q1/2 + 1)/(q . 1)
H

1

(qn—m—l/Q — g™ — q1/2 + 1)/(q . 1)

L)

K

L)

L

Corollary. The neighbouring graph is connected.
Proof. The maximal eigenvalue vg of the adjacency matrix is
simple with eigenspace ).



Example: Mig(1l) = [eg L eg] U [dif]
(28-—m—=1_om . =10,1,2,3) = (127,62,28,8)

78 49
K1e(ID) = ( 70 57 >

has eigenvalues 127 and 8 with eigenvectors (7,10) and (1,—-1).
Hence

Vo = (Tleg L eg] + 10[d7g])
V1 =Y>=0

Vs = (leg L eg] — [dJg]).



Mp4(I1) = [ed]U[egd16]U[e2d10]U[d3]U[daa] U[d2,]U[dE1U[dS] U g24]
Kou(II) =

(213 147 344 343 0 O 0 0 0)
70 192 896 490 7 392 0 0 O
10 14 504 490 0 49 980 0 O

1 3 192 447 0 36 1152 216 O
0990 0 0133924 0 0 O

0 60 480 900 1 206 400 O O

0 0 72216 0 3 1108 648 O

0 0 0 45 0 0 720 1218 64

\. 0 0 0O 0 0 0 0 1771 276/
m| 0 1 2 3 4 5 6

vm | 2047 1022 508 248 112 32 —32
dm@m)] 1 1 1 2 2 1 1

(99[ed] — 297 [egd16] — 3465[d3] + 7[da4] + 924[d3,)]
+4928[dE] — 2772[d3] 4 576[go4]) = ker(cwes) = Vs



The Dimension of ),,(N) for doubly-even binary self-dual

codes.

Nm|0|1|2|3|4 |5 |6 |78 > 10
3 |1
16 |[1/0|0]|1
24 (11|12, 2 1|1
32 (11|25 /10|15|21|18|8 1

The Molien series of Cp,(II) is

where

14 8 4+ a(m)tt® 4+ b(m)t?% + c(m)t32 + . ..

m|{1/2|/3,4 |56 |7 |8]|9|>10
a|1/1|2] 2|22 |2|2]|2 2
b|12/3/5/7|8]99]9]09 9
c|2/4]9/19|34 55,7381 84| 85




dim(Ym(IN)) for binary self-dual codes.

Nm{0/1|2 ]3] 4 5 6 4 3 9 |10 11
2 |1

4 |1

6 |1

3 |1|1

10 |11

12 11111

14 11/1, 1|1

16 |12 1| 2 1

18 |12 2| 2 2

20 |12 3 | 4 | 4 2

22 |12 3 | 6 4 4 2

24 (13| 5| 9 | 15 | 13 4 2

26 |13 6 |12 23 | 29 | 20 3 1

28 (13| 7 |18] 40 | 67 | 75 39 10 1

30 |13 8 |23| 65 |142|228| 189 | 61 | 10 | 1
32 1141033111341 1825|1176 |651 127|151




The Molien series of Cn(I) is

O
14+t2+ 2+t 4+ 2854+ 2¢10 + N apy(m)t?V
N=12
where

an(m) 1= dim( cwe,(C) : C = C+ < FL)

is given in the following table:

3
=
0
o

20122 (24| 26 | 28 | 30 | 32

10112118 | 22 | 29 | 35 | 48

1411933 | 45 | 69 |100| 159

162346 | 74 | 136|242 | 500

16 | 25|53 | 94 | 211 470 | 1325

16 |25 55102 | 250|659 | 2501

16 25551103260 | 720 | 3152

OO N0 WN

16 [25|55]103 261 | 730 | 3279

16 2555|103 261 | 731 | 3294

NN RS R RS E SIS
~N| N[N N[ N[N N[N o A G,
©o| || v|o|vlvlo]N| o

WWWWWwwwww

VT
=1O
=

16 2555103 261 | 731 | 3295




A group theoretic interpretation of the Kneser-Hecke op-
erator.

In modular forms theory, Hecke operators are double cosets of
the modular group. So I tried to find a similar interpretation for
the Kneser-Hecke operator.

Let T = (R,V,3,®) be a Type. Then the invariant ring
Inv(Cn(T)) = (cwep, (C) | C of Type T)

T he finite Siegel ®-operator

Dy, INV(ICn(T)) — Inv(C,,,—1(T)), cwen(C) — cwe,,,_1(C)

defines a surjective graded C-algebra homomorphism between in-
variant rings of complex matrix groups of different degree. & is
given by the variable substitution:



Explanation:

cwe,,_1(C) is obtained from cwe;,(C) by counting only those
matrices

DD
RO ORI €
L m
T
veVm

in which the last row is zero.
This is expressed by the variable substitution

|fUm:O

aﬁ(v
15-5Um—1)
F(o10m) { 0 else



0
(D, @)m = p(%)(ﬁ) for p,q € Clzy v € V"]y

defines a positive definite Hermitian form on the homogeneous
component Clxy : v € V] .

The monomials of degree N form an orthogonal basis and

( H Ty H Ty )m = H (no!).

vel/m vely/m vely/m

Then ®,, : ker(®m)L — Inv(C,,—1(T)) is an isomorphism with
inverse

om IV (Crn—1(T)) = INV(Cr(T)), T (v )= R (s 0 1 0))

— 1 -
where R(p) = ngecm(r_p)p(ga:) is the Reynolds operator
(the orthogonal projection onto the invariant ring).
Note that R is not a ring homomorphism.



This yields an orthogonal decomposition of the space of degree
N invariants of C(T)

IV (Cn(T)) = ker(®m) L ot (Invy(Cr_1(T))) =
ker(®rm) L pmt(ker(d, 1) Lot (Invy(Cri2)(T))) =

Ym LY, 1 L... 1LY
such that for all 0 < k < m the mapping

IS an isomorphism of vector spaces.

V= VYn L...1L ym-|-1 L Ym L YVyp—1 L...L Mo

cwen, | ! ! ! !
IVayCm(T)= 0 L...L 0 L1 Ym L Y, 1 L...1L Yy



The Kneser-Hecke operator Ky (T) acts on Invy(Con(T)) as om (K n(T))
having Yo L Y,,,_1 L ... L Yy as the eigenspace decomposition.

Cm(T) = S.(ker(X) x ker(\)) .Gm/(T)
Em(T)

Choose a suitable subgroup Uy of &,(T) that corresponds to a
1-dimensional subspace of (ker(\) x ker(\)) and let

1 m m
pp=- > ueC? x4
q uelly
be the orthogonal projection onto the fixed space of /1 and let

Hn(T) = Con(T)p1Con (T) =y ¢ P (T)
then this double coset acts on Invy(Crn(T)) via
1
AN(Hm(T)) : f = > f(zpy)

Xl vex



Theorem. (N. 2006)

(4= 1)8m(En(T)) = ¢ °((¢— 1) AN (Hm(T)) +id) — (¢™ +a) id

where n = N/2 and e,a are as follows:

T|q" o’ | a1 | aff q7 q

el O o 1| 1 1/2| —1/2




® formal notion of Type T'= (R, V,3,P).

® self-dual code C of Type T.

® automorphisms and equivalences of codes of a given Type
® mass formula, classifications with Kneser's neighbouring method.
® the associated Clifford-Weil group Cn,(T), a finite complex ma-
trix group of degree |V|™ such that

Invn(Cn(T)) = (cwen,(C) | C = Cc+ < vV of Type T)

® In particular the scalar subgroup C,(T) NC*id is cyclic of order

min{N | there is a code C < V¥ of Type T7}.

® C..(T) has a nice group theoretic structure.

® b, Inv(Cin(T)) — Inv(C,,,_1(T))

® if R is a field then:

® As in modular forms theory, the invariant ring of C,,,(T") can be
investigated using Hecke operators.

® The Hecke algebra is generated by the incidence matrix of the
Kneser neighbouring graph.

® Obtain linear relations between weight enumerators.



