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Introduction

In the 1940s, EILENBERG and MACLANE developed a homology theory for groups (see [10], [11] for example).
By definition, the homology of a group G is the (singular) homology of a connected CW-space T, called its
classifying space, whose fundamental group 7t; (T') is isomorphic to the given group G and whose higher homotopy
groups 71, (T) for n > 2 are all trivial. Previously, they and HUREWICZ (cf. [14] resp. [18]) had independently
recognised that the homotopy type and hence the homology of such a topological space is uniquely determined
by its fundamental group. In fact, the achievement of EILENBERG and MACLANE was their purely algebraic
approach to the homology of groups, circumventing topological spaces. To this end, they implicitly used a
combinatorial model for the topological space in question, namely the classifying simplicial set BG of the group
G. The calculation of its homology leads to the homological algebra description of the homology of G via a
projective resolution.

So groups determine connected homotopy types T with only 711 (7') as non-vanishing homotopy group. The
homology of T is algebraically calculable starting from this group. Later, in 1949, WHITEHEAD introduced
crossed modules (cf. [30]), which determine connected homotopy types T with only 7t;(T") and 72(T) as non-
vanishing homotopy groups (cf. [26]), also known as 2-types. Examples of crossed modules comprise inclusions
of normal subgroups in a group, the inner automorphism homomorphism from a group to its automorphism
group, or any surjection from a central extension of a group to this group.

In this work, we want to calculate the homology of T algebraically. Therefore we can now proceed as follows.
Given a crossed module V' corresponding to T', we attach a classifying simplicial set BV to V', combinatorially
modelling 7. The homology of BV is given in algebraic terms and calculates the homology of T'. In analogy to
the definition of the homology of groups, we may now define the homology of V' as the homology of T, or, what
amounts to the same, of BV.

The construction of the classifying simplicial set BV is done in two steps. First, we associate to V' a simplicial
group, its coskeleton Cosk V. Second, we construct a classifying simplical set BG for a general simplicial group
G. Thereafter we may define BV := B Cosk V.

To motivate this construction, firstly, we can mention that to a simplicial group G, we can associate a crossed
module TruncG. If only the first two homotopy groups of G are nontrivial, then there is a weak homotopy
equivalence Cosk Trunc G ~ G, so that each such simplicial group is modelled by a crossed module via Cosk.
Secondly, simplicial groups model all connected homotopy types via B.

To construct the classifying simplicial set BG of a simplicial group G, there are two possibilities.

First, KAN introduced in [20] the Kan classifying functor W. This functor is the right adjoint and actually,
the homotopy inverse to the Kan loop group functor, which is a combinatorial analogon to the topological loop
space functor. This justifies calling WG a classifying simplicial set of G.

Second, we can invoke bisimplicial sets in the following way. As mentioned in the beginning, we can attach
a classifying simplicial set to a group, which in this context shall be called its nerve. A simplicial group is a
sequence of groups, together with so-called face and degeneracy morphisms between them. So we can apply
this nerve functor to the groups occuring in this sequence. We end up with two simplicial directions, one from
the simplicial group and one from the nerve construction; i.e. we end up with a bisimplicial set B®)G. Reading
off the diagonal simplicial set of this bisimplicial set, we obtain the second variant for the classifying simplicial
set of G.

The second variant is more common; the first, however, yields smaller objects in a certain sense, which is more
convenient for direct calculations.
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It is well-known that these two variants for the classifying simplicial set of G are indeed homotopy equivalent
after topological realisation. Better still, the Kan classifying functor W can be obtained as the composite of
the nerve functor with a so-called total simplicial set functor introduced by ARTIN and MAZUR [I] (ED; and
CEGARRA and REMEDIOS [7] showed that already the total simplicial set functor and the diagonal functor yield
homotopy equivalent results after topological realisation.

Here, we will give an algebraic proof by constructing a simplicial homotopy equivalence between both simplicial
sets. In other words, we show that the triangle in the diagram above commutes up to simplicial homotopy
equivalence. This confirms in an algebraic way that both variants for the classifying simplicial set of G essentially
coincide. As far as the author is aware, so far, this has only been known in a topological way.

The homology of a crossed module V is defined to be the homology of its classifying simplicial set BV. More
generally, to calculate the homology of a simplicial set, one associates a complex to it and takes its homology.
Similarly, we can attach a double complex to a bisimplicial set. To a double complex in turn, we can attach its
total complex. The generalised Eilenberg-Zilber theorem (due to DOLD, PUPPE and CARTIER [9]) states that
the total complex of the double complex associated to a bisimplicial set is homotopy equivalent to the complex
associated to its diagonal simplicial set; i.e. the quadrangle in the middle of the diagram above commutes up
to homotopy equivalence of complexes.

We solve the exercise of constructing an explicit homotopy equivalence to prove Eilenberg-Zilber, adapting the
arguments of EILENBERG and MAC LANE in [12] and [I3].

The homology of the total complex of a double complex can be approximated by means of a spectral sequence.
Its starting terms are the horizontally taken homology groups of the vertically taken homology; it converges to
the homology of the total complex. In our case of the classifying bisimplicial set B(®)G of a simplicial group G,
this yields the Jardine spectral sequence [19], whose starting terms involve ordinary group homology, and which
converges to the homology of G. So the second variant of the classifying simplicial set of G enables us to use
a spectral sequence. In particular, taking G = Cosk V' for a crossed module V', this yields a spectral sequence
converging to the homology of V.

To obtain results in cohomology instead of homology, we have to apply the duality functor z(—,Z) to the
associated complex resp. to the associated double complex in the procedure described above.

Finally, we show by an example that the Jardine spectral sequence does not degenerate in the case of crossed
modules.

In ELLIS’ approach to the (co)homology of crossed modules via quadratic modules, he develops a (co)homology
theory for crossed modules that yields the (co)homology groups of its classifying space in dimensions less or
equal than 4 [I5]. Moreover, CARRASCO, CEGARRA and GRANDJEAN in [6] develop still another (co)homology
theory of crossed modules, and GRANDJEAN, LADRA and PIRASHVILI established a long exact sequence relating
this homology theory with the homology of crossed modules via classifying sets as considered here. Moreover,
this alternative (co)homology theory was extended by PAOLI in [28] to the case, where the coefficients are in a
m-module. These alternative (co)homology theories will not be dealt with here.

IThis is not the total simplicial set as used by BousrieLD and FRIEDLANDER |2} appendix B, p. 118].
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Conventions and notations

We use the following conventions and notations.

e The composite of morphisms X T,y and Y % Z is denoted by X J9, 7. The composite of functors

¢ 2 D and D - € is denoted by ¢ 225 €.

e Isomorphy of objects X and Y in any category is denoted by X =Y.

o If C is a category and X,Y € ObC are objects in C, we write ¢(X,Y) = Mor¢(X,Y) for the set of
morphisms between X and Y. In particular, we write cat(C, D) for the set of functors between (small)
categories C and D. To distinguish this notation from the functor category of functors between C and D
as objects and natural transformations between functors as morphisms, we write (C, D) in the latter case.

e We suppose given categories C and D. A functor C L, D is said to be an isofunctor if there exists a
functor D ~<- € such that GoF = ide¢ and F'oG = idp. The categories C and D are said to be isomorphic,
written C = D, if an isofunctor C . D exists.

A functor C - D is said to be an (category) equivalence if there exists a functor D S, ¢ such that
GoF = id¢ and F o G = idp. The categories C and D are said to be equivalent, written C ~ D, if a

category equivalence C L, D exists.

e Given a functor I —— C, we sometimes denote the image of a morphism ¢ BN jin I by X; ELR X;. This
applies in particular if 7 = A°P or I = A°P x A°P,

e In certain standard categories like Set, Grp, Top, etc., we also use the common notation for the set of
morphisms between two objects, for example, we write Map(X,Y") for the set of maps between sets X
and Y, we write Hom(G, H) for the set of group homomorphisms between groups G and H, and we write
C(T,U) for the set of continuous maps between topological spaces T and U.

e The category associated to a poset P is denoted by Cat(P). Similarly, given a group G, we write Cat(G)
for the associated category with one object.

e Products of objects X; and X5 in arbitrary categories are denoted as X; I Xs. Pullbacks of morphisms
X1 — Y, Xo — Y are denoted as X, P § S Xo = X %HZQ Xs. The diagonal morphism is written

X2 XX,

e Given an index set I and a family of groups (G;)icr, we denote the direct product by X,c; G;. Similarly
for morphisms.

e Projections are denoted as pr, embeddings as emb.
e A subobject B of an object A in an abelian category is denoted as B <X A.

e Given an additive category A, the additive category of complexes resp. double complexes in A is denoted
by C(A) resp. C*(A). The full subcategory of C?(.A) with objects C' such that C,, = 0 for p < 0 or
q < 0 is denoted by C2(A)

e If we have a complex C in an additive category A such that C,, & 0 for n < 0, we usually omit to
denote these zero objects. Similarly for morphisms, complex homotopies, etc. and for the dual situation
ifC"=C_,, =20 forn<0.

ix



CONVENTIONS AND NOTATIONS

e In any complex C with differentials 9, we write Z,,C' := Ker(C,, o, Cp-1) and B,,C := Im(Cjp 41 LN Cp).
e Homotopy equivalence of complexes C' and D in an additive category A is denoted by C ~ D.

e We use the notations N ={1,2,3,...} and Nyg = NU {0}.

e The Kronecker delta is defined by

1 forz=y,
duy =
0 forz#y,

where x and y are elements of some set.

e Givenamap f: X — Y and subsets X’ C X, Y’ C Y with X'f CY’, we let f|%, the map X’ — Y’ 2’
2/ f. In the special cases, where Y/ =Y resp. X’ = X, we also write f|x/ := f|%, resp. fIY = f|§/

o Given integers a,b, ¢ € Z, we write [a,b] :== {z € Z | a < z < b} for the set of integers lying between a and
b. Furthermore, we write [a,b] A ¢ := [a,b] \ {¢} to omit elements in the interval.

Sometimes, we need some specified orientation, then we write [a,b] := (z € Z | a < z < b) for the
ascending interval and |a,b] = (2 € Z | a > z > b) for the descending interval. Likewise [a,b] A ¢, etc.
Whereas we formally deal with tuples, we use the element notation, for example we write

II 9 =919205 and  [] 9 = 93020
i€f1,3] i€ 3,1]

or
(Qi)iqs,u = (93792791)
for group elements g1, ga2, g3.

e If we have tuples (z;);ca and (z;);ep with disjoint index sets A and B, then we write (z;)jca U (2;)jeB
for their concatenation.

e A composite of zero morphisms is stipulated to be an identity. For instance, fi ... fr =id if K = 0.



Chapter 1
Simplicial objects

In this chapter, we recall the standard facts about simplicial sets or, more generally, simplicial objects in an
arbitrary category. For further information, the reader is referred for example to [I7], [23], [27], |29, §8|.

§ 1 The category of simplex types

Before we can introduce simplicial sets, we have to study the following category.
(1.1) Definition (category of simplex types).

(a) For n € Ny we let [n] := Cat([0,n]) be the category with objects [0,n] and exactly one morphism i — j
for 4,5 € [0,n] if and only if i < j.

(b) The full subcategory A in Cat with objects ObA := {[n] | n € Ny} is called the category of simplex
types.

Hence, if we disregard the category aspect of an object [n], the category A consists of linearly ordered sets [n]
as objects and monotonically increasing maps as morphisms.

(1.2) Example (embedding of A in Top). For every n € Ny we define the topological standard n-simplex |A"|
to be

|A™| = {(mo,...,xn) e Rt

Z zj=1and z; >0 for all j € [O,n]},
j€lo,n]

equipped with the relative topology. We consider for any morphism [m] LN [n] the induced map 6,: |[A™| —
|A™| defined by

(xi)ie[o,m]e* = ( Z xi)je[o,n} for all z = (xi)iE[OJrL] € ‘Am|

1€[0,m]
i0=7

Since |A™| and |A"| carry the relative topologies of R™*! resp. R"*1, the map 6. is continuous. If we have

morphisms [m] N [n] and [n] = [p] in A, this yields

(xi)ie[o,m]e*P* = ( Z xi)jE[O,n] Px = ( Z Z Ii)ke[o,p} = ( Z xi)ke[o,p] = (xi)ie[O,m](GP)*

1€[0,m] j€[0,n] i€[0,m] 1€[0,m]
i0=3j jp=k i0=j i(0p)=k

and

(%4)ie(0,m] (idpm))s = ( E i) jeio,m] = () jei0,m] = (Zi)ico,m)id|am|
1€[0,m]
iid ) =5
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for all (2;)icjo,m) € |A™]. Hence

[AT] 0 m| O n
A —— Top, ([m] — [n]) — (JA™] = |A"])
is well defined as a functor from the category of simplex types A to the category Top of topological spaces.

In order to prove that |A~| is faithful, we let [m] 2, [n] be an arbitrary morphism in A. Further we let
{ei | i € [0,m]} resp. {e; | j € [0,n]} denote the standard basis of R™T! resp. R"*!. Then we get

el =( Y (e)i)jeom =( D 8iir)jefom = (8i0.7)jefo.m = €in

i'€[0,m)] i’ €[0,m]
i'0=j i'0=j
for every i € [0, m]. Thus if we have morphisms [m] 2, [n] and [m] -2 [n] in A with 6, = p,, then in particular
we have e;9 = e;0, = e;p, = e;, and therefore i = ip for all ¢ € [0, m]. Hence 6 = p, and consequently |A™| is
a faithful functor.

We aim to distinguish generators for A, which we will define now.

(1.3) Definition (cofaces and codegeneracies).
k
(a) For n € N, k € [0,n], the morphism [n — 1] LN [n] defined by

sk i for i € [0,k — 1],
i+1 forielk,n—1]

is called the k-th coface of [n].
(b) For n € Ny, k € [0,n], the morphism [n + 1] LA [n] defined by

" li—1 forielk4+1,n+1]

is called the k-th codegeneracy of [n].

(1.4) Proposition (cosimplicial identities). We let n € N be a natural number. For the cofaces and codegen-
eracies the following identities hold:

8F8! = 671" for 0 < k <1 < n+ 1 as morphisms [n — 1] — [n + 1],

oto! = o' Tlo* for 0 <k <1< n—1 as morphisms [n + 1] — [n — 1],
ol=18%  for k < 1,

Skol = idp,—1; for i <k <141, p as morphisms [n — 1] — [n — 1], where k € [0,n],1 € [0,n — 1].
old*=1 fork>1+1

Proof.

(a) If k < I, then

8! for i € [0,k — 1],

6k6l _
! (i+1)8 forie[k,n—1]

i+1 forielk,i—2],

} 7 for i € [0,k — 1],
i+2 forie[l—1,n—1)

6k for i € [0,1 — 2], N
=1
(i+1)6F forie[l—1,n—1]

for all ¢ € [0,n — 1].
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(b) For k <1 we calculate

; for ¢ € [0, k],
e e for i € [0, k], ‘ ori € (0.4
1070 = (i~ 1ol forie [ktlntl] =<i—1 forielk+1,1+1],
' i—2 forie[l+2,n+1]

I R for ¢ € 10,1+ 1], otk
G -1)o* foriel+2,n+1][

for every i € [0,n + 1].

(¢) Furthermore:

i forie[0,k—1],k<l+1,
i+1 forielk,l—1],k<Il+41,
iékl:{ml forie[O,k—l],}: i forie(l,n—1),k<Il+1,

(i+1)ol foric€ [k,n—1] i for i € [0,1],k > 1+1,

i—1 forie[l+1k 1,k >1+1,

i foriek,n—1,k>1+1
ik fori € [0,1— 1],k <1,
(i —1)ok forie[l,n—1],k <, iot=18%  for k <,

=<1 forl<k<Ii+1, =<7 forl <k<Il+1,

okt fori € [0,1],k>1+1, iotd*=1 for k> 1+ 1.

(i—1)8*1 foriell+1l,n—1),k>1+1

O

Our next aim is to show that, in some sense, the cofaces and codegeneracies generate the category of simplex
types A and that the cosimplicial identities of the preceding proposition yield a set of relations defining A.

(1.5) Notation. Given m,n € Ngand 0 <mj <---<my <mand 0 <nj < --- < n, <n for some ¢,u € Ny,
we write

o™l = g™ ... ¢ as morphism [m] — [m — ]
and

d"el i= §™ ... 8" as morphism [n — u] — [n].
(1.6) Remark. We let [m] R [n] in A be defined by

0 = g™t §NLu] ,

where 0 < m; < ---<my <mand 0<ny < -+ <ny <n, and where t,u € Ny such that m —t = n — u.
Furthermore, we let k € [0,t] and I € [0,u] be the unique elements such that i € [my + 1, my1] and i €
[y, nye1 — 1], where mg := —1, myy1 := m, ng := 0 and ny41 :=n + 1. Then we have

i0 =i — k + 1 for every i € [0,m].

Proof. By induction on ¢, the case ¢t = 0 being trivial, we have

L) ig™Mmt-1.1 for i € [0,m¢],1e. k€ [0,t— 1],
7 t, =
(1 —1D)o™e-11 fori € [my+1,m],ie. k=t

)ik for k € [0, — 1], ik
)= —(t—1) fork=t -
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for all i € [0, m] with i € [mg+ 1, mg11], k € [0,¢]. Furthermore, by induction on u, the case u = 0 being trivial,
we have

L) § 1] {iGmLHJB"FL“r—N for o™t §" =11 € [0,n,, — 1],1e. € [0,u — 1],}
10 s YUl =

10™Le § =11 41 for 4oL U S Lu—11 € [ny,n — 1],ie. [ =u

_ Jiomien +1 for I € [0,u — 1], _ o™i 4
ot +(u—1)+1 forl=u

for all i € [0, m]. Finally, we get 40 = ig™Lt:118" 1wl = (4 — k) + L. O

(1.7) Theorem. Every morphism [m)] 2, [n] in A can uniquely be written as

0 = gLt gl

where 0 <mj <---<my<mand 0<n; <---<ny, <n, and where t,u € Ny.

Proof. We begin by showing the existence of a factorisation. We let m; < --- < m; be the elements of [0, m]
such that mg0 = (my, + 1)0 for every k € [1,t] and we let ny < -+ < n, be the elements of [0,n], that do not
lie in [0,m]0. Setting p:=m —t =n —u as well as 0 := ¢™!t:1) and ¢ := §"M.«1, we have to show that we get
the factorisation 6 = 4.

[m] ————[]
RN ) A

Thereto we proceed by induction on i € [0, m].

If i =0 and [ := 00 € [0, n], then, due to the monotony of 6, we have [0,] — 1] N [0,m])0 = @. Since ¢ € [0,m4],
remark yields 066 =0 —0+1=1=00.

If i € [1,m], we choose k € [0,t] and [ € [0, u] such that i € [my+1, mg41] and i0 € [ng, nj41 —1]. We distinguish
the following two cases: If if = (¢ — 1)0, then by the choice of my,...,m; we get i — 1 =my, € [mg_1 + 1, myg].
Using the induction hypothesis and remark this yields

0=(i—1)0=(i—1)od=((i—1)— (k—1))8 = (i — k) = ico.

Otherwise, i > (i — 1) and ¢ — 1 € [my, + 1, my41]. We let I’ € [0, u] be such that (i — 1)0 € [ny,nypq4q — 1) If
" =1, then, by the induction hypothesis and remark [(1.6)|

W=3G-1)04+1=(@G—-1od+1=((i—1)—k+1)+1=i—-k+1=1io00.

If I’ < I, we must have (i —1)0 = npyy1 — 1 and 40 = n; + 1. Further we have ny —nyy =1—('+1)=1-1'—1
since [ny41,n] C [0,n]\ ([0,m]d). By induction hypothesis and remark we obtain

i0=(i—1)0+ (0 —(i—1)0) = (i — Dod+ ((ny + 1) — (nyr1 — 1))
=((i—1)—k+I)+n—np1+2)=i—-1—-k+U'+1-1I'-14+2=i—k+1=i0d.

Thus we have 6 = ¢d.

Now, we show the uniqueness of the factorisation. We suppose 6 = 0é with ¢ = ¢"1t1) and § = §"Tt.+1, where
0<mi<---<mg<mand 0<n; <---<ny, <n with t,u € Ny.

We claim that my, ..., m; consists of exactly those elements i € [0, m] with i@ = (i + 1)0. To this end, we let
k € [1,t] be such that i € [my_1 + 1, my]. Then the injectivity of § yields the equivalence of (i + 1) = i
and (i + 1)o = io. But, by remark this is equivalent to (i + 1)o =i — (k—1) = (i + 1) — k, that is, to
i+ 1€ [mg+1,mps1]. Since i € [mr—1 + 1,myg], saying i + 1 € [my + 1, mgy1] is the same as saying i = my,.
This proves the claim.

Further, surjectivity of o and § = 8™ - - - 8™+ show that [0, n]\ ([0,m]0) = {n1,...,ny}. Therefore, the morphism
0 determines the numbers my,...,m; and nq,...,n,. This shows the uniqueness of the representation. O]
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§ 2 Simplicial objects in arbitrary categories

(1.8) Definition (simplicial objects and their morphisms).

(a) We let C be an arbitrary category. The category of simplicial objects in C is defined to be the functor
category

sC = (A°,C).

An object in sC is called a simplicial object in C, a morphism in sC is called morphism of simplicial objects
in C or a simplicial morphism in C.
(i) A simplicial object in Set is called a simplicial set, a morphism is called a simplicial map.

(ii) A simplicial object in Grp is called a simplicial group, a morphism is called a simplicial group
homomorphism.

(iii) A simplicial object in AbGrp is called a simplicial abelian group, a morphism is called a simplicial
homomorphism of abelian groups.

(iv) We let R be a ring. A simplicial object in R-Mod is called a simplicial R-module, a morphism is
called a simplicial R-module homomorphism.

(v) A simplicial object in Top is called a simplicial topological space, a morphism is called a simplicial
continuous map.

(b) Dually, we define for every category C the category of cosimplicial objects in C by
csC := (A, 0).
(1.9) Example (constant simplicial object). We let C be a category and X € ObC an object in C. Then the
constant functor
A°P Const X C

with (Const X)p,) = X for n € Ng and (Const X )y = idx for § € Mor A is a simplicial object in C, the constant
simplicial object.
Const

This yields a functor C —— sC by letting (Const f)(,,) := f for n € Ny, f € ¢(X,Y), X, Y € ObC.
(1.10) Example (singular simplicial set).

(a) We let n € N be a natural number. Concerning example [(1.2)} the topological standard simplex functor
|A~| is a (covariant) functor A — Top, that is, a cosimplicial topological space.

(b) For an arbitrary topological space T', we let A°P 5T, Set be the contravariant functor given by
ST :=C(|A™],T).

This is a simplicial set, which is called the singular simplicial set to the topological space T'. In fact, we
have a functor

Top 5. sSet
given by S(=) = C(|A~[,=).

(1.11) Example. For any commutative ring R we let Set B, R-Mod be the functor that assigns to every
set M the free R-left-module RM on the set M and to every map f: M — N for sets M and N the R-module
homomorphism Rf: RM — RN, which is defined by the operation of f on the basis M. Since sSet and
sR-Mod are functor categories, this functor R— lifts to a functor sSet B, sR-Mod. If we have an arbitrary
simplicial set X, then RX is per definitionem the simplicial R-module with (RX),) = RX},), that is, the set
of n-simplices (RX),) of RX is a free R-module on the set X{,,).
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(1.12) Definition (faces and degeneracies). For a simplicial object X in a category C, we define morphisms
d
X = Xy
by d := di( := Xgr for k € [0,n], n € N, called faces, and morphisms
Xpn) == X1
by si 1= si 1= Xgx for k € [0,n], n € Ny, called degeneracies.

(1.13) Notation. We let X be a simplicial object in a category C. Givenm,n € Nypand0 <mj <--- <my; <m
and 0 < ny < --- < n, <n for some t,u € Ny, we write

Smpy4 ‘= Smy ***Sm, as morphism Xy, 4 — X
and

dp, ,, == dn, -+ -dpn, as morphism Xp,; — Xy
Furthermore, we use the interval notations

S[k—t+1,k] ‘= Sk—¢+1 " * Sk as morphism X,, ; — X,
and

dg—uy1) = di -+~ dj—u41 as morphisms X,, — X,y
forket—1,m—-1],l€u—1,n],t€[0,m—1], u € [0,n].

(1.14) Proposition (simplicial identities). We let X be a simplicial object in a category C. The faces and
degeneracies satisfy the following identities:

didy = dgd;—1 for 0 <k <1 <n+1 as morphisms X[, 1) — X[n_1),
sisk = sgSi41 for 0 < k <1 < n as morphisms X, 1) — X1,
dgs;_1, for k < l,
sidg = {idx,_,, forl <k <Il+1, p as morphisms X, 1] — X[,_1j, where k € [0,n],l € [0,n —1].
dy_1si, for k>14+1
In particular, every face is a retraction and every degeneracy is a coretraction.
Proof. The required identities result from proposition [(1.4)| O
The identities in the previous proposition are even characterising a simplicial object, as we will see now.

(1.15) Theorem (classical definition of a simplicial object). We let (X, )nen, be a sequence of objects in a
category C and we suppose given morphisms

X, G, Xp—1 for k €[0,n],n €N,
and
X, 25 X, fir k e [0,n],n € Ny,
which satisfy the simplicial identities
didy = dyd;—q for 0 < k <1 <n+1 as morphisms X, — X[,_q),
518k = sgsi+1 for 0 < k <1 < n as morphisms X, 1] — X[,—1),

dpsi—1, for k<l
sidy = {idx,,_,, for I <k<I+41,p asmorphisms Xy, 1 — X}, 1), where k € [0,n],1 € [0,n — 1].
di_18;, fork>1[1+1

Then there exists a simplicial object X in C with X,) = X,, for all n € Ny and d¥f =dy for k € [0,n], n € N,
as well as sy = s, for k € [0,n], n € Np.
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Proof. We define X on the objects of A by X|,,; := X,, for n € No. On the morphisms in the category of

simplex types A, we define X as follows: Given a morphism [m] SN [n] in A, then according to theorem
there is a unique representation of 6 as a composite of codegeneracies and cofaces, § = o"Lt:11 §" 1.1 with
0<m <---<my<mand 0<ny < ---<ny, <n Welet Xy := d"Lu,ljsmFl,ﬂ =dp,  dn,Smy  Sm,- 10
particular, we have Xsr = di for k € [0,n], n € N, and X+ = s for k € [0,n], n € Ng. Since the morphisms
dy for k € [0,n], n € N, and s for k € [0,n], n € Ny, satisfy the simplicial identities, while the corresponding
cofaces and codegeneracies in A satisfy the cosimplicial identities, X is compatible with the composition of
morphisms and therefore a well defined functor

ar X ¢
that is, a simplicial object in C. [

(1.16) Proposition (classical definition of a simplicial morphism). We let X and Y be simplicial objects in

a category C and we suppose given morphisms X, ELR Y, for n € Ny. If these morphisms commute with the

faces and degeneracies of X and Y, that is, if
fudg =dgfn_q for k € [0,n],n € N,
and

fnsk = Sk:fn+1 for k € [O,H],n € Ny,

then there exists a simplicial morphism X . v with Jin) = fa for all n € No.
Proof. Follows from theorem |(1.7) O

At the end of this section, we want to fix some notions.

(1.17) Definition (n-simplices). We let X, Y be simplicial objects in a category C and X Tya simplicial
morphism. We set X, := X[, and f, := f},;) for all n € Ny. If X, is a set or has a set as underlying structure,
then the elements of X, are called n-simplices. The 0-simplices are also called vertices and the 1-simplices are
also called edges of X. The n-simplices of the form z,_;si for z,—1 € X,,_1, k € [0,n — 1], n € N, are said to
be degenerate.

(1.18) Definition (reduced simplicial set). A simplicial set X is called reduced, if it has exactly one vertex,
i.e. if | Xo| = 1. The full subcategory of reduced simplicial sets in sSet is denoted by sSetg.

(1.19) Definition (cartesian product of simplicial sets).
(a) Given simplicial sets X, Y, we define their (cartesian) product X x Y by (X xY), := X, x Y, for all
n € Ny and (X x Y)y := Xy x Yy for all morphisms [m] N [n] in the category of simplex types A.

(b) Given simplicial sets X, Y, X’ Y’ and simplicial maps X 7, X" Y 25 Y, the simplicial map X xY Ixs,
X' x Y’ is defined by (f X g)pn := fn X gn for every n € Ny.

§ 3 The standard n-simplex

We consider a standard example of a family of simplicial sets which will be needed later.

(1.20) Definition (standard n-simplex). We let n € Ny be a non-negative integer. The standard n-simplex
A™ in the category sSet is defined by

A" = a(e, [n]),

that is, A™ is the functor A°® — Set represented by [n]. For the set of m-simplices of A™, we write
AL = (A")m = a(m]; [n]).

(1.21) Lemma. The standard n-simplices A™ with n € Ny form a cosimplicial object A~ in the category of
simplicial sets sSet, that is, A~ € Obcs(sSet).
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Proof. The homfunctor a (e, —) = A~ is a functor with two arguments, contravariant in the first argument and
covariant in the second one. O

(1.22) Lemma. We let X be a simplicial set and n € Ny. Then we have a bijective correspondence between
the n-simplices in X and the simplicial maps A™ — X. It is given by

Xn — sset(A™, X)),z — (0 — x, Xy for every 6 € A)
with inverse
sset (A", X) — Xy, f = (idpn)) fr-
Proof. This is a consequence from the Yoneda lemma. O

The next corollary justifies the name category of simplex types for the category A.

(1.23) Corollary. For all non-negative integers m,n € Ny, we have
sSet(Ama An) = A([m]’ [n])
Proof. Lemma |(1.22)| implies sget (A™, A™) 2 A" = A([m], [n]) for all m,n € Ny. O

§ 4 The nerve

In this section, we study an example of a simplicial set, which is going to be the most important one for our
purposes - the nerve NC of a given category C. Intuitively explained, the nerve NC of a given category C has
the objects of C as vertices, while the morphisms are the edges. Furthermore, the 2-simplices are exactly the
pairs of composable morphisms, the 3-simplices are the triples, and so on. The kth face is given by "deleting"
the object number k, that is, the two morphisms that end resp. start with this object are composed, and the
kth degeneracy inserts an identity morphism for the object number k.

Since any group can be regarded as a category with a single object, we also obtain a nerve functor for groups.
We need the notion of a nerve for a category object and a group object in an arbitrary category (under certain
technical conditions).

Throughout this section, we assume given a category C, in which pullbacks and a terminal object exist. A
terminal object in C is denoted by 7" and the unique morphism from an object X € ObC is written as X —— 7.

Examples of algebraic structures within arbitrary categories
An introduction to category objects and group objects can be found in [I6].

(1.24) Definition (category objects and functors).

(a) A category object (or internal category) in C consists of objects O, M € ObC and morphisms M — O,

M -5 0,0 - M and M JI, M —~ M, where M I, M is a pullback of the morphisms ¢ and s, such
that the following four diagrams commute.

(STC) Source and target of the composition morphism:

M&MtHsMLM

0 M O

(STI) Source and target of the identity morphism:
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(AC) Associativity of the composition morphism:

Ctl'ISIdI\/[

Mo Mo M-———sM, 1, M

id]utl'lscl lc

M a1, M - M

(CI) Composition of the identity morphism:

Cl'[id]u id]urle

Mo, M<—"""_Mmn

c
pry pry

M

O iq,00s M 0

ido

We call O the object of objects and M the object of morphisms in the category object, the morphisms
s, t, e and c are called source (morphism), target (morphism), identity (morphism) and composition
(morphism), respectively.

Given a category object C in C with object of objects O, object of morphisms M, source s, target t,
identity e and composition ¢, we write ObC := O, MorC := M, s :=s% := s, t :=t¢ :=t, e :=e" 1= ¢
and ¢ :=c¢ :=c.

(b) We let C, D be category objects in C. A functor from C to D in C consists of two morphisms ObC —2
Ob D and Mor C' = Mor D, that are compatible with the categorical structure morphisms, that is,

C DtC

s“o=ms", b

o=mtP, e“m = 0eP and c“m = (mmm)cP.

We call o the morphism on the objects and m the morphism on the morphisms of the functor.

Given a functor f from C' to D consisting of a morphism on the objects o0 and a morphism on the morphisms
m, we write Ob f := o, Mor f :=m and C' . p.

Composition of functors is defined by the composition on the objects and on the morphisms.

(c) The category of category objects in C, where the objects are the category objects in C and the morphisms
are the functors in C, is denoted by Cat(C).

(1.25) Example (category objects in Set). A category object in Set is just an arbitrary (small) category.

(1.26) Definition (group objects and group homomorphisms).

(a) A group (object) in C consists of an object G in C and morphisms G 1 G % G, T - G and G iNel
such that the following diagrams commute.

(AM) Associativity of the multiplication:

idg mm

tnnGG——Gnd

m I1 idgl im

Gud - G
(MN) Multiplication with identity:
n 1 idg idg mn

TnoaG

GG
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(MI) Multiplication with inverse:

(iidg)

GG

G
T4">G
l (idg ) T

—GnunaG

We call m, n and i the multiplication (operation), identity or neutral (operation) and inversion (operation),
respectively.

Given a group object G in C with multiplication m, identity n and inversion 4, then we write m := m® :=
n:=n%:=nandi:=i¢

m7
=1.

(b) We let G, H be group objects in C. A group homomorphism from G to H in C is a morphism G —~, H,
that is compatible with multiplication, neutral operation and inversion, that is

m% = (¢ m p)m? n% =n and i% = i

Composition of group homomorphisms in C is given just by the ordinary composition in C.

(¢) The category of group objects in C, where the objects are the group objects in C and the morphisms are
the group homomorphisms in C, is denoted by Grp(C).

(1.27) Example (group objects in Set, Top and sSet).
(a) The group objects in Set are just ordinary groups.

(b) In the category of topological spaces Top, the group objects are the topological groups. These are
topological spaces whose underlying sets are endowed with a group structure such that the multiplication
map and the inversion map are continuous.

(¢) The group objects in the category of simplicial sets sSet are the simplicial objects in Grp and hence
simplicial groups (more precisely, there is an equivalence Grp(sSet) — sGrp).
(1.28) Lemma.
(a) We suppose given a group object G in C. Then ¢(X,G) is a group for every X € ObC with me¢(X:&) =
C(Xa mG)7 nC(X’G) = C(Xa HG) and ic(X’G) = C(Xa iG)'

(b) We suppose given a group homomorphism G —5 H in C, where G, H € Ob Grp(C). Then ¢(X, ) is a
group homomorphism for every X € Ob(C.

Proof. Follows from definition |(1.26)| and the fact that the hom functor ¢(X, —) commutes with products. O

As an application, we show by an example how results ordinary group theory (proven by calculations with
elements) can be used to obtain results for category objects in C.

(1.29) Proposition. We suppose given group objects G and H in C and a morphism G —, H. Then ¢ is a

group homomorphism in C if and only if m%¢ = (¢ ™ @)m¥.

Proof. If ¢ is a group homomorphism in C, then in particular m%p = (¢ T p)m*.

So let us conversely assume that ¢ is a morphism with m“p = (¢ @©)mf. Then we have

m¢ Do (X, p) = o(X,m)e(X, ¢) = ¢(X,m%) = (X, (p T p)m™) = ¢(X,p T p)e(X,m")
= (C(Xv (P) X C(Xa w))mC()QH)



§ 4. THE NERVE 11

for every X € ObC. Hence ¢(X, ) is a semigroup homomorphism and thus, by ordinary group theory, already
a group homomorphism, that is, we have n¢(X@ (X, ) = ne(XH) and ¢ (X, @) = (X, @)icH) for
every X € Ob(C. In particular, we obtain

np =n(T, ¢) = (idr) ¢(T,n°) ¢(T, @) = (idr)n "D (T, ¢) = (idp)nc ") = (idg) ¢ (T, n) = n"

and
i% =i%(G, ¢) = (idg) ¢(G,i%) (G, ¢) = (id@)i*P Y ¢ (G, @) = (idg) (G, p)ic @)
= (ida) ¢(G, @) ¢(G,i") = ¢ (G,i") = i
Hence ¢ is a group homomorphism in C. O

The nerve of a category object

Since we need the notion of a nerve for a category object in an arbitrary category, existing in every category
with pullbacks, we have to introduce some notation.

(1.30) Definition. We let C, D be category objects in C and C . D be a functor. We set

OobC ifn=0,
(Mor C)t™s™ := < Mor C ifn=1,
Mor €', 119" ¢ (Mor C)e™ (=1 if p > 1,

and analogously
Ob f if n =20,

(Mor f)™" := < Mor f ifn=1,
Mor f 11 (Mor )™= if n > 1.

A morphism X 7, (Mor C'):™™ can be denoted as the tuple (fpr;);c|n—1,0/-
Furthermore, we define morphisms (Mor C')¢"s™ Y, ObC and (Mor C')s™ts™ Zbdol, N or by

. pr;t if j <m,
T pr,_ s ifj=n
for j € [0,n], n € N, resp. t, := idop ¢ for n = 0, and
tjoe if jl = jo,
Clirdgo) = if i .
(prjl—laCle_LjOJ)C I J1 > Jo
for jo,71 € [O,n] with j1 > jo, n € Np.

Thinking in elements, the notation €L ol should simply express that the morphisms which start with object
number j; and end with the object number jo are composed. Similarly, the morphism t; picks the object with
number j.

(1.31) Remark. We let C be a category object in C. There is a simplicial object NC' in C given by
N,.C := (NC),, := (Mor C)t“?bcn for n € Ny
and

¢ if m, =
NyC := (NC)g = { 06 thm =0,

. as morphisms N,,C — N,,,C,
(C[(i+1)0,iej)i€ lm—1,0) ifm>0

for all morphisms [m)] 2, [n] in A, m,n € Ny.
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Proof. For all non-negative integers m,n,p € Ny and all morphisms [m)] 2, [n], [n] 2> [p] in A we have

to,t00 if m=0,n=0,
(N,C)NoC) = | G+ )ictn=101t00 o =0, >0,
to,(C i+ 1)8,i0) JicLm—1,0) ifm>0,n=0,
(€ G+1)p.5p1)5€1n=10) (€ (i 1)0,i6) Jielm—1.0)  if M > 0,0 >0
topto if m=0,n=0, topidonb ¢ if m=0,n=0,
) too, ifm=0n>0,| toop ifm=0,n>0,
top(C 0,01 )ielm—1,0] itm>0,n=0, to, (toe)ie(m—1,0) ifm>0,n=0,
(C|(i41)0p,i0p) Jiclm—1,0) Hm>0,n>0 (C(i+1)0p,i0p) Jielm—1,0) i m>0,n>0
to, ifm=0,n=0, too, ifm=0,n=0,
) tosp fm=0,n>0,( )ty ifm=0,n>0,
(tope)ie[m—1,0) ifm>0,n=0, (CLOP,OpJ)iG lm—1,0] ifm>0,n=0,
(CL('H-l)Qp,iOpJ)iELm—LOJ ifm>0,n>0 (CL(i+1)0p,i9pJ)iELm—l,OJ ifm>0,n>0
= {Egep y imzo’} = Ny,C
L(+1)0p,i0p) i€lm—1,0]  Hm >0
as well as
(€4 1)idguy idgny  JiEln—1,0) >0 (€|j41,5))i€ln-10) Hn>0
:{idObc ifnzo,}:id
(prj)je(n-1,0] ifn>0 (N>

that is, NC is a simplicial object in C. O

(1.32) Definition (nerve). We let C' be a category object in C. The simplicial object NC' in C given as in

remark |(1.31)[ by
N,C = (NC),, = Mor C)+™" for all n € Ny

and

NoC = 4 too if m =0,
(CL(i+1)9,i0j)i€|_m—1,0J if m >0,

for all morphisms [m)] 2, [n] in A, m,n € Ny, is called the nerve of the category object C.

(1.33) Proposition. The faces N,,C s, N,,_1C and degeneracies N,,C LN N, 4+1C for a category object C'
in C are given by

(Prj)je[n—mj if k=0,
dr = § (Pr))je(n-1,k41) U (CLkJrl,k—lJ) U (pr;)jeik—2,0 ifke[l,n—1], p foralke[0,n],neN,n>2,
(Pr;)je|n—2,0] ifk=n
resp.
dop =s,dy =t for n =1,
and

S = (prj)jeLn—l,kJ U (tge) U (prj)jeLk—l,OJ for all k € [0,n],n € Ny.
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Proof. We have

dy =N C' = (Ct(j+1)ak,j5kj)jetnflOJ

(€ 41)sk ok ) )i€ln—2,k] if k=0,

= 9 (€ Ga1ysrgor ieln—2.k1 YU (€ sk (oo1ysr ) U (S nysr jon ) Jiclk—20) R € [1,n—1],
(€ 41)sk ok ) i€ k20 ifk=n
(¢ jt2j41))icln—2.k) if k=0,

= S (Clita p1p)ieln—2k] Y (€ o) Y (€ ip1 ) )ielh—20 ik E[Ln—1],
(¢jt1.5))ielk—2.0] ifk=n
(Cj1,4)ieln—1+1) if k=0,

= (epprg)ieln—1k41) Y (Cppr o1 ) Y (C g5y elh—20) k€ [Ln—1],
(€15 ielh—20) if k=mn,
(Pr]’)jqn—l,lj if k=0,

=9 (Prj)je(n—1k+1) U (C|_k+1,k—lj) U (pr;)jeik—2,0 if ke [l,n—1],
(prj)jELn—Q,OJ ifk=n

for ke [0,n],neN, n>2,
dg =NsoC' =tgs0 =t; =s and d; = Ns1C =tp50 =t; =t
for n = 1, and finally
sk = NorC = (€| (j41)0% jor | )ieln.0)
- (CL(J’+1)G’“J0’“J)jetn’kHJ U (CL(k+1)ak,kakJ) U (C\_(j+1)ck,jckj)jGkal,OJ

= (Cpjjm1p)ietnk+r1) Y (Cpip)) U (a5 ielh-1,00 = (€jarg)ieln—10) U () U (e gp)jete—1.0)
= (prj)jeln—1,k) U (tx€) U (PT;) e k—1,0)

for k € [0,n], n € Ny. O
(1.34) Proposition.
(a) If C' and D are category objects in C and if C' 7, Dis a functor in C , then we get an induced morphism
NC 2L ND
with
N,.f = (Mor f)"".
(b) The construction in [(a)] yields a functor
Cat(C) 2 sC.
Proof.

(a) We have

NoC) (N ) — L0 (0D F) if m = 0,
(C L(i4+1)0,i0] )iGL’mfl,OJ (MOI‘ f)l'lm ifm>0

~ Jtoe(Obf) if m=0,
(CL(i+1)0,i0J (Mor f))ie{m—1,0; ifm>0
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Mor f)""t ifm=0,
00
(Mor f)™(c| (i11),10)Jic|m—1,0] Hm>0

for all morphisms [m) N [n] in A, m,n € Ny, that is
Ne M ND
is a morphism of simplicial objects in C.
(b) If C, D, E are category objects in C and C R D, D -4 E are functors in C, then we have
(N f)(Nog) = (Mor f)™ (Mor )™ = ((Mor f)(Mor g))™ = (Mor(fg))™" = Nu(fg)
and
(Npide) = (Moride)™ = (idyor o)™ = id yor oyt = i, ¢ = (idxe)n
for all n € Ny, that is, (Nf)(Ng) = N(fg) and Nid¢ = idxe. Hence
Cat(C) -5 sC.
is a functor.
O

We remark that the nerve of a category IC, that is a category object in Set, can also be defined by NK :=
Morgat(—, K)|acr. With this description, we obtain the functor

Cat X, sSet

for free.

The nerve of a group object

Every group G can be considered as a category with a single object, the morphisms given by the elements of G.
The construction is functorial and thus we can define a nerve functor for groups. In the following, we proceed
in a more general manner for arbitrary group objects.

(1.35) Definition (nerve for group objects). The composition of functors

NoCat
e

Grp(C) sC
is called the nerve functor for group objects in C and will be denoted by N, too.

Grp(C) al sC

Cat %

Cat(C)

(1.36) Proposition. We let G be a group object in C. Then the nerve of G is given by
N,G =G ™" for all n € Ny,

while the faces N,,G N N,,_1G and degeneracies N,,G %5 N,,,1G are

(Pry)ie|n—1.1) if k=0,
dp = § (Pry)icin—1k+1] U ((Prp, pr_1)m) U (pr;)ic(x—2,0) if k€ [l,n—1], p for k€ [0,n],n € N,n > 2,
(PTy)ie|n—2,0 ifk=n
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resp.
dg=dy =1forn=1,
and
sk = (Pr;)ie(n—1,6) U (In) U (pr;)ic k—1,0) for k € [0,n],n € No,
where G ™" — T denotes the unique morphism to the terminal object.

Proof. This follows from proposition

15
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Chapter 11

Simplicial homotopies and simplicial
homology

Our overall aim is to compute the homology of the simplicial set associated to a given crossed module. As an
intermediate step, we attach a complex to such a simplicial set. Since we want to invoke Eilenberg-Zilber, we
consider both ways to attach such a complex, the associated complex and the Moore complex.

Moreover, we intend to show further down that certain diagrams commute up to simplicial homotopy, a notion
which we consider here.

Finally, in this chapter we consider the path object of a simplicial object, which then will appear in our approach
to Eilenberg-Zilber.

For more details, the reader is referred to [§], [I7] or the original articles of KAN, for example [20].

§ 1 Simplicial homotopies

Recall that two continuous maps f,g: ' — U between topological spaces T and U are homotopic if there
exists a continuous map H: T x [0,1] — U such that (—,0)H = f and (—,1)H = g. A similar notion can be
obtained for simplicial sets. However, we begin with a more general definition of homotopies between simplicial
morphisms in an arbitrary category, which does not necessarily contain an analogue of the operation — x [0, 1].
The similarity to the topological definition in the case of simplicial sets will be shown thereafter.

(2.1) Definition (simplicial homotopy). We let X and Y be simplicial objects in a category C. Simplicial

morphisms X -2 Y and X %, Y are said to be simplicially homotopic, if for every n € Ny there are

morphisms X, 5 V11 for k € [0,n] in C such that hndp i1 = @n, hodo = ¥y, and

diph;—1 for k <,

hi_1dy, for k =1,k #0, hass — {skth for k <1,
hrdy fork=10+1,k#n+1, Sg—1h; for k> 1,
dip_1h; for k>1+1,

hidy, =

for all k € [0,n + 1], I € [0,n]. In this case, we write p ~ ¢ and (hg € ¢(Xn, Ynt1) | k € [0,n],n € Np) is called
a simplicial homotopy from ¢ to .

(2.2) Definition. For a simplicial set X we define insy and ins; to be the composite morphisms
=~ idxd! = idxd®
X 2 X x A? XD X Al resp. X s X x A0 XLy AL

Here d! = A% for [ € [0, 1] denotes the I-th coface in the cosimplicial set A~

. efinition. For £ € [0,n + 1], n € Ny, we let ¥ € = alln], e the tunctor wit
2.3) Definition. For k € [0 1 N let % € AL 1]) be the f ith

[0,n — k]T8 = {0} and [n — k + 1,n]T" = {1}.

17
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Note that, with the definitions from above, we have
(,,)(insg ), = (2, 7") and (z,,)(insy)y, = (2, ")
for all n-simplices x,, € X,, in a given simplicial set X and all n € Nj.
(2.4) Proposition. The composite morphisms
=1 25 0] =5 (1] and [0+ 1] 5 0] = [1
are given as follows: We have

ifk<n-—I,
)7t ifk>n—1

for k € [0,n],l €[0,n+1], n €N, and

ol — o ifk<n-—|
) ifk>n—1

for k € [0,n], 1 € [0,n + 1], n € No.

Proof. If k <n — [, we compute

0 foriel0,k—1], .
[T for i € [0,k — 1], or i € ] 0 forie[0,n—1-1,
= (i+ 1)t fori€ [k,n—1] =0 foriclkn=1od, 0= 1 forien—1—1I,n—1]
’ 1 forien—1I,n-—1] ’

= iTl7

and if £ > n — [, we have

forien—14+1k—1],

sl _ {ml for i € [0,k — 1],
for i € [k,n — 1]

(i+ 1)t fori€ [k,n—1]

)0 forie[0,n—1], _ -1
|1 forien—I+1,n-1][ '

Furthermore, if £ < n — [, we have

} 0 forie[0,n—1],

o

for i € [0, k],

hd for i € [0,k
i()'le:{zﬂ.t 1)'-([ forz'e{k;-}—]?l +1} =<0 fOI"L'E[ki,TL-Fl—l],
i— or i n .
forien+2—-10n+1]

_{Ofmienn+1m o
- =i

1 forien+2-In+1

and if £k > n — [, we compute

o

for ¢ € [0,n — ],

il for i € [0, k],
i&ﬁz{? e f7€h+h +”}= 1 forien+1-—1k,
i — 1)t for ¢ N )
forie[k+1,n+1]

_J0 forie[0,n—1], _ il
|1 forien+1-lLn4+1 [



§ 1. SIMPLICIAL HOMOTOPIES 19

(2.5) Proposition. We let X and Y be simplicial sets and X Ty and X % Y be simplicial maps. There is
a bijective correspondence between the simplicial homotopies from f to g and the simplicial maps X x Al — Y
that let the following diagram commute:

1
\ X X A /g
\ /
VK
Y

Proof. First, we let (hg € set(Xn,Yni1) | k € [0,n],n € Ny) be a simplicial homotopy from f to g. For each
n € No, we define H,,: X,, x AL — Y, by (z,,1)H, := z,fn and (z,,T" 1 "*)H,, = x,hpd;, for k € [0,n],
Zn € X,,. Using proposition |(2.4)} this implies

Tpdrhi—1d;_q for k < l,

(n, T ) Hody, = wnhodidy, = {!Enhldkdl1 for k < l,} _ ) Tnhiprdiade for B =1#mn,

Tphidg1d;  for k >1 T frndn for k =1=n,
T,dihyd; for k> 1
Tpdphi_1di—1 for k <, rodphi_1d;_q  for k <,
) zphg1dedy fork=1#n,| Jr,dphpds for k=1+#n,
I [ A fork=1l=n,( )z.dsfo_1 for k=1=n,
T,dihid; for k> 1 r,dihd; for k> 1
(pdi, T~ NH, _, for k <,
) (@ndg, T “MH, 4 fork=1#mn,| _ (wpdp, T H,_ for k <1,
) (@pdy, T F)H, fork=1l=n, |(zndp, ™ VH,_1  fork>1
(zpdp, ™ YH, 4 for k > 1

= (@pdy, Pt TN H, = (2 dp, T ) Hy oy = (2, T AR H

for all x,, € X,,, k € [0,n], 1 € [0,n], n € N, and

(n, T ) Hopsge = 2 hudysy = {xnhlskdl+1 for k < 17} _ {xnskhl+1dl+1 for k < l,}

Tphisgp1dy for k >1 Tnsphid; for k >1
B {(xnsk,’r””(lﬂ))HnH for k < l,} B {(xnsk,fc"“l)HnH for k < l,}
N (psk, T2 H, fork>1 [ (s, T2 H,y for k>1
= (x5, "V H, L = (s, TSN H
= (2, ™" s Hy gy

for all z,, € X,,, k € [0,n], I € [0,n], n € Ny. Since additionally
(@, ) Hndg = 2 fudg = 2 dg fro1 = (2ndi, ™) Hpo1 = (2ndy, 85 Hy 1 = (2 dy, Tdg) Hn
= (2n,T°)dp H, 1
for all ,, € X,,, k € [0,n], n € N, and
(2, T°)HpSk = T frSt = ZnSk fae1 = (@nsk, T°)Hp—1 = (2nSk, 0°1°) Hp—1 = (2nSk, 1) Hno1
= (Z‘n,TO)San_l

for all z, € X,,, k € [0,n], n € Ny, we know that the maps H,: X,, x Al — Y|, yield a simplicial map
X x A' L Y. Furthermore, we get

xn(inSU)an = (‘TnyTO)Hn = T fn
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as well as

n+1

xn(insl)an = (.Z’n,"l,’ )Hn = zphodp = Tngn

for all x,, € X,,, but this shows the insgH = f and ins; H = g.

Conversely, we let X x Al .V bea simplicial map such that

N V

X x Al /

/9

o/

Y

commutes. For n € Ny, k € [0,n], we define hy: X,, — Yni1,2n — (2p5%, 7" ") H, 1. According to
proposition we get

T hydy = (iL' SI, Tn+1il)H +1dk = (ZL'nSI,Tn+17l)dan = (xnsldk,TndHildk)Hn

(x dkbl LR IO if k< (zpdpsi_1, ™ DH, ifk<l,

) (g, SO H, if k=1, (@, hHH, if k=1,

) (z, SR h H, ifk=1+1, |(zn, ™ HH, if k=1+1,
(xn dk 18, T IO, i k> T+ 1 (v, dp_18,, T H, ifk>1+1
(z, dksl 1, n=(=H, ifk<I, epdphi—y  if k<,

) (2 =)H, if k=1, ) anheady i k=1k#0,

N (m ) n ifk=1+1,(  )anhedr ifk=1+1k#n+1,
(z dk s, ™D H, ifke>1+1 Tpdp_ihy fk>1+1

and

1-1 1-1
s Hygo = (nsisk, T 'se) Hygo

) @nsksigr, 0PI Hy o iR <L | (@esksien, T e if k<
TpSk—18], 0 Tn+1_l)Hn+2 itk >1 (xnsk_lsl,T”+2_l)H,L+2 itk >1

1-1
Tnhusg = (Tps, T T Hygask = (@as), T

(
S @asesigr, TN H iR <L | [aasphuyr iR <
B (wpsp_15, T2 H,, 1o ith>1 [ \azaswoihy ifk>1

for all x,, € X,,, k € [0,n+ 1], 1 € [0,n], n € Ng. Moreover, we have

wnhndnJrl = (wnsndn+1;T1dn+1)Hn = (xru 6n+1T1)Hn = ('rnaTO)Hn = wn(inSO)an = xn.fn
and

Tphody = (x,50do, T 1dg) = (2,80dg, 8°T" ) = (2, T H,, = x,,(in81)n Hy = Z0gn
for all x,, € X,,, n € Ny, that is, (hi € set(Xn,Yn+1) | k € [0,n],n € Np) is a simplicial homotopy from f to g.
At last, it remains to show the bijectivity. Thereto, we let (hx € set(Xn, Ynt1) | k& € [0,n],n € Ng) be a simplicial
homotopy from f to g. We define H,,: X,, x AL — Y, by (z,,T°)H,, := 2, f, and (2, " "F)H,, := 2, hpdy
for z,, € X,,, k € [0,n], n € Ny, and we define hl,: X,, — Yo, 11, 7, — (zp8k, T %) H, 41 for k € [0,n], n € N.
Then we get

! 1—-k _ +2—(k+1 _ _ _
Tnhly = (Tnsk, T YV Hyr = (@085, T2 PN H = 2osphiadis = 2ohisidii = 20y,

for all z,, € X, that is, hj, = hy, for all k € [0,n], n € Ny.
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Conversely, we let X x Al .Y be a simplicial map such that insgH = f and ins;H = g and define
maps hy: X, — Yni1,Tn — (2p8, T T F)H, 1 for k € [0,n], n € Ny and maps H.: X,, x AL — Y, by
(2, 1) H!, := 2, f, and (., 7" "F)H! := 2, hpdy, for x,, € X,,, k € [0,n], n € Ng. This implies

and
(T, TRV H! = 2 hidy, = (@psp, TRV H, 1 dk = (@psk, T A H, = (pspde, TR ) H,
_ (l‘n,éan+1 k)Hn _ (l‘n,Tn+1_k)Hn
for k € [0,n], z, € X,, n € Ny, and hence H' = H. O

(2.6) Definition (simplicial homotopy). We let X and Y be simplicial sets and X Loy and X %5 Y be

simplicially homotopic simplicial maps. A simplicial map X x Al ¥ such that

Y ins;

X x Al

lH
/

Y

commutes is also called a simplicial homotopy from f to g. We write f A, g for a simplicial homotopy from f
to g.

Hence the standard 1-simplex A! plays the role that the real interval [0, 1] has in the category of topological
spaces.

Next, we show how simplicial homotopy in one category can be transferred to simplicial homotopy in another
category and introduce the related notion of a homotopy equivalence.

(2.7) Proposition. We let C and D be categories and C L, D be a functor. Further, we let X and Y be
simplicial objects in C. If X Loy and X % Y are simplicially homotopic morphisms in C, then F'.X L py
and FX 2% FY are simplicially homotopic in D.

Proof. We suppose that f ~ g by a simplicial homotopy (hx € ¢(Xn, Ynt1) | k € [0,n],n € Np). Then we have
(Fhn )dn+1 (th)(FdLl) = F(hndiﬂ) =Ffn=(Ff)n

and
(Fho)dg™ = (Fho)(Fdy) = F(hodg ) = Fgn = (Fg)n

as well as

F(d¥hi—q) for k <1,
F(hg_1d)) for k =1k #0,
(
(

Fh)dEY = (Fh)(FdY) = F(hydY) =
(Fh)di ™ = (Fho(Fdy ) = F(ludy ) F(hedY)  fork=1+1k#n+1,

F(dX b)) fork>1+1

FdX)(Fhy_y) for k <, AEX(Fhy_y) for k <1,
Fhy_1)(FAdY) for k=1k#0, ) (Fhy—)dfY fork =1,k #0,
Fh )(FdY) fork=1+1,k#n+1,[ )(Fh)dlY  fork=1+1,k#n+1,

(
_ )
(
(F&X )(Fhy) fork>1+1 diX (Fly) for k>1+1
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and

(Fhl)sfy = (Fhl)(FSi/) = F(hlsz/) = {

_ sEX(Fhyq) for k <1,
sFX (Fhy) for k > 1

F(sXhiy) for k < l,}

(Fsi¥)(Fhi41) for k <1,
F(sg b)) fork>1,

(Fsi* |)(Fh) fork>1

for all k € [0,n+ 1], 1 € [0,n], n € Ng. Thus (Fhy € p(FX,,FY,41) | k € [0,n],n € Np) is a simplicial
homotopy from F'f to Fg and we have F f ~ Fg. O
(2.8) Definition (simplicial homotopy equivalence). We let C be a category. Simplicial objects X and Y in C

are said to be simplicially homotopy equivalent if there are simplicial morphisms X 7, YandY -5 X in C
such that fg ~idx and gf ~ idy. In this case we write X ~ Y and we call f and g mutually inverse simplicial
homotopy equivalences.

(2.9) Proposition. We let C and D be categories and C £, D be a functor. If there are simplicially homotopy
equivalent simplicial objects X and Y in C, then the simplicial objects FX and FY in D are simplicially
homotopy equivalent, too.

Proof. Suppose there is a homotopy equivalence X oy with inverse Y —2» X. Then we have fg ~idx and
gf ~ idy. By proposition |(2.7)] we get

(Ff)(Fg) = F(fg) ~ F(idx) = idpx and (Fg)(F'f) = F(gf) ~ F(idy) = idpy.
Thus F'f is a simplicial homotopy equivalence between F X and FY with inverse F'g. O
We introduce some notation needed later.

(2.10) Definition (simplicially contractible simplicial set). A simplicial set is called simplicially contractible
if it is simplicially homotopy equivalent to Const *, where * denotes a set with a single point.

(2.11) Definition (simplicial deformation retract). We let X, Y be simplicial sets and Y’ —*5 X be a dimen-
sionwise injective simplicial map, that is, i, is assumed to be injective for all n € Nj.

(a) We call Y a simplicial deformation retract of X, if there exists a simplicial map X —— Y such that
ir =idy and 7i ~ idx. In this case, r is called a simplicial deformation retraction.

(b) We suppose given a simplicial set X', simplicial maps X X and X <% X’ and a simplicial homotopy

f A, g. Then H is said to be constant along i, if (Ynin, ™)Hn = Yninfn = Yningn for all y, € Yy,
ke [O,Tl—f'l], n € Np.

(c) If there exists a homotopy i i x which is constant along ¢, we call Y a strong simplicial deformation
retract of X and r a strong simplicial deformation retraction.

§ 2 Simplicial homology

In this section, we introduce simplicial homology for simplicial sets. To do this, we have to construct from a
given simplicial set a complex in a module category, so that we can take its homology to be the homology of
the given simplicial set.

We begin now with a little bit more general framework, introducing a complex associated to every simplicial
object in an additive category.

Throughout this section, we let A be an additive category.

(2.12) Remark. We let A be a simplicial object in A. Then the objects A, together with the morphisms
A, 2, Ay _1 defined by

9:= > (~1)kd,

keo,n]
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form a complex with entries in A.
94, 24, 2 4,

Proof. Applying the simplicial identities, we compute

00=( Y (D' Y D)= D> Y (-DHFdd,

1€[0,n+1] keo,n] 1€[0,n+1] k€[0,n]

D IID DI IS SEND SEC AL
1€]0,n+1] k€[0,1—1] lel0,n+1] k€(l,n]

DD MG LTINS SR SECE IR
ke[0,n+1]1€]0,k—1] kelo,n] l€[0,k]

PN TR DEED DI et I
ke[l,n+1]1€[0,k—1] ke[l,n+1] l€[0,k—1]

S Y (—DR(drdy — didi1) =0

ke[l,n+1]1€[0,k—1]
for all n € N. O

(2.13) Definition (associated complex). For a simplicial object A in A, the complex
CA=(..- 5 4, -5 4, -2 4

with entries C,, A := (CA),, = A, for n € Ny and differentials

0:= Y (-1)Fds
ke[0,n]
for n € N is said to be the complexr associated to A.

(2.14) Proposition.

(a) Given simplicial objects A, B in A and a simplicial morphism A - B, there exists an induced complex
morphism

CA CB,
which is given by C,¢ := (Cyp),, = @, for all n € Ny.
(b) The construction in ()] yields a functor
sA -5 C(A).

Proof.

(a) Since the morphisms A, %

differentials of CA.

B, for n € Ny commute with all face maps, they commute with the

(b) We let A, B, C be simplicial objects in A and A 2, B, B -2 C be simplicial morphisms. Then we
obtain

(Cnf)(Crng) = fugn = (fg9)n = Cn(f9)

and
Cpida = (ida)n =ida, =idc,a = (idca)n
for all n € Ny, that is, we have a functor

sA -5 c(A). O
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Simplicial homotopy induces complex homotopy. This will be shown now.

(2.15) Proposition. We let A and B be simplicial objects in A. If A S, Band A % B are simplicially

homotopic morphisms in A4, then CA C, ¢B and CA % CB are complex homotopic morphisms between the
corresponding associated complexes.

Proof. We suppose f ~ g by a simplicial homotopy (hy € A(An, Bnt1) | k € [0,n],n € Ny). For each n € N,
we define a morphism A, R B+1 by
W= Y (=1)Fhy.
ke[o,n]

This implies

040k, = (Y (“D'h)C DS DR+ (Y (DR Y (~D)')

1€[0,n] ke0,n+1] ke0,n] l€[0,n—1]
- Z Z (=) hidy, + Z Z 1) Edyhy
1€]0,n] k€[0,n+1] 1€]0,n—1] k€[0,n]
= > > DT+ Y (di—hidi) + Y Y (=) iudy
l€[0,n] k€[0,l—1] lelo,n] lg[0,n] ke[l42,n+1]
+ DD DG Hlan Y
€[0,n—1] k€[0,n]
= Z Yo CDFFdihior+ (hodo = hadig) + Y Y (Do
l€[1,n] ke[0,1—1] 1€[0,n—1] k€[l+2,n+1]

+ > () Ry

1€[0,n—1] k€[0,n]

Z Z <_1)l+kdkhl - Z Z l+kdkhl

le[0,n—1] kE€[0,1] 1€[0,n—1] k€[l+1,n]

+ Y > (=) ey

1€[0,n—1] k€[0,n]

:gn_fn

for all non-negative integer n € Ny and hence (h], € 4(An, Bny1) | n € Np) is a complex homotopy between C f
and Cg. O

(2.16) Proposition. We let A and B be simplicial objects in A. If A and B are simplicially homotopy equivalent
simplicial objects in A, then the associated complexes CA and CB are homotopy equivalent complexes with
entries in A.

Proof. We let A . Bbea simplicial homotopy equivalence with inverse B —2 A, that is, fg ~ id4 and
gf ~ idg. By proposition [(2.15), we get

(Cf)(Cg) = C(fg) ~ Cida =idca and (Cg)(Cf) = C(gf) ~ Cidp = idcp.
Hence CA is homotopy equivalent to CB since Cf is a homotopy equivalence with inverse Cg. O
Now we apply definition |(2.13)| to the context we have in mind.

(2.17) Definition (associated complex to a simplicial set). We let R be a commutative ring. For a simplicial
set X, the complex C(X; R) := CRX is called the complex associated to X over R. If R = Z, we will just speak
of the complex associated to X and we write C(X) := C(X;Z).

(2.18) Definition (simplicial homology and cohomology of a simplicial set). We let R be a commutative ring,
M an R-module and X a simplicial set. The nth (simplicial) homology group of X with coefficients in M over
R is defined to be

H,(X,M;R) := H,(C(X;R) ®p M).
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The nth (simplicial) cohomology group of X with coefficients in M over R is defined to be
H"(X,M;R) := H"(g(C(X; R), M)).
Moreover, we abbreviate

H, (X3 R) == Hp (X, R R),
H,(X,M):=H,(X,M;Z),
H,(X):=H,(X,Z;Z)

and

H"(X;R) := H"(X, R; R),
H" (X, M) = H"(X, M3 2),
H'(X) := H"(X, Z; Z).

(2.19) Example (singular homology of a topological space). Given a topological space T, then the integral
singular homology groups (cf. example |(1.10))) are defined to be

H,(T;Z) := H,(ZST) for n € Ny.

(2.20) Proposition. Given simplicially homotopy equivalent simplicial sets X and Y, we have
H,(X,M;R) =2 H,(Y,M;R) and H"(X, M; R) 2 H"(Y, M; R)

for all n € Ny and every module M over a commutative ring R.

Proof. We let X,Y € ObsSet with X ~ Y and we let R be a commutative ring and M be an R-module. It
follows from proposition and proposition that C(X;R) ~ C(Y; R). Since the functors — ® g M and
r(—, M) preserve homotopy equivalences, the complex homotopy invariance of the homology functor implies
the asserted statements. O

§ 3 The Moore complex

In the last section we attached a complex C to a given simplicial object A in an additive category .A. Here
we will introduce a subcomplex MA of CA if A is an abelian category. At the end, we will show that both
complexes are homotopy equivalent and so deliver the same homology.

We suppose given an abelian category A.

(2.21) Remark. We let A be a simplicial object in A. We let

M,A := ﬂ Kerdy, for all n € Ny.
ke[1l,n]

Then we may let
M, A -2M, A

be induced by A, o, A, for all n € N, forming a complex
MA = (... -% Mad -2 M4 -2 MpA).

Proof. We have
(M, A)dody, = M,,A)dj1do = 0 for all & € [0,n — 1],

that is, (M,A)dy = Kerdy for all £ € [0,n — 1] and therefore (M,A)dy =< nke[l,n—l] Kerd, = M, _{A.
Altogether, the differentials

M,A -2 M, A
are well-defined and fulfill 00 = 0. O
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(2.22) Definition (Moore complex). We let A be a simplicial object in A. The complex M A given as in remark
is called the Moore complex of A.

(2.23) Proposition. Given a simplicial object A in A, the Moore complex M A is a subcomplex of the associated
complex CA.

Proof. Letting M, A - A,, denote the embedding of M, A into A,, for all n € Ny, we have

w0 = Y (D) = D7 (1) inde = tndo = 0y,

kelo,n] kelo,n]

because ¢, factorises over each kernel of dj, for k € [0,n], n € N. Hence we have a commutative diagram

MA oMA
nA——=M, 14

ln ln—1
CA

An & Anfl

for each n € N, that is, the ¢, for n € Ny yield a complex monomorphism

MA - CA.

(2.24) Proposition.

(a) Given simplicial objects A, B in A and a simplicial morphism A %, B, there exists an induced complex
morphism

MA M2 MB,
where M, := (My),, is induced by ¢,, for all n € Ny.
(b) The construction in [(a)] yields a functor
sA 2L c(a).

Proof.

(a) The morphisms A, £, B, induce morphisms M,, A Mne, M, B for n € Nyg. Denoting the embeddings

from M, A into A, resp. from M, B into B,, by

A B
M, A - A, resp. M,,B ~* By,
we compute

aMA(Mn—1¢)LE—1 = aMALﬁ—lﬂon—l = sz‘aCA‘Pn—l = LﬁwnaCB = ‘PnLEaCB = ‘PnaMBLB

n—1

and since (2 | is a monomorphism, this implies d(M,,_1p) = ©,,0 for all n € Ny. Hence the morphisms
M, ¢ for n € Ny yield a complex morphism MA Mo MB.

(b) We suppose given simplicial objects A, B, C' in A and simplicial morphisms A - B and B % C. The
embeddings are denoted as in @ by

LA LB Lc
M,A = A, resp. M,,B — B, resp. M,,C — C,,
for all n € Ng. Then we have

(Mn@)(Mnl/})Lg = (Mn‘P)wan = Lﬁ‘ﬁnwn = Lﬁ(@w)n = Mn(Sm/J)LS
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and
(NInidA)L;LL1 = L;?(idA)n = L;?idAn = idMnALﬁ = (idMA)nL

for all n € Ny. Since (& and (2 are monomorphisms, we conclude that (M, p)(M,) = M, () and
M,id4 = (idma)n for all n e No Thus we have (Mg)(Mwy) = M(py) and MldA = idpa and hence, we
have a functor

sA L c(A).

O

Our next aim is to ameliorate this proposition in the sense that we intend to show that the Moore complex
is even a direct summand of the associated complex. A complement can be specified, namely the degenerate
subcomplex. This will be introduced now.

(2.25) Remark. There exists a subcomplex DA < CA for every simplicial object A in A with D, A :=
Zke[o,nfl] Ims; for each n € Np.

Proof. We have

(Ims;)0 = Im(s;0) = Im(s, Y (—1)'dy) = Im( (=1)!dysp_1 + Z 1)'d;_isk)
1€[0,n] 1€[0,k—1] €lk+2,n]
= Z Im(disg—1) + Z Im(d;—1sk) < Z Imsg_; + Z Ims; < Z Ims,,
1€[0,k—1] le[k+2,n] l€[0,k—1] l€[k+2,n] me[0,n—2]
=D, 1A
and hence
(D,A)0 <D, 1A
for all n € N, that is, the subobjects D,,A < A,, for n € Ny yield a subcomplex DA < CA. O

(2.26) Definition (degenerate complex). We let A € ObsA be a simplicial object in A. The subcomplex
DA < CA given as in remark with D, A = ZkE[O,n—l] Ims; for all n € Ny is called the degenerate
complex of A.

(2.27) Proposition. For k € [0,a], a € N, we let F(—k) € C(A) be complexes with entries in A. Further, we
let

Y(=Fk)
e

F(—k+1) 255 P(—k) and F(—k) F(—k+1) for k € [1, ]

be complex morphisms and we let (h(—Fk), | n € Z) be a complex homotopy from idp(_j41) to p(—=k)Y(=k),
k € [1,a]. Note that h(—k), is a morphism from F(—k + 1), to F(—k + 1),+1. Then we have a complex
homotopy (H(—a), | n € Z) from idg(g) to p(—1)...o(—a)(—a)...9(~1) given by

H(—a)n= Y @(=Dn...o(=k+ Dph(=k)nth(=k + D1 ... (=11 for all n € Z.
kel,a]

Proof. We proceed by induction on o € N. For a = 1, we have H(—1),, = h(—1), for all n € Z and there is
nothing to show. Now we assume that a > 1 and that the assertion holds for all smaller natural numbers. Then
we compute

idp), —@(=1)n ... 0(=)nh(=)n ... Y(=1),

=idp(0), — P(=D)n(=D)n + @(=1)n®(=n — p(=1)n ... o(=a)nh(=a)pn ... p(=1)y

= idF(O)“ —o(=1)pp(-1)n + W(_l)n(idF(—l)n —o(=2)p - p(—) (=) - (=2)n)Y(=1)n

— h(=Da0+ Ot + 9D (( X P Dn el DBtk + D1 o 6(=2)1)0

ke(2,a]

1n71+@
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+00 Y. P(=Dat ok + Duth(=K)no1w(—k + D (=2)0) (1),

kel
= h(—l)n5[+ éh(—l)n—1 + (k%: | (=D - o(=k + Dnh(=k)ath(=k + Dng1 - - (= 2)n41)0%(=1)n
+ w(—l)na(k%: | 90(_2)71*1’- (kD)1 h (k)1 (=k + 1)y p(=1),)
=h(=1)n0 + 871(—17)7%1 + (k[zz | (=D . o=k 4+ Dnh(=E)ntb(—k 4+ Dng1 - (=2 ng1)00(—1) g0
+ 8@(—1)n1(k€§[2: | @(_Q)n;l ook Dt h(—K) (k4 D 9h(— 1))
= h(=1),0 + 8h(—1)n,_1 + (kz; (=)o o=k + 1) h(—k) (=K + Dyt - - 1b(=1)ps1)0
+ a(k%: ]so(fl)n—l S sa([,k]+ Dot h(=k)n-1th(—k + 1) ... 0(—1)y)
= (;1: w(;l)n (kA Dah(=k)nt(=k + Dng1 - (=1)nt1)0
+[ 8(] 3 (Dt e o=k A+ Dot h(—R)uo1th(—k + 1) . (~1),)
=H (—a;:gf@ff (—@)n-1
for all n € Z and so (H(—a), | n € Z) is a homotopy form idy(g) to ¢(=1) ... p(—a)(—a)...¢(—1). O

(2.28) Theorem (normalisation theorem). We have
CA=DA@MA and CA~MA

for each simplicial object A € ObsA in A.

Proof. In the first step, we construct a pointwise finite pointwise split filtration from MA to CA. Thereto, we
let

F(—a), = ﬂ Kerdy for all a,n € Ny,
k€[max(l,n—a+1),n]
and we denote by F(—a), LU A, the embedding from F(—a), into A,. We let a non-negative number
a € Ny be given. Since

(F(—a)n)did; = (F(—a)pn)di41di = 0 for all k& € [0, max(0,n — a)],1 € [max(0,n — a),n — 1],
we have F(—a),d; < Kerd, for all k¥ € [0, max(0,n — «)], I € [max(0,n — a),n — 1], and therefore

Pl-a)d = (F(-a))( 3. (DM = (F(=a))( 3 (D= (] Kerd,

kel0,n] ke[0,max(0,n—a)] l€[max(1l,n—a),n—1]
= F(*Ot)n_l.
Hence we have induced morphisms

F(—a)n -2 F(—a)p_1

given by the commutative diagram

F(—a), —2>= F(—a)p_1

N(a)nl i”(a)nl
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where the vertical morphisms are the canonical embeddings. Since
0u(—a)p—2 = Op(—a)p—10 = p(—a),00 =0

and since p(—ay,—2) is a monomorphism, we have 99 = 0 as morphisms F(—a«), — F(—a),_z for all n € N,
n > 2, that is, the objects F(—a), for n € Ny together with the morphisms 0 yield a complex F'(—«a) < CA.
We have embeddings

v(—a)n
R AL

F(—a), F(—a+1), for each o € N;n € Ny,

and we have
w—a)y = t{(—a)pt(—a+ 1)y ... t(=1),.
These embeddings yield complex morphisms

F(—a) Uz,

F(—a+1) for all « € N,
because we have commutative diagrams

F(—a), % . F(—a)n-1

L(_a)nl lb(_o‘)n—l
F(—a+1), —2> F(—a+1),_1

u(—a+1)nl lu(—a-&-l)nq

CoA—9% ., .A

for all &,n € N (the upper square commutes since p(—a + 1),,—1 is a monomorphism). Since F(—a), = M, A

for all « € Ny, a > n, the complexes F(—a) for @ € Ny yield a pointwise finite filtration from MA to CA.
To show that this filtration is pointwise split, we consider the morphisms

id—dn—at+1Sn—a
A7l An

for o € [1,n], n € Ng. For k > n — a+ 1, we compute

M(_a + 1)n(1d - dn—a-‘rlsn a ,u( o+ 1 - dn—a+lsn—udk)
wl—a+1), dk—dk) ifk=n—a+1,
wl—a+1),di(id —dp—atiSn—0a) fk>n—a+2
= 0’

m(—a)n
L TRLALY

that is, we have an induced morphism F(—a + 1), F(—a),, such that the diagram

T(—a)p

F(-a+1), —"= F(—a),

P‘(_O“'Fl)nl il‘(_a)n
id—dn—at15n—a

An An

commutes. Additionally, we define F/(—a + 1), iGN F(—a), for @ > n by
m(—a)y :=1idm, A-
Then we have

(ld — dlso)do = do — d150d0 = do — dl.
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and

(ld - dn7a+lsnfa) Z (_1)kdk = Z (_1)k(dk - dnfaJrlSnfadk)

k€e[0,n—a] ke[0,n—a]
= Y (-DMdr — drdn—asn—a-1) + (=1)""*(dn-a — dn_a41)
ke[0,n—a—1]
= Z (*1)kdk(ld - dn—asn—l—a) + (*1)niadn—o¢ + (*l)nia+1dn—a+l
kelo,n—a—1]
= Z (_1)kdk(1d - dn—asn—l—a)
ke[0,n—a+1]

for all @ € [1,n — 1], n € N. This yields

(=n)np(=1)p0 = m(—n)ppu(—n)ndo = p(—n + 1), (id — diso)do

T(=n)nOp(—n)n-1 -
(=n+1)n(do —di) = p(—n+1)p0 = Opu(—n + 1)p—1 = On(—n)n_1p(—1)n-1

=
=W
and

T(=)n (=) pn—1 = (=) (=)0 = T(—a)npt(—)n( Z (_1)kdk)

ke[0,n—a]
= p(—a + 1)n(id = dp—at15n—a)( Z (—1)*dy)
ke[0,n—a]
= p(—a+ 1)u( Z (_1)kdk)(id —dn—aSn—1-a)

ke[0,n—a+1]
= ,LL(—O& + 1)n8(1d - dn—asn—l—a)
= 8:“(_a + 1)n71(1d - dnfasnflfa) = 6”(_04)7171/1(_@)7171

whence 7(—a),0 = Or(—a),—1 for all @ € [1,n], n € N. Since additionally 7(—a),d = id0 = 9id = In(—a)p—1
for all @ > n, n € N, we have proven that the morphisms 7(—«),, yield complex morphisms

m(—a)
e

F(—-a+1) F(—a).
We get

(—a)pp(—a+1),(0d — dp_a+1Sn—a) for a <n,
(—a)pp(—a+ 1), for a >n

U(=a)nm(—a)pp(—a), = {

p(—a),(id — dyp—aqy18n—a) for a <mn, (o)
(=), for a >n a

for all n € Ny and therefore t(—a)m(—a) = idp(_q) for each o € N.
Now we recall resp. define

M, A = CpA and C, A =5 M, A
by
tn = p(=n)n = t(=n)pt(—n + 1)y ... t(=1), and m, ;== 7(=1)p ... 7(—n + 1),7(—n), for all n € Ny.

The morphisms ¢,, for n € Ny yield a morphism of complexes by proposition Additionally, the morphisms
m, for n € Ny yield a complex morphism

CA -5 MA
since we have

TpOMA = 7(=1),, ... 1(—=n + 1) pm(—n)pdo = 7(=1),, ... (=1 + 1), 7 (—n),,0F ™)
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=7(=1)p ... 7(—n+1),8F 7 (—n), 1 = On(=1),_1 ... 7(—n+1),_1id = 8%4m,_,
for all n € N. Because of
tnTp =t(—n)...t(=1)m(=1)...7(—n) =idm, 4 for all n € Ny
we obtain a split exact sequence
Kerm — CA /5 MA,

and thus CA = (Kerw) @ MA. To show the desired decomposition of CA, it remains to prove that Kerm = DA.
We let n € Ny be a non-negative integer. First, we have

Tptn = m(=1)...w(=n)pu(—n) =7(=1) ... 7(—n+ Du(—n+ 1)(id — diso)
=m(=1)...7(—n+2)pu(—n + 2)(id — d2s1)(id — dysg) = ...
= (ld — dnSnfl)(id — dnflsnfg) N (ld — dQSl)(id — dls()),

SO Tptn has the form 7,1, = id — ¢, where ¢ is a signed sum of morphisms that can be written as composites of
faces with at least one degeneracy. Note that if Ker(id — ) — C, A denotes a kernel of id — ¢, then x = k.
Hence

Kerm, = Ker(m,t,) = Ker(id — ¢) < Im¢ < D, A.
Conversely, we have

SETply = Sk(id — dnSn—l) . (id — dk+28k+1)(id — dk+1sk.)(id — dksk_l) . (id — dlso)
= (id — dnflsnfg) N (id — dk+1sk)s;€(id — dk+1sk)(id — dkskfl) . (id — dlso)
= (ld — dnflsn72) N (ld — dk+1Sk)(Sk - Sk)(id - dkSkfl) NN (ld - dlso) = 0,

whence Im sy, < Ker(m,t,) = Kerm, for all k& € [0,n — 1] and thus D,,A < Kerm,. Altogether, this implies
Kerm = DA (since both are subcomplexes of CA, the pointwise proof is sufficient).
Finally, we want to show that CA ~ MA. Thereto, we show that each embedding

F(—a) L% p(ca+1)

for a € N is a homotopy equivalence. More specifically, since ((—a)m(—a) = idp(_q), we show that
m(—a)i(—a) ~idp—q41) for all « € N.

We suppose given o € N and n € Ny such that n > o — 1. Then
wl—a+ 1) psp—ar1dy = p(—a 4+ 1)pdg—18p—ar1 =0 for all k € [n —a+ 3,n+ 1].

Hence we have an induced morphism h(—«),, given by the commutative diagram

h(_a)n
F(—a+1), F(—a+1)p41
H(_Q—H)H\L lu(—a+1)n+1
—1)" %sp—a
An ( ) - An+1

Additionally, we set h(—a), := 0 for n € N, n < o — 2. Then we obtain
(71)”70[80((10 - dl) =0=id —id

forn =a — 1. For n > «, we get

D" Snan( 3 (VRO HC D CDMYEDT s

ke0,n—a+2] ke[0,n—a+1]



32 CHAPTER II. SIMPLICIAL HOMOTOPIES AND SIMPLICIAL HOMOLOGY

= Z (*1)nia+kdksn—a + Z (*1)nilia+kdksn—a = dn—a+1sn—a
ke[0,n—a] kel0,n—a+1]

id — (id — dp—at15n—a)-

This implies

(h(—n — 1), 0 + Oh(—n — 1)p_1)p(—n)p

h(
1(

= 1) 0=} = (=) (—so(dy — 1))
—n)p(id —id) = (id = 7(—n — D)pe(—n — 1)p)p(—n)y

as well as

(h(=)n0 + Oh(—a)n—1)p(—a + 1)p
= N(_a + 1)n<(_1)n_asnfa+1( Z (_1)kdk) + ( Z (_1)kdk)(_1)n_1_asnfa>

ke[0,n—a+2] ke[0,n—a+1]
= p(—a+1),(1d = (id = dp—at15n-a)) = (id = T(=a)nt(—a)n) u(—a + 1),

for n > «a. Altogether,
h(=a)n0 + Oh(—a)p—1 = id — 7(—a)nt(—a), for all n € N with n > a — 1.

Since this equation also holds for n < a—1 (because of the trivial definition of h,,), we see that (h(—a), | n € Np)
is a complex homotopy from idp(_q41) to m(—a)i(—a). Thus

F(—a) 2% F(—a +1)

is a homotopy equivalence for all a € N.

Still it remains to construct a homotopy from idc4 to 7e. Since (h(—a), | n € Ny) is a homotopy from idp(—a41)
to m(—a)i(—a) for every a € N, by proposition we have a complex homotopy (H(—a), | n € Ng) from
idga to m(=1)...7m(—a)e(—a)...t(—1) given by

H(—a)y = > m(=Dn...7w(=k+Dnh(—k)ne(—k + Dng1 . (=11
kel,a]

for every n € Ny, a € N. But since h(—k),, =0 for all k € [n + 2, a], we get

H(—a), = > (=D o=k + Dph(=k)pe(—k 4+ Dngr -+ t(=1)npa
k€[l,min(n+1,a)]

for all n € Ny, a € N, and hence

H(-a), = H(—n —1), for all @ € N with a > n + 1,n € No.
With

H, := H(—n — 1), for all n € Ny, going from C,A to C, 14,
we compute

H,0+0H, 1 =H(—n—-1),0+0H(—n)p—1 = H(—n—1),0+0H(—n — 1)1
=id—7(—=1)p...7(=n)pm(—n — 1)pe(—n — D)pt(—n)p ... t(—1)1
=id—7(—=1)p...7(—n)pt(—n)p ... t(=1); =id — Tytp

since 7(—n — 1)pe(—n — 1), = id. Thus (H, | n € N) is a complex homotopy from idca to m¢ and we have
MA ~ CA. O
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§ 4 Path simplicial objects

We want to introduce the path simplicial object of a given simplicial object. Thereto, we have to study first a
certain endofunctor of the category of simplex types A.

(2.29) Proposition.
(a) We may define a functor

AL A

by Shin] := [n + 1] and

10 i € [0,m],
n+1l i=m+1

i(She) := {

for every morphism [m] LN [n] in the category of simplex types A, m,n € Np.
(b) We have

Sh&* = & for all k € [0,n),n € N, as morphisms [n] — [n + 1]

and
Sho* = o* for all k € [0,n],n € Ny, as morphisms [n + 2] — [n + 1].
n+1
(¢) The cofaces [n] LEMN [n + 1] yield a natural transformation

3 5o+1
ida —— Sh.

(d) We have (Shd)o™ = 0™0 for all morphisms [m)] 2, [n] in A such that mf = n.
Proof.

(a) We let m,n,p € Ny be non-negative integers and [m] 2, [n], [n] == [p] be morphisms in A. Then we

have

) _Jibp i€ [0,m], | _ J(i0)(Shp) i €[0,m], _
Z(Sh(ep))_{p—kl i:m+1}_{(n+1)(8hp) i:m—l—l}_ (8h0)(Shp)

and

oty = (e (SR LT

for all i € [0,m + 1], that is, Sh(6p) = (Sh#)(Shp) and Shidy,,) = idgn[m). Hence
A A

is a functor.

(b) We have

‘ ‘ i 1€[0,k—1], ) ,
5k €[0,n—1], € [0,k —1], :
i(Sh&k):{;H z:[n” ]}: i+1 ielkn—1], :{z iel }}:Zék

n+l 1=n
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for all i € [0,n] and
jo” € [0,n+ 1] ' i€ 0.k, ‘ i €10, k]
i i n i i
i(Sho®) = o "h=Ri—1 dclk+1l,n+1], p=2<. oo
n+l i=n+2 , i—1 ielk+1,n+2
n+l 1=n+2
k

=10

for all i € [0,n + 2]. Hence we have Sho* = 6% for all k € [0,n], n € N, and Sho* = o for all k € [0,n)],
n € Np.

(c) We let [m] o, [n] be a morphism in A. Then we have
8™+ (Sho) = i(Sh) = if = if5" !
for all i € [0,m], that is, §™T1(Shf) = 05" L. Hence the diagram

im] 2> Shim]

Ol iShH
s+l

[n] —— Shin]
commutes and therefore we have a natural transformation

. 5o+t
ldA —— Sh.

(d) For every morphism [m] 2, [n] in A we get
i(She)o™ = ifo™ = i = ic™0
for all ¢ € [0,m]. Since m# = n, we have moreover
(m+1)(Shd)o™ = (n+1)0" =n=mb = (m +1)o™6.

Altogether, (Shf)o™ = o™6.

(2.30) Definition (path simplicial object).
(a) The endofunctor A 5% A given as in proposition by Shin] = [n + 1] and

i for i € [0,m],

;(Sho) =
i ) {n+1 fori=m+1

for all ¢ € [0, m + 1], morphisms [m] R [n] in A, m,n € Ny, is called shift functor of A.

(b) For a given category C, we define the functor

sC Y. sC

by P := ((Sh)°P,C) (remember sC = (A°P,()). Given a simplicial object X € ObsC in C, the functor P
assigns to X the simplicial object PX = X o (Sh)°P. It is called the path simplicial object of X.

(2.31) Proposition (classical description of the path simplicial object). We let X be a simplicial object in a
category C.

(a) We have P, X = X, for every n € Ny.



§ 4. PATH SIMPLICIAL OBJECTS 35

b) The faces and degeneracies in the path simplicial object PX are given by dPX = d¥ for every k € [0,n],
k k
n €N, and sfX = s for every k € [0,n], n € Ny.
(¢) The morphisms X, ; d"—+1> X, for n € Ny form a simplicial morphism PX d'i> X.
Proof. This is a consequence of proposition [(2.29)] O
The following notion is similar to that of a frontal morphism in [12], [13].

(2.32) Definition (backal morphisms). We let X be a simplicial object in a category C. A morphism X, 7,

X, for m,n € Ny is called backal, if there exists a morphism [m) LN [n] in the category of simplex types A
such that f = Xy and mf = n.

(2.33) Proposition. We let X be a simplicial object in a category C.

(a) If Xy is backal, where [m] N [n] is a morphism in A, then we have

spPeX = Xosm,.

(b) A morphism X, 7, X, for m,n € Ny is backal if and only if there exists a representation
f=dnp, 1 Smp g
withO<mi<---<my<mand 0<ny <---<n, <n,t,ut € Ny.
(c) If there exists a morphism [m — 1] <%= [n — 1] in A such that f = P, X, then f is backal.
Proof.

(a) This is also a consequence of proposition [(2.29)|

(b) That follows from theorem [(1.7)[ and its proof. Therein, the assertion n; # n is equivalent to n € [0,m]0
and since 6 is a monotonically increasing map, this is equivalent to mé = n.

(c) By our assumption, we have f = P,X = Xgy, and m(Shp) = n by the definition of the shift functor Sh.
O
The next theorem describes the significance of path simplicial objects in homotopy theory.

(2.34) Theorem. The path simplicial object PX of a simplicial object X in a category C is simplicially
homotopy equivalent to the constant simplicial object Const Xj.

Proof. Since dyd|,—1,0) = d|n,0) for all k € [0,n], n € N, and since sgd|,41,0] = d|n,0) for all k € [0,n], n € N,
we have a simplicial morphism

PX 2. Const Xo

given by D, = d|, for all n € Ng. Further, we have sry,1dx = srgn,—17 for all k& € [0,n], n € N, and
S70,n]Sk = S[o,n+1] for all k € [0,n], n € Ny, so that there exists a simplicial morphism

Const Xy -2 PX

given by S, = s, for all n € Ng. We have S,,D,, = s[g,,1d|,0) = idx, for all n € Ny. Hence D is a retraction
with coretraction S.

For each k € [0,n], n € Ny, we define the morphism P, X o, Ppy1X by hg = d|pnk+1)S[k+1,n+17- Then we
have h,dn11 = spr1dng1 = idp, x and hodo = d |y, 1)571,n+11d0 = d|n,0/S[0,n] = DnSn for all n € Ny. Further,
we get

dins1)despe  for k <1,
hidk = djp 1 Sp41,ne11dk = § dinkt1)deSten) for k=10k#0
dini+1)Sni41,m) fork>1+1
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ddenfl,lJS[l,n] for k < I, diphi—y for k <,
= dl_n,kjs[k,n—i-ﬂ dk for k = l, k 7é 0 = hk—ldk for k = l, k 7é 0,
dg—1d|n-1,041)8f141,n) fork>1+1 dp_1h; fork>1+1

and

din,i41)SkST142,n42) for k <1,
dLn7l+1JSrl+17n+2] for k > 1

hisk = dni41)S1141,n4118k = {

_ ) sedingiita st for k<1, | _ )skhuys for k<1,
Sk—ld\_n-l-l,l—&-ljS(l-i—l,n—&-ﬂ for k > 1 Sk—1h; for k >1

for all k € [0,n+1],1 € [0,n], n € Ng. Hence (hy, € ¢c(PnX,Pr11X) | k € [0,n],n € Np) is a simplicial homotopy
from idpx to DS and we have proven that D is a simplicial homotopy equivalence, whence PX ~ Const X,. [

§ 5 The classifying simplicial set of a group

As an example for the notions introduced in this chapter, the homology of a group via its classifying simplicial
set is studied now.
Throughout this section, we suppose given a group G.

(2.35) Definition (classifying simplicial set of a group). The nerve NG of G is also called the classifying
simplicial set of G cf. definition In this context, we write BG := NG.

Recall that B,,G = G*™ and that the faces and degeneracies in the simplicial set BG are given by

(95)jein-1.1] for k =0,
(95)jein—1,0/dk = § (95)je(n—1.h+1) U (9rgk—1) U (9j)jek—20) for ke [l,n—1],
(95)jeln—2,0 for k=n

for all (g;)jc|n-1,0) € BnG, k €[0,n], n €N, and

(9i)jeln—1,0/5 = (95)jeln—1,k) U (1) U(gj)je k—1,0)
for all (g;)jec|n-1,0/ € BnG, k € [0,n], n € Ny.

(2.36) Definition (resolving simplicial set). The path simplicial set EG := PBG of the classifying simplicial
set of G is called resolving simplicial set of G.

(2.37) Proposition (classical description of the resolving simplicial set). The set of n-simplices of the resolving

simplicial set of G are given by E,G = G*("t1 for n € Ny. The faces E,,G e, E,_1G and degeneracies
E,G 2 E, .G are given by

_ (Qj)jeLn,lj for k=0,
(95)jeln.0)dr =
(95)jeln k1) U (9rgr—1) U (9j)je(k—20) for k € [1,n]
for all (g;)jcn,0) € EnG, k €[0,n], n € N, and
(95)ien018% = (95)jelnk) Y (1) U(9g5)jelk-1,0)
for all (g;) c|n,0) € EnG, k € [0,n], n € Np.
Proof. Follows from proposition |[(2.31)| and definition |(2.35) O

From a homotopical point of view, the total simplicial set EG is trivial.

(2.38) Corollary. The resolving simplicial set EG of G is contractible.
Proof. Follows from theorem [(2.34)| and proposition |(2.37)| O
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With the help of EG, we are able to connect the homology of G and the homology of BG, as we will see now.

(2.39) Remark. For the following facts, we refer the reader for example to [21, section 2.3].
Recall that the bar resolution of G with entries in a commutative ring R is defined by (Barg.g), = RG®r("+1)
for all n € Ny. It is a free resolution of the trivial RG-module R. A typical element of RG®r("+1) is written by

(Qi)itn,oj =Ggn @ Ygn-1® - X go.
Note that RG®r(+1) ig free as an RG-module over the basis

{( H gi)fﬂnm | gi € G forie |n—1,0]}
i€|n—1,k|

and free as an R-module over the basis

{( H gi)%GLn,OJ | gi € G fori € |n,0]}.
i€ n,k]

The differentials
)
(Barg,r)n — (Barg;r)n-1

in the bar resolution are given by

(.‘]i)z@qnma: Z (_l)k(gi)%tn,oy\k'

keo,n]
(2.40) Proposition. We let R be a commutative ring. Then we have an isomorphism
C(EG; R) — Barg.r
given by

Cn(EG; R) = (Barg;n)n, (97)je(no) = ( [ 95 0 for all n € No.

In particular, C(EG; R) inherits the structure of a complex of RG-modules, where the multiplication with an
element g € G is given by

9(95)jen,01 = (992) U (95) je(n.0)
for all (gj)jELn,Oj € E,G, n € Ny.
Proof. We let
©n: Co(EG; R) — (Barg;r)n, (95)je|n,0) = ( H gi)?qn,oj for all n € Ny.
i€[n,j]

Since these maps are bijective and linear over R, it remains to prove the compatibility with the differentials.
Indeed, we have

(gj)jeLn,OJQDna:( H gi)?emojaz Z (*1)]6( H gi)?engAk: Z (*Uk(gj)jeLn,onksﬁnA

i€|n,j] ke[0,n] i€|n,j] ke0,n]

= (g3)jetno)( D> (=DFd)pn—1 = (g;)je(n,0/0Pn1
keo,n]

for all (g;)je(n,0] € EnG, n € N, and since E, G is an R-linear basis of C,,(EG; R), this means ¢,0 = 0,1 for
all n € N. Hence the morphisms ¢,, for n € Ny yield an isomorphism of complexes

C(EG; R) %> Barg:r.
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Via transfer of structure, the modules C,,(EG; R) become RG-modules and the morphisms ¢,, become isomor-
phisms of RG-modules with

9(9))je o) = 9((g5)jemoren))en = (a( ] 9)5eno))Pn = (g 11 9)5e 1m0y P
i€[n,j] i€[n,j]

= (992) U (95)je|n-1,0]

for all g € G, (gj)jen,0] € EnG, n € No. As the differentials of Barg,r are RG-linear, the differentials of
C(EG; R) become RG-linear as well and hence C(EG; R) becomes a complex of RG-modules. O

We relate the complex of the classifying simplicial set with the bar resolution.
(2.41) Proposition. We let R be a commutative ring. Then we have
C(BG;R) = R®pra C(EG; R).
Proof. Since
1® (95)jein.0] = 1@ ((9n) U (95)jein-1,0)) =1 ®gn((1) U(9))je(n-1,0)) = 1@ ((1) U (9j)je[n-1,0))
for all (g);e|n,0) € EnG, we obtain well-defined R-linear maps
on: R®ra Co(EG; R) — C,(BG; R),
which are given by
(1 ® (95)je1n,0))¢n = (95)je|n—1,0) for all (g;)je|n,0) € EnG,n € No.
An inverse R-linear map to ¢, is given by
Cn(BG; R) — R®@rc Co(EG; R), (95)je|n-1,0 = 1@ ((1) U(9))je|n-1,0))-

Hence ¢, is an isomorphism for all n € Ny. So again, it remains to verify the compatibility with the differentials:
We have

(1® (9)jen0)) (R ®ra 0)en—1 = (18 ((95)jen0/0)pn—1= (1@ ( D (=1)*(g5)je(n0dk))Pn1
ke0,n]

= > (D@ ((9)jemode)en-1= > (=1)*(gj)je(n-1,0/dx

kelo,n] kelo,n]
= (9j)jeln—-1,010 = (1 ® (gj)je|n.0))n0
for all (g;);e|n,0) € EnG. Thus we have (R ®pg 0)¢n—1 = ¢n0 for all n € N.

R®pe Cn(BG; R) —22%, R @pq Co1(EG; R)

C,.(BG; R) Cn-1(BG;R)

Hence the maps ¢,, for n € Ny yield an isomorphism of complexes
R ®ga C(EG; R) % C(BG; R).
O

Now we are able to relate the (co)homology of the group G defined via Ext and Tor with the (co)homology of
its classifying simplicial set.

(2.42) Theorem (simplicial definition of homology and cohomology of groups). We let R be a commutative
ring and M be an R-module. Then we have

H,(BG,M;R) 2 H,(G,M;R) and H*(BG, M; R) =2 H"(G, M; R) for all n € Ny.
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Proof. By the propositions [(2.40)[ and [(2.41)| we have

H,(BG, M; R) = H,(C(BG; R) ®r M) = H,(R ®rc C(EG; R) ®r M) = H,(C(EG; R) ®rg M)
=~ H, (Barg.r @ra M) = Tor®% (R, M) = H,,(G, M; R)

and

H"(BG, M; R) = H" z(C(BG; R), M) = H" 3 (R © e C(EG; R), M) 2 H" :(C(EG; R), r(R, M))
= H"re(Barg,r, M) = Extie(R, M) =H"(G, M; R)

for all n € Ng. O
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Chapter 111
Bisimplicial objects

In chapter [I] we associated to every group G its classifying simplicial set BG. As we will see in chapter
[[V] this procedure can be applied dimensionwise to simplicial groups, and we obtain a simplicial object in the
category of simplicial sets. Such an object can be described more easily as a bisimplicial set, a notion we will
introduce now.

Furthermore, we have seen that one can associate a complex to every simplicial object in an abelian category.
This notion can be generalised to bisimplicial objects, in this case we obtain a double complex. A comparison
between the associated complex of the diagonal simplicial object and the total complex of this double complex
is given in the generalised Eilenberg-Zilber theorem in the last section of this chapter.

For further information, we refer the reader (again) to [8], [9], [T7], [23], [27], |29} §8].

§ 1 From bisimplicial objects to simplicial objects

(3.1) Definition (bisimplicial objects and their morphisms). We let C be a category. The category of bisim-
plicial objects in C is defined to be the functor category

s?C := (A°P x A°P ().

An object in s2C is called a bisimplicial object in C, a morphism in s2C is called a morphism of bisimplicial
objects in C.

The categories s?C and ssC for a given category C are equivalent in an obvious way. Most time, we will not
distinguish both concepts and, whenever necessary or helpful, we change our point of view without any comment.

(3.2) Definition (objects and morphisms of a bisimplicial object). We suppose given a bisimplicial object X

in a category C and morphisms [m] LN [p], [n] £, [q] in A, where m,n,p,q € Nyg. In this situation, we set

K = X(m),[n)) and Xg , = X(0,p)- Moreover, we abbreviate Xg 4 1= X97i(1[q] and X, , := Xid[p],p- Likewise
for morphisms of bisimplicial objects.

(3.3) Remark. Given a bisimplicial object X and morphisms [m] 4, [p], [n] £, [q] in A, where m,n,p,q €

Np, we have
XG,qu,p = Xe,p = Xp,pXG,n-
That is, the diagram

ngq

Xp,q X"l»q

Xo,p
Xp.p Xm,p
Xo,n

Xpn —=> X
comimutes.

41



42 CHAPTER I1I. BISIMPLICIAL OBJECTS

Proof. We have
X0,gXm,p = X(g»id[q])X(id[m]m) = X(id['m.]vp)(gvid[q]) = X(id[m]&pid[q]) = Xo,p
and
Xp.pXon = Xidjy,0) X (0,idp) = X(0,id00) (dgy,0) = X (Bidpyidpgp) = Xo,p-
O

(3.4) Definition (horizontal and vertical faces and degeneracies). For every bisimplicial object X in a category
C, we define the horizontal and vertical faces

dp dy,
Xp.q » Xp—1,q resp. Xpq > Xpg—1

by d := Xge, for k € [0,p], p €N, ¢ € No, and d, := X, 5« for k € [0,g], ¢ € N, p € No. Analogously, the
horizontal and vertical degeneracies
SE M
Xpg — Xpti1,q resp. Xp g — Xpgt1
are defined to be sl := Xok g for k€ [0,p], peN, g € Ny, and s} := X, 5+ for k € [0,¢], ¢ € N, p € Ny.
Our next aim is to present two different ways of obtaining a simplicial set from a given bisimplicial set.
(3.5) Definition (diagonal simplicial object). We let C be a category. The functor

Diag
—_—

s2C sC

is defined to be the induced functor Diag := cat(A,C) that we obtain by applying the hom-functor cat(—,C)
to the diagonal morphism

ACP 2, APy AOP
in Cat. For every bisimplicial object X in C, the simplicial object Diag X is called its diagonal simplicial object.

AP x A°P
e
X
Diag X
[ C

(3.6) Proposition. The faces and degeneracies of Diag X for a bisimplicial object X in a category C are given

vh

by dj, = did} = djd} for every k € [0,n], n € N, resp. s;, = shs}, = sysh for every k € [0,n], n € Ny.

AP

Proof. We have
4"~ = (Diag X)sr = Xa(sr) = Xk 50 = Xge n Xy 150 = dpd}

for all k € [0,7n], n € N, where 8* € a([n — 1],[n]), and

S]kDiagX = (Diag X)gr = Xa(ok) = Xok ok = Xok nXni1,00 = S%SZ
for all k € [0,n], n € Ny, where o* € a([n + 1], [n]). O

(3.7) Proposition. We let X and Y be bisimplicial objects in a category C and we let X . Yhbea morphism
of bisimplicial objects in C. The induced morphism

Diag X Diags, DiagY

is given by Diag, f = f,,, for all n € Ny.
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Proof. For all n € Ny, we have
Diag, f = Diagp,) f = fa(m) = f(nl.in) = frn-
O

(3.8) Definition (splitting). For a morphism [m] 2, [n] in A we define its splitting at p € [0, m] by Spl,,(0) :=
(Spl,(0),Spls,(0)) € Mor(A x A), where

Splc, (0) Spls,, (6)
—_—

[p] [p6] and [m — p| ——— [n — pf]
are given by iSpl., () := 6 for i € [0, p] and iSpls,(0) := (i + p)f — pd for i € [0, m — p].
(3.9) Lemma. We have

for all morphisms [m] —— [n] and [n] == [I] in A and all p € [0, m].
Proof. We have

iSple,(0p) = i(0p) = (i0)p = (i0)Spl<,p(p) = iSplc),(0)SpPlcp(p)
for all i € [0,p] as well as

iSpl>,(0p) = (i + p)(0p) — p(0p) = ((i +p)0 — pb + pb)p — (p0)p = ((i + p)& — p0)Spls 9 (p)

= 1Spl,(0)Spls 6 (p)

for all i € [0, m — p], that is,

Spl,(0p) = (Spl<,,(0p), Spl>,(0p)) = (Sple,(0)Splcyp(p), SPL,(0)SPls 60 (p)

= (Spley,(6), Spl5,(0))(Spl< g (), SPLs o () = SPL,(6)Splg(0)-
O

(3.10) Remark (cf. ARTIN and MAZUR [1]). We suppose given a bisimplicial set X. There is a simplicial set
Tot X given by

Totn X := {(2q)geino] € X Xgn—ql quz = x4_1dy for all ¢ € |n,1]} for all n € Ny
q€[n,0]

and by (xq)qeLn,OJ Toty X = (l'ngSplp(g))pE |m,o for all (xq)qeLn,OJ € Tot,, X and for all morphisms [m] N [n]
in A.

Proof. For a morphism [m] N [n] in A, we have
20 XspL, 0)dp = Tp0 Xspi_, (0),5pls.,(0) X6v.m—p = Tp0 Xer8p1_ ,(6) 5pl, (6)
= xpoXsplspfl(9)5r<p—1>9+1,p91 Spls,(0) = TpoX 5[ (p-10+1.001 5 poXSpl_,_,(6),Spls,(0)
h
= Tp0p0,(p-1)0+1) XSple, 1 (9).5p1., (9)
for all p € |m,1]. Using z,d} = z,_1dy for ¢ € [pf, (p — 1) + 1], we obtain
h v
xpedeH,(p71)0+1j = J"(Pfl)ede07(pfl)071,0J'
Since

v J—
T(p-1)69]po— (p—1)0-1,0) XSplc,_1(8).5pl5,(6) = T(p—1)0XSpl_,_, (6),Spls , (0)8[Po—(r=10—1.01

= x(p_l)eXSP1§p71(9)7505p12p71(‘9)
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= (p-1)6Xspl,_,(0)8p15,_1(0) Xp—1,80 = L(p-1)9Xspl,_, (6)d0;
we finally have
2o Xsp1, )4y = Tpod ] (5 1)011) Xsplo, 1 (0).8012,8) = =109 po— (p-1)0-1,0) XSplo,, (8).8p1.,(6)
= T(p-1)0Xsp1, ,(0)do
for all p € [m, 1], that is, Tote X : Tot,, X — Toty, X, (¥¢)qe|n,0 — (xpé’XSplp(G))pE\_m,Oj is a well-defined map.
By lemma |(3.9)]
(zr)rept,0)(Totep X) = (2popXspl, (0p))pelm,0) = (ZpopXspl, (8)spl,, (p))peLm,0)
= (@popXsp1,y(0) Xsp1,,(0) Jpe(m.0) = (LapXsp1,(p))ge(n,0) (Toto X)
= (a:r)re 11,0] (TOtp X) (TOtg X)

for all (2,)¢|1,0) € Tot, X and all morphisms [m] 2, [n] and [n] -2 [I] in A and since

(Zg)ge|n,0) (Totiay,, X) = (Tgia Xspi, (idp))aen,0) = (TaXidig) iy g )aeln,0] = (Tq)ge[n,0)
for all (24)qe|n,0 € Tot, X, n € Ny, we have in fact a simplicial set. O

(3.11) Definition (total simplicial set). For every bisimplicial set X, the simplicial set Tot X given as in

remark [(3.10)| by

Totn X = {(2¢)ge(no) € X Xgn—q| quf; = x4-1d§ for all ¢ € |n,1]} for all n € Ny
q€|n,0]

and by (2q)ge|n,0) (Tote X) = (2p9 Xsp1, (0))pem,0) for all (2q)ge|n,0) € Tot, X and for all morphisms [m] N [n]
in A, is called the total simplicial set of X.

(3.12) Proposition. We let X be a bisimplicial set. The faces in its total simplicial set Tot X are given by

(Zq)qeln,0/dk = (qulﬁ)qétn,k-ﬁ-lJ U (zqdi—q)gelk—1,0)

for (z4)qe|n,0 € Tot, X, k € [0,n], n € N, and the degeneracies are given by

(€4)gen0j5k = (245E)geink) U (¢8k_q)ge k0]
for (z4)qe(n,0] € Tot, X, k € [0,n], n € Np.
Proof. We compute
(Zq)ge(n,0/dk = (T¢)ge|n,0) (Totss X) = (2psr Xspl (5%))pe|n—1,0]
= (@p+1 X5k i,y Jpeln—1,k) Y (@pXiay, 547 )pe k-1,0]
= (Ipdz)peLn,k-i-lJ U (xde—p)peLk—l,OJ

for (24)qe|n,0] € Tot, X, k € [0,n], n € N, and

(Zq)gen,08k = (Tq)ge|n,0) (Toter X) = (Tpor Xspl (ok))pe(n—1,0]
= (Tp-1X o id sy pelntLit1) U (@pXidy, ok )pe k0] = (Tp5h)peink) U (TpSE_p)pe [k.0]
for (24)qe(n,0] € Tot, X, k € [0,n], n € Ny. O
(3.13) Proposition.

(a) We let X LY bea bisimplicial map between bisimplicial sets X and Y. There exists an induced

simplicial map Tot f: Tot X — Tot Y between the corresponding total simplicial sets Tot X and TotY,
given by

(xq)qe [n,0] (Toty, f) = (quq,n—q)qem,oj for (xq)qe n,0] € Tot, X,n € No.
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(b) The construction in ()] yields a functor

s2Set % sSet.

Proof.

(a)

For a given (74)qe|n,0) € Tot, X, we have

xqfq,nfng = qugqul,nfq = 2g—1dgfg-1,n—g = Tg—1fg-1,n—g+1dg-
Thus the map
Tot,, f: Tot, X — Tot, Y, (2¢)qe|n,0] = (Tqfq.n—q)qe|n0)

is well-defined for every n € Ny. We let [m] 2, [n] be a morphism in A. For (24)4¢c|n,0] € Tot, X, we
compute

(%q)ge|n,0) (Tote X)(Toty, f) = (2poXspi, (8))pem,0) (T0tm ) = (2po Xspl, (6) fp.m—p)pe|m.0)
= (2p0.fp0,n—p0 Yspi, (6) )pem.0] = (Tqfan—q)ge(n,0) (Tote )
= (24)qe|n,0) (Tot, f)(Totg Y').
Hence we have a commutative diagram

T X
Tot, X —22% o Tot,, X

Tot,, fl iTOtnz f

Tot,, (Y) _Tote¥ Tot,, Y

that is, the maps Tot,, f for n € N yield a simplicial map

Tot X T, Tot v

We let X, Y and Z be bisimplicial sets and we let X oy and Y % Z be bisimplicial maps. Then we
have

(Iq)qe [n,0] TOtn(fg) = (CCq(fg)q,n—q)qeLn,Oj = (xqf%n_ng’"—q)qE\_n,OJ = (xqua"—q)qeLn,OJ (TOtn g)
= (Tq)gen,0) (Totn f)(Tot, g)

and

(xq)qELn,OJ (TOtn idX) = (xq(idX)q’nfq)qELn,OJ = (xqiqu,nfq)qeLn,OJ = (xq)qeLn,OJ

for all (24)q4e(n,0] € Tot, X, n € Ng. Hence we have a functor

s2Set % sSet.

(3.14) Lemma. We have

slprimlg = Spl_ ()87 +1m1 and §/%~119 = Spl,  (6)8/070~]

for all 8 € a([m], [n]), where m,n,p € Ny and p < m.

Proof. We compute

and

i81PTLm19 = 0 = iSpl_,(0) = iSpl.,,(0)5/P0T1m]

i810P=19 = (i + p)0 = (i + )0 — pf + pb = iSpl.. () + pd = iSpl,,(0)s/*P¢ =11

for all ¢ € [0, p]. O
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The following proposition states a connection between the diagonal simplicial set and the total simplicial set
construction.

(3.15) Proposition. We have a natural transformation
Diag %, Tot
between the functors
s2Set 2%, sSet and s2Set 2% sSet,
where the simplicial map
Diag X 2% Tot X
at X € ObsSet is given by z,(¢x)n = (:Cndlfn,q+1jd‘[q—1,0j)QEL”LOJ for all z,, € Diag, X, n € Ny.
Proof. We let X be a bisimplicial set. First of all,
T q1) 1,01 95 = Tndln g Alg-1,0) = Tndln, g 42,095

for z,, € Diag,, X, ¢ € |n,1], that is, (¢x),: Diag, X — Tot, X,z, — (xnd}fn,qﬂjd‘qu,oj)qe ln,0] is a well-
defined map for all n € Ny. Given a morphism 6 € a([m], [r]), lemma [(3.14)| yields

zn(Diagy X)(¢x)m = (2nX0,0)(¢x)m = (anaﬂd}\_lm,p—‘rle\[p—l,Oj)PELM,OJ

= (0. X0,0 Xsrp41.m1 510.0-11)pe|m,0] = (TnXsip+1.m19 510.0-119)pe|m,0]

(@nXsp1_, (0)51r0+1.m1 Sp1, (8)510.70-11 ) pe|m,0)
(ané [po+1,n] §[p6—1,0] XSpISP(G),Splzp(Q) )pE |m,0]
X

( nd}[ln>P9+1J d\[,pG—l,Oj Xsplp(e))pe |m,0] = (xndlﬁn?q_._” d\[,q—l,OJ )qE [n,0] (Toty X)
Zn (P x )n(Totg X)
for all x,, € Diag,, X. Hence the diagram

. Diagy X .
Diag,, X ———— Diag,,, X

(¢X)HJJ J{(de)m
Tot, X — > > Tot,, X
commutes and we get a simplicial map
Diag X 2% Tot X.
To show naturality, we let X and Y be bisimplicial sets and X Ty be a bisimplicial map. We compute
Zn(¢x )n(Toty, f) = (xnd}fn,q-;-lj d\[q—l,()j )aeln.0) (Totyn f) = (xnd}fn,q—i-lj d\[q—l,oj fan—a)ge|n.0
= @nfrndlngi194-1.0))ge1n0) = Tnfnn(dy)n = Tn(Diag, f)(¢y)n-

for all x,, € Diag,, X, n € Ny, which shows the commutativity of

Diag X _$x, Tot X
Diag fJ/ lTot f
DiagY v, TotY
Hence we have indeed a natural transformation
Diag 2, Tot.
O

CEGARRA and REMEDIOS have proven in [7] that ¢x is a so-called weak homotopy equivalence for each bisim-

plicial object X (cf. theorem |(4.32)).
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§ 2 Homotopy of double complexes

Recall the normalisation theorem which states that the associated complex and the Moore complex of
a given simplicial object in an abelian category are homotopy equivalent. Since the corresponding notions also
exist for bisimplicial objects (cf. , a natural question is to ask for the analogous theorem in this case. Indeed,
there is a normalisation theorem for bisimplicial objects, cf. In this section, the necessary notion of a
double complex homotopy is introduced (cf. [22] section 1.1.5]).

In this section, we suppose given an additive category A.

(3.16) Definition (double complex homotopy). We let C, D € C?(A) be double complexes in A and we let

CDandC -2 D

be morphisms of double complexes. The morphisms f and g are said to be homotopic, if for all p,q € Z there
are complex morphisms

h v

_ hY
Cp,— —— Dpy1,— and C_ y — D_ 441
such that

h;qah + ahh};,l’q + hy 0% +0Vh) o 1 = 0p g — by forall p,q € Z.

In this case, we write ¢ ~ 1 and we call
(hg,q € A(Cpqs Dpt1,4) | Pyg €Z)U (h;7q € A(Cp,gs Dpgr1) | g €Z)

a double complex homotopy from ¢ to ¢. If hY , = 0 for all ¢ € Z, we say that f and g are horizontally
homotopic and we call

(hﬁ,q € A(Cpgs Dpi14) | g €Z)

a horizontal double complex homotopy from ¢ to . Similarly, if h;}ﬁ =0 for all p € Z, then f and g are said
to be wvertically homotopic and

(hp,q € A(Cpyg, Dpg11) | P, q € Z)
is called a wertical double complex homotopy from ¢ to .

Given a double complex C' € Ob C2(A), recall that its total complex Tot C has entries Tot,, C' = @pe 17,0) Cpn—p
for n € Ny and differentials Tot,, C 9, Tot,,_1 C given by

o ifg=p-—1,
Opqg =4 (=1)P0V if g =p,
0 else

for p € [n,0], g € [In—1,0], n € N. Moreover, given a morphism ¢ in C2(.A), we have Tot,, ¢ = @PGUMOJ Opn—p
for n € Np.

The total simplicial set Tot X of a bisimplicial set X € ObsSet is not to be confused with the total complex
Tot C of a double complex C € Ob C2(A).

(3.17) Proposition. We let C, D € Ob C2(A) be double complexes in A and we let

C-DandC-%D

be double complex morphisms. If ¢ is homotopic to 1, then Tot ¢ is homotopic to Tot 1.
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Proof. We suppose that ¢ ~ 1 via a given double complex homotopy (hqu € A(Cpgs Dpt1,4) | Pq € Z)U(Dy , €
A(Cp.q, Dp.g+1) | p,q € Z). Then we can define morphisms

hn
D CGnr= D Dinni

p€|n,0] q€[n+1,0]
by setting
(=DPhyn—p ifag=p,
(hn)p,q = hg,n—p if q=7p + 1a
0 else,

for all p € |n,0], ¢ € |[n+ 1,0/, that is

h}ﬁ,o (_1)nh¥1,0 0
hy = h%—l
' _h‘lz,nfl
0 hw M
We get
(hn0 + Ohn1)p,r = (hn0)pr + (Ohn—1)p,r = Z (hn)p.qOq.r + Z Op,q(hn—-1)gr
g€|n+1,0] g€|n—1,0]
= (_1)ph;,n7papﬂ” + hg,nfpap+1ﬂ“ + apﬂ”*lhﬁfl,nfr + (_1)Tap~,7“h7\:,n7177‘
(_l)ph;,n—pah + (_1)p716hh;—1,n—p ifr = p—- 17
0" by 0N Oy + OVhy o, i =,
(=1)P+ihb 0¥ + (—1)PO¥Ah, | ifr=p4+1,
0 else
n—p — n— if r = s
_ ) Ppn—p Ypn—p Hr=p = (Toty, © — Toty ¥)p.r
0 else ’

for all p,r € |n,0], n € Ny, that is, (h,, € a(Tot,, C, Tot,+1 D) | n € Ny) is a complex homotopy from Tot ¢ to
Tot 1. O

The preceeding proposition shows that Tot is a functor from the so-called homotopy category of bounded double
complexes to the so-called homotopy category of bounded complexes. We will not introduce these categories
here, because we do not need them; however, we shall make use of one consequence of Tot being a functor
between these homotopy categories.

(3.18) Definition (double complex homotopy equivalence). Double complexes C, D € C?(A) in A are said to
be (double complex) homotopy equivalent, if there are morphisms

C - Dand D% C

such that ¢y ~ id¢ and ¥ ~ idp. In this case, we call ¢ and ¥ mutually inverse (double complex) homotopy
equivalences.

(3.19) Proposition. If €, D € ObC2%(A) are homotopy equivalent double complexes in A, then their total
complexes Tot C' and Tot D are homotopy equivalent, too.

Proof. Suppose there is a double complex homotopy equivalence C #. D with inverse D - C, that is,
p ~ ide and Yo ~ idp. According to proposition |(3.17)] it follows that

(Tot ¢)(Tot 1p) = Tot(py) ~ Tot(ide) = idet ¢ and (Tot ¢)(Tot ) = Tot(¢e) ~ Tot(idp) = idToet p-

Thus Tot ¢ is a complex homotopy equivalence from Tot C' to Tot D with inverse Tot 1. O
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§ 3 Homology of bisimplicial objects

In this section, double complexes attached to a bisimplicial object are introduced and a normalisation theorem

is proven, cf. theorem

We note that the categories C(s.A) and sC(.A) for an additive category A are equivalent, and we identify them.

(3.20) Definition (associated double complex). We let A € Obs?A be a bisimplicial object in an additive
category A. The associated double complex of A is defined by C®® A := CCA. Here, C,CiA = A, , for all

D,q € Ny.

(3.21) Definition (associated double complex to a bisimplicial set). We let R be a commutative ring. For a
bisimplicial set X, the double complex C(Q)(X; R) := C®@ RX is called the double complex associated to X over
R. If R = 7, we will just speak of the double complex associated to X and we write C?)(X) := C?)(X;7Z).

(3.22) Remark. There exists a double complex D) A < C(®) A for every bisimplicial object A € Obs?A in an
abelian category A with D](fl)lA = ie(0p—1) 1M s+ > jefo,q—1) ms} for all p,q € No.

Proof. Analogous to remark [(2.25), using remark |(3.3)] O

(3.23) Definition (Moore double complex, degenerate double complex). We let A € Obs?A be a bisimplicial
object in an abelian category A.

(a) The Moore double complex of A is defined by M(?) A := MMA.

(b) The degenerate double complex of A is the sub-double complex D® A < C() A given as in remark
2 \4
by Dl(,,;A =D ie0,p—1] Ims! + > jeo,q—1 Ims] for all p,q € No.

(3.24) Theorem (normalisation theorem for bisimplicial objects). We have
CPA=2DPAa MDA and CPA~MP A

for each bisimplicial object A € Obs?A in an abelian category A.

Proof. We let A € Obs?A be a bisimplicial object in .A. Then we have
C?A=CCA~MCA~MMA=M?4,

where the first homotopy equivalence is an application of the normalisation theorem |(2.28) to the category
sC(A) and the second homotopy equivalence results from the fact that the additive functor M maps homotopy
equivalent complexes over s.4 to homotopy equivalent complexes over C(A). Furthermore, the normalisation

theorem |(2.28)| yields
C®A=CCA=DCA®MCA=DCAGMDA G MMA.
Since M(®?) A = MMA, it remains to show that D(® A = DCA @ MDA. On the one hand, we have

D,CeA & MDA 2 D,CA+C,DgA= > Imsi+ Y Imsy=DJ)
1€[0,p—1] j€[0,q—1]

A

for all p,q € Ny. Conversely, we have

Ims} = (Ap_1,4)s;) = (MgAp_1— & DgA, 1 _)st = (MgAp_1,-)sy + (DgAp_1,_)s; < D,MgA+ D,D,A
for all i € [0,p — 1] and analogously

Im s;f =M,DsA+D,D,A
for all j € [0,¢q — 1]. Hence

DXA= > Ims)+ » Imsj=<D,MyA+D,DyA+M,DyA+D,DyA=D,CoA&M,D,A
i€0.p—1] J€0.q-1]

for all p, q € Np. O
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(3.25) Definition (path bisimplicial object). For a given category C, we define the functor
P2 := ((Sh)°P x (Sh)°?,C).

Given a bisimplicial object X € ObsC in C, the functor P(?) assigns to X the bisimplicial object P X =
X o ((Sh)°P x (Sh)°P). It is called the path bisimplicial object of X. In particular, we have P}(,%?]X = Xpii1,041
for p, q € Np.

§ 4 The generalised Eilenberg-Zilber theorem

We give a proof of the generalised Eilenberg-Zilber theorem of DoLD, PUPPE and CARTIER [9]. The arguments
used here are adapted from the articles [12], [13] of EILENBERG and MAC LANE.
Throughout this section, we suppose given a bisimplicial object A in an abelian category A.

(3.26) Definition (shuffle). We let n € Ny and p € |n,0]. A (p,n — p)-shuffle is a permutation u € Sy ;1]
such that wljo,—1) and plp ,—1) are strictly monotonically increasing maps, where we write Sy ,_1) for the
symmetric group on [0,n — 1]. The set of all (p,n — p)-shuffles is denoted by Sh, »,—p.

(3.27) Definition. We let n € Ny, p € |[n,0].

(a) The morphism

AVA
p,n—p
An,n Ap}nfp

is defined by

— Aav4

. . 1h v
ANpn—p = AN o= i1 dlpo10)-

(b) Further, we let

Vp,n—p
Ap,n—p I An,n

be given by

_ A o v h
Vpn—p = vp,n*p = E: (sgn “)Sfoyp*ﬂﬂsfp,n*l]u'
HEShp n_p

Our first aim is to show that these morphisms yield complex morphisms between C Diag A and Tot C(?) A.
(3.28) Remark. Defining
C, Diag A 2% Tot,, ¢ 4

by AN, pr, ., == ANy, for all p € [n,0], n € Ny, we obtain a complex morphism

CDiag A 2% Tot ¢ 4.

Proof. We have

AN OpL, 1y = AN O™ + (—1)PAN, 0"
= b, a0 (Y (D) + (=)Ao dY (Y (1Y)
i€[0,p+1] J€[0,n—p]
_ i 1h h yv j+p qh v v
- Z (_1) dLn,p+2Jdide,0J + Z (_1)] pdl_n,p-‘rlj dj+1?d\_p—1,0j
i€[0,p+1] J€l0,n—p]

i 1h h v j 1h v v
= > (U didl e+ Y (F1PAE, g did], )
i€[0,p+1] Jj€lp,n]
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i 1h v 1h v j 1h v 1h v
Yo DAY, d, gt Y (D AR, d], )

i€[0,p] J€[p+1,n]
v v Diag A v
:( Z (_l)kd}:‘dk)d}\_ln—l,p—'rljdl_p—l,OJ :( Z (_l)kdk ® )d}\_ln—l,p—‘rljdl_p—l,oj
kelo,n] kelo,n]

= aANp,nflfp = aA/anlpl“

p,n—1—p

for all p € [n — 1,0], n € N, that is, we get a commutative diagram

C,DiagA —2 = C,_; Diag A

A/an iAan

Tot,, C? A —2> Tot,,_; C A
for every n € N. Thus the morphisms AV,, for n € Ny yield a complex morphism

CDiag A AV Tot @ A,

(3.29) Definition (Alexander-Whitney morphism). The complex morphism
CDiag A 2% Tot C® 4

given as in remark by AN,.pr,, ,_,, = ANy for all p € n, 0], that is,
AN, = (AN, o ... ANg,)

as a morphism from C, Diag A = A,,,, to Tot, Cc@4 = Gape\_n,OJ Apn—p for all n € Ny, is called Alexander-
Whitney morphism.

(3.30) Proposition (recursive characterisation of the shuffle morphism via path simplicial objects). We have
Véo =1idy, , and

@) .
nggflj% 1f p=n,
A — n—puv P® A hyP® A ;
Von—p =9 D" sy V, otV 4, ifpe|n—1,1],
@ .
sgvg’nﬁ ifp=0

for all p € [n,0], n € N.
Proof. We let n € N. For p € |[n —1,1] we have

vﬁ,nfp = Z (Sgn M)SFO,pfﬂ S}[lp;nfl]

HEShp,nfp
h h
= Z (sgn “)S\Tlom—ﬂus(p,n—ﬂu + Z (sgn “)S‘fl&p—ﬂus(pyn—l]u
REShy, n—p n€EShp n—p
(p—Dp=n—1 (n=1p=n—-1
h h h
= Y Genmsfop oS st t D, (58008t o1 hn2uSho
wEShy 1 _p 1€Shp n_p
(p—1)p=n-1 (n—1)p=n—1
v v h h v h
= Sn—p Z (581 11)SF0,p—21,:5Tpn—110 T Sp Z (580 1£)8T0,p— 11,45 p,n—21
nEShy n_p neShy n_p
(p—p=n-1 (n=1)p=n—1

Since there are bijections

{peShpnp|p—Dpu=n—-1}y > {peShy_1n—pr1 | (n—Dpu=n—-1}u—p@P-1,p,....n—=2,n—1)u
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{weShpn—p|(n—1pu=n—1} = Shyp1-p,pu+ N|[O,n—21

we can conclude

A v v h h
Vpn-p = Sn—p Z (sgn M)SfO,p—ﬂus(p,n—l]u 5y

neShy n_p
(p—1)p=n-1

Z (bgn /’L)S‘[/07p—1"|psl[lp,n—2]u

nEShy n_yp
(n—1)p=n—1

=(=1D)""s5 Z (sen “)SFO,p—ﬂuS?p—l,n—Q]u + Sg Z (Sgn“)s‘f(),p—lms?p,n—ﬂu

HEShy 1 n—pt1
(n—1)p=n—1

KEShp n_p
(n—1)p=n—1

= (_1)717178%*10 Z (sgn /”L)SFOW*?]#S}EP*LH*?M + S]; Z (sgn “)S\flomfﬂus?pmfﬂu

nEShy 1 n—p

_ (2) (2)
(s VETA PP

n—p Y p—1l,n—p

HEShp n—1-p

The proof for p = n or p = 0 is easier since in this case the sum in the shuffle morphism does not split into two
sums and since the only (n,0)-shuffle resp. (0, n)-shuffle is the identity: We have

A v V.V WV P@ A
Vio= S70,n—17 = S05[0,n—2] = S0 Vn—1,0

and

P A

A _ h _ .hoh _h
Vo = ST0,n—11 = S0S[o,n—2] = SoVo,n—1-

L]
(3.31) Lemma. We have
A Diag A __ hoP®A
vp,nfpsnlag _S;/prspvp,nfp
and
P A ;Diag A h A
Vp,nfpdnflg = d\é+1*pdp+1vpynfp
for all p € |n,0], n € Ny.
Proof. We compute
A Diag A h h h
Vom—pSn 2 = Z (581 11)8T0,p 1145 p,n—114505n = Sn—pSp (581 14)8F0,p— 1145 Tpn—114
Neshp,nfp Heshp,nfp
_ hoP® A
- Syz*pspvp,n*p
and
P2 4 Diag A h h
Vp,n—pdnflg = Z (Sgn :u’)s‘[lo,p—l];Lsfp,n—l]ud;fl+1dn+1
wEShp n_p
v s v h v h A
= d"+1*1’d1;+1 Z (sgn M)S[Omfﬂusfp,n*l]u = dn+1fpdp+lvp,nfp
HEShy n—p
for all p € |n,0], n € Ny. O
(3.32) Remark. We have
dgvn—l,o ifp =n,
me—pdglagA = (*1)n7pdgvp—1,n—p +dy_pVpn-1—p ifp€|n—-11],
43, Von-1 ifp=0

for all p € |n,0/, n € N.
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Proof. According to proposition and lemma we have

VoA = (1) s, VP, VA e
= (1) VE AR A e
=(=1)"" s, pdngie pd Vp 1,n— p+s£d¥1 +1vpn 1-p
= ()" PV A Ve,

for p € [n —1,1]. The computation for p = n and p = 0 is analogous: We have
Vﬁ,odgiagf‘ = (SEJ/VEfif%)dEiagA dvdhvn 1,0 = =d) Vn 1,0
and

A DiagA __ (. h P A Diag A __ _h v 1h v
VO,ndn - (SOVO n— 1)d sCldndlv O,n—1 =d vOn 1

(3.33) Remark. Defining
Tot,, C®A Y, C, Diag A

by emb,, ,,_,Vy, := V,,—p, for all p € |n,0], n € Ny, we obtain a complex morphism
TotC?4 ¥, C Diag A.

Proof. By the definition of the differential morphisms in Tot C(®) A, we have to show that

71 b)
Vi, 00 Pied = ac(z’Ahvp ey (—1PACTAYYA i p e [n—1,1],
2
e Avyd if p=0

for all p € |n,0], n € Ny. First, we consider the boundary cases: We have
Vfr?,oac Plag 4 S(O n—1] Z delagA - S‘|{0,n—1.| Z (_1)kd\k/7d2
ke0,n] ke0,n]

v v ©)
Z (*1)ks(0,n—1]dkd}l§ = Z (—1)* dkS[On 2] = =9 A 1,0
ke[0,n] ke[o,n)]

and analogously
ia iag A v
Vi, 0o A =sh Z (—1)Fdpee = SPon_1] Z (—1)*dydyp
kelo,n] ke[o,n]

v.h h (2) v
Z (_1)kdksl[0n ﬂdk: Z (- ) dkS[On 2] =994 vOn 1
ke[o,n] kel0,n]

for all n € N.
It remains to prove

vA 9CDiagA _ ac(2>Ahvp L p+( )pac( >Avv

p,n—p p,n—1—p

for pe [n—1,1], n € N, n > 2. Thereto, it suffices to show that

iz (2) @) p(2) (2)p(2)
VA aCDlagP A:aC P Ahvp 17m p+( )paC P Avv

p,n—p p,n—1l—p

because according to remark this implies

A CDiag A _ wA CDiagP(® A n 1Diag A A CDiagP<2>A
vp’n Pa vpn ;D(a +(_1> dn ) vpn pa ( )

A Diag A
vpgn pdn

53
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80(2)p(2)A hvp . + ( )pac(2)p(2)A va e + (_1)77,(( )n pdhv
80(2)p(2)A hvp o + ( )pac(2)p(2)A vv

c®An CPAvoA
=0 vp 1,n—p + ( )p@ vp n—1—p-*

p—1,n— p+d;/1 \Y
pn—1—p ( 1)pdhvp 1,n— p+<_) V

pnlp)

p,n—1—p

We proceed by induction on n € N, n > 2, to show the second identity involving the path bisimplicial object
P® A and use the recursive characterisation of proposition However, by the induction hypothesis, we

may also use the first identity involving A during our calculations since this is implied by the second as already
shown.

First, for n = 2 and p = 1 we compute

i (2) (2) (2) i (2) (2) i (2) (2) i (2)
vflaCDlagP A ( hVP A VP A)aCDlagP A _ th AaCDlagP A vV(F)’ AaCDlagP A

@)p2) (2) (2)p(2) (2) @)p2) 2)p2)
haC P A th A vaC P Ava A haC P AL 1/80 P AN

o h h V(v v : V.V : _ .

= sp(dy — d}) — sy (dy — dY) = dgsg —ida, , — dysg +ida, , = dgsg — dysg
2)p(2) 2)p(2)

aC P A,hvé1 o 60 P A,vv,ﬁo.

Next, we show the asserted formula forp=n—1,n € N, n > 3:

A CDiagP® A __ v P® A P® A\ ACDiag P® A
Vi—1,10 = (=sYVy,_oi + 8, n Vi 10)0

(2) (2) (2) (2)
— _ vv};’ 2fiaCDlagP A+S7}; 1VP AaCDlagP A

@Ap@ 4 heoP® A —2~C2 P2 »4 P® A h @p2) A heP® A
= —sy(0° VL (1) 20 Y )+Sn 8¢ v

n—2,0 n—2,0
_ wvaC®P@A KPP A n—1lgv CcPp@ A v oP® A CPP@ A hoP® A
= —s10 V31 +(=1) 10 V5—2l0 +8n— n 10 Vi—2%0
CP@ AL voP? A n—1,9CAPR A v sy PP A
-0 S vn—3,1 (-1 (0 ldAn_m)vn—zo

1
2)p(2) 1. (2)
(8C PrAb h72 + ( )n 11dAn71,1)v572:%

@p@An P® —_10c@p©2) »4 P@ A @p2AnK h P24
—0° SYVE 54 + (-1 toc sy V +0° heh vV

n—2,0 n—2,0
_ aCPP@An, h P®A P A n—1aCAPR A v voP® A
=0 (Sn—2vn—2 0~ S1 Vi 3, 1)+ (=D"0 bovn—Q,o
_ aCc®PP A h—A n—19CAP A4 v
=0 Vi1 +(=1)""0 Vi 0
Analogously, for p=1,n € N, n > 3, we have
A CDiagP® A __ n—1gv P A P® A\ ACDiagP® A
Vin-10 =((-1) ~1Voni1ts siV] n—2)0
=(-1)" 1q VP<2)AaCDlagP< A Sth@)AaCDlagP(?)A
- n 1 1,n—2
_ n—1_v CcAOp@ 4y P<2> CAOP@An P<2>A COP@ A v PP A
=(-1)"""s;_,0 Vo2 +51(0 Vonia—0 Vin_3)
_ ) p(2) ( ) @) p2) <2> 2)p(2) (2
_ (_l)n 1Sv_ 60 P A,van f; + haC P A th A haC P Avan 143
_ n— c@p )A vgv n—1: P@ A
=(-1)""0 o+ (=1)"ida, )V,
COP@ AR h P® A CAOP@ A v hoPP A
+ (0 1dA1 n— )VO,n72 -0 S1V1,n73
_ n—1 c<2>P<2>Av v PP® A CAOP@ AL heP® A4 CAOP® A v _heP® A
=(-1) 0 2V0 nos+0 S v07n72 -0 81 anfS
_ 80(2>P(2>A,h heP® A 1 n728C(2)P(2)Av v P A 60(2>P(2>A,v heP® A
= o Vo,nte — ((=1) —oVonlst $1Vi,_3)
_ aC®P@Ah hoPP A cPp®@ A4y n—2.v PP®A P4
=0 SoVoniz —0 (=1) oVioniots vl,n—B)

(2)p(2) (2)p(2)
aC P Ahvon L aC P Avv1 yry
Finally, we let p € [n — 2,2], n € N, n > 4. Then we get

VA aC DiagP(Q)A _ ((71)71 pgv VP(Q)A + th(2)A )30 DiagP(Q)A

p,n—p p—1l,n—p p,n—1l—p
(2) i (2) (2) i (2)
_ (_1\n—DP.V P=A C DiagP'</ A hwP'¥ A CDiagP'®’ A
=(-1) sn,pvp,l’n,pa + 8,V ni1-p0
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2)p(2) (2) 2)p(2) (2)
_ n—p.v C*= P AhPY A p—19C*=' P A v P A
- (_1) Snfp(a vp72,n7p + (_1) 0 vpfl,nflfp)

h/aCPP@AhP® A paCP PP A voP® A
+Sp(8 Vpfl,nflfp + (_1) 0 Vp;n727p)

_ (2)p(2) (2) _ (2)p(2) (2)
_ n—p.v CH P AP A n—1_v C P A vPYY A
- (_1) bn—pa v1\r)—2,n—p + (_1) Sn—;r)6 vp—l,n—l—p

haCP PP A heP A p.haCPPP) A v P A
+ Spa Vp-1n-1-p + (=1) Spa Vpm-2-p

2)p2) (2)
_ n—paC'*' P Ah_v P2 A
- (_1) 9 Snfpvpflnfp

N @Op@ gy v R
+ (=) @AY, 4+ (—1)" Pidy,

p,n—p
COP@An_h : P® 4 COPP Ay hP® A
+ (0 sp_1 + (—1)Pida Vpim-1-p +(=1)F0 Vs,V
_ @) p2) ©) _ @) p@)
_ (71)71 paC P A,hsx_pvP A + (71)n laC P AV v

)Vp(z)A

p—1l,n—1-p

pnl—p)

vP(Q)A

p,n—2—p
pP—2,n—p Sn—1-p Vp—1,n—1-p

COP@ AL _h P®A paCP PP Ay hoP® A
+ 8 Spilvpfl’nilip + (_1) a Spvp’n,Q,p

_ aCP»Pp®@an n—p.v P4 h P®A
=0 ((_1) Snfpvpflnfp + Spflvpfl,nflfp)
2)p(2) P (2) (2)
paC P Av n—p—1.v PA hP'“/ A
+ (_1) 0 ((_1) bn—l—pvp—l,n—l—p + Spvp,n—Z—p)

cpP A heA paCPPP) A v A
a vp—l,n—p + (71) a vp,n—l—p

By induction, we have shown that the morphisms V,, for n € Ny yield a complex morphism

Tot C® A - CDiag A.

(3.34) Definition (shuffle morphism). The complex morphism

TotC?4 Y5 C Diag A
given as in remark by emby, ,—,Vy, = Vp n—p for all p € [n,0], that is,
vn,O
V=
VO,n

as a morphism from Tot,, C? A = @
Lane) shuffle morphism.

pe[n,0] Ap n—p to C, Diag A = A, ,, for all n € Ny, is called (Eilenberg-Mac

At next, we will show that the Alexander-Whitney morphism and the Eilenberg-Mac Lane shuffle morphism
restrict to well-defined morphisms on M Diag A resp. Tot M(2) A.

(3.35) Proposition.

(a) We have a morphism of split short exact sequences
D Diag A —— CDiag A —— MDiag A
l oo
Tot D@ A —— Tot CP A —— Tot M A
By abuse of notation, the induced morphism M Diag A — Tot M(®) 4 is also denoted by AV := ANVA.

(b) We have a morphism of split short exact sequences

Tot D@D A —— Tot CPD A —— Tot MDA

l AT

D Diag A —— CDiag A ——— MDiag A

By abuse of notation, the induced morphism Tot M(2) A — M Diag A is also denoted by V := V4.
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Proof.

(a)

We have
(SR}, prn) o108k, P <K,

Diag A
S .
(d}fnfl,pj S‘éd\[pfl,oj )S}I; if p> k?

k A/Vp,n—p = S}cls\léd?n,p-ﬁ—lj d\[p—l,OJ = SEdTn,p+1J S\k]:d‘[p—l,oj = {

for every k € [0,n — 1], that is, (Imsp" 8 AN, ,,_, = Im(sL 54 AN,, ,, ) < D

and therefore (D,, Diag A)AN,, ,,_,, < D(27 —p

pn pAforall k€ [0,n—1]

A for all p € [n,0]. Hence we have an induced morphism
D Diag A — Tot D® A,

Moreover, M Diag A = CDiag A/D Diag A and Tot M2 A = Tot(C(2A/DP A) = Tot C? A/ Tot D A
by the normalisation theorem Hence we have an induced morphism on the cokernels

M Diag A 2 Tot M@ A,
We will show that

D? _A)WwA <D, Diag4

p,n—p p,n—p

for all p € |n,0], n € Ny. Thereto, we proceed by induction on n, where for n = 0 the assertion is trivial

since D((J?())A >~ (0 and DyDiag A = 0. So we let a natural number n € N with n > 1 and p € |n,0] be
given and we assume that the asserted inclusion holds for all bisimplicial sets up to dimension n — 1. By

proposition we compute

hovoP® A e
th _ {Si Sovn—l,o if p=n,
S

PRTP T sh((—1)m Py VESA 4 shvEA ) ifpe [n—1,1]

i pl-,np SpVp,n—

@)
_ A 1’% ifp=n
= @ @ .
( nrshsy VPO A +sisEVEUA ) ifpe|n—1,1]
— SOs v5(2)1% lfp =n,
(—1)"Psy hvg”{f; T sh_s, VP( )A ifpe|n—1,1]

”P’L 1-p

for i € [0,p— 1], p € |n,1], and therefore
m(s}Viio) < Tm(sisP Vi1 6)

for i € [0,n — 1] and

IA

Im(s} V)

pnep) S Im((=1)" sy sIVES s sV )

n—p S; p—1,n—p p,n—1—p
< Im((—1)"Psy_shVPA ) Im(sh shVEA )

n—pSi Vp—1,n—p Sp—18; Vpn—1—p

(2) 4 (2) 4
j Im( ;/z p ?v}l—j Ln—p) +Im(s?v5,n—l—p)

fori e [0,p—1],p € [n—1,1]|. Now by the induction hypothesis, we have

(VP4 y < (D@ | p@AVEPA <D DiagP®A4 < D, Diag A

p,n—1—p p,n—1-p p,n—1-p

forie[0,p—1],p€|[n—1,1], and

Im(sy_,sPVEA ) < Tm(sPVETA ) < (DR P@AVEYIA <D, Diag P A

n—pS Vp—1,n—p p—1l,n—p p—1l,n—p

<D, Diag A
for i € [0,p— 2], p € |n,1]. Since additionally, by lemma

(s, 551 Vo1 p) = (Vg s ) < (s ) < D, Diag A
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for p € |n, 1], we can conclude that Im(s?vg,n_p) <D, Diag A for i € [0,p — 1], p € [n,1].
A

Analogously, we show Im(sYV:, ) < D, Diag A for all j € [0,n —1—p|, p € [n —1,0]. Indeed, by
proposition |(3.30)l we have

_ P24 hweP® A .
vy A _ S;((_l)n pszfpvpfl,nfp + Spvp,nflfp) lfp S |_n - ]-7 1J7
i Von—p = | vhoP®4 i
8780 Vo,n-1 ifp=0
- @ @ .
_J = fs);s;_pvg_lg‘l_p +s¥spVE LA, ifpeln—1,1],
- hP () A ;
8780 Vo,n-1 ifp=0
- @ @ .
= fs);_l_ps;vg_ljg_p +spsyVE A, ifpen—1,1],
= ) .
5087 Von-1 ifp=0

for j € [0,n—1—p|, p€ [n—1,0], and therefore

Tm(sYVA, ) < Tm((—1)"Psh_ st VA shoryP™a )

p,n—p n—1-p°j ¥ p—1,n—p p,n—1-p
(2) 2
n—p.v vy P A h veoP'¥ A
S Im((=1)""Psy 48TV, 1) HIm(sysiVy, )

(2) (2)
< Im(s) V54 ) + Im(shsy VR4 )

forje0,n—1—-p],p€ |n—1,1], and
Im(s}’Vén) =< Im(sgsyvg’fl’%)
for j € [0,n — 1]. With the induction hypothesis, it follows that

Im(sy VP54 ) < (DY

p—1,n—p p—l,n—pP(Q)A)VP(2>A = D1 Diag P24 < D, Diag A

p—ln—p —

forje[0,n—1-p],pe|n—1,1] and

h P®A P A 2
Im(sps},vp,n—l—p) = Im(s}lvp,n—l—p) = (Di(w)zflfp

P@A)VEYA <D, DiagP?A < D, Diag A
for j € [0,n—2—p|, p € [n—1,0]. Since additionally, by lemma |(3.31)|
TSy, Vi A_,) = (Vi st ) < (s *) < D, Diag A

for p € |n—1,0]. Hence Im(s}fvzfin_p) <D, DiagA for j€[0,n—1—p],pe|n—1,0].

Therefore
(D? _ A)VA <D, Diag A.

p,n—p p,n—p —

So we have induced morphisms
Tot D® A4 — D Diag A
and
Tot M® 4 Y2, M Diag A.
O
(3.36) Theorem (generalised Eilenberg-Zilber theorem, normalised case). The Alexander-Whitney morphism
eMA 2 Tot M@ 4
and the Eilenberg-Mac Lane shuffle morphism
TotM® A Y M Diag A
are mutually inverse homotopy equivalences. In particular,

M Diag A ~ Tot M(? A.
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Proof. First, we want to show that VAAN? = idp, 4. We let n € Ny be given. For each p,q € [n,0] we
have

A v v
Vﬁ,n—pANq,n—q = ( Z (Sgn u)s[O,p—l]us?p,n—l]u)dT7L,q+1jd|_q—1,0j

wEShp n_p
= Z (sgn 1) (S‘[]OJJ*I] Hd‘fq* 1,0] ) (S}flp’n*ﬂ ud}Lln’qu 1] )-
HEShy n_p

By applying the simplicial identities, we recognise that each summand ends with a vertical degeneracy if
q < p resp. with a horizontal degeneracy if ¢ > p. Since we are in the normalised case, this means that

vgn,pAN;{n,q = 0 for p # q. It remains to consider the case ¢ = p. Then we have

A A v v h h
Vp,n—pAprn—p = Z (sgn “)(Sfovp—ﬂudtp—l,oj)(Smn—lhtdtn,PHJ)'
neShy n_p

Now if p # id, then pu < p — 1 and hence
h h h _h h h 1h h
Im(spy 11, npr1y) = (SpuStpr1n-11, A pr1y) S Im(spudly o)) < Ty,

Therefore

A A (Y v h h s
vp,n*pAprn*p - (SFO,p*ﬂdLP*LOJ)(Squn*ﬂdtn,erlJ) - ldM<2) A

p,n—p

since the only summand that is not trivial because it ends with a degeneracy, is the one where y = id[g ,_1j-
Thus

Vi, dye, 4 0
AanA . A AN . _ -
VLAV, = : (ANn,o ANo,n) = .. = ldTotn M® A-
A .
Vo’n 0 ldM(()ZT)LA

Now we consider the composition fA = AVAV4 and we will show that fA ~ idMDiag a- Thereto, we define
recursively morphisms

A
C,, Diag A N Cpn41 Diag A
by h, := 0 for n < 0 and
hA = hPA 4 (—1)nsDies A fPPA g € Ny,

We have to show that these morphisms induce morphisms on the entries of the normalised complex M Diag A.
Thereto, we prove that they restrict to morphisms

A
D, Diag A 2, D, Diag A for n € No.
For n = 0, this holds since Dg Diag A 2 0. We let n € N be given. Then we get

Diag A7 A _ _Diag A/ ; PP A n.Diag A fPP Ay _ DiagA; P A n Diag A_Diag A ;P A
Sp hi =s (hy 1+ (=1)"s,) fn ) =s, h, + (—1)"s,, S I

k -1
_ _DiagA P24 n_Diag A Diag A P24
=S hn 1 + (_1) Sp—1 Sk n

for each k € [0,n — 1]. Since AV and V4 restrict to morphisms on D Diag A and Tot D® A by proposition

(3.35)] we see that
Im((—1)"sD8 AgDlae A (PPA) oy Digo P2 A < D, Diag A.

n—1 n

For the first summand, we get by induction that

Im(sEiagAthiA) < D, DiagP®A4 < D, Diag A
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if k <n —2. We consider the case k¥ = n — 1. By definition and proposition h4 is a certain linear
combination of morphisms, each one being a composite of a horizonal backal and a vertical backal morphism.

Thus, by proposition [(2.33) applied vertically and horizontally, we have sgf”lg Ahif){‘ = h# | sPiae4 and
hence

Tm(sp " 1 %14) < D,y Diag A.

n

Altogether,
Im(s?iagAhﬁ) =< D,,;1 Diag A.

It remains to show that (h, € 4(M, Diag A, M, Diag A) | n € Ny) is a complex homotopy from idy piag 4 to
4, that is,

higCPiagA 4 gODIas ARA | —ide piaga — f7 for all n € Ny

up to sums of morphisms whose images are in the degenerate complex. We proceed by induction on n € Nj.
For n = 0, we have

i Diag A Diag A Diag A Diag A jDiag A Diag A 1Diag A
héac Diag A _ sg iag fOA (d() iag A d1 iag ) — gPiagAjDiag A _  Diag dl iag

=5 0 0 = idc,, Diag 4 — idc,, Diag 4

. A
= 1an Diag A — fn .
Now we assume that n > 1 and that the assumpted relation holds in all lower dimensions. Then we have
A ACDiagP™® A PP® A n Diag A fP(®) A\ AC Diag P(® A
h’na & = (h‘n—l +(_1) Sn g fn )6 8
P A 4CDiagP® 4 n.Diag A fP(P A oC DiagP(? A
:hn—l 0 & +(71) Sp, & fn 0 &
_ 1 PP ASCDiagP® A n.Diag A C Diag PP 4 (P2 4
_hnfl 0 8 +(_1) Sn &40 & fnfl

. (2) i (2) (2) i (2) i . (2)
— (lan Diag A — SflA _ aCDlagP Ah572A) + (_1)n(6CD1agP Asgla‘lgA + (—1)”1(21)]057114

: P4 CDiagP®A; P® A n AC Diag P(? A _Diag A ,P(® A P® 4
—lanDiagA_ n—1 -0 h’n72 +(_1) 0 Sp—1 n—1 + n—1

: CDiagP® 4, PP 4 C Diag P(®) A _Diag A ;P(®) A
= lan Diag A — 0 18 hn— + (_1)n8 e Sn—lg n—1

. CDiagP® A3 PP A —1_Diag A ;P2 4 . CDiagP® A7 A
=idc, Diaga — 078 (P + (=1)" s, P 7 f,17) = idc, Diaga — 0V 78T ARy

as well as, by proposition |(2.31)(c)]

B = (O (CL)sRee AT AREE Y = AR ()R A T A
= PR (—1) s A = A 4 (1) S
Hence we can conclude
hT/LXaCDiagA _ hﬁ(aCDiagP@)A + (71)n+1d5f1gz4) _ hﬁaCDiagP(z)A + (71)n+1h£d5flgz4
= (ido, Diag 4 — 0°PEEPTARL ) (—1)TH(ARBEARL | 4 (—1)" £
ide, Diag A — 9C Diag P(2>Ah2171 + (_1)n+1d5iag Ah;?,l . ff
_ _aCDiagP(Z)Ah71;\71 . (_1)nd1]?iagAhﬁ71 +ide, Diaga — ff

i (2) i .
_ _(aCDlagP 2)A + (_1)nd51agA)h2_1 + lan Diag A — f»;?

_ CDiag Ap A
= -9 B

. A
1+ 1an Diag A — fn )
that is, hA9CPiagA 4 gCDlagApA  —jqq Diag A — fah N

(3.37) Theorem (generalised Eilenberg-Zilber theorem of DoLD, PUPPE and CARTIER, cf. [9, Satz 2.9]). We
have

CDiag A ~ Tot C? A.
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Proof. By theorem [(3.36), we have
M Diag A ~ Tot M(?) 4.

Since the normalisation theorem states a homotopy equivalence between the associated (double) complexes and
the Moore (double) complexes, cf. theorem |(2.28)| and theorem [(3.24)] and since the total complex functor
preserves homotopy equivalences due to proposition [(3.19), this implies by theorem that

CDiag A ~ M Diag A ~ Tot M) 4 ~ Tot C?) A.



Chapter IV
Simplicial groups

We want to define homology groups for a given simplicial group. Thereto, we generalise the classifying simplicial
set notion for groups given in chapter [[] Indeed, there are two known possibilities to define a classifying
simplicial set. We show that both are equivalent by an algebraic proof (cf. theorem .

References for this chapter are [8], [I7], [20], [27], [29, §8].

§ 1 The Moore complex of a simplicial group

The Moore complex, introduced for objects in abelian categories in chapter [T} can be defined in the category
of groups. Here, a complex M (bounded below at 0) of groups means a sequence

M=(.. -2 M -2 -2 M)

of groups M,, for n € Ny and group homomorphisms 0 such that 90 = 1, where 1 denotes the constant group
homomorphism. A morphism M — N of complexes of groups consists of group homomorphisms ¢,,: M,, — N,
for n € Ny such that ¢,,0 = dp,,—1 for all n € N. The category of complexes of groups is denoted by C(Grp).

Given a complex M of groups we define, as usual, Z,, M := Ker(M,, 9, M,,_1) and B, M := Im(M,11 2, M,)
for n € Ny, where M_; = {1}. A complex M of groups is said to be normal if B,, M is normal in Z,, M, written
B,M <Z, M, for all n € Ny. If M is normal, we define H, M :=Z, M /B, M for n € Ny.

(4.1) Remark. We let G be a simplicial group. There is a complex of groups
7] o 19}
MG := ( . T MQG — MlG — MQG),
where each entry M,,G is given by

M, G = ﬂ Kerd; for n € Ny
kel,n]

and where the differentials are given by 0 := ddﬁ:gc for all n e N.
Proof. We have
gndodr = gndr1do = 1dg =1

for all g, € M,G, k € [0,n — 1], n € N. Hence (M, G)dg < M,,_1G for all n € N and 99 = 1 for all n € N,
n > 2. O

(4.2) Definition (Moore complex of a simplicial group). We suppose given a simplicial group G. The complex
MG = (... -% MG -2 MG -2 MoG)

given as in remark |(4.1) by MyG := (V1 ) Ker(di) for n € No and 9 := do M:E;G for n € N is called the
Moore complex of G.

61
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(4.3) Proposition.

(a) Given simplicial groups G and H and a simplicial group homomorphism G —2, H, there exists an induced
complex morphism

MG 22 MH
given by M, := ‘P”%Zg for all n € Ny.
(b) The construction in [(a)] yields a functor
sGrp M, C(Grp).
Proof.
(a) We have
InPndr, = gndrpn1 = lpp1 =1
for all g, € M,,G, k € [1,n], that is gnp, € M, H for all n € N.

(b) We let G, H, K be simplicial groups and we let G 2 Hand H - K be simplicial group homomor-
phisms. Then we get

and

M,idg = (ide)n "8 = ide,

M,G _ .
M,G — idm, ¢

for all n € Ny, that is (M¢)(My) = M(py) and Midg = idma-

(4.4) Lemma. For every simplicial group G, we have B, MG < G,, for all n € Nj.

Proof. We consider group elements h € B,,MG and y € G,, and we let g € M,,11G be such that h = g0 = gdy.
Then we get

((y50)9(y™"s0))dk = (ysodk)(gdi) (¥ sodr) = (ysodk)(y 'sodk) = (yy)sodk = 1

for all k € [1,n + 1]. Furthermore,

((y50)9(y™"s0))do = (ysodo)(gdo) (¥~ "sodo) = yhy ™"

Thus (yso)g(y~'so) € M,,11G is a preimage of yhy !, that is, yhy~* € B,MG. Since h € B,MG and y € G,
were chosen arbitrarily, this implies B,,MG < G,, for all n € Nj. O

(4.5) Corollary. The Moore complex MG of a simplicial group G is normal.

Proof. The assertion follows directly from lemmal(4.4)| because if B,, MG is normal in G,,, then it is in particular
normal in the subgroup Z,MG < G, for all n € Ny. O

By the preceeding corollary, we are able to define homology groups of the Moore complex of a given simplicial
group.

(4.6) Definition (homotopy groups of a simplicial group). For n € Ny we call
7, (G) := H,MG

the n-th homotopy group of a given simplicial group G.
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(4.7) Lemma. We suppose given a simplicial group G and group elements z,y € G,, for n € N. If € Kerd,
and y € M,,G, then [z,y] € B,MG.

Proof. We have

((xso)(xilsl)(yso)(xsl)(xflso)(yflso))dk = (xsodk)(wilsldk)(ysodk)(xsldk)(mflsodk)(yilsodk)

x(z " doso)y(xdosg)x~ty~t for k =0,
za lyzr 1yt for k=1,
(xdyse)z~(ydiso)z(z~ dyse) (y~tdiso) for k = 2,

(xdp_150)(xtdg_181) (ydr—180) (xdp_181)(x " dp_180)(y tdr_180) for k € [3,n + 1]

) [z,y] for k=0,
1 for k € [1,n +1].

Hence (s0) (2™ s1)(yso) (1) ( 's0) (¥~ s0) € Nt Kerdy, = M, 11G and thus

[,y] = ((wso)(z~"s1) (yso) (ws1)(z ™ "s0) (¥~ '0))0 € B,MG.

(4.8) Corollary. Given a simplicial group G, its n-th homotopy group 7, (G) for n € N is abelian.

Proof. By lemma [(4.7)] we have [z,y] € B,MG and hence (zB,MG)(yB,MG) = (yB,MG)(2B,MG) for all
z,y € ZpnMG, n € N. O

§ 2 Semidirect product decomposition

Given a simplicial group G, the group G,,, n € Ny, can be decomposed as a certain iterated semidirect product
of the Moore complex entries in dimension less or equal then n.
For further information, we refer to the article [5] by CARRASCO and CEGARRA.

(4.9) Lemma. We let G be a simplicial group. Then we have a split short exact sequence

m Kerd; — ﬂ Kerdl-& ﬂ Kerd;
i€[k,n] i€[k+1,n] i€lk,n—1]

for all n € N, k € [1,n], where the middle term is a subgroup of G,,.
Proof. We let n € N and k € [1,n] be given. Furthermore, we suppose given g,, € mie[k-‘rl,n] Kerd;. Then
gndid; = gndjj1dy = 1dg =1

for all j € [k,n — 1], that is, g,dy € ﬂie[k’nfl] Kerd; and thus ﬂie[kJan] Kerd; — ﬂie[k’nfl] Kerd;, gn — gndg

is a well-defined group homomorphism. Its kernel is given by ﬂie[k,n] Kerd;.

Now for every g,_1 € ﬂie[k,n—l} Kerd;, we have
Gn-18k—1d; = gn_1d;_18p—1 = 1sp_1 =1
for i € [k + 1,n] as well as
In—18k—1dk = gn-1,

that is, mie[k.l,_l n Kerd; — mz‘e[k n—1) Kerdi, gn — gndy is a retraction with coretraction ﬂie[k,n_l] Kerd; —
miE[k-‘rl,n] Kerd;, gn—1 — gn—18k—1. 0
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(4.10) Remark. If G is a simplicial group, we have a (non commutative) diagram

[s51
o ——> M, G

d d
=2 Nigpan) Kerdi ———> M, _1G

d d
s Nien Kerdi —2> Migpo, 1y Kerdi — > M, _»G

dp—1 dp_2 dp_3 dp_—g djp
> Nign—1,n Kerdi —=Nicn2nKerdi —=Nigprsn_o Kerdi — ... —= M@
d dp—1 dp_—2 dp—3 2 1
~ Kerd,, Kerd,-y ———— > Kerd,—2 ———> -« —= Kerdy —> MG
dpt1 dn dp—1 dp—2 da l do l dy
Gn anl Gn72 R GQ Gl C7‘0

In this diagram, every composition of a vertical inclusion with a horizontal morphism forms a split short exact
sequence. We call this the decomposition diagram of G.

(4.11) Corollary. We let G be a simplicial group and n € Ny a non-negative integer. Then the group of
n-simplices (7, is isomorphic to an iterated semidirect product with 2™ factors that all derive from the Moore
complex.

(4.12) Example. From the decomposition diagram for some simplicial group G we can read off:

Go = MG,
G1 =2 MG x MyG,
Go 2 Kerds ¥ G & (MaG x M1G) x (MG x MyG),
G3 2 Kerds X Go 2 (M3G x MaG) x (MaG x M1G)) x (MaG x M1G) x (M1G x MpG)).
To obtain the decomposition of Kerd,, from that of G,,_1, one has to increase every index in the decomposition

of G,,_1 by 1. Since G,, = Kerd,, x G,,_1, one has to “concatenate” both iterated semidirect products to obtain
the decomposition of G,,. Thus the “sequence of the indices” is given by

0,10,2110,32212110,4332322132212110, 54434332433232214332322132212110, . ..

(4.13) Remark. We let G, H be simplicial groups and G ~“.Ha simplicial group homomorphism. Further-
more, we suppose given n € N. If M, is an isomorphism and ¢y, is an isomorphism for all k € [0,n — 1], then
p, is also an isomorphism.

Proof. Since gy is an isomorphism for all k£ € [0,n — 1], we have induced isomorphisms on the kernels and their
intersections, that is ﬂie[k,n_” Kerd; — ﬂie[k,n_l] Kerd;, gn—1 — gn—19n—1 is an isomorphism for all k € [1,n].
We will show that the induced morphism mie[k,n] Kerd; — ﬂie[k,n] Kerd;, g, — gnipn for k € [1,n+1] has to be
an isomorphism, too. Thereto, we proceed by induction on k € [1,n+ 1]. The induction basis is our assumption
that My, is an isomorphism. So we let k € [1,n] be given and we assume (¢, ) Kerd; — ;¢ ) Kerds, gn —
gn®n to be an isomorphism. By lemma we have a morphism of short exact sequences

dg
ﬂie[k,n] Ker de _— nié[k-l—l,n] Ker dl Hk mie[k,n—l] Ker dl

d
mie[km] Kerd; —— mie[kJrl,n] Kerd; —~ ﬂie[,wk” Kerd;
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The five lemma yields the assertion. By induction, ﬂie[k n] Kerd; — ﬂie[k n]
phism for all k& € [1,n + 1], and in particular ¢,,: G,, — H,, is an isomorphism. O

Kerd;, g, — gnpn is an isomor-

(4.14) Lemma. We let G, H be simplicial groups and G —, H be a simplicial group homomorphism. Then
My is an isomorphism if and only if ¢ is an isomorphism.

Proof. If ¢ is an isomorphism, then My is an isomorphism by the functoriality of the Moore complex functor.
So let us assume that My is an isomorphism of complexes. We show by induction on n € Ny that ¢, is an
isomorphism of groups. For n = 0, this holds since ¢y = Mgp. Now we suppose given n € N and we assume that
©k 1s an isomorphism for k € [0,n — 1]. Since M, ¢ is an isomorphism, too, by remark we can conclude
that ¢, has to be an isomorphism. Thus, by induction, ¢,, is an isomorphism for all n € Ny and so ¢ is an
isomorphism of simplicial groups. O

§ 3 The coskeleton of a group

Every group P can be interpreted as the constant simplicial group Const P. We show that the functor Const
has a left adjoint.

(4.15) Proposition. The functor sGrp —> Grp is left adjoint to Grp Gonst, sGrp and

7y o Const = idgyp.
Proof. Given P € Ob Grp, we have

M(Const P) = (... — {1} — {1} — P)
and therefore

moConst P = HoM(Const P) = ZoM(Const P)/BoM(Const P) = P/{1}.
For a group homomorphism f: P — @, we furthermore have

moConst f = HoM(Const f) = (p{1} — (pf){1}).

To construct the counit 7ty o Const —— idgrp, we let 7p: P/{1} — P,p{1} > p for every P € ObGrp. Thus
7y o Const —— idgrp is & natural isotransformation, since np is an isomorphism of groups for all P € Ob Grp

and since for all morphism P 7, Q@ in Grp we obtain a commutative diagram

p/{1} s p

719 Const fl lf

Q/{1} @

In particular, 7y o Const =2 idgyp.

In order to show that 7y 4 Const, we have to construct the unit idsgrp —< Const o my. For this we let
G € ObsGrp be a simplicial group and we denote by v = vg: Gy — TG the canonical epimorphism. We define
for all n € Ny a group homomorphism (¢¢)n: Gr — TG by (€¢)n := d|n,1)v. To show that G =%, Const G
is a simplicial group homomorphism, we have to prove the commutativity of the diagrams

dg
Gn — anl

(5G)ni \L(EG)nl
idx
7'CoG i> 7TOG

for all k € [0,n], n € N, and

Sk
Gpy1<=— G,

(6G)n+1l J/(Ec)n
idﬂoG
G <~—— MG
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for all k € [0,n], n € Ny.

First, we consider the faces and proceed by an induction on n € N. We consider the case n = 1. Since the
assertion holds trivially for d;, we have to show that do(eg)o = (¢¢)1, that is, that dgr = dyv. But for all
g1 € G1 we have g1 (gfldlso) € MG, since

(91(gy *diso))ds = (g1d1)(g7 *disody) = (g1dy)(g7 'dy) =1,
and (g1do)(g7 "d1) = (91(g5 'd1s0))do € BoMG, so that
gldol/ = (gldo)BoMG = (gldl)BoMG = gldly.

Now we consider a natural number n € N with n > 1 and we assume that (¢g),—1 = dx(eG)n—2 holds for all
k € [0,n — 1]. This implies

dp(eg)n—1 = drdn_1(c@)n—2 = dndi(ea)n—2 = dn(eg)n-1 = dnd|n_1,1)¥ = d|p,1 ¥ = (€a)n

for all £ € [0,n — 1], and for K = n the commutativity holds for trivial reasons. By induction we get the
desired commutativity for all diagrams with the faces. But now the commutativity of the diagrams with the
degeneracies follows as well since

sk(ea)nt1 = skdr(ea)n = (€6)n

for all k € [0,7n], n € Ny.
To show naturality of (¢¢)geobsarp; We let G 2, Hbea morphism of simplicial groups. We obtain

On(er)n = @nd|p,1 v = dn1 oV = djn1)¥(Top) = (c)n(Top) for all n € Ny

and thus a commutative diagram

G —<> Const oG

@ l \L Const 1o

H —2> Const o H

Thus we have a natural transformation idsgrp — Const o .
Finally, we have to show that € and 7 are unit and counit. Indeed,

(€const P)n(Const np), = idpVconst PP = Voonst PP = idp = (idconst P)n
holds for all n € Ny, P € Ob Grp, as well as
(90BoMG)(T0ec) (Nmoc) = ((9o(ec)0)BoM(Const o G) )nmec = (90vc{1})nmec = gova = goBoMG
for all G € ObsGrp, gg € Gy. O

(4.16) Definition (0th coskeleton). For every group P we define the coskeleton of P to be the simplicial group
Cosk P := Const P. The functor
Grp Gosk, sGrp

is called the (0th) coskeleton.

§ 4 The Kan classifying functor

We have already seen that we can define the homology of a group as the homology of the classifying simplicial
set. In this section, we want to generalise this procedure to simplicial groups, introducing KAN’s classifying
functor

sGrp w, sSet,
which generalises the classifying simplicial set functor
Grp L, sSet

in the sense that B = W o Cosk. After this, we construct KAN’s loop group functor G as a left adjoint to W.
The reader is refered to [20].
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(4.17) Definition (nerve of a simplicial group). We define the nerve NG of a simplicial group G to be the
bisimplicial set which corresponds to the nerve of the group object in sSet arising from GG. Analogously for the
morphisms in sGrp.

sGrp — - $2Get

gi ig

Grp(sSet) S s(sSet)

(4.18) Remark (the nerve of a simplicial group is build componentwise). The nerve of a simplicial group G is
given by N,,, _G = NG,, for all m € Ny and Ng _G = NGy for all morphisms ¢ € Mor A.

Proof. Follows from example [(1.27)|[(c)] and definition O

(4.19) Remark. There is a functor

sGrp W, sSet

isomorphic to Tot oN that is given on objects by W,,G := Xjeln—1,0] Gj and

(gj)jELn—l,OjWQG = ( H nggH-g]])iel_m—l,Oj
JeL(i+1)0—1,i0]

for (g)jein—1,0 € WnG, where § € a([m],[n]), m,n € Ny, G € ObsGrp, and on morphisms by W, ¢ :=
X jeln-1,0] #j for n € No, ¢ € sarp(G, H), G, H € ObsGrp.

Proof. We let GG be a simplicial group and compute Tot NG. The set of n-simplices is given by

Tot, NG = {(2¢)ge|no0) € X Ngn—gG]| wng = x4-1d] for g € [n,1]}

qel_’ﬂ,OJ

= {((90.3)ietn-a-1.0)aeinol € X G [ (gg;)jein—q-1,0/d8 = (dg-1,)jein—q0)dy for ¢ € [n, 1]}
qEI_’ﬂ,OJ

= {((9g.1)jeln—g-1.0)geln0) € X G D | (g45dg)je(n—g-1.0] = (dg—1,j+1)jeln—q—1,0) for q € [n, 1]}
q€[n,0]

= {((9g.3)ietn-q-1.0))aeino) € X GV | gg;dg = gg—1j41 for j € [n—q—1,0],q € |n,1]}
q€[n,0]

= {((90.3)jetn-q-1.0))aeino] € X GV | gy = ggp1j-1dgq1 for j € [n—q—1,1],g € [n—1,0]}
q€[n,0]

= {((9g.j)ieln—a-1.0))aelno] € X Gr=D| g, =geijodigrjart) for j € [n—q—1,1],q € [n—1,0]}
qGI_'fL,OJ

= {((gq,j)jGLnqul,OJ)qe [n,0] € X G;(n—q) | 9q,5 = qurj,Uqu+j,q+1j forj € |_n —q— 170Jaq € I_n’ OJ}
qeLn,OJ

= {((9¢+4,0d | g+5.q+1])jeln—q—1,0] Jae|n,0] | Gg+j.0 € Gqyj for j € [n—q—1,0],q € [n,0]}
={((g5dj,q+1))jeln—1.q) )aeln0) | 95 € G for j € [n—1,q],q € [n,0]}

for n € No. For an element ((g;d|j.q+1])je|n-1,q])qe|n,0] € Totn NG, we compute

((9jdj,g+1))je(n—1,q) )aen,0) (Tote NG) = ((gq+5d|g+j,q+1))je[n—q—1,0])ge n.0) (Toteg NG)
= ((9po-+5d1po+jp0+1))je(n—po—1,0) (NG)spl, (0))pe |m,0)

9p0+59po+j,p0+1))je (n—po—1,0) (NG)spl_, (0),n—po (NG ) sp1., (6))pe | m.0)

((
((9p0-+39 (po+j,p0+1) Gspl_,(0))jen—po—1,0] (NG)pspi_  (0))pe|m,0)
((

H 9p0+54po+5,p0+1] Gspl_, (0))ie | m—p—1,0))pe m,0]
JEL(i+1)Spl>,(0)—1,iSpls ,(0)]
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- (( H gp9+jG5(P€+1,P9+.ﬂ GSplgp(G))iE |m—p—1,0] )pE [m,0]
J€L(i+14+p)0—p0—1,(i+p)0—pb)

= (( H gp0+stp1§p(9)5rp6+1,p9+ﬂ )iEmeLpJ )peLm,OJ
JEL(i+1)0—pH—1,i0—pb)

= (( H ngsplgp(o)srpeﬂ,ﬂ )iEmel,pJ )pELm,OJ = (( H Qng‘EJ])iemel,pJ)peLm,OJ

jel(i+1)0—1,i0] JEL(i+1)6—1,i6]
= (( H ngé(erl,i]gHg]] )iEmel,pJ )pe |m,0] = (( H nge‘H GMPJrlﬂ )iGmel,pJ )pG [m,0]
je|(i+1)0—1,i0] jEL(i+1)0—1,i0]

= JI  9Gpdip)icim-1p)reimol
jel(i+1)0—1,i0]

for 0 € a([m],[n]), m,n € No. o
Thus, by transport of structure, WG with W,G = X ;¢c|,,_1,0) G; for all n € Ny becomes a reduced simplicial
set isomorphic to Tot NG via the bijections

(fG)n3 Tot, NG — WG> ((detj,qﬂj )jeLn—l,qJ)qeLn,oj = (gj)je[n—l,oj-

To prove the formula for WG on the morphisms of A, we suppose given § € a([m],[n]) for m,n € Ny. We
obtain

(95)jeln—1,00WoG = (9)je(n-1,0 (fa)n  (Tota NG)(f&)m = ((9jd|j,4+1))je(n-1,a) )ae n.0] (Tote NG) (f&)m
= (( H ngg‘E]]dLi,p+1J)iel_mfl,pj )pEI_m,OJ (fG)m
Jel(i+1)0—1,i0)
= ( H ngg‘F]])iGmel,Oy

JE|(i+1)0—1,i6] ‘

Furthermore, given another simplicial group H and a simplicial group homomorphism G 5 H, we have, again
by transport of structure,

9id1j.q+11)jeln-1.q))geln,0] (Totn No)(fr)n
gjdtj,q-ﬁ-lJ )je [n—1,q] Nq,n—q‘ﬁ)qe [n,0] (fe)n
gjdtj,qulJ ‘Pq)je [n—1,q] )qe [n,0] (fH)n

~ o~ o~ o~ o~
— o~ =~

for all (g;)je(n-1,0] € W.,.G, that is,

W,po= X  ¢; forall neN.
j€|n—1,0]

Altogether, we have constructed a functor sGrp W, sSet and a natural isotransformation Tot oN 5 W. [

(4.20) Definition (Kan classifying simplicial set). We let G be a simplicial group. The reduced simplicial set
WG given as in remark by

W,G= X GjforeveryneN
jeln—1,0]
and (g;)je|n—1,0 WoG = (e i+1)0-1,0) ngg%])iELm—l,OJ for (g;)jein-1,0] € WaG, 0 € a([m],[n]), is called
the Kan classifying simplicial set of G.

(4.21) Proposition. We let G be a simplicial group. The faces and degeneracies of its Kan classifying simplicial
set WG are given by

(9i+1d0)ie|n—2,0] if k=0,
(95)jein-1,0/dk = § (git1dk)ic(n—2) U ((9xdk)gr—1) U (9j)je|k—2,0) if k€ [l,n—1],
(95)jen—2.0] if k=n,
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for (g;)jen-1,0) € WnG, k € [0,n], n € N, and

(95)jein—1,0% = (gi-15K)ic[nk+1) U (1) U (gi)ic|k-1,0)
for (g;)jen-1,0] € WnG, k € [0,n], n € Ny.
Proof. We have

((gj)jGLnfl,Oj dk)i = ((gj)jemeoJWékG)i = H ngékW]]

FE|(i+1)8F—1,i5* | *

Hje[(i+1)§k_17i5kj ngék‘H]] forie |n—2k|,
= ¢ e rsk—1,(6-1)s") ngékl{iLl] fori=F%k -1,
[l (ir1)5%—1,i8) ng;,km_]J fori € [k —2,0]

[liepiva-1,i41 g.jGék‘H]] for i € |n—2 k],

= Hjel_lc+171,kflj ngék‘H;]il] fori =k —1,
Hjel_i+1—1,ij gJGék%] for i € U{}72,OJ
gi_;,_lGBkWru for i € Ln -2, k‘J,

= (ng & (K] )(gk_lG & [k—l]) fori =k —1,
& k=)

1]

giGék‘m for i e UC — 270J
(i
9i+1Gsr fori € [n—2,k], git1dg fori e |n—2,k],
= S (9Gs+)(gk—1Giay,_,y) fori=k—1, = ¢ (9kdi)gr—1 fori=k -1,
giGid[,;] for i e |_/€ — 2, OJ g; for i e |_k — 2, OJ

for (g;)je|n-1,0) € W,G, i€ |[n—2,0],k€0,n],n €N, and

((9j)jetn-1,08%)i = ((95)jen-1,0WerG)i = 11 ngf"“'H
jel(i+1)ok—1,ick| )

e tnyor—1,i0k) ngckl{:Zf ford € [n.k+1],

jetsnyor—1hor) 95Gouy  for i =k,
Iiclirnyor 1ok ngGng]l forie|k—1,0]
Hje[i+1—1—1,i—lj ngok\Hf]] forie [n,k+1]

= Hjel_kf‘rlflfl,kj g]Gcklbjc]] fOI' — k,

Hje[i-i—l—l,ij ngakW]] forie |k—1,0]
gFlG‘Tk'Efl] for i € [n.k+1], gi-1Gor fori € |n,k+1],
= 1 fOI"I::l{J, = 1 fOI"I::k"
giGo.k‘[i] forie |k—1,0] 9iGia,,  forie [k—1,0]
lil

gi—18k fori € [n,k+1],

=<1 for i =k,
gi forie |k—1,0]
for (9;)je|n-1,0] € W,.G, i€ |n,0], k€[0,n], n € Np. O

(4.22) Example. For a group G, we have W Cosk G = BG and hence

H,, (W Cosk G, M; R) = H,(BG, M; R) = H,,(G, M; R)
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resp.

H"(W Cosk G, M; R) = H*(BG, M; R) = H"(G, M; R)
for n € Ny and a module M over a commutative ring R.
Now we want to construct a left adjoint for W.

(4.23) Remark. We let X be a reduced simplicial set and we let X — X be a simplicial bijection given by
X, — X,,x, — T, for all n € Ny. For every n € Ny, we let G,, X be the free group

GnX = (Tng1 | Tnt1 € Xnt1,Tnsn = L for all 2, € X)) arp = (Tt | T+t € X1 \ (Imsy)) Grp-

Further, for § € a([m], [n]), m,n € Ny, we define a group homomorphism GyX: G, XG,, X on the generating
set X1 of G, X by setting

Tni1(GoX) = 2,0 1(PoX) (2ny1dnr15,(Pe X))t for all 2,41 € X101
Then GX is a simplicial group.

Proof. First of all, we note that if =, 11 = x,s,, for some z,, € X,,, then

xn+1(PgX)(a:anann(PgX))_l = acnsn(PeX)(xnsndann(PgX))_l = gcnsn(PgX)(:r:nsn(P@X))_1 =1

for 6 € a([m], [n]), m,n € Nyg. Now, given morphisms 8 € a([m],[n]), p € a([n], [p]) for m,n,p € Ny, we note
that (P,X)d,41 = dp1X, by proposition and obtain thus
T51(GX)(GoX) = (5 (P X) By (P, X)) (GoX)
= 2511 (P, X)(GoX) (2p+1dpt15, (P X) (Go X)) ™
= o1 (P X (P X) (1 (P, )iy 10 (P X))
: (prrlderlSp(PpX)(P9X>(mp+ldp+lsp(PpX)dn+lsn(P9X>)_1)_1
= o1 (P X (P X) (1 (P, )y 130 (P X))
< 2p1dp+ 18 (Pp X)dnt 150 (PoX) (p41dp118p (P, X ) (Pe X)) ™
= 2p+1(Po,p X) (2p11dp41X,5,(Pe X)) 7
<21y 18pdp 1 X80 (Po X) (2p11dp1155(Po, X)) 7
= 2p11(Pop X) (2p11dp113p(Pop X)) ™' = Tp51(GgpX)

for xp41 € Xpi1 as well as

Tnt1(Giay, X) = anrl(Pid[n]X)(xn+1dn+1sn(Pid[n]X))_l = Ty 1idp, x (Tnr1dnt18aidp, x) ! = Tpia
for 41 € X, 11. Hence GX is a simplicial group. O

(4.24) Definition (Kan loop group). We let X be a reduced simplicial set and we let X — X be a simplicial
bijection given by X,, — X,,x, — T, for all n € Ny. The simplicial group GX given as in remark by

G, X = <5Un+1 | Tpt1 € Xnt1,TpSp = 1 for all x,, € Xn>Grp

and

GGX: GnX - Gmem = Tn+1 (PHX)(xn-Q—ldn-&-lSn(POX))_l
for 8 € a([m],[n]), m,n € Ny, is called the (Kan) loop group of X.

In the following, we always assume given a simplicial bijection X — X when referring to the construction GX.
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(4.25) Proposition. We let X be a reduced simplicial set. The faces dy: G, X — G,,_1X for k € [0,n], n € N,

and the degeneracies s;: G, X — G,11X for k € [0,n], n € Ny, in the loop group GX are given by

S Tnr1dg for k € [0,n — 1],
sk Tpi1dn (Tpi1dpi1)™t fork=n

and

Tnt1Sk = Tnt1Sk for k € [0,n],
where x,4+1 € Xp41.

Proof. We have

anrldk = .’En+1(G5kX) = l’n+1P5kX([L’n+1dn+1SnP§kX)_1 = .’En+1dk($n+1dn+1sndk)_l

B Tpn1dr (Tny1dpi1des,—1)~ 1 for k € [0,n — 1],
B Tp1dp (T 1dygr) ™t fork=n

Tpni1dp(Tpi1dy1)™t fork=n

_ {xn+1dk for k € [0,n — 1],}

for 41 € Xpt1, n € N, and

I — 1 1
Tn4+1Sk = Jf‘n+1(G’o"9)() = $n+1P0'k‘X<xn+ldn+lsnP0'kX) = $n+lsk(xn+ldn+lsnsk)

- 71
= mn—&-lsk(xn—i-ldn—&-lsksn-i-l) = Tn+1Sk

for Tpnt1 € Xn+1, n e No.

O

(4.26) Definition (simplicial free group). A simplicial group F is called a simplicial free group, if F), is a free
group with a free generating system X, C F,, for every n € Ny and X8, C X,,+1 for every n € Ny, k € [0, n].

(4.27) Proposition. The Kan loop group GX of a reduced simplicial set X is a simplicial free group.

Proof. This follows from proposition
(4.28) Proposition.

(a) Welet X Ty be a simplicial map between reduced simplicial sets X and Y. Then we have an induced

morphism

Gf

GX — GY,

given by

m(an) = xn+1(Pnf) = mn+1fn+1 for Tny1 € XnJrl»n € Np.
(b) The construction in @ yields a functor

sSety <, sGrp.

Proof.
(a) We have
T 1(GoX) (G f) = (@n1(PoX) (€nt1dn 118, (Pe X)) ™) (G f)
(xn+1(P9X)( ))(xn+1dn+lsn(POX)(Gmf))71
= Tp1(PoX) (P f) (zn+1dn+1sn(P9X)(me))71

= Tpp1(Pnf)(PoY)(2ni1(Pn )dn+1sn(P9Y))71
= 2p11(Pnf)(GoY) = Tuii(Gn f)(GoY),

for 11 € Xpy1 and thus (GoX)(Gnf) = (Gof)(GeY) for 8 € a([m],[n]). Hence Gf is a simplicial

group homomorphism GX — GY.
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(b) We let X, Y, Z be reduced simplicial sets and X 7, Y. Y - Z be simplicial maps. Then

W(an)(c’n ) - xn-‘rl( nf)( ) - xn-i—l(Pnf)(Png) = xn-i—l(Pn(fg)) = m(Gn(fg))

and

Tnr1(Gpidx) = 2p41(Pridx) = 2ppidp, x = Tnit
for all 2,11 € X1, n € Ng. Thus (Gf)(Gg) = G(fg) and Gidx = idgx, and hence G is a functor.
]

(4.29) Theorem (cf. [20, Proposition 10.5]). The functor sSetg <, sGrp is left adjoint to sGrp W, sSetg.

Proof. We let X € ObsSety be a reduced simplicial set, H € ObsGrp a simplicial group and GX <. Ha
simplicial group homomorphism. We define (o®x 11 )n: Xy — Wy H, 2 — (2nd|p j12)9j)je|n-1,0 for n € No.
We suppose given 0 € a([m], [n]) for m,n € No. Then

Tn(@®x 1)n(WoH) = (2nd |, j42)95)je(n—1,0)(WoH) = ( 11 (@nd 12195 Hp 01))iem-1,0)
JEL(i+1)0—1,i6] .

= ( H (xndl_7l,j+2j (Gg‘g]]X)(pi))iel_m—l,OJ
jE€(i4+1)0—1,i0]

=(( H (Tnd|n,j+2 (G9|5]1X)))<Pi)iqm—1,m
jel(+1)0—1,i6]

=(( H (pd | jt2] (PQ‘F]]X)(xndLn,j+2j dj+lsj(PQHJ_']]X))il))‘Pi)iEmel,OJ
JEL(i+1)0—1,i0] ’ ‘

= (( H (pd |, jt2] XSh(Glg]])(IndLn,j+1jchXSh(o‘E]]))_1))@1')1'6{77171,0]
jel(i4+1)0—1,i0]

= II  Gadpge Xsn(0)2) @ndin,j+1) XSh(mE]])o-j>_1))<pi>i€mel,0j
jel(i4+1)—1,i0]

—1
= (( H (Znd[n,j42] XSh(e\{j})(xndLmHlJ XSh(9|H]])gj) )
JEL(+1)0—1,i0+1]

(Tnd|n,ig+2) Xsh(el{:]e])(-’L‘ndtn,iGJrlJXSh(em]G])Gie)_1)>30i)i6Lm71,0J

= ((( H (x”dL”’jJFzJXSh(e\E]])<x”dln’j+1JXSh(GHj’]ﬂ]))_l))
JEL(i4+1)0—1,i0+1]

(nd|n,i012) XSh(9|[7}91)(JﬁndLn,wHJXSh(e‘w])Gie)71))@2‘)1‘6@—170]

xndLn (i+1)60— 1+2jX (9|[(1+1)9 1])($ndLn zO—&-le (9|[19])0-10) )@i)ie[m—l,OJ

Ty Xsri+no41,m Xy 4001 (Tnd ni011) X L gieny) Yei)ieim-1,0)
Olii+n ot (Ol )

Tn Xy, (D0 101,01 (xnd|pig+1] (XQW]SJ)Si)_l)@i)iqm—mj
k3 k3

= ((
((
(zn X, oIl D g1+ 0+1,01 (xnd\_n,ie-&-le‘g%ﬂ] Xot) ei)iem—1,0)
((
= ((zn

9‘ (_3:]1)9]5((1‘+1)0+1,n1 )SD'L)LE m—-1,0] = (anéri‘*'Qv"ﬂQcpi)iel_m—l,oj
= (l’nXOXMHlM ‘Pi)iemel,OJ = (wnX9dLm,i+2j Qoi)iemel,Oj = ane(QO‘I)X,H)m

for all z,, € X, that is, the diagram
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commutes. Thus the maps (¢®x ), for n € Ny yield a simplicial map

pPx. H
-

X WH.
Since ¢ € sarp(GX, H) was arbitrary, we have a well-defined map
Py i sGrp(GX, H) = sseto (X, WH).
We claim that the maps ®x g for X € ObsSety, H € ObsGrp, yield a natural transformation
sGrp(G—,=) — ssety (— W=).
Indeed, given reduced simplicial sets X,Y € ObsSet, simplicial groups H, K € ObsGrp, a simplicial map

Y — X and a simplicial group homomorphism H K , we have

Ynen(©Px 1)n(Wnt)) = (Unend|nj12)95)jen-1,0)(Wat)) = Unend|n,j+2)9i%;) je[n—1,0]
= (Und|n,j4+2)€j119j%j)jeln-1,0] = Wnd|n j+2](Gje)@V)) i n—1,0]
= (Ynd|nj+2) ((Ge)p) ) jcin-1,0) = Yn(((Ge) oY) Py K )n

for y, € Y,, n € Ng. Hence the diagram
scrp(GX, H) S5 oy (X, WH)
(GE)(—)wl ie(—)(ww
arp(GY. K) 5 (o, (X, WE)
commutes, and we have a natural transformation
sGrp(G—,=) =2 sSeto(— W=).

It remains to show that ® is an isomorphism. To this end, for a given reduced simplicial set X, a given simplicial

group H and a given simplicial map X iR WH, we define a group homomorphisms (f¥x z),: G, X — H by
Tot1(fUx g)n = (@ng1 frog1)n for 241 € Xpp1, n € Ng. Given 6 € a([m], [n]) for m,n € Ny, we obtain

m(GGX)<f‘I’X,H)m Tp41 (P9X>($n+1dn+lsn (POX))_l)(f\IIX,H)m

= (
= (xn+1XSh9fm+1)m(xn—i-ldn-&-lSnXSh@fm—O—l);Ll

= ($n+1 fn+1(WSh0H))m(xn+l fn+1dn+1sn (WSIIGH));@1
= (

H (x"'*‘lf"'f‘l)jH(ShG)Hi]L])
F€[(m+1)(Sh8)—1,m(Sho)]

: ( H (anrlfn+1dn+1sn)jH(Sh9)|wl]
€[ (m+1)(Sho)—1,m(Sho)

)—1

= ( H (l'nJrlfnJrl)ngHi]l])( H (xn+1fn+1dn+15n)ng|{£]>_1

jE€|n,mo| JjE[n,mo)
=( H (Tnt1fnr1)jHopn )( H ($n+1fn+1)jHa|m)_1
jE€n,mo| jE€|ln—1,mb|
= H (Tnt1fnr1)iHop H (xn-s-lfn-s-l)j_ng\[jJ
jE€[n,mo] j€lmO,n—1]|

= (Tns1for1)nHom = (@nt1fos1)nHo = Ty (fVx 1)nHe

for 41 € X411, that is, the diagram

GuX 25 G X
(f\IIX,H)nl l(f‘I}X,H)m
Hyp

H, ——H,,
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commutes. Hence the group homomorphisms (f¥x g), for n € Ny yield a simplicial group homomorphism
f¥xpg: GX — H,

and since f € sget, (X, WH) was arbitrary, we have a well-defined map
Ux i+ sseto (X, WH) — sarp(GX, H).

We have to show that ®x i and ¥ x g are mutually inverse maps for each reduced simplicial set X € ObsSet
and each simplicial group H € ObsGrp. Indeed, it holds that

l'nJrl(SD(PX,H\IIX,H)n = (xn+1(@(bX7H)n+1)n = xn+1dtn+1,n+2j Pn = Tn+1Pn

for all x,41 € Xp41, n € No, that is, o®x g¥x g = ¢ for every simplicial group homomorphism ¢ €
sarp(GX, H). Moreover,

To(fUx HPx H)n = (Tnd|pnjr2) (fYx H)j)icin-1,0] = (@nd|n j12) fi+1)i)jen-1,0]
= ((xnfndLn,jJr2J )j)jELnfl,OJ = xnfn

for all x,, € X,,, n € Ny, that is, fUx g®x g = f for every simplicial map f € sget, (X, WH). This implies
Ox nVx p=id g, (cx,m) and Vx gPx g = idsSetO(X7WH) for all X € ObsSety, H € ObsGrp,

and hence the maps ¥ x g for X € ObsSety, H € ObsGrp yield a natural transformation

sSet (—7W:) L sGrp(G_7 :)

inverse to ®. Thus sgrp(G—,=) = sSeto (—, W=), that is, G 4 W. O

§ 5 The classifying simplicial set of a simplicial group

Here we introduce the second possible notation for a classifying simplicial set of a simplicial group, namely the
diagonal of its nerve. It will be shown that the Kan classifying simplicial set and the diagonal nerve construction
are simplicially homotopy equivalent.

(4.30) Proposition (diagonal of the nerve of a simplicial group). The diagonal of the nerve of a given simplicial
group G is a simplicial set with Diag, NG = G*"* and where the faces and degeneracies are given by

dg = >< de(dedk)mX X dy, for allkG[O,n},nEN,
i€n—1,k+1] i€|k—2,0]

and

stk= X sgxnx X sgforall kel0,n],ne N
i€|n—1,k] i€k—1,0]

Proof. Follows from proposition [(1.36)| and proposition O

(4.31) Proposition.
(a) We have a natural transformation
Diag oN LW
given by (Dg)n = Xicin-1,0] dn,it1): Gi" — Xic|n-1,0) Gi for all n € Ny, G € ObsGrp.

(b) The natural transformation D is a retraction. A corresponding coretraction is given by

w2 DiagoN,
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where S¢ is recursively given by

(Sa)n: X Gi— G, (9i)iein-1,0] — Wi)ie|n-1,0]

i€ln—1,0
with
vi= I G'dgeusis-n) I1 @dyasasiin-i) € Ga
jeli+l,n—1] jeln—1,i]

for each i € |[n — 1,0, n € Ny, G € ObsGrp.
Proof.

(a) First, we have to show that for a simplicial group G the maps (Dg),, for n € Ny are compatible with the
faces and degeneracies of G. In fact, we obtain

d(Da)n-1=( X dgx(dgxdgmx X dg)( X din-1it1))

i€ln—1,k+1] ielk—2,0]  i€ln-2,0]
= X dpgdppor) ¥ (de xd)md g X X drd o141
i€ ln—1,k+1] ie[k—2,0]
= X drd|p—1,; X (dg x dk)dLn—l,kJm X X drd|n—1,i+1]
i€ n—1,k+1] i€|k—2,0]
= X dpnisde X (dppesrdie X dppgp)m x X dinig1)
1€ n—1,k+1] i€ k—2,0]
= ( >< dl_n,i-‘rlj)( >< dg x (dk X ld)m X >< ld) = (DG)ndk
icln—1,0] i€ln—1,k+1] ie|k—2,0]

for all k£ € [0,n], n € N, and
sk(Da)np1=( X spxnx X osp)( X djngiie1))
i€|n—1,k] i€|k—1,0] i€[n,0]

= X Skd|ny1,it2) X0 X X Skd [na1,it1)
i€|n—1,k| i€|k—1,0]

= X dpirysexnx X dppig
i€|n—1,k| i€|k—1,0]

=( X dpa)( X ospxnx X id) = (Dg)sk

i€|n—1,0] i€|n—1,k] i€k—1,0]
for all k € [0,n], n € Ny, that is
Diag NG 2% W@

is a simplicial map for each G € Ob sGrp.@

Diag,, ., NG <** Diag, NG —%*~ Diag,, , G

l(DG)nJrl l(DG)n l(DG)nl

Sk —_— dk X7
W.,.G W, 1G

W,i1G

Now we let G and H be simplicial groups and we let G = H be a simplicial group homomorphism. We
get

(De)n(We) =( X dpnir1)( X @)= X dpiryei= X @ndinita
i€|n—1,0] i€[n—1,0] i€|n—1,0] i€|n—1,0]

1The morphism D¢ can be obtained as composite Dg = ¢na fa, where ¢ is the natural transformation _between the functors
Diag and Tot from s?Set to sSet, cf.|(3.15), and where f is the isomorphism from Tot oN to W, cf. remark This yields an
alternative proof of the fact that D¢ is a simplicial map.
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=@, X djnit1)) = (Diag, Ne)(Dg)n
i€|n—1,0]

for all n € Ny. This implies that we have a commutative diagram

Diag NG 2% W

Diag Ngol lww

Diag NH —22> 7 17

that is, (Dg)geobsarp is natural in G and thus Diag oN L, W is a natural transformation.

(b) Again, we have to show that the maps (Sg), for n € Ny commute with the faces and degeneracies of a
simplicial group G.

First, we consider the faces: We let n € N and k € [0,n]. For an n-tuple (g)ic|n—1,0] € Xieln-1,0) Gi we
compute

(gi)iELn—l,OJdk(SG)nfl = (fi)iELn—ZOJ (SG)nfl = (xi)ie\_n—Q,OJa

where
gi-',-ldk for i € Ln -2, k‘J,
fi = (gkdk)gk—l fori=Fk — 1,
gi fori e |k —2,0]
and
T; = H (z; ' dyjit1)87i5-17) H (fjd|jit1/8[im—21) for each i € [n —2,0].
jelit1,n—2] je|n—2,i]

On the other hand, we get

(9i)ic|n—-1,0)(S&)ndk = Wi)ic|n-1,0)dk = (Z})ic|n—2,0]

with
Yi = H (yfld[j,z'-s-ljsfi,j—ﬂ) H (9545 i+1)81i,n—17) for i € [n —1,0]
jefi+1,n—1] jE€|n—1,7]
and
Yir1dy forie |n—2k|,
2= 4 (yrdp) (yp—1dy) fori=4k—1,
yidg for i e [k —2,0].

We have to show that x; = 2} for all i € |n — 2,0]. To this end, we proceed by induction on i.

For i € [n — 2,k|, we calculate

Ti= H (IJ‘_ldLj7i+1Js[i7j—ﬂ) H (f3d j,i41)5Ti,n—21)
jeli+1,n—2] JE[Nn—2,i]
= JI @ Ny Srig-11) T (Fdyicaspin—)
jelit1,n—2] j€ln—2,]
—1
= H (Y1 ded it spij-17) H (95+1dxd|j,i41/87i,n—271)
jei+1,n—2] jEIn—2,%]

= H (y;rl1du+1,i+2j dgsriji—11) H (95414 j41,i+2]dkSTin—21)
jefit1,n—2] jeln—2.i
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H (yj_+11dtj+1,i+2jS(i+1,ﬂdk) H (95414 j41,i+2/5Ti+1,n—17dk)

j€fi+1,n—2] JEIN—2,1]
= H (yj_Jrl1d|_j+1,i+2JS[i+1,j]) H (9j+1d|_j+1,i+2jS[iJrl,nfﬂ))dk
j€fi+1,n—2] j€ln—2,i)
= H (y;ldLj,i+2JS|'i+1,j—1'|) H (gjdLj,i-s-zjS(z‘-s-l,n—l]))dk = ¥Yit1dg.
j€li+2,n—1] jE€ln—1,i4+1]

For i = k — 1, we have

Tr—1 =

H (@5 dyjmsrh-1,5-11) H (f5d |k |STh=1,n—2])

Jj€[k,n—2] je€ln—2,k—1]
-1
H (a:; dijk)Sre—1,j-11) H (f5dk1STh—1,n—21)
J€lk,n—2] j€ln—2,k—1]

I wihdedymsm-riom) [ (Gardedynsme—tn-21) - (9rd)gr—1)815—1.0-2]
Jj€lk,n—2] j€ln—2,k|

H (yj_+11dtj+17kjs(k—1,j—11) H (9j+1dj41,k)S[k—1,n—2])

jelk,n—2] jE(n—2,k—2]
H (y.j—ldtj,kjs(k—l,j—ﬂ) H (gjdLj,kJS(k—l,n—ﬂ)

jelkt1,n—1] jeln—1k—1]
(wedr) [T @i'dpwgsi—ii—=)  T1 (@dyumsi—1mn—2)

j€[k,n—1] jE€ln—1,k—1]
(yrdr) (y; " djksStr—1,j-11dk) (954 15.k)5Tk—1,n—171dR)

J

j€lk,n—1] jeln—1,k—1]

(yeds) (y-fldu,kjs(k—u—l]) (95d15,k15Tk=1,n—17) ) d&
J
j€[k,n—1] j€ln—1,k—1]

(yrdr) (Ye—1d).

For i € |k — 2,0/, we finally get

€Ty =
Jj€

VS

= (

H (xj_ldLJ‘viHJs[iJ—lW) H (fjdLj,iHJS[i,n—ﬂ)

[i+1,n—2] Jj€[n—2,i
—1
II @ dyausig—n) [ (Gdyasusiin-21)

[i+1,n—2] JE[N—2,i]

I & dedyiensiigm) (Wrye—1) " drd k-1 ig1)Spik—27)

jeli+1,k—2]

= (

I @ihdedyasysng—o)C TT @ierdedyjica spin-21))
j€[k,n—2] jE€|n—2,k]

(((grd)gr—1)d - vi41)87im-2)C [ (@5ditasSrin—21))
jelk—2,i

I @ dedyiinsiig—) @l ided ety Spin—21) W ik Spig—21)

jei+1,k—2]

JjE

( H (Y5 +1itassig—17))( H (gj+1d1j+1,i+1)5[in-21))
j€[k,n—2] JjE€|n—2,k]

“(9ed|k,i+1)57i,m—21) (Gr—1d | k—1,i+15[i,n—21)( H (95d1j,i+1)8Tin—21))
jelk—2,i

T l'dedyicgsig—) I @rhdysishi—n)
[i+1,k—1] jelk—1,n—2]

H (gj+1du+1,i+1js]'i,n72'|) H (gjd[j,i+ljs|'i,n72‘\)
je|ln—2,k—1| jelk—1,i
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= ] @'ddyasysig-n) ] @ty sig—en)

jeli+1,k—1] jelkn—1]
H (gjdl_j7i+ljs[i,n72l) H (gjdLj,iJrljS(imfﬂ)
je€ln—1,k] j€lk—1,i]
= JI  G'dpesydesrisiig—) [T @ 'duasusrg—) [T @idpasyspin-2)
jeli+1,k—1] j€lk,n—1] Jj€[n—1,%]
= H (v; 'djas1ysrig—11de) H (y; ' jas1yS7i—11dk) H (959 5,6415M6,n—21)
jeli+1,k—1] jE€[k,n—1] jEn—1,i]
= H (yfldu,iHJS[i,j—ﬂ d) H (95d(j,i+1)5[i,n—11d%)
jelitl,n—1] jeln—1,i]
= ( H (y]'_ld\_j,i+1jsfi,j—1]) H (gjdLj,i-&-ljSH,n—l]))dk = ;d.
jE€li+1,n—1] jEIn—1,i]
Hence
Yir1dg forie |n—2k|,
x; = < (yrdy)(yr_1dx) fori=Fk—1, =1}
Yidk for i e [k —2,0)

for i € |[n —2,0], and therefore

(Qi)iqnq,ojdk(sc)n,l = (gi)ie[nfl,OJ(SG)ndk-
We conclude that dg(Sg)n—1 = (Sg)ndi for all k € [0,n], n € N.

Next, we come to the degeneracies.

We let n € No, k € [0,n] and (gi)ic|n—1,0] € Xic|n—1,0] Gi- We compute

(9i)iein—-1,0/5:(Sc)n+1 = (hi)ic(n,0] (Sa)ns1 = (Zi)ie|n0)s

where
gi—18k  fori € |n,k+1],
h; =<1 for i =k,
gi forie |k—1,0]
and
2= H (zj_ldlj’iHJs[i,j,ﬂ) H (hjd|j,i+187in7) for each i € [n,0].
jeli+1,n] JEni

Further, we get

(98)icin—1,0) (Sa)nsk = Wi)ic(n-1,05 = (2i)ic|n.0

with

Yi 1= H (yfldLj,iHJS[z‘,j—ﬂ) H (95dj.i4181im—17) for i € [n —1,0]
jefi+1l,n—1] JjE|n—1,i]

and

Yyi—1sg fori € n,k+1],
2 =<1 for i = k,
YiSk for i € |k —1,0].

Thus we have to show that z; = 2} for every ¢ € |n,0]. To this end, we perform an induction on i € |n,0].



THE CLASSIFYING SIMPLICIAL SET OF A SIMPLICIAL GROUP

For i € |n,k + 1|, we have

%= H (Zfldtjyi+1js(i,j—11) H (hjd|j.iv1)87in)

jeli+1,n] Jj€|n,i]
-1

= H (25 dyjit1)8i,4-11) H (hjd|ji41)87in])
jefi+1,n] j€|n,i]

= H (yj__llskd\_j,i-i-ljs[i,j—ﬂ) H (gj—1Sdej,i+1JS[i,n1)
jeli+1,n] jE|n,i]

= H (y; 1 d =1,k 75, j—11) H (95-1dj-1,i/8KS[i,n])
jeli+1,n] jeln.i)

= H (y; 11 d1j—1,4)8Ti-1,j—2]5) H (g5-1dj-1,iSTi—1,n—115k)
jeli+1,n] je|n,i

= H (yjildu,ijsﬁfl,jfl‘\ Sk) H (gjd[j,ijsfifl,nfl]sk)
jeli,n—1] jEln—1,i—1|

:( H (yfldtj7ijsfi—1,j—11) H (gjdLj,z‘JS[i—l,n—l]))Sk=yze1Sk-
j€lim—1] j€|ln—1,i—1]

For i = k, we compute

= I Gldussusmi-) [T Bidyaensmen)

JE[k+1,n] j€|n,k]

—1
= H (25 dyjrr1)STe,-17) H (hgd | kg1)5Tk,n7)
JE[k+1,n] JjEn,k|
= JI Glsedyprusma—n) [T (@-156d e smn)
JE[k+1,n] JjE|n,k+1]
= H (y; 111 kt1 Sk —17) H (95-1d|j—=1,k415[k,n])
JjE[k+1,n] jE€|n,k+1]
= H (y; 1 3kd k2 STk41,5-11) H (95—156d | k+2/STk+1,n7)
JE[k+1,n] JEn,k+1]

—1
= I & duwssperi—n) [I udyreassipern)
JE[k+1,n] JEn,k+1]
=z I G ldpmsasmers-n) [ (udyaressimie) = 2t 2he = 1.

jE€Tk+2,n] jEn,k+1]

For i € |k —1,0], we get

z= I Gldgesig—n) TT (sdyicasiing)

jeli+1n] j€lni
~1
= H (Z; d[j,i+1JS|'i,j—1'\) H (hjdLj,i+1jS]'i,n'\)
jeli+1n] jeln.il
—1 -1 -1
= JI & dgesi-u))@ dkaysie-)C [T & dygaspg-n)
jefi+1,k—1] jelk+1,n]
S II ydpasnspm)) Cudiragsrin)C ] (Rid iz siin))
jEn,k+1] jE|k—1,i]
= H (yj_lsdej,i-&-ljS[i,j—ﬂ) H (y{flskdmiﬂjs[i,j—ﬂ)
JETit1,k—1] j€Mk+1,n]
H (g5-18kd |5 i+1)57i,n]) H (95415 i+1)87in7)
jGL’IL,kH'lJ jELk*l,iJ

= I Gi'sdyirysrin) T @5 'sedysivasnin)
jelit1,k—1] jelkn—1]
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I sedyiryspn)  TT (9dyiasrin)

j€ln—1,k] jelk—1,]
= I  G'dpasuse—esrig—1) [ @ 'dysesngn)
jefit1,k—1] jelkn—1]
H (gjdu,iﬂjsﬁ,n}) H (gjdu,iﬂjs[i,n])
jeln—1,k] jelk—1,]
= H (yfldu,wljsn,jq]sk) H (yfldu,wljsﬁ,jq]sk) H (95dj,i41)8i,n7)
j€li+1,k—1] j€k,n—1] jEn—1,%)
= H (?/fldu,wljsn,j—l]sk) H (95d|4,i+1)57i,n—115k)
jelit1,n—1] jeln—1,i]
= ( H (yj_ldLj,i—&-ljSh‘,j—l]) H (gjdLj,i-i-lJS[i,n—l'\))sk = YiSk.
jeli+1l,n—1] jEIn—1,i]
Hence
Yi—18k fori € [n,k+ 1],
zi=1+X1 for i =k, =z

YiSk fori e |[k—1,0]
for i € [n,0], and therefore

(gi)iqn—l,ojsk(sa)nﬂ = (gi)ie[n—l,oj (SG)nSk-

We conclude that si(Sg)nt+1 = (Sg)nsk for all k € [0,n], n € Ny.
Thus (S¢)nen yields a simplicial map

WG 2% Diag NG.

Now we shall show that (Sg)geobsarp 1S @ natural transformation. We let G, H be simplicial groups
and G - H be a simplicial group homomorphism. Further, we let n € Ny be a non-negative integer and
(9i)ic|n-1,0] € WnG be an element. We write (y;);c|n—1,0) for the image of (g;)ic|n—1,0) under (Sg), and
we write (2;)ic|n—1,0] for the image of (g;0i)ic|n—1,0] = (9i)ie|n—1,0/(Wne) € W, H under (Sg),. By
induction on i € |n — 1,0], we get

%= H (Zj_ldLJ%iJrlJSfiJ—ﬂ) H (gj@jdLj,i+1JS[i,7z—11)
jeli+1,n—1] jE€ln—1,4]
(yj_l%du,i+1jsﬁ,j—11) H (gj%du,wljsmn—l])

11
jeli+1,n—1] jE€ln—1,i)
11

(v 'dygissrig—nen) [ (@5dyasysiin—11en)

jelit1,n—1] j€ln—1,]
= ( H (?J;ldu,iﬂjsn,j—l]) H (gjd[j,iJrlJS[i,nfl‘\))(Pn = Yi¥n-
j€lit1l,n—1] j€ln—1,i]

Hence

(gi)iELn—l,OJ (Wn@)(SH)n = (gi%)iem—l,oj (SH)n = (Zi)iELn—l,OJ = (yi@n)ie[n—l,oj
= (Yi)ie|n—1,0) Diag, No = (gi)ic|n-1,0/ (Sc)n Diag,, Ne.

Since (gi)ic[n—1,0] € W.,.G and n € Ny were chosen arbitrarily, this implies the commutativity of

wa e, Diag NG

Wy;l iDiag Ne

WH S Diag NH
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Finally, we have to prove that D¢ is a retraction with coretraction S¢g, that is
(8G)n(Dg)n = idsg, ¢ for all n € No.

Again, we let (yi)ic|n—1,0) denote the image of an element (g:)ic|n—1,0] € Xic|n-1,0) Gi under (Sg)n-
Then we have

(gi)ieLnfl,OJ (Sc)n(Dg)n = (yz‘)iean,oJ (Dg)n = (yid\_n,iJrlJ)ieLnfl,Oy

Induction on i € [n — 1,0] shows that

Yid|nit1) = ( H (y; 'dyjit1)57i-11) H (gjdu,wrusﬁ,n—n))dLn,z‘HJ

jefi+1l,n—1] jE€ln—1,i]
= JI  @'dyesusig—ndmisy) [ @dyasysin—ndinicg)
jefitl,n—1] jeln—1,]

—

(W5 Ay din-jigiijrasiindyarg) [ (9dpag)

jelitln—1] jeln—1,i
= 11 l'dyagdm—jsiag) [ (@dyig)
jelitln—1] jeln—1,]
= H (?J;ldLn,iHj) H (g5d1j,i41])
jelit1ln—1] jeln—1,i
= H (gfldu,z‘ﬂj) H (9;d1j,i41)) = i
jelitln—1] jeln—1i

This implies that (Sg)n(Dg)n = idy ¢ for all n € No.
O

(4.32) Theorem. For each simplicial group G, the Kan classifying simplicial set WG is a strong simplicial
deformation retract of Diag NG. A strong simplicial deformation retraction is given by

Diag NG 2% WG,

where (Dg)n = X c|n—1,0] d[n,it1) for every n € No, G € ObsGrp; cf. proposition |(4.31)

Proof. For n € Ny, we define H,,: Diag, NG x A}, — Diag,, NG, ((gn.i)ic|n—1,0/> T %) = (4i)ic|n—1,0), where
k € [0,n + 1] and, recursively defined,

In,i for i € Ln—l,k—ZJﬂNO,

Yi = _ .
Hje[i-i—l,k—ﬂ (yj 1dLj,i+1Js[i7j—1W) HjeLk_LiJ (gn,jdl_k—l,i-&-ljs[i,k—ﬂ) for i € [k —2,0].

Cf. definition |(2.3)]

We will show that these maps yield a simplicial homotopy from DgSg to idpiag NG, Where Sg is given as in
proposition |(4.31)l which is constant along Sg.

First, we show the compatibility with the faces. For k € [0,n], I € [0,n+1], n € No, (gn,i)ic|n—1,0] € Diag, NG,
we have

((gn,i)ieLnfl,OJ ) Tn+1_l)dan—1 = ((gn,i)ig ln—1,0) dg, Tn+1_ldk)Hn_1 = ((fi)i€[n72,0j , 5an+1—l)Hn_l
S ((F)iein—2,0), T Hn 1 fork>1,|
- n+1—1 = (%i)ic [n—2,0]5
((fi)ieLn—2,0J7T VH,—1 fork <l

where

Ini+1dk forie |n—2k|,
Ji = (9nkdi)(Gnk—1dr) fori=4k—1,
In,idk for i e |k—2,0]
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for all i € [n —2,0] and

fz' fOI‘iELTL*Q,Z*U, k>
— . l p— 9
o Ulerivnima) (@ H i) e oo, (fidiie1 8pi0-27)  fori € [1-2,0]
e ; for i —21-2
f ori € [n , |, k<l

Hje(i+1,l73] (l“j_ldtj,iﬂjsﬁ»jfﬂ) HjeUfB,iJ (fidji—2,i41)81i0-57) fori € |l —3,0]
for all i € [n —2,0]. On the other hand, we have

((gn,i)iein—1,00> T T "D Hndk = (W)ie|n-1,0)d% = (#})ie[n—2.0
with

Gn,i forie n—1,1—-1],
Yi ‘= .
W crivii oWy ' dpavnsrii-1) [e i) Gnidp—1ir1ysri—2)) fori e [1—2,0]

for i € [n—1,0] and

Yir1dy fori € [n—2k],
z; = < (yrdi)(yr_1dy) fori=4k—1,
yidy for i € |k —2,0]

for i € [n — 2,0]. We have to show that z; = 2} for all i € |[n — 2,0]. To this end, we consider three cases and
we handle each one by induction on i € |[n — 2,0].

We suppose that &k € [n,l].

For i € |n — 2,k], we have

zi = fi = gniv1di = yi1di, = 2.
Fori =k — 1, we get

Th—1 = fo—1 = (Gnkdk) (gnk—1dr) = (Ypdr) (Yr—1dr) = 23,1
Fori e |k —2,1 —1], we get

zi = fi = gnidr = yidy = 2]

Finally, for ¢ € [l —2,0], we calculate

vo= I G@'dyasysiin) T du-visasmioa)
jeTit1,1—2] jeli—2i
1
= JI @ dyasysig—n) I Fdu—vicaspii—a)
jeTit1,i—2] jeli—2,i
= H (?J;ldkd[j,iﬂjsﬁ,j—ﬂ) H (9n,jded|1—1,i41]57i,1-21)
jelit1,l—2] jeli—2,i
= H (yfldLj,iJrlan,jq]dk) H (9n5d(1=1,i4+1)81i,1—27dk)
jelit1,i—2] jeli—2,i
- ( H (yj_ldLjJJrlJSfi,j—ﬂ) ]___[ (gn,jdLl—l,i+1JS[z’,l—2'\))dk = ydg = 2.
jefi+1,1—2] JEl—2,7]

Next, we suppose that k=1 — 1.
For i € |n — 2, k], we have

= fi = 9n,i+1dk = yir1dx = x;
For ¢ = k — 1, we compute

k-1 = fo—1 = (Gnkdk) (gnk—1dk) = (gnxdk) (Gnk—1drsk—1dr) = (Yrde) (Yp—1dx) = 25_;.
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For i € |k —2,0], we get

(@7 dyasysrig-1) ] (Fdie-rir1Srie—2))
k—2] je|k—2,i]

-1
(% d|ji1)87i-17) H (f5d k—1,i+1)51i,k—21)

g
H
Jeli+1,k—2] jelk—2,i]
Al
H

(y; 'drdyjisSTi -17) H (9n,jdrd (k—1,i41)5[i,k—2])
k—2] jelk—2,i]

(y; ' |jis1ySri—11d%) H (9n,jd |k i41)870k—11dK)

jefi+1,k—1] jelk=1,i
= ( H (yildLj,i+1JS[i,j—1]) H (gn,jde,i+1jSﬁ,k71‘\))dk = y;dy, = ).
jefitlk—1] jelk—1,i

Finally, we suppose that k € [l — 2,0].
For i € |n — 2,1 — 2], we see that

= fi = 9n,i+1dk = yir1dx = x;
For i € |l — 3, k], we have

w= I @'dgergson) T (duziensnias)
jE€[i+1,1-3] JjE1-3,7]
1
= I @ dyasysig—n) [ (Fdu—ziceaspii—s)
jeTit1,1—3] jell—3,i
= JI wihdedyiryspg-1n) I @niordedi—siiaspi—s)
jeTit1,1—3] jeli—3,i
_ —1
= H (yj ddej71,i+1JS[i,j72}) H (gn,jdkduf2,i+1jS(i,l73'|)
jelit2,i—2] jell=2,i+1]
= H (yfldu,iuj disrij—21) H (Gn,jdj1—1,i+2)drS1i,i—31)
jelit2,1-2] Jell=2,i+1]

= (y; 'dijit2)Sritr1—-17dk) H (9n.jd[1-1,i+2)51i+1,0—21d%)

je€[i+2,1—2] JELl—2,i+1]
= ( H (y; ' |jis2sSTit1,i-11) H (gn,jdLl—17i+2JS[i—i—l,l—ﬂ))dk = Yip1dy = 2.
jerit2,1-2] JElI—2,i+1)

For ¢ = k — 1, we have

= [ @'dpwsper—n) [ (fdu—amsir—i-s))

jElk,i—3] jEll—3,k—1]
-1
- H (”3;‘ dLj,kJSrkajfﬂ) H (fjduflkjs(kfl,lfiﬂ)
JjE[k,1=3] jell—3,k—1]
= H (W+1ded k) Sre—1,-17))( H (gn,j+1drdi—2k)STk—1,1-371))
JE[k,1—3] JELI-3.k)

(gnedrd =2,k S1k—1,1-31) (n.k—1drd [1—2,k | S[k—1,1-37)
IT @indidywsp—ri—) [ nsrrdedy—omsir—1i-37)

jelki—3] jell=3,k—2]
= H (yidrdj—1,k)5Mk—1,j—21) H (9n,jdxd|1—2,k)STk—1,1—37)
jElk+1,1—2] jell—2,k—1]

= H (yfld[j,kjs(kfl,jfﬂ) H (9n5d1=1,k)5k—1,1—37)
JETk+1,1-2] jell—2,k—1]



84 CHAPTER 1IV. SIMPLICIAL GROUPS

= (yrds) H (y; Ak Ste-1,j-21) H (9n5d1=1,k5[k=1,1-371)

J€[k,1-2] je|l—2,k—1]
= (yrdg) H (y; 'k STh—1,j—17dk) H (9,5 [1=1,k51k—1,1—21d%)
jeTk.i—2] JEl=2,k—1]
= (ykdk)( H (y; 'k STh-1,-17) H (gmjd[lfl,kjs(kfl,lfﬂ))dk = (yxdr) (Yr—1dg)
jelk,1—2] jell—2,k—1]

0
—_— xk_l.

At last, for ¢ € [k —2,0], we get

Ti = H (@5 dyjit157i,5-17) H (fidy—2,it1)87i0-31)
jelit1,1-3] jeli=3.i
-1
= I @ dyasyspg-n) I (Fdu-zieaspii—s)
jETit1,1—3] jell—3.)
-1 -1 -1
= ( H (339 dLj,iJrljSH,jfl]))(x;c—l defl,iJrlJS(i,ku])( H (33;- dLj,iJrlJS(i,jfl]))
JETit1,k—2] jelk,1—3]
( H (f3dj1=2,i+157i,0—31)) (fr—1d[1—2,i+15Ti,1—37)( H (fid1=2,i+157i,—31))
jell=3.k] jelk—2.i)

( H (y;ldlcdu,iﬂjsn,jfl]))(ykilldkd[kfl,iﬂjS(z‘,kﬂ])(ylzldkducfl,iﬂjS[i,kfzw)

jeli+1,k—2]
( H (y;.g.lldkdu,i+1js]'i,j—l'|))( H (gn,j+1ddel—2,i+1JS[i,l—31))(gn,kdkdU—z,z'-s-ljS(z‘,l—s])
jek,1—3] jE|1-3,k|

“(gnk—1drd|1—2,i41875,1-37)( H (9n,jdkd|1—2,i41)5i,1-31))

J€lk—2,i]
= I G'ddpegsis)  IT Grhdedyangss—)
Felit1,k—1] jelk—1,1-3]
H (9n,j+1drd|i—2,i+1)51i,1—37) H (9n,5ded|1—2,i41)57i,1—37)
JjEl-3,k—1] jE€lk—1,1]
= H (y; " drdyjig1)sTi-11) H (y; 'didj—1,i41)571,—27) H (9n,jdrdi—2,iv187i1-37)
jelit1,k—1] jeTk,1—2] jell—2,i]
= H (yfld[j,i+ljdkfj+isfi,j71‘\) H (y;ldLj,iJrljSH,jfﬂ) H (gn,jdLlfl,H»ljS[i,lfB])
jeli+1,k—1] JE[k,1-2] JjEl—2,i]
= H (yfld[j,i-s-lJS[i,j—ﬂ dk) H (y;ld[j,i—&-lJS[i,j—l'\ dk) H (gn,de—1,z‘+1JS[i,l—2]dk)
jeli+1,k—1] JjEk,1-2] JjEl—2,i]
= H (yfldu,i-s-usm,j—l]dk) H (Gn,jd|1—1,i+1)57i1—21dR)
jefit1,1—2] jeli—2,i]
= ( I @'dyasysmi-m) 1 (gn,jdLl—l,i—i-lJS[i,l—ﬂ))dk = yidy = .
jefi+1,1-2] jell—-2,]

Hence z; =  for all i € |n — 2,0], regardless of k and [, and therefore
((gn,i)ietn—1.00, T T DdrHn—1 = ((gn,i)ien—1,0), T Hudy,
for all k € [0,n], I € [0,n + 1], n € Ng. We conclude that
dpHy_1 = Hydy, for all k € [0,n],n € No.

Now we consider the degeneracies. We let n € No, k € [0,n], 1 € [0,n + 1], and (gn,i)ic|n—1,0] € Diag, NG. We
compute

((gni)icin-1,0, T T8k Hns1 = (9ni)ien-1,008% T 7 se) Hygr = (Ri)ic(n-1,0, 0" T T 1 Hyp
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_ ) (hiie n-10), T2 ) Hppq for k> 1, — ()
((h)ietarop T D Hyey for k<t f 00
where

Gnji—18k  forie |n,k+1],
hi =41 for i = k,
9n,iSk forie |k —1,0]

and
hi for i € |n,l —1], HE> ]
— . 1 p b
. Hje[i-i—l,l—z] (; 1dLj,i+1JSH,j—11) HjeLl—2,z'J (hjdji—1,i1)8ri0—21) forie [l =2,0]
’ h; for i € |n,l], F k<l
_ . 1 .
I erivii (5 dpavusiig—11) Iie i (Bidpivaysrii—1y)  forie [1—1,0]

Furthermore, we have
((Qn,i)ie [n—1,0]> Tn+17l)HnSk = (yi)ie [n—1,0]Sk = (Zé)ie [n,0] s
where

Gn,i forie|n—1,1—-1],
yi = _ )
Wcrivii oW ' dpavnsrii-1) [e i) Gnidi—1ir1ysri—2)) forie [1—2,0]

and

Yyi—1sg fori € |n,k+1],
2 =<1 for i =k,
YiSk fori e |k—1,0].

Thus we have to show that z; = 2] for every i € |n,0]. Again, we distinguish three cases, and in each one, we
perform an induction on ¢ € |n,0].

We suppose that k € [n,l].

For i € |n,k + 1|, we calculate

zi =hi = gni—15k = Yi—15k = 2i.
Moreover, for i = k, we get

2k =h=1=z,.
For i € |k — 1,1 — 1], we have

2 = hi = gn,iSk = YiSk = 2.

Finally, for i € |l — 2,0], we get

“ = H (257115705 -11) H (hjd|1—1i4151i,1-27)
jeli+1,0—2] JEl—2,i]
= I & Yy i Sig-17) T (diu—tiayspia—e)
jelit1,i—2) jell—2.i)
—1
= H (y; skd|jiv1Srig-17) H (gn,58%d1=1,i+1)5Ti,1—21)
jeli+1,1—2] jeli—2,i

= H (y; " {ji+1)Sk—j+iSTij—11) H (9,5 1=1,i41)Sk—1+i+155,1—2])
jeli+1,1—2] jeli—2,i
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- H (yj_ldLj,iHJS[i,j—HSk) H (9n.jd|1-1,i41)54,1-215k)

jelit1,i—2] jell—2,]
= ( H (yj_ldLj,iJrljs(i,jfl]) H (gn,jdufl,z#ljS(i,l72]))sk = Y;Sk-
jelit1,1-2] jell—2,]

Now we suppose that k =1 — 1.
For i € |n,k + 1|, we calculate

/
2i = hi = gni—15k = Yi—15k = %;.
Moreover, for i = k, we get
/
ZE = hkdk+1sk =1= -

For i € |k —1,0], we get

%= H (Zj_ldtj,iJrlJSH,jfl]) H (hid | jg1,i1]5T,k7)

JETi+1,k] € ki
-1
= H (25 dyjiv1)Sig-11) H (Pjd | kt1,i41)5T4,k7)
FEi+1,k] €k
- H (yjlsdej7i+1JSTi,j—l1) H (9n.i8kd | kt1,i41/570,k7)
JeTi+t1,k—1] jelk—1,i]
= H (Z/fldu,iﬂjsn,j—l]sk) H (9n,jd kit11570k7)
jefi+1,k—1] jElk—1,i]
= ( H (yj_ldLj,iHJSﬁ,j—ﬂ) H (gn,jde7i+1JS[i,k—11))Sk = YiSk-
jEi+1,k—1] jelk—1,i]

At last, we suppose that k € [l —2,0].
For i € |n,l], we have

/
2; = hi = gni—15k = Yi—15k = %;.

Forie [l —1,k+ 1], we get

%= H (Zj_ldtj,iﬂjs[i,jfﬂ) H (hjd|1i41)873,1-17)
JeTit1,1—1] jeli—1,i
-1

= H (25 dygit1Spig-11) H (hjd|1,i41)816,0-17)
JeTit1,l—1] jell—1,

= H (y;j1sdej,i+1JS(i,jfl'|) H (9n,j—156d|1,i41)57i,0-11)
Je€li+1,1-1] jell—1,i]

= H (yfls’fdu+1»i+u5ﬁ,ﬂ) H (9n,58Kd|1,i41)8]4,1-17)
J€[i,1-2] jell—2,i—1]

= H (yfldtj,iJSkSri,ﬂ) H (Gn,jd|1—1,i|SkS[i,1—-17)
JE4,1-2] jeli—2,i—1]

= H (y; 'y Srio1,j-115%) H (95 |1-1,i)S1i—1,1-215k)
JE[4,1-2] JEI—2,i—1]

= ( H (y; ' dyjig8ri-1,5-11) H (9n,jd1—1,6)57i—1,1-2]))Sk = Yi—15k = Z;.
jelii—2) jeli—2,i—1]

For i = k, we have

k= H <Zj71duﬁk+1Jka’jfl1) H (hyd |1 k41)51k,1-17)
jelk+1,1—1] Jell—1,k]



§ 5. THE CLASSIFYING SIMPLICIAL SET OF A SIMPLICIAL GROUP 87

-1
= II & dywensiws—) TI Bsdpmssma-1y)

jENk+1,1—1] jel-1,k]
= I Gilsedyrsusimg—1) I (9ns-186direnysiei-iy)
jElk+1,0—1] jell—1,k+1]
= H (y;lskd[j+1,k+1js(k,j]) H (gn. sk |1, k41)S Tk i-17)
jelk,i—2] jeli—2.k]
:(yglskdkﬂsk)( H (yflskduﬂ,kﬂjs(k,j]))( H (gn,jsdel,k+1JS[k,l—ﬂ))
jEk+1,1-2] jeli—2.k]
=W se)C I 7 duerusma)C T @noidi-tmssiei-11))
jETk+1,1—2] JjEll—2,k]
= (y "si)( H (y; A e1ySThj—1158))( H (Gn,jd|1—1,k+1]STk,1—2]15k))
GETht1,1—2] jeli—2.k
:(Z/k_lsk)« H (y; A es1)STh-11) H (gn,jdLl—l,k-&-ljS[k,l—ﬂ))Sk>:(yk_lsk)(yksk)zl
jElk+1,1-2] jeli—2.k)
= 2.

For i € |k —1,0], we get

Fi = H (257 dj,it1)570,5-11) H (hjd|1,i+187i,1-17)
jefi+1,1-1] jEl—1,i]
1
= 1T G dpayspsn) TT (udpasgspen)
Jjefli+1,1-1] Jell-1,i]
= H (y; "skd 41870 5-11) H (y;yskd i ySpig—11)
Jelitl,k—1] GETk+1,1-1]
H (9n,j—156d|1,i4+1)5[i,1-17) H (9n,58Kd|1,i41]573,1—17)
JEll=1,k+1] jelk—1,i]
= H (ZU;lS/chj,z‘JruSﬁ,jq]) H (yj_lskdml,iﬂjsn,ﬂ)
JElitLk—1] jelk,i-2]
T Gnoscdiirusr-n) T (nssedinicasiii-11)
jell-2.k] jelk—1,i)
= H (yflskdu,i-pusn,j—l]) H (yflskdu+1,i+1jsm,ﬂ) H (Gn,jsed|1,i41)510,0-17)
jeTit1,k—1] jek,1—2] jell—2,i
= H (yfldu,iﬂjSkfjﬂsri,j—ﬂ) H (yfldu,iﬂjsu,ﬂ) H (9nid1-1,i+1)8[i,1-17)
jelitl,k—1] jelki—2] jeli—2.i)
= H (y; A Spi—115%) H (y; 'yt ySTi—115) H (95 [1-1,i+1)5[i,1—215k)
jeli+1,k—1] JETk,1-2] FEI—2,7]
= H (y; ' (j,i+1)S7ij—115%) H (9n,5d[1=1,i+1)51i,1—215k)
Jelit1,i—2] jell—2.i]
:( H (yjildu,iJrlJSmfl]) H (gn,jduq,wusn,zfz]))skzyisk:zg.
JENiT1,1-2] jell—2.i]

Hence z; = 2} for all i € [n,0], regardless of k and [, and therefore
((gn,i)ieLn—l,OJ7Tn+1il)San+l = ((gn,i)iem—mj7Tn+17l)HnSk-

We conclude that sy H,4+1 = Hpsg.
Altogether, we obtain a simplicial map

Diag NG x A! A, Diag NG.
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We have

(gn,i)iqn—l,oj (DG')n(SG)n = (gn,z‘d[n,z'-s-lj)ie[n—l,oj (SG’)n = (yi)ie[n—l,oj
for all (gn,i)ic|n—1,0] € Diag, NG, n € Ny, where

Yi ‘= H (y;ldLj,i—k—ljS]'i,j—l]) H (gn,jdLn,jHJdu,i-;-lJS[i,n—ﬂ)
jeli+1,n—1] jeln—1,i)
= H (yfldLj,iJrlJS[i,j—ﬂ) H (9.5 ni+1)STin-17)
jeli+1,n—1] jE€ln—1,4]

for all i € [n —1,0]. Hence the simplicial map H fulfills
((gn,i)ieLn—l,OjvTo)Hn = (gn,i)ieLn—l,OJ (DG)n(Sc)n
and
((gn.i)ien-1,00 T )V Hy = (gn.i)ic|n-1,0)

for each (gn,i)ic|n—1,0] € Diag, NG, n € Ny, that is, H is a simplicial homotopy from DgSg to idpiagNG-

In order to prove that WG is a strong deformation retract of Diag NG, it remains to show that H is constant
along Sg.

Concretely, this means the following. For (g;)ic|n-1,0] € W,.G, we have

((90)ie(n-1,0)(S&)n T T FVHy = ((i)ie(n—1,0,- T ") Hn = (23)ie |n-1,0/

where
Yi = H (y; 'dyji41)87i-11) H (95d1j,i+15Tin—11)
jelitin—1] jeln=1,]
and
k7 forie |n—1,k—1] NNy,
o {Hjefi'i‘l,k—ﬂ(zj_ldei+1JSfi,jﬂ)HjeLk—Q,ij (y5dk—1,i41)S[ik—2)) fori € [k—2,0].

Now, we have to show that z; = y; for all i € |[n — 1,0], k € [0,n + 1]. For k € {n + 1,0}, this follows since H
is a simplicial homotopy from D¢gS¢ to idpiag ng and since S¢DgSi = Si. So we may assume that k € [n,1]
and have to show that z; = y; for every ¢ € |k —2,0]|. But we have

Yid|k—1,i41]Ss,k—2] = ( H (yj_ld[j,i+ljs[i,jfﬂ) H (gjdLj,iJrljS(i,nfl]))defl,z#lJS[i,kfﬂ
jEMitLn—1] jeln—1,i]

= H (yjildu,iJrlJS]'i,jfl]d[kfl,H»lJS[i,ka‘\) H (954 1j,i41157i,n—11d k—1,i4+1]5[i,k—27)
jelitl,n—1] jeln—1,i

= H (yjldLj,i+1jS]’i,j—l]de—l,j+leLj,i+1jS]’i,k—2])
JETit1,k—1]

H (yfldu,zdrljS[i,k—ﬂsrk,j—ﬂd[k—l,i+1js(i,k—21)
j€[k,n—1]

H (954 15,i+1/8Tik—=115Tksn—11D [k—1,i41]Si,k—2])
jEn—1,i]
= H (yj_ldu,wrljd[i+k—1—j,i+1jSﬁ,j—l]du,iﬂjSﬁ;k—z])
jefit+1,k—1]

H (U5 "1 STik— 17 k1,61 S+ 1,45 — k] Sik—2])
j€[k,n—1]

H (959 15,i4115Ti, k=11 [k—1,i41]STi+1,i4+n—k]STi,k—2] )
jeln—1,i]
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= H (y; ' dyisr) A ith—1—g,i41)STik—2]) H (y; ' d i) SiSTi 14—k STik—2])
JEit1 k1] jelkm—1]

H (959,618t 1,i4n—k1STik—2])

jEn—1,i]
= H (yj_ldUcfl,iJrlJS[i,kfﬂ) H (yj_ld[j,i+ljs[i,jfﬂ) H (95d1j,i41]5Ti,n—11)
jeli+1,k—1] j€lk,n—1] jE€ln—1,4]

and this implies, by induction on ¢ € |k — 2,0/, that

%= H (25 i) STig-11) H (Y5 d | k=1,i+1)5[i,k—2])
jeli+1,k—2] jElk—2,i]
= JI  G'dpasysnig—) ]I @ide—riaspe—e)
JENit1k—2] jelk—2.]
= JI  G'dyasysig—) I @dp—vausie—2) [ @ dipevisyspie—ey)
jelit1,k—2] JEk—2,i+1] jelit1,k—1]
H (yfldljviHJsfi,j*ﬂ) H (gjdLj,iJrljS(i,nfl])
j€[k,n—1] jE€|n—1,i]
= JI  G'dpirusn ) @t idis-vissris-—2)
jelitl,k—2]
O IT @'dyssasns—oC IT (9dyisin-n)
j€[k,n—1] jEn—1,i]
= H (Z/j_ldu,z‘Jrljsfi,j—ﬂ) H (954 1j,i41/8Tin—11) = Vi
j€li+1,n—1] jEIn—1,i]
forall i € |k —2,0]. O

Now we have to fix one of both notions. Since the diagonal nerve construction has a bisimplicial set as an
intermediate result, we will define this to be the classifying simplicial set of a given simplicial group. The usage
of this choice will be shown in the next section.

(4.33) Definition (classifying (bi)simplicial set of a simplicial group). We let G be a simplicial group. We call
B®) G := NG the classifying bisimplicial set of G and BG := Diag NG the classifying simplicial set of G.

(4.34) Definition (homology and cohomology of simplicial groups). We let G be a simplicial group, R be a
commutative ring, M be an R-module and n € Ny be a non-negative integer. The n-th homology group of G
with coefficients in M over R is defined to be the n-th homology group of its classifying simplicial set, that is

H,(G,M;R) .= H,(BG, M;R).
Dually, we let
H"(G,M;R) := H"(BG, M; R)
be the n-th cohomology group of G with coefficients in M over R. As in definition we abbreviate

H,.(G;R) := H,(G, R; R),
Hn(GvM) = Hn(GvM,Z)a
H,(G) :=H,(G,Z;Z),

and

H"(G;R) := H"(G, R; R),
H"(G,M) :=H"(G,M;7Z),
H"(G) :=H"(G,Z; Z).
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We note that here, H,, (G, M; R) does not denote the homology of the underlying simplicial set of G; similarly
for cohomology.

(4.35) Corollary. Suppose given a simplicial group G, a commutative ring R and an R-module M. Homology
and cohomology of G can be computed as

H, (G, M;R) =2 H, (WG, M; R) resp. H"(G, M; R) =2 H"(WG, M; R) for all n € Nj.
Proof. Since BG = Diag NG ~ WG by theorem we have
H,(G,M;R) = H,(BG, M; R) = H, (WG, M; R)
resp.
H"(G, M;R) = H*(BG, M; R) = H" (WG, M; R)
for all n € Ng. O

§ 6 The Jardine spectral sequence

In this section we show a connection between the (co)homology of groups and the (co)homology of simplicial
groups found by JARDINE [19, Lemma 4.1.3].

(4.36) Theorem. We suppose given a simplicial group G, a commutative ring R and an R-module M.

(a) There exists a spectral sequence E with E} = H,_, (G}, M; R) that converges to the homology group
H, (G, M; R) of the simplicial group G, where p € [0,n], n € Ny.

(b) There exists a spectral sequence E with EY"™P = H" P(G,, M; R) that converges to the cohomology
group H" (G, M; R) of the simplicial group G, where p € [0,n], n € Ny.

Proof. By the generalized Eilenberg-Zilber theorem we have
C(BG; R) = CRBG = CRDiag B? G = CDiag RB? G ~ Tot CP RB®G = Tot C? (B G; R).

Moreover, the "‘p-th column"’ Cz(f)— (B @G; R) in the associated double complex C?)(B()G; R) over R is given
by

c? (BP@; R) = C(BYLG; R) = C(N, _G; R) = C(NG,; R) = C(BG,; R)
for each p € Ny.
(a) For n € Ny, we get
H, (G, M;R) = H,(BG, M; R) = H,(C(BG; R) ®r M) = H,,((Tot C?(BPG; R)) ©x M)
= H, (Tot(C?BPG; R) @ M))
Hence the spectral sequence of the “columnwise” filtered double complex C?)(B®)G; R) @ g M has
E} = Hy (CY (BPG R) g M) = Hy—(C(BGy; R) @ M) = H,—,(BG,, M; R)

pn—p
~H,_,(G,, M;R)
for p € [0,n], n € Np.
(b) For n € Ny, we have
H"(G, M;R) = H"(BG, M; R) = H"(r(C(BG; R), M)) = H" (r(Tot C? (B G; R), M))
= H"(Tot z(C?(BPG; R), M)).
Thus the spectral sequence of the “columnwise” filtered double complex r(C?) (B®)G; R), M) has
EP"P = H P (p(CP) (BAG; R), M) = H* P(r(C(BG,y; R), M)) = H" ?(BG,, M; R)
= H""7(Gp, M; R)
for p € [0,n], n € Np. O
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(4.37) Definition (Jardine spectral sequences). We let G be a simplicial group. The spectral sequences
exhibited in theorem are called Jardine spectral sequences of G (in the case of homology resp. in the case
of cohomology).

We obtain the following proposition as an immediate application of the Jardine spectral sequence in the case of
cohomology.

(4.38) Proposition. We suppose given a simplicial group G such that G,, is finite for every n € Ny. Moreover,
we let R be a commutative ring such that the additive group of R is a torsion-free abelian group. Then
HY(G;R) 0.

Proof. Since G, is finite for all n € Ny, the first cohomology group H!(G,; R) is trivial for all n € Ny (cf. [21}
Aufgabe 49 (4)]). Hence H'H'(C® (B G; R)) = 0. Furthermore, the “vertically” taken cohomology

H(C@BAG:R)=2(R-LRLR-L R )

and thus H'H(C®)(B®G; R)) 22 0. This implies H'(G; R) = 0 by theorem O
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Chapter V

Crossed modules and categorical groups

In this chapter, we introduce the notion of a crossed module, which has been the starting point of this diploma
thesis. We study some purely algebraic properties of crossed modules and introduce a second algebraic object,
that of a categorical group. At the end, we give a proof of the Brown-Spencer theorem, which states that the
categories of crossed modules resp. categorical groups are equivalent.

§ 1

Crossed Modules

A standard introduction is the survey [3].

(5.1) Definition (crossed modules and their morphisms).

(a)

A crossed module consists of a group G, a (left) G-group M and a group homomorphism p: M — G, such
that the following two axioms hold.

(CM1) We have (9m)u = 9(mu) for all m € M, g € G (that is, p is a morphism of G-groups).
(CM2) We have "*m = "m for all m,n € M (the so called Peiffer identity).

Here, the action of the elements of G on G resp. of M on M denotes in each case the conjugation. We
call G resp. M the group part resp. the module part of the crossed module. The group homomorphism
w: M — G is said to be the structure morphism of the crossed module.

Given a crossed module V' with group part G, module part M and structure morphism p, we write
GpV:=G, MpV:=M and p:=u" = pu.

We let V and W be crossed modules. A morphism of crossed modules between V' and W is a pair of group
homomorphisms pg: GpV — GpW and p;: MpV — Mp W such that the diagram

MpV — = GpV
Sall l%ﬁo

MpWL> pW

commutes, that is, o u" = Y g, and such that (9m)e; = 99°(me;) holds for all m € MpV, g € Gp V.
The group homomorphism ¢q resp. ¢ is said to be the group part resp. the module part of the morphism
of crossed modules.

Given a crossed module morphism V -2 W with group part ¢y and module part 1, we write Gp ¢ := ¢q
and Mp ¢ = ¢ .

Composition of morphisms of crossed modules is defined by the composition on the group parts and on
the module parts.

The category of crossed modules consisting of crossed modules as objects and morphisms of crossed modules
as morphisms will be denoted by CrMod.

93
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(5.2) Example.

(a) We let G be a group and N < G a normal subgroup. Then the inclusion N < G with the conjugation
action of G on N is a crossed module.

(b) We suppose given a group H. The inner automorphism homomorphism H — Aut H,h ~ (—)", which
assigns to every h € H the conjugation action of h on H, is a crossed module, where the action of Aut H
on H is given by applying the inverse of an automorphism to the group elements of H.

(¢) The trivial homomorphism M — G, m — 1, where G is a group and M is an (abelian) G-module, yields
a crossed module.

(d) Given a group G and a central extension E of G, the surjection 7: E — G yields a crossed module, where
the action of G on E is given by e := fe for e, f € E.

Proof.
(a) We denote the inclusion by ¢: N — G. Then we have
(Un)e=9n=9(n) for alln € N,g € G,
and

"ip ="n for all n,n’ € N.

(b) The inner automorphism homomorphism of H is denoted by x: H — Aut H,h — (—)". The automor-
phism group Aut H acts on H from the right by h* = ha and hence it acts on H from the left by
“h = ha~!. This turns H into a (Aut H)-group. We verify the crossed module axioms by elementwise
argumentation. We have

#((°h)w) = w((ha~")r) = 2 = (ha™)Lx(ha™) = (A o~ )z(ha) = (A (za)h)a"?
= (za)"a™! = za(hk)a™t = 2(*(hk))
for all x € H, that is (*h)k = *(hk) for all h € H, o € Aut H, and
Feh = h(ks) ™t = h(k™ k) = B =Fn
for all h,k € H.
(c) We write u: M — G, m — 1. Then we have
UIm)p=1=91=9(mu) forallme M,g € G,
and

1

"m="m=m=nmn " ="mforallmneM

since M is abelian.
(d) We let f, f' € E such that fr = f'w. Then ffteKern C Z(E) and hence
fe:ff,ilf/e:ff/il(f/e) =/cforalecE,

where Z(E) denotes the center of E. Since 7: E — G is surjective, this implies that the definition /e := fe
for e, f € E is well-defined. Moreover, since

In(f'me)y = F(fe) = I ¢ = FFme — (UMU'm)

and
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and
I(ee') = T(ee) = (e)(le') = (e} (Ime)

for all e, €', f, f' € E, this defines a G-group action on E. Since the definition of this action is just the
second crossed module axiom, it remains to show the first one. Indeed, we have

Imen) = (Te)r = (/"e)n for all e, f € E.

O

(5.3) Proposition (simple properties of crossed modules). For a crossed module V' the following identities
hold.

(a) We have ImpY <Gp V.
(b) We have Ker uv < Z(Mp V).

(c) The restricted action of ImuY < GpV on Keru" < MpV is trivial, that is, an action of Coker ¥ on
Ker 1" is induced.

Proof.
(a) Given h € Imu", say, h = mu" for some m € MpV, and g € GpV, we get
Ih=9(mp") = (Um)n” € Imu",
and thus Im u" is a normal subgroup in Gp V.
(b) For n € Kern" and m € MpV, we have

\4
m="""m=1m=m

and thus nm = mn. Hence n € Z(Mp V) and thus Keru" < Z(Mp V).
(c) Welet h € ImuY, say, h = mu" for some m € MpV, and n € Ker uV. Using we obtain

h m

A%
n=""n="n=n.

O

For some examples, where the group part resp. the module part of a crossed module are given by presentations
with generators and relations, it would be hard to check the crossed module axioms for all elements of these
groups. We will show that it is enough to verify the axioms for the generators in this case.

(5.4) Lemma. We let G be a group, M be a G-group and u: M — G be a group homomorphism.
(a) We let g1,92 € G such that (9m)p = 9 (mu) and (92m)u = 92(mpy) for all m € M. Then
(95 m)p = 992" (mp)
for all m € M.

(b) We let n1,ne € M such that "*#m = "tm and "2#m = "2m for all m € M. Then

for all m € M.
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Proof.
(a) We have
(2 mp =92 (R mpp) = (2 (2 m)w) = (2 m))u) == (P9 m)p) == (mp)
and hence
(glg;1m)u _ (91 (g;1m))ﬂ _ gl((gglm)’u) — 0 (g;l(mu)) _ 919;1(mﬂl)
for all m € M.

(b) We compute

ny iy = e 2 (g ) = e (M2 (M ) = e (M2 )y = e (mam)(ng )

= n2_1((n2n2_1)y’m) = nz_lm

and thus we obtain

(nang Dpyy — (nap)(ng ')y — nw(n;lum) — mu(n;lm) —m (n§1m) —mny gy

for all m € M.
O

(5.5) Corollary. We let G be a group, M be a G-group and pu: M — G be a group homomorphism. Further-
more, we let A C G and B C M be generating subsets, that is, G = (A) and M = (B). If we have (*b)u = *(bu)
and #b = b for all a € A, b,c € B, then there exists a crossed module V with GpV = G, MpV = M and

W= p.

Proof. We suppose given a € A and ¢ € B. Since M = (B) and (*b)p = ®(bu) and b = °b for all b € B,
the composites *(—) p and 1 %(—) coincide as maps on the generating subset B. Hence, they coincide as group
homomorphism on M = (B), that is, we have

(“m)p = *(mp) and ““m = °m for m € M.
But G = (A) and M = (B) then imply
(Um)p =9(mu) and "m ="m for all g € G,m,n e M
by lemma @ and that is, there is a crossed module V with GpV = G, MpV = M and p¥ = p. O

(5.6) Example. We let G := (a | a* = 1) ® Cy and M := (b | b* = 1) = C4 be cyclic groups of order 4.

Since (a?)* = 1, there exists a group homomorphism pu: M — G given on the generator b € M by bu := a?.

Moreover, M has a non-trivial group automorphism of order 2 sending b to the other element of M that has
order 4, namely b=!. Thus M is a G-group via %b := b~!. We show that these data deliver a crossed module V
with module part Mp V = M, group part GpV = G and structure morphism u" = p. Indeed, we have

(D) =b"tp=(bp)"" = (a®)"" = a® = bu = (bp)

and
bup — a®p _ aEp) =(pl) = () L= (b)) =b= by,

In the following, we denote the isomorphy type of this crossed module by Ci:;l.

(5.7) Notation. If V is a crossed module, then the module part Mp V' acts on the group part GpV by
mg = (mu")g and gm := g(mu") for all m € MpV, g € Gp V.

We get for example

(mg)y, — (mu")g,, _ mu¥ (9n) = ™(9n)
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and

gm = g(mu") =9(mu")g = ((Um)u")g = (“m)g

for mn € MpV, g € GpV. Also note that (mg)n = m(gn) for m,n € MpV, g€ GpV.
Moreover, given another crossed module W and a morphism of crossed modules V' —, W, we often write me
and gy instead of m(Mp ¢) and g(Gp ). Using this, we get

(mg)e = (mg)(Gpe) = ((mn")g)(Gpy) = (mu")(Gp¢))(9(Gp¢)) = (m(1" (Gp)))(9(Gpe))
= (m((Mp)u"))(g9(Gpep)) = (m(Mp¢))u'")(9(Gp ¢)) = (m(Mp ¢))(9(Gpp)) = (mep)(g¢)
formeMpV,ge GpV.

§ 2 Categorical groups

We introduce the concept of an categorical group (cf. [16], [24]).
(5.8) Definition (categorical groups and their morphisms).
(a) A categorical group is a (small) category C, such that ObC and Mor C' are groups and such that the

C
multiplication maps m©?¢ on Ob C' and mM°" ¢ on Mor C give a functor C' x C —— C.

(b) We let C and D be categorical groups. A categorical group homomorphism is a functor C —2, D such
that Ob ¢ and Mor ¢ are group homomorphisms.

Composition of categorical group homomorphisms is given by the ordinary composition of functors.

(¢) The category of categorical groups consisting of categorical groups as objects and categorical group homo-
morphisms as morphisms will be denoted by cGrp.

Given categorical groups C and D and a categorical group homomorphism C' - D, we often abbreviate
op 1= 0(Ob ) for o € Ob C and myp := m(Mor ¢) for m € Mor C.

(5.9) Lemma. We let C be a categorical group.

(a) The source map s”: Mor C' — ObC, the target map t“: Mor C' — Ob C, the identity map e“: ObC —
Mor C and the composition map c¢“: Mor C , x, Mor C' — Mor C of C are group homomorphisms.

b) The maps arising from the neutral resp. inverse elements n°" ¢ resp. i°?¢ in Ob C and nM°* ¢ resp. iMor ¢
g
C :C
in Mor C' yield functors C*° 2= C resp. C — C.
Proof.

(a) Since C x C e C' is a functor, we have
mMe €€ — (Morm©)s€ = s€%C(0bm€) = (s€ x s¢)mObC
and
mMerCtC = (Morm©)t€ = t€*C(0bmC) = (t€ x t€)mO>C
as well as
mO % = (Obm%)e’ = e“*“(Morm®) = (e¢ x e“)mMrC.
By considering the canonical isomorphism
a: (Mor C ; x, Mor C) x (MorC'  x, MorC) — (Mor C' x Mor C) , x, (Mor C' x Mor C),
we also have
Mor C, x ,Mor C' ,C

Mor& s . mMor @) = o((Morm©) , x, (Morm®))c®

= ac?*“(Morm®) = (¢ x ¢%)(Morm?).

m = a(m

Thus s, t¢, ¢ and ¢© are group homomorphisms.
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(b) According to @, the structure maps s¢: MorC — ObC, t¢: MorC — ObC, e¢“: ObC — MorC
and c®: Mor C , x, Mor C — Mor C, which arise from the underlying category structure of C, are group
homomorphisms. Hence we have

X0
pMor CgC — (5C)x0,0bC _ (C*° 0bC

)

x0
pMor CC — (1C)x0,0bC _ {CX? [ 0bC

X0
nOPCeC — (eC)X0y0bC — (€7 MorC

and

% nMorC)CC — nMorCtXSMorCCC _ ( C)XOnMorC — CCXUnMorC

s C

)

(nMor C .

that is, n© with Obn® := n°?¢ and Morn® := nM°* ¢ is a functor. Analogously we have

jMorCyC _ (C{0bC

{MorC{C _ (C{ObC.

iOb CeC _ eCiMor C

and

X

(iMorC X

iMorC)CC — iMorCtstorCCC — CC’iMorC

)

hence i with Obi€ := i ¢ and Mori€ := iM°rC ig a functor.

(5.10) Corollary. The categories cGrp, GrpCat and CatGrp are isomorphic.
Proof.
(a) We begin by constructing an isofunctor

cGrp Srpcat, GrpCat.

We let C' be a categorical group. Then Ob C and Mor C' are groups, that is, we have

(idg x mG)mG = (mG X idG)mG7

(0% x idg)m® = pry and (idg x n¢)m® = pr,,

(ide i) m% = *n% = (i% idg ) m¢

for G € {ObC,Mor C}, cf. definition Furthermore, by the definition of a categorical group
(b)

we have a functor m® given by Obm® = m©”¢ and Morm® = mM°*¢. Additionally, lemma )
tells us that there are functors n¢ and i¢, where Obn® = n°*¢, Morn® = nM*¢ 0Obi¢ = i°P¢ and
Mori¢ = iMor¢, This implies

(ide x m“)m® = (m x idg)m®,
(0% x ide)m® = pry and (ide x n€)m® = pry,
(ide i€)mY = *n% = (i ide ) m©,

that is, C' together with the functors m®, n® and i® is a group object in Cat. Further, given categorical
groups C' and D and a categorical group homomorphism C —- D, we have group homomorphisms Ob ¢
and Mor ¢. Hence

m®¢(0Oby) = (Obp x Ob)m®?? and mM°* ¢ (Mor ¢) = (Mor ¢ x Mor ¢)m™er P,
But since m® and ¢ are functors, we already get

mp = (¢ x p)m”,
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that is, ¢ is a group homomorphism in Cat by proposition [(1.29)l Altogether, we obtain a functor

cGrp Srpoat, GrpCat

given on a categorical group C' by GrpCat(C) := C and on a categorical group homomorphism ¢ by
GrpCat(p) := .
Conversely, given a group object C' in Cat, we have functors m®, n® and i® such that

(ide x m“)m® = (m% x idg)m®,
(n% x ide)m® = pry and (ide x n%)m® = pry,
(ide i) m% = *n® = (i ide ) m©.

In particular, we have

(idobc x (Obm®))(Obm®) = ((Obm®) x idop ) (Obm®),
((Obn) x idop ) (Obm®) = pry and (idob e x (Obn®))(Obm®) = pry,
)

(idon e 0bi€) (Obm?) = *(Obn®) = (0bi® idoyc ) (Obm®)
and

(idyor ¢ X (Morm®))(Morm®) = ((Morm®) x idyter ¢)(Mor m®©),
(Morn®) x idyer ¢)(Morm®) = pry and (idyer ¢ X (Morn®))(Morm®) = pr,
(idptor ¢ Mori€ ) (Morm®) = «(Morn®) = (Mori€ idyer ¢ ) (Morm®),
that is, Ob C' and Mor C are groups with m®?¢ := Obm®, n°?¢ := Obn?, i°®¢ := Obi® and mMr ¢ .=

Morm¢, nMer ¢ . ¢ iMorC.— Mori®. Hence the underlying category of C' together with the group

= Morn®,
structures on Ob C' and Mor C' and the functor m® is a categorical group. Moreover, given group objects

C and D in Cat and a group homomorphism C' —~“.Din Cat, we have a functor ¢ such that

mp = (¢ x )m”.

Then in particular
m°C(Obg) = (Obm®)(Obp) = (Obp x Obp)(Obm?) = (Obp x Obp)m°>P
and
m™" ¢ (Mor ) = (Morm®)(Mor ¢) = (Mor ¢ x Mor ¢)(Morm”) = (Mor ¢ x Mor ¢)m™" 7,

that is, the maps Ob ¢ and Mor ¢ are group homomorphisms. Altogether, the functor GrpCat is invertible
with inverse

GrpCat <, cGrp,

where cGrp is given on a group object C' in Cat by cGrp(C) := C and on a group homomorphism ¢ in
Cat by cGrp(p) := .

As above, we construct an isofunctor

cGrp SR, Cat Grp.

We suppose given a categorical group C. Then in particular C is a category such that ObC' and Mor C'
are groups. According to lemma [(5.9)][(a)} the categorical structure maps s, t€, e“ and c© are group
homomorphisms. Now having a commutative diagram in Grp just means having a commutative diagram
in Set, where all maps are group homomorphisms. Therefore, the groups ObC and Mor C together
with the group homomorphisms s¢, t, e, ¢c© define a category object C' in Grp. Additionally, every
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categorical group homomorphism C' —2, D between categorical groups C' and D is a functor such that
Ob ¢ and Mor ¢ are group homomorphisms, that is, a functor in Grp. Thus we have a functor

cGrp LavGrp, CatGrp
given on a categorical group C' by CatGrp(C) := C and on a categorical group homomorphism ¢ by
CatGrp(p) := .
Let us conversely assume that we have a category object C' in Grp. Then C is in particular a category
object in Set, that is, an ordinary category. Since the structure maps s¢: MorC' — ObC, t¢: MorC —
ObC,e“: ObC — MorC and c®: MorC , x, Mor C' — Mor C are group homomorphisms, we have

mMerCsC = (5€ x sC)mOPC = §C*CpObC,
mMorCHC — (1€ x tC)mOPC = (CXCObC
mOPCeC = (€ x eC)ymMorC = (CXCryObC

By considering the canonical isomorphism
a: (Mor C  x, Mor C) x (MorC'  x, MorC) — (Mor C' x Mor C) , x, (Mor C' x Mor C),

we also get

(mMorC L Xy mMorC)CC — OanorCt><SMo1rCCC _ O[(CC % CC)mMorC _ CCXCmMorC.

Hence we have a functor m¢ defined by Obm¢ := m®”¢ and Morm® := mM°* ¢, Thus C is a categorical
group. Additionally, every functor C -2 D in Grp between category objects C' and D in Grp is
an ordinary functor, where Ob ¢ and Mor ¢ are group homomorphisms, that is, a categorical group

homomorphism. Hence we have shown that CatGrp is an isofunctor with inverse

CatGrp <Grp, cGrp,

where cGrp is given on a category object C' in Grp by cGrp(C) := C and on a functor ¢ in Grp by
cGrp(p) := .
O

(5.11) Convention. In the following, we will often identify cGrp, GrpCat and CatGrp along the isofunctors
given in corollary [(5.10)|

(5.12) Proposition. We let C be a categorical group.

(a) The composition in C is given by

(m,n)c = m(mte)"'n = m(nse) "'n = n(mte) " m = n(nse) "'m

for all composable morphisms m,n € Mor C.

(b) Every morphism m in C is an isomorphism. Its inverse is given by (mte)m™!(mse).

(c) We have [Kert, Kers] = 1.

Proof.

(a) We let m,n € Mor C be composable morphisms, that is, such that mt = ns holds. This condition implies

that it suffices to show the equality of the first and the second resp. of the first and the last term. But
since ¢ and e are group homomorphisms, we get

(m,n)c = (m-1,1-n)c = (m(le), (mte)(mte) *n)c = (m, mte)c (le, (mte) "tn)c = m(mte) " 'n

and analogously

(m,n)c = (1-m,n-1)c = ((nse)(nse)'m,n(le))c = (nse,n)c ((nse) "*m, le)c = n(nse) 'm.
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(b) We suppose given a morphism m € Mor C'. Since

((mte)m ™t (mse))s = (mt)(m~'s)(ms) = mt

and
((mte)m ™t (mse))t = (mt)(m~t)(ms) = ms,

the morphisms m and (mte)m~!(mse) are composable in both directions. With @ we compute
(m, (mte)m ™" (mse))c = m(mte) ! (mte)m ™' (mse) = mse

and
((mte)m ™t (mse), m)c = (mte)m ™ (mse)(mse)"'m = mte,

that is, (mte)m~!(mse) is the inverse of m with respect to the composition c.

(c) We let m € Kert and n € Kers be given. Then we have mt = 1 = ns, that is, (m,n) is a pair of
composable morphisms in C. According to|(a)} it follows that

mn = m(mte) " 'n = n(mte)"'n = nm.

Thus [m,n] = 1 and since m and n were chosen arbitrary we get [Kert, Kers] = {1}.

(5.13) Corollary. The underlying category of a categorical group is a groupoid.

Proof. This follows from proposition () O

(5.14) Lemma. We let O, M be groups and s: M — O, t: M — O be retractions with common coretraction
e: O — M. If [Kers,Kert] = {1}, then there exists a categorical group C with ObC := O, Mor C := M, and
categorical structure maps s¢ = s, t¢ = t, e’ =e.

Proof. For elements m,n € M with mt = ns we define their composite
(m,n)c := m(mte) 'n = m(nse) 'n.
Then ¢: M ,x9 M — M is a group homomorphism since

((m,n)(m’,n"))e = (mm’,nn)e = (mm')((mm)te) L (nn') = mm/ (m'te) " (mte) " Lnn/

=m(m'(m'te) 1) ((nse) "'n)n’ = m((nse) " 'n)(m/(m'te)")n’ = (m,n)c(m’,n')c

for all m,n,m’,n’ € M with mt = ns and m't = n’s. Now we have to verify that these data fulfill the category

axioms given in definition |(1.24)|
(STC) We have

(m,n)cs = (m(nse)"*n)s = (ms)(nses) ' (ns) = (ms)(ns) " *(ns) = ms
and
(m,n)ct = (m(mte) " n)t = (mt)(mtet) " (nt) = (mt)(mt)"(nt) = nt
for all m,n € M with mt = ns.
(STI) The identities es = et = id¢g, are given by assumption.
(AC) The composition is associative since

(k, (m,n)c)e = (k, m(mte) " n)c = k(kte) "'m(mte)"'n = k(mse) 'm(nse)"tn = (k(mse) 'm,n)c

= ((k,m)c,n)c

for all k,m,n € M with kt = ms and mt = ns.
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(CI) We have
(mse, m)e = (mse)(mse) ~'m = m
and
(m, mte)c = m(mte) ' (mte) = m
for m € M.

Thus C with ObC := O, Mor C := M and s¢ := s, t¢ :=t, e := ¢, ¢© := ¢ is a category object in Grp. [

(5.15) Lemma. We let C and D be categorical groups and we let ¢o: ObC — Ob D and ¢;: Mor C — Mor D
be group homomorphisms with p1s = spq, p1t = teg and ep; = pge. Then there exists a categorical group
homomorphism C' — D with Ob ¢ = ¢y and Mor ¢ = 1.

Proof. Since ¢y and ¢; interchange with s, t and e, it suffices to show the compatibility with the composition

c. And indeed, proposition |(5.12)(a)| implies

(m,n)epr = (m(mte)'n)e1 = (mp1)((mte) " o1)(ner) = (me1)(mtepr) ™ (ner)
= (mep1)(mtpoe)~ (ng1) = (me1)(merte) ™ (np1) = (me1, ney)e

for m,n € Mor C with mt = ns. O

(5.16) Lemma. We let C and D be categorical groups and we let C 2, D be a categorical group homomor-

phism such that Oby and Mor ¢ are group isomorphisms. Then ¢ is a categorical group isomorphism with
Ob(p~1) = (Oby)~! and Mor(p~1) = (Mor )~ 1.

Proof. Since Ob ¢ and Mor ¢ are group isomorphisms, their inverses 1y := (Ob ) ™! and 11 := (Mor¢)~! are
group homomorphisms, too. Furthermore, the fact that ¢ is a categorical group homomorphism implies

(Mor ¢)s = s(Ob ), (Mor ¢)t = t(Oby) and e(Mor ¢) = (Oby)e
and hence
Y18 = stho, 1t =t and ey = Pge.

Due to lemma , there exists a categorical group homomorphism D 2, C with Ob ) = 1y and Mor ) = ;.
But then we have

(Ob)(Oby) = (Ob )i = (Ob)(Oby) ™! =idobc
and
(Mor ¢)(Mor 1)) = (Mor ¢)1hg = (Mor ¢)(Mor ¢) ™! = idmer o5

that is, o1 = id¢c, and analogously 1 = idp. Thus ¢ is invertible with inverse =1 = 1. O

§ 3 The equivalence of crossed modules and categorical groups
Our aim is to show that the categories CrMod and cGrp are equivalent (cf. [16]).

(5.17) Convention. Given a crossed module V', the semidirect product Mp V' x Gp V is formed using the ation
of GpV on MpV the crossed module provides. Hence we have (m,g)(m/,g") = (m9m’, gg’) and (m,g)~! =

(9 (m=1),g7") for (m,g),(m’,g') € MpV x Gp V. The identity in MpV x GpV is given by (1, 1).
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(5.18) Remark. For every crossed module V' we have a categorical group C, in which the objects and mor-
phisms are given by

ObC :=GpV and MorC :=MpV x GpV,
source object, target object and identity morphisms are given by

(m, g)s :=mg and (m, g)t := g for (m,g) € Mor C and ge := (1,g) for g € ObC,

the group of composable morphisms is {((mz, m1g), (m1,g)) € MorC x Mor C | my,mz € MpV,g € GpV} and
the composition in C' is given by

((m2,m1g), (m1,g))c := (mam1, g) for my,mo € MpV,g € GpV.

Proof. Since ObC = GpV and MorC = MpV x Gp V' are groups, we begin the proof by showing that s, t and
e are group homomorphisms. We have

((m,g),(m',g'))s = (mm’,gg')s = mIm’gg" = mgm’g’ = (m,g)s(m’, g')s
and

((m,g), (m', g")t = (mm’, gg")t = gg" = (m, g)t(m’, ")t
for (m,g),(m’,g') € Mor C as well as

(99')e = (1,99") = (1,9)(1,9') = (ge)(g'e)
for g,g' € Ob C. The group of composable morphisms can be computed as follows.

Mor C'  x, Mor C = {((ma2, g2), (m1,91)) € Mor C x Mor C | (ma, g2)t = (m1,¢1)s}
= {((m2, g2), (m1, 1)) € MorC' x Mor C | g2 = m1g1}
= {((mz2,m191), (m1,91)) € MorC x MorC | my,mqs € MpV, g1 € GpV'}.

Thus c is a group homomorphism since

(((mg,ma1g), (m1, 9))((ms,m1g"), (mh, g")))ec = (((ma2, m1g)(my, mig"), (m1,9)(my, g")))c
= ((ma2™*9my, migmyg’), (m19my, gg’))c = ((ma™*¥my, my I9migg’), (m19mf, gg'))c
= (m2 ™Imbms Imy, gg') = (mamq 9msImy, gg') = (mamy ?(m5mt), gg')

(m2m17 )(m2m179 ) - (((m27m19)7 (mhg))c)(((m/%m/lg )7 (m1> ))C)

for all my, mo, mi,mh € MpV, g,¢' € GpV.
At last, we have to show that C satisfies the axioms for a category object given in definition

(STI) We have
ges = (1,g9)s = g and get = (1,9)t = g for g € ObC,
that is, s and t are retractions with common coretraction e.
(STC) Given a pair of composable morphisms ((mg, m1g), (m1,g)) in C, we have
((m2,m1g), (m1, g))cs = (mamy, g)s = mamig = (m2, m1g)s
and
((m2,m1g), (m1, g))ct = (mama, g)t = g = (my, g)t.
(AC) We have

((m3, mamag), ((mz2,m1g), (m1, g))c)e = ((ms, mamag), (mami, g))c = (mamams, g)

= ((mama, m1g), (m1,g))c = (((m3, mam1g), (ma, m1g))c, (m1, g))c

for my,mo,m3 € MpV, g € GpV, that is, the composition in C' is associative.
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(CI) We get

((m, g)se, (m, g))c = (mge, (m, g))c = ((1,mg), (m, g))c = (m, g),

and

((m, g), (m, g)te)c = ((m, 9), ge)c = ((m, g),(1,9))c = (m,g)
for (m,g) € Mor C.
Thus C' is a category object in Grp. O

(5.19) Definition (associated categorical group). We let V' be a crossed module. The categorical group C
given as in remark |(5.18)| by

ObC :=GpV and MorC :=MpV x GpV,

(m, g)s :=mg and (m, g)t := g for (m,g) € Mor C,

ge :=(1,g) for all g € ObC and

((m2,m1g), (m1,g))c := (mama, g) for mi,ma € MpV, g € GpV,
will be called the associated categorical group to V and will be denoted by cGrp(V) := C.
(5.20) Proposition.

(a) Welet V and W be crossed modules. Given a morphism of crossed modules V'~ W, we have an induced
morphism

cGrp(V) i SON cGrp(W)

given on the objects by Ob cGrp(p) := Gp ¢ and on the morphisms by Mor cGrp(y¢) := (Mp¢) x (Gp ¢),
where (m, g)((Mp ) x (Gpp)) := (mep, gp) for (m,g) € Mor cGrp(V).

(b) The construction in [(a)] yields a functor
CrMod 72, cGrp.

Proof.
(a) We have

((m, g)(m’, g"))(Mp ) x (Gp)) = (mIm’, gg") (Mp ) x (Gpy)) = ((mm')p, (99")¢)

(m

= ((me)((*m")), (99) (")) = ((mep) 92 (m' @), (9¢)(g'¥))
= (mp, gp)(m'¢, g’ ¢)

= (m, g)((Mp @) x (Gp))(m’, ') (Mp ) x (Gpy))

for (m,g),(m',¢’) € MorcGrp(V) = MpV x GpV, that is, the map (Mp¢) x (Gp¢): Mor cGrp(V) —
Mor cGrp(W) is a group homomorphism.

Thus we have to show that the group homomorphisms Gp ¢ and (Mp ¢) x (Gp ¢) are compatible with s,
t and e. Indeed, we obtain

(m, g)(Mp @) x (Gpyp))s = (mp, gp)s = (mp)(gp) = (mg)yp = (m, g)s(Gp »)
and

(m, g)((Mp ) x (Gpp))t = (mep, gp)t = gp = (m, g)t(Gp »)
as well as

(ge)(Mpyp)x (Gpe)) = (1,9)(Mp p) x (Gpe)) = (1,9¢) = g(Gp p)e
formeMpV, ge GpV.
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(b) Welet V, W, X be crossed modules and we let V 2 W and W 2, X be morphisms of crossed modules.
Then we have

(m, g)(Mp ¢) x (Gp ¢))(Mp ) x (Gpv)) = (mp, gp)(Mp¢) x (Gpv)) = (mpy, gpip)
= (m, g)(Mp(p9)) x (Gp(p2)))

and

(m, 9)(Mpidy) x (Gpidy)) = (midy, gidv) = (m, g)
for (m, g) € Mor cGrp(V'). Thus

(Mp @) (Gp@))(Mp ) x (Gpe)) = (Mp(p))) @ (Gp(ee))
and

(Mpidy) x (Gpidy) = idmpvucpv-

Because the validity of the functor axioms on the objects follows since Gp(¢y) = (Gpe)(Gpy) and
Gpidy = idgp v, we have a functor

CrMod &%, cGrp.

O

(5.21) Example. We consider the crossed module V' = CZ:;l introduced in example |(5.6)} Recall that it
has group part GpV = (a | a* = 1), module part MpV = (b | b* = 1), structure morphism pu": MpV —
GpV,b — a? and action @b = b~!. Its associated categorical group has the group of objects (a) and the group
of morphisms (b) x (a). The source object morphism is given by

(b,1)s = a® and (1,a)s = a,

while the target object morphism is given by
(b,1)t =1 and (1,a)t = a.

The identity morphism of « is given by
ae = (1, a).

(5.22) Remark. For every categorical group C there is a crossed module V' with group part and module part
given by

GpV :=0bC and MpV :=Kert,

structure morphism 1" := s|ker ¢, where the action of the group part on the module part is given by °m := °°

foroe GpV, m € MpV.

m

Proof. Since Mor C' is a group and s is a group homomorphism, the kernel Kert is a group and s|kert is a group
homomorphism, too, and since the conjugation turns M into an M-group and e is a group homomorphism, we
have a well defined (Ob C)-group action on Kert. It remains to show (CM1) and (CM2).

(CM1) We have
(?°m)s = °°*(ms) = °(ms)
for o € Ob C' and all m € Mor C, and hence in particular
(““m)(slkert) = (m(s|xert))

for o € ObC, m € Kert.
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(CM2) Since (n~1(nse))s = (n71s)(ns) = 1, we have (n"!(nse)) € Kers for all n € MorC. Hence proposition
implies (n~!(nse))m = m(n~(nse)) for all m € Kert, n € Mor C, whence (nse)m(nse)~! =
nmn~!, and therefore

nslkere)yy = Sy = "¢ — (nse)m(nse) "t = nmn~' = "m

for all m,n € Kert.

Altogether, there is a well-defined crossed module V with GpV = ObC, MpV = Kert, 1 = s|kert and
operation °m = °°m for o € GpV, m € Mp V. O

(5.23) Definition (associated crossed module). We let C be a categorical group. The crossed module V' with
group part and module part given as in remark |(5.22)[ by

GpV :=0bC and MpV := Kert,

structure morphism " := s|kert and action °m = °*m for all 0 € GpV, m € MpV, is called the associated
crossed module to V' and will be denoted by CrMod(C) := V.

(5.24) Proposition.

(a) We let C, D be categorical groups. If C %, D is a categorical group homomorphism, then we have an
induced morphism of crossed modules

CrMod(¢)
_

CrMod(C) CrMod(D)

given on the group part by GpCrMod(¢) := Obp and given on the module part by Mp CrMod(y) :=
(MOI‘ )|MpCrMod(D)
¥ Mp CrMod(C) *
(b) The construction in [(a)] yields a functor

CrMod

cGrp —— CrMod.

Proof.

(a) Since the categorical group homomorphism ¢ is in particular a functor, we have s“(Ob ) = (Mor ¢)s”
and t¢(Ob ¢) = (Mor ¢)t?. Hence we have

m(Mor @) |mp crwoa(cyt” = m(Mor )t = mt®(Obp) = 1(Oby) = 1

for all m € Mp CrMod(C) = Kert® and therefore Im(Mor ¢)|up crmoa(c) € Ker t” = Mp CrMod(D). Addi-
tionally, we get a commutative diagram

CrMod(C)

Ker t¢ Ob(C

er D
(Mor @) [Eer e l lOb%@
CrMod (D)

Kert? ——=ObD
because

rMo ert? Mp CrMod(D rMo
nHUE) (O ) = 5 ey 10 (Ob ) = (Mor @)[er o8P |icer i = (Mor o) [yb cyes(€) ucetoa (),

Finally, we have

(°m) (Mor @) |\P omeat2) = (“*m) (Mor ) = 1) (1m(Mor ) = *(©P#)¢ (m(Mor ¢))

) Mp CrMod(D
_ (Obsa)(m(Morcp)lMgchodEC)))

for all o € GpCrMod(C), m € MpCrMod(C). Since Obp and (Mor <p)|ﬁgg$2§§g)) are group homomor-

phisms, we have a morphism of crossed modules CrMod(yp) with group part GpCrMod(¢) = Ob ¢ and

module part Mp CrMod(p) = (Mor @)\ﬁg giﬁ::gg))
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(b) We let C, D, E be categorical groups and C - D, D Ny categorical group homomorphisms. Then
we have

Gp CrMod(py) = Ob(p)) = (Ob¢)(Ob 1)) = (Gp CriMod(yp))(Gp CriMod(1)))

and
Mp Crlfod(p)) = (Mor(i01h)) [\fh eat™) = ((Mor ) (Mor ¢))) [ ermeat£)
= (Mor @) \ih cruea(o) (Mor ) P EEeq( ) = (Mp Crlod()) (Mp Criod (1))
as well as
Gp CrMod(idc) = Obide = idop ¢ = idgp crmoa(c)
and

Mp Criod(idc) = (Moride) [\f med €)= (idntor o)\ oeneatc) = inp cetoa(c):

that is, CrMod () = CrMod(y)CrMod(¢) and CrMod(idc) = idermoa(c)-
O

(5.25) Theorem (Brown-Spencer theorem). The category CrMod of crossed modules and the category cGrp
of categorical groups are equivalent.

Proof. We show that the functors

CrMod

CrMod <22, cGrp and cGrp —— CrMod

are equivalences of categories, mutually inverse up to isomorphy.
First, we let V € Ob CrMod be a crossed module. Then we obtain

Gp CrMod(cGrp(V)) = ObcGrp(V) = GpV
and

Mp CrMod(cGrp(V)) = Kert = {(m, g) € Mor cGrp(V) | (m,g)t =1}
={(m,9) e MpV xGpV |g=1}=MpV x {1}.

Furthermore, the structure morphism of CrMod(cGrp(V)) is given by

CrMod(cGrp(V)) (m’ 1)S|Kert _ (m7 ].)S — muV

(m, 1)
for (m,1) € Mp CrMod(cGrp(V')). The action of Gp CrMod(cGrp(V)) is given by
9(m,1) =°(m,1) = (1,9)(m,1)(1,97") = (¥m, 1)

for ¢ € GpCrMod(cGrp(V)), (m,1) € MpCrMod(cGrp(V)). Additionally, given a crossed module W and a
morphism of crossed modules V 5 W, we have

Gp CrMod(cGrp(p)) = Ob cGrp(y) = Gpp
and
Mp CrMod(cGrp(W Mp W {1
Mp CrMod(cGrp(p)) = (Mor CGl‘P(‘P))|Mggrﬁoggcgrigv)))) = (Mp ) (Gp @))|Mg V;{{l}} = (Mp )2 {1}

Thus we have

CrMod o cGrp = idcrMod-
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Conversely, we let C be a categorical group. The categorical group associated to the crossed module that is
associated to C' has objects

ODb cGrp(CrMod(C)) = GpCrMod(C) = ObC
and morphisms
Mor cGrp(CrMod(C)) = (Mp CrMod(C)) x (Gp(CrMod(C))) = (Kert) x (Ob ().
The source object and the target object of a morphism (m,0) € Mor cGrp(CrMod(C)) are given by

CrMod(C) 0=

(m,0)s = mp ms|kert0 = (mMs)o

and
(m,0)t = o,

while the identity of an object 0 € Ob cGrp(CrMod(C)) has the form
oe = (1,0).

We define maps Obac: ObC — Ob cGrp(CrMod(C)) and Mor ave: Mor C' — Mor cGrp(CrMod(C)) by setting
Ob ac := idop ¢ and m(Mor ac) := (m(mte) =1, mt) for all m € Mor C, which is well-defined since

(m(mte) Mt = (mt)(mtet) ™ = (mt)(mt) "' = 1.
Then Ob a¢ is a group homomorphism and we have

(m(Mor ac))(n(Mor ag)) = (m(mte)™, mt)(n(nte) ™, nt) = (m(mte) "t ™ (n(nte) ™), (mt)(nt))

(
m(mte) ™t ™ (n(nte) 1), (mt)(nt)
(mte) "t (mte)n(nte) " (mte) ™,

mn)(Mor a¢)

)
m (mt)(nt)) = (mn((mn)te) ™, (mn)t)

=
=
=
=
for m,n € Mor C, that is, Mor a¢ is a group homomorphism, too. To prove that Ob ac and Mor a¢ yield a
categorical group homomorphism
C 2% cGrp(CrMod(C))
it remains to show the compatibility with s, t and e. Indeed, we have

m(Mor ac)s = (m(mte) ™!, mt)s = (m(mte) Hs(mt) = (ms)(mtes) ' (mt) = (ms)(mt) "' (mt) = ms
= ms(Obag).

and
m(Mor ac)t = (m(mte) ™', mt)t = mt = mt(Ob ac)
for m € Mor C as well as
oe(Mor ac) = ((oe)(oete) ™, oet) = ((0e)(0e) ™1, 0) = (1,0) = oe = o(Ob ac)e

for o € ObC, that is, (Mor ac)s = s(Obag), (Morag)t = t(Obac) and e(Morac) = (Obag)e. Given a
categorical group D and a categorical group homomorphism C' —~ D, we obtain

(Obac)(Ob cGrp(CrMod(p))) = idob ¢ (Gp CrMod(y)) = Oby = (Ob¢)idob p = (Obp)(Obap)
and

m(Mor a¢ )(Mor cGrp(CrMod(p))) = (m(mte) ™!, mt)((Mp CrMod(y)) x (Gp CrMod(p)))
= ((m(mte)™")(Mp CrMod(y)), (mt)(Gp CrlMod(y)))
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_ Mp CrMod (D
((m(mte) ") (Mor @) P omedt o), mt (Ob )

((m(mte)~")(Mor p), mt(Ob v))
((m(Mor ))((m(Mor ¢))te) ™", m(Mor ¢)t) = m(Mor ¢)(Mor ap)

for m € Mor C. Hence the diagram

C —5 cGrp(CrMod(C))
«pl icGrp(CrMod(«p))
DB cGrp(CrMod(D))
commutes and we have a natural transformation
idearp BN cGrp o CrMod.

To show that cGrp o CrMod = idcgrp, it remains to show that each categorical group homomorphism C' 2,
cGrp(CrMod(C)) is an isomorphism. Thereto, we define categorical group homomorphisms

cGrp(CrMod(C)) be, o

by setting Ob B¢ := idop ¢ and (m, 0)(Mor B¢) := m(oe) for all (m,0) € Mor cGrp(CrMod(C)), C € ObcGrp.
Then Ob B¢ = (Obac) ™! and

m(Mor ac)(Mor f¢) = (m(mte) ™!, mt)(Mor Bc) = m(mte) ! (mte) =m
for all m € Mor C' and

(m, 0)(Mor ) (Mor ac) = (m(oe))(Mor ac) = ((m(oe))((m(oe))te) ™", (m(oe))t)
= (m(oe)((mte)(oete)) ™, (mt)(oet)) = (m(oe)(oe)™t,0) = (m,0)

for all (m,0) € Mor cGrp(CrMod(C)), that is, Mor Sc = (Mor ac)~!. Hence each a¢ is invertible with inverse
B¢, that is, a is a natural isotransformation and we obtain

cGrp o CrMod = idcGrp-

Thus the functors cGrp and CrMod are category equivalences between CrMod and cGrp, mutually inverse up
to isomorphy. O
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Chapter VI

Homology of crossed modules

In this last chapter we associate to a crossed module a simplicial group, its coskeleton. This construction
proceeds by associating to the given crossed module its category object in Grp via Brown-Spencer and then
applying the nerve functor to that category object. We start by studying this nerve functor and construct its
left adjoint, which will give us later a left adjoint for the coskeleton, again via Brown-Spencer. At the end,
the (co)homology groups of a crossed module will be defined as the (co)homology groups for its coskeleton,
using the definition for simplicial groups as in Moreover, we consider the Jardine spectral sequences of
a crossed module and compute some examples.

§ 1 Fundamental groupoid and categorical nerve
(6.1) Definition (categorical nerve of a categorical group). The categorical nerve functor

cGrp Noae, sGrp

is defined as the composition of the isofunctor cGrp Lavlrp, CatGrp with the nerve functor of CatGrp.

N a
cGrp —=- sGrp

CatGrp \L /
N

CatGrp

(6.2) Definition. The full subcategory of sGrp with objects G that fulfill M,,G = 1 for n > 2, will be denoted
by sGrp; g

In the following, we use the morphisms ¢ ; .\ and t; as defined in|(1.30)
(6.3) Proposition. We let C be a categorical group.
(a) The categorical nerve NgatC of C is given by (NcatC)n = (Mor C)t*=™ for all n € Ny and

t ifm=0
(NcatC)o = { 00 nm ’}

(CL(’i-‘rl)B,iGJ)ie lm—1,0) ifm>0

for a morphism 6 € A ([m], [n]). The faces di: (NcatC)n — (NcatC)n_1 are given by

(prj)jel_n—l,lj if k= 0,
dp = (prj)j&'[n—l,k—&-lj U (CUCJrLk?U) U (pl'j)jeLk_Q_’()J if ke [1, n— 1],
(Pr;)jein—2.0] ifk=n

. N " . GrpC:
I Analogously, the groupical nerve functor cGrp —STP, sCat can be defined as the composition of the isofunctor cGrp Srplat,

GrpCat with the nerve functor from GrpCat to sCat.

111
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for all k € [0,n], n € N, n > 2, resp.

4 = S %fk::(),
t ifk=1

for n = 1. The degeneracies si: (NcatC)n — (NcatC)nt1 are given by
sk = (Pr;)jen-1,k U (tx€) U (PT;)je(x-1,0)
for all k € [0,n], n € Ng.
(b) The Moore complex of NgatC' is given by

ObC forn =0,
M, NcatC = < (Kert)*! forn =1,
{1} for n > 2,

while the differential morphism M;Nga;C' 9, MyNcatC is given by
(m)0 = ms for all (m) € M1NgatC.

In particular, Ncat takes values in sGrp ;).

Proof.
(a) This follows from definition and proposition
(b) We have
MoNgatC = (NcatC)o = (Mor C)+*:% = ObC
and
M;NcatC = Kerd; = {(mo) € (NeasC)1 | (mo)dy = 1} = {(mg) € (Mor C)+*<" "1 | (mgt) = 1}
= (Kert)*!.
For n > 2, we suppose given an element (mi)iELn—l,OJ € M, NcatC. Then we have
1= (mi)iein—1,0/dn = (Mi)ic|n-2,0
and
1= (m;)iepn-1,0jd1 = (Mp_1,...,ma, (m1,mg)c) = (Mp_1,...,ma, mi(mgse) "my),

cf. proposition [(5.12)|[(a)} For n > 3, we see directly from the second equation that m,_; = 1; for n = 2
we have

1= ml(mose)*lmo = ml(lse)*ll =My = Mpy_1.
Thus we have (m;);c|n—1,0) = 1 in each case and hence M;,NcatC = {1} for n > 2.
The differential morphism M;NgatC 9, MoNcatC is given by

(m)d = (m)dp = ms for (m) € M1NcatC.
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(6.4) Example. We suppose given a categorical group C. An element of (NgatC)s = (Mor C) x4 (Mor C'), X4
(Mor C) is a tuple (mq, m1,mg) € (MorC) x (MorC) x (Mor C) such that mat = mys and mit = mgs. We
write og := mgt, 01 := m1t, 0o := mot and o3 := mss.

m m m
03 2 02 ! 01 0 0p

Its images under the faces are given by

ma, M1, Mo do ’ITLQ,’/TLl)7

(mZa ml)ca mO) = (m2(026)71m17 m0)7

( )do = (
(ma, m1,mo)dy = (ma, (M1, mg)c) = (ma, my(01e) " my),
(ma, m1,mo)ds = (
( )ds = (

ma, my, mo)dz = (mi,mo),
its images under the degeneracies by

ma, M1, Mo )So = (M2, M1, Mg, 00€),

ma, My, Mo)s1 mg, M1, 01€,Mg),

( )so = ( )
( )s1 = ( )
(ma, my, mg)se = (Mg, 09e, My, M),
( )s3 = ( )

ma, M1, Mo )S3 03€, M2, M1,Mg).

We suppose [4] 2, 3] to be given by 00 := 0, 16 := 0, 20 := 2, 30 := 2, 40 := 3, and [0] - [3] to be given by
0p := 2. Then we have

(ma, m1,mo)(NeatC)g = (ma, 0ze, (m1, mg)c, 0pe) = (ma, ose, mi(o1e) ™ myg, oge)
and

(ma,m1,m)(NcatC), = 02.
We want to construct a left adjoint for the categorical nerve Ngag (cf. [4]).

(6.5) Remark. For every simplicial group G there exists a categorical group FG with group of objects ObFG =
Gy, group of morphisms Mor FG = G1/B1MG and where the categorical structure maps s, t and e are induced
by dg, d; and s; respectively:

s: Mor FG — ObFG, g1B1MG — g1dy,
t: MorFG — ObFG, g1B1MG — ¢1d;,
e: ObFG — Mor FG, go — (goso)B1MG.

Proof. According to lemma B1MG is a normal subgroup of G; and so G;1/B1MG is a well-defined group.
Since BIMG C Z;MG = (Kerdy) N (Kerd;), we obtain induced group homomorphisms s: G;/B;MG —
Go,nglMG — gldo and t: Gl/BlMG — Go,nglMG — g1d1- We define e: GO — Gl/BlMG,go —
(goso)B1MG. As composition of sy and the canonical epimorphism G; — G1/B1MG, this is obviously a
group homomorphism with

goes = (gosoB1MG)s = gosodo = go
and
goet = (gosoB1MG)t = gosod1 = go
for every go € Go. Thus s and t are retractions with common coretraction e. Since [Ker dg, Kerd;] € B;MG by

lemma [(4.7), we have [Kers,Kert] = {1}, and lemma [(5.14)| implies that C' is a category object in Grp with
ObC = Gy, Mor C = G1/B1MG and s, t, e defined as above. O



114 CHAPTER VI. HOMOLOGY OF CROSSED MODULES

(6.6) Definition (fundamental groupoid). We let G be a simplicial group. The categorical group FG given as
in remark |(6.5)| with objects ObFG = Gy, morphisms Mor FG = G1/B1MG and categorical structure maps

s: MorFG — ObFG, g1:B1MG — ¢1dy,
t: MorFG — ObFG, g:B1MG — ¢1d;,
e: ObFG — MorFG, go — (goso)B1MG,

is called the fundamental groupoid of G.
(6.7) Proposition.

(a) If G and H are simplicial groups and G —, H is a simplicial group homomorphism, then we have an
induced categorical group homomorphism

FG 2% FH
on the fundamental groupoids given on the objects by ObF¢ = ¢y and on the morphisms by

MorFp: Mor FG — MorFH, g1B1MG — (g1¢1)B1MH.

(b) The construction in [(a)] yields a functor
sGrp X, cGrp.

Proof.

(a) For every go € MoG we have

G201 = g20(M1p) = g2(Mag)0 € BiMH.

This implies ByMG C Ker v, where v denotes the canonical epimorphism H; — H;/B;MH, and thus
we get a well-defined group homomorphism

?1: MorFG — MorFH, ¢1B1MG — (g11)B1MH.
Now we get

(1BiMG)spo = gidoo = g11do = ((9191)BiMH)s = (¢:B1MG)prs
and

(1BiMG)tpo = gidipo = gip1di = ((g191)BiMH)t = (1 B1MG)prt
for g1 € G as well as

goe®1 = ((90s0)BiMG)P1 = (gosow1)BiMH = (goposo)BiMH = (gowo)e

for go € Gy. Thus we get a categorical group homomorphism F¢ with ObFp = ¢¢ and Mor Fy = @7.

(b) We let G, H, K be simplicial groups and G — H, H %, K be simplicial group homomorphisms. Then
we compute

(91B1MG)(Mor F(pv))) = (g19191)BiMK = ((g151)B1MH)(Mor F1))
= (¢1B1MG)(Mor Fy)(Mor Fv))

and
(91B1MG)(Mor F(idg)) = (g1idg)BiMG = ¢;B;MG

for all g1 € G. Hence we have Mor F(py) = (Mor Fy)(Mor Fp) and Mor F(idg) = idmorr. Since
ObF(py) = (p¥)o = poto = (ObFp)(ObF))

and

Ob F(idg) = (idG)o = idGO = idobFa;
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this implies that F is a functor from the category of simplicial groups to the category of categorical groups.

O

(6.8) Remark.
(a) We let C and D be categorical groups and C . Dbea categorical group homomorphism.

(i) The fundamental groupoid of the categorical nerve of C' has objects Ob FNgatC = Ob C and mor-
phisms Mor FNga;C = (Mor C)*!/{1}. The categorical structure maps are given by

s: MorFNgatC — ObFNgatC, (m){1} — ms,

t: MorFNgatC — ObFNgatC, (m){1} — mt,

e: ObFNgatC — MorFNgaC, 0 — (0e){1},

: (MorFNgatC) ¢ X4 (Mor FN@atC) — Mor FNeat C, ((m){1}, (n){1}) — ((m,n)c){1}.

o

(ii) The categorical group homomorphism FNga¢p induced by ¢ is given on the objects by Ob FNgatp =
Ob ¢ and on the morphisms by ((m){1})(FNgatyp) = (mg){1} for all m € Mor C.

(b) We let G and H be simplicial groups and G —— H be a simplicial group homomorphism.

(i) The group of n-simplices in the categorical nerve of the fundamental groupoid of G is
(NeatFG)n = {(91,:B1MG)ic|n-1,0) | 91,i+1d1 = g1,ido for all i € [n —2,0]}

for every n € Ny. The faces and degeneracies of Noat FG are given by

91,i+1B1MG ifie|n—2k|,
((gl,jBlMG)jeLnfLOJdk)i = (ng(giid180)g17k71)B1MG ifi=k-—1,
gl’iBlMG if7 € Lk — 2,0J

fori € [n—2,0], (g1,;BiMG)jc|n-1,0] € NcatFG)n, k€ [0,n], n € N, n> 2, and

g1.i-1BIMG if i€ [nk+1],
gedisoBIMG  ifi =k, k€ [0,n — 1],
91.k—1dosoB1MG if i =k, k € [1,n],
91.:BIMG if i€ |k—1,0]

((gl,jBlMG)jeLn—LoJSk)i =

for i € [n,0], (91,;BiMG) c|n-1,0] € NcatFG)n, k € [0,n], n € N. The faces do: (NcatFG)1 —
(NcatFG)o and d;: (NeatFG)1 — (NeatFG)o are given by

(91B1MG)dg = g1dp and (9:B1MG)dy = g1d;
for (91B1MG) € (NcatFG)1, while the degeneracy sp: (NcatFG)o — (NcatFG)1 is given by
goso = gosoB1MG

for go € (NearFG)o.
(ii) The simplicial group homomorphism NgatF¢ induced by ¢ is given by (NcatFy)o = ¢o and

(91,iBIMG)ic|n-1,0/(NcatFp)n = ((91,i91)BiMH )ic | n—1,0)

for (gl,iBlMG)ieLnfl,OJ S (NCatFG)na n € N.
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Proof.
(a) (i) According to proposition the Moore complex of the categorical nerve NgatC' is given by
M(NgatC) = (... — {1} — (Kert)*! -2 0b 0),
with (m)d = ms|kert for all m € Kert. Hence the fundamental groupoid FNgatC' has objects
ObFNcatC = (NcatC)o = ObC
and morphisms
Mor FNgatC = (NgatC)1/B1MNgat C = (Mor C)** /{1}.
The categorical structure maps are given by
(m){1})s = (m)dy = ms and (m{1})t = (m)d; = mt
for m € Mor C as well as
oe = osyg = (oe){1}
for o € ObC and
(m){1}, (M{1})e = ((m)((m)dsso) " (n){1} = ((m)((mt)so) " (n)){1} = ((m)(mte) " (n)){1}
= (m(mte)"'n){1} = ((m,n)c){1}

for m,n € Mor C' with mt = ns.
(ii) We have ObFNgaty = (Neatw)o = Ob ¢ and

((m){1})(FNgat®) = ((m)(Ncatp)) {1} = (mp){1} for all m € Mor C.
(b) (i) The group of n-simplices of NoatFG is given by
(NcatFG), = (Mor FG): =" = (G1/B1MG)+*+" for all n € Ny.

The faces di: (NcatFG)n — (NcatFG),—1 are given by

91,i+1B1MG ifie|n—2k,
((gl,jBlMG)jeLnfLOJdk)i = (gl,kB1MG, gl,klelMG)C ifi=k-—1,
gl’iBlMG ifi e U{/’ — 2,0J
91,i+1B1MG, ifie|n—2k|,
= (ngBlMG)(glﬁkBlMG)_1te(glﬁk,1B1MG) ifi=k— 1,
91,:Bi1MG ifie [k—2,0]
91,i+1B1MG ifie|n—2k|,
= (91,k(giid180)g1,k71)B1MG ifi=k—1,
91.:BIMG ifie|k—2,0]

for i € [n—2,0], (91,;BiMG)jcin-1,0] € NcatFG),, k € [0,n], n € N, n > 2, resp.
(1B1MG)dy = (91B1MG)s = g1dg and (g1B1MG)d; = (91B1MG)t = g1dy

for (g1B1MQG) € (NgatFG):. Similarly, the degeneracies sg: (NcatFG),, — (NcatFG)nt1 are given
by

g1,i-1B1MG ifie|nk+1],
(91,:B1MG)te ifi=kkel0,n—1],
(91.6—1B1MG)se ifi=k,k € [1,n],
91.:BIMG if i e |k—1,0],

((gl,jBlMG)jeLn—LoJSk)i =
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g1.i-1BIMG if i € [n,k+1],
91,6d1850B1MG ifi=kkel0,n-—1],
g1, k—1dosoB1MG  if i =k, k € [1,n],
91.:B1MG if i € |k—1,0]

for i € [n,0], (91,;BiMG) c|n-1,0] € NcatFG)n, k € [0,n], n € N, resp.
goso = goe = gosoB1MG

for go € (NcatFG)o-
(11) For (gl,iBlMG)iE\_n—l,OJ € (NCatFG)na n e N, we have

(91, B1MG)ic|n-1,0/(NcatFo)n = (91,iBiMG)ic[n—1,0] (Mor F) <"
= ((91.:BIMG)(F©))ic|n-1,0] = ((91,i01)B1MH )ic|n—1,0];

and for gg € (NcatFG)o, we have
90(NeatFp)o = go(Mor Fp):*<* = go(Fp) = gowo,
cf. definition [(1.30)

(6.9) Proposition. The functor sGrp RN cGrp is left adjoint to cGrp Nee, sGrp, and we have
F o Ncat & ideGrp-

Proof. We let C; D € ObcGrp be categorical groups and C —~, D be a categorical group homomorphism.
According to remark @ we have ObFNgatC = ObC and Mor FNgatC = (Mor C)*1/{1}, while the
categorical structure maps are given by

s: MorFNgatC — ObFNgatC, (m){1} — ms,

t: MorFNgatC — ObFNgatC, (m){1} — mt,

e: ObFNgatC — MorFNegat C, 0 — (0e){1},

¢: (MorFNgatC) X (Mor FNgatC) — Mor FNgatC, (m){1}, (n){1}) — ((m,n)c){1}.

Further, the categorical group homomorphism FNc¢atp induced by ¢ is given on the objects by ObFNgatp =
Ob ¢ and on the morphisms by ((m){1})(FNgaty) = (my){1} for all m € Mor C. Thus we obtain

Fo NCat = ichI‘p
by the natural isotransformation
FNCat L} id(:Grpa

which is defined by Obne := idop ¢ and Morne: Mor FNgatC — Mor C, (m){1} — m at a categorical group
C € ObcGrp.
To show F 4 N¢ag, we construct the unit idsgrp — Ngat © F. Thereto, we let G be a simplicial group. Since

(9ndn,0)ni+20i+1B1IMG)t = gnd|pn.0jnit2ni+1d1 = Ind|n.0jri+1 = Gnd|n,0jri+14id0

= (gnd|n,0)ni+12:B1MG)s
fori € |[n—1,0], gn € Gy, we have a well-defined map (eg)n: G — (NcatF'G),, given by
(6 ) 90 ifn= 0,
In\EG)n = .
" " (9nd|n0ni+17iBIMG)ic(n—1,0/ ifn >0

for g, € G,, which is a group homomorphism for every n € Ny because all faces in G and the canonical
epimorphism G; — G1/B1MG are group homomorphisms.
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We want to show that G =% Ncat FG is even a simplicial group homomorphism. Thereto, we have to show the
commutativity of the diagrams

dg
Gp————>Gp

(Ec)nl i(fc)nl

d
(NCatFG)n Hk (NCatFG)n—l
for k € [0,n], n € N, and

Sk
Gpy1~———-—G,

(60)n+1l \L(Ec)n

(NCatFG)n+1 <L (NCat FG)n

for k € [0,n], n € Ny.
First, we consider the faces. We let n € N be a natural number, k& € [0,n] and g, € G,, a group element. If

n > 2, then we obtain by remark |(6.8){(b) (1)
(gn(ec)ndr)i = ((gnd|n,0]rj+12;B1MG) jc|n-1,0)dk)i

9nd|n0jnit2ni+1B1IMG ifi e |n—2k|,

= ((gndLn,OJAk+1/\k)(gndm,0jAk+1Ak)71d150(gndLn,oJAkAk_ﬁ)BlMG ifi=k—1,
9nd|n0jnit 10 B1IMG ifi € [k—2,0]
Ind|n,0)nit2ni+1B1MG ifi€|n—2k|,

= ((gndLn,OJ/\k+1/\k)(g;1dLn,OJ/\kSO)(gndLn,oj/\k/\k_l))BlMG ifi=kFk— 1,
9nd|n,0jni+10:B1IMG ifi e |k—2,0]
9nd|n0|nit2ni+1B1IMG ifie|n—2k|,
(gndn,1)A2BIMG) (g5, d 1] r250)

_ (9ndn,3)) (95 d[n,2)51) (gnd|n,2/50) ) doBIMG ifi=k—1,k=1,

(94,0 Ak+14k—1BIMG) (97 d 1 Ak 1AK—1)
(gnd 1 Ak41a8) (G0 A1) AkS1) (9nd 1) AkAk—1))doBIMG  if i =k — 1,k € [2,n — 1],

Ind|n,0)ni+ 17 B1MG ifi € |k—2,0]
nd|n,0jnit2ni+1 BIMG ifi e [n—2k],
_ (gnd\_n,lj/\2)BlMG ifi=Fk— 1, k= 1,
(gnd\_n,oj/\k—&-l/\k—l)BlMG ifi=Fk— L, ke [2,TL - 1]7
gndLmoj/\H_l/\iBlMG ifi1 € |_I€ -2, OJ
Indn,0)nit2ni+1BIMG if i € [n —2,k],
= Q 9nd|nojnit2nBIMG  ifi=k—1, = gndrd|n—1,0/nit+ 1A BIMG = (gndi(G)n—1)i

gndLn,OJ/\i+1/\iBlMG ifi e |_I€ - 2, OJ
for all i € [n —2,0], that is, gn(eg)ndk = gndi(eGg)n—1. If n =1, we have
g1(ea)1dr = (1B1MG)dy, = g1di, = g1di(eq)o-

Thus we have (e¢)ndr = di(eg)n—1 for all n € N, k € [0,n].
Next, we show the compability with the degeneracies. Thereto, we let n € Ny, k € [0,n] and g, € G,,. For

n > 1 we get, by remark

(gn(ec)nsk)i = ((gnd|n,0rj+1A;BIMG) jen-1,0/5k)i
nd|n,0)nini-1B1IMG ifie|nk+1],
im0 nks1nrdisoBIMG if i =k, k € [0, — 1],
Indn,0)Akak—1dosoBIMG  if i =k, k € [1,n],
Indn.0ni+17iBIMG ifiek—1,0]
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Ind|n,0jnini—1 BIMG if i € [n,k+1],
= gnd|_n70JAkSoB1MG ifi =k,
gndl_n,OJ/\z‘-i,-l/\iBlMG ifie |_/€ -1, OJ

gnskd\_n+1,0j /\i+1/\iB1MG if i € I_TL, k+ 1J,

= 4 InSkd|ny1,0)ak+ 1A BIMG  if i =k, = gnSkd|n+1,0 ni+17:i BIMG
nSkd | nt1,0 nit1niB1IMG  if i € [k —1,0]
= (gnsk(gG)n+1)i

for all i € |n,0], that is, gn(e¢)nSk = gnsSk(€c)nt+1. If n. =0, we have

go(ec)oso = goso = (gosoB1MG) = goso(ec)1-

Hence (£¢)nsk = sk(eg)nt1 for all n € N, k € [0,n], and we have shown that we have a simplicial group
homomorphism

G =% Neat FG.

Next, we show the naturality of (¢¢)cecobsarp. We let G —, H be a simplicial group homomorphism for

G, H € ObsGrp. Then, by remark we have
gn(ec)n(NcatFo)n = (gnd|n,0)nit14iB1MG)ic | n-1,0) (NcatF)n = ((9nd|n.0)ni+10i01)BIMH )ign—1,0)
= ((gn(pndm,oj/\i+1/\i)B1MH)i€Lnfl,()J = gnn(€H)n
for g, € Gy, n € N, and
(ec)o(NecatFp)o = iday o = po = poidu, = @o(em)o-

Hence the diagram

G —> NcatFG
J{w J{NCatFW
H "> NcasFH
commutes and the morphisms e¢g for G € ObsGrp yield a natural transformation
idsarp — Ncag o F.
It remains to show that e resp. n yield a unit resp. a counit of an adjunction. But indeed we have
(mi)ie [n—1,0] (ENcatC)n(NCatnC)n = ((mj)jeLn—l,OJdLn—l,OJAi+1A1’B1MNCatC)i€[n—l,OJ (NCatnc)n
= ((mi){1})ien-1,0/Necatnc)n = (mi){1}nc)ie(n-1,0)
= (mi)iel_nfl,oj
for all (m;)ic|n-1,0] € NcatC)n, n € N, and
(eNcacc)o(Neatnc)o = id(Nga ) (Obne) = idob cidob ¢ = idob o = (idNe..c)o,
that is,
eNear ¢ (Neatne) = idng,.c for every C' € Ob cGrp.
Furthermore, we have
(ObFeq)(Obnra) = (e¢)oidobrg = idobra = Obidrg
and
(1BIMG)(Feg)nre = ((91(ec)){1})nre = ((91BIMG){1})nre = g1Bi1MG
for g1B1MG € Mor FG, and thus
(Feg)nrg = idpg for every G € ObsGrp.
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(6.10) Corollary. The categories CrMod, cGrp and sGrp|, o are equivalent.

Proof. The equivalence of CrMod and cGrp is the assertion of the Brown-Spencer theorem

We let idsgrp — Ncat © F denote the unit from the proof of proposition and we let G € Ob sGeryOJ be
a simplicial group with M,,G = 1 for n > 2. Then we have (¢¢)o = idg, and ¢1(e¢)1 = (91B1MG) = (g1{1}) for
all g1 € Gy, whence (e¢)o and (£¢);1 are group isomorphisms. Hence Myeg and M;e¢ are group isomorphisms,
and since M,,G = {1} for all n > 2, the morphisms M,,e¢ for n > 2 are necessarily group isomorphisms as well.
This is sufficient for Meg being an isomorphism in C(Grp), and with lemma this implies that €5 is an
isomorphism of simplicial groups. By abuse of notation, we have

NCat © F|sGrpL1,DJ = idsGrpu,Ojv

that is, the fundamental groupoid functor restricts to a category equivalence sGrp|; o — cGrp. O

§ 2 Truncation and coskeleton

In this section, we want to transfer our results of on categorical groups to get equivalent facts for crossed
modules.

(6.11) Definition (truncation). The truncation functor

sGrp e orMod

is defined to be the composition Trunc := CrMod o F.

sGrp . cGrp
\ iCrMod
Trunc
CrMod
Given a simplicial group G € ObsGrp, we call Trunc G the crossed module truncated from G.

(6.12) Proposition. We let G,H € ObsGrp be simplicial groups and G — H be a simplicial group
homomorphism.

(a) The crossed module Trunc G is given by Gp Trunc G = Gy, Mp Trunc G = M;G/B; MG and
(nglMG)u“““CG = 10 = ¢1dg for g1B1MG € Mp Trunc G,
where Gp Trunc G acts on Mp Trunc G by
9 (g1 B1MG) = 9°%0 g1 B; MG for gg € Gp Trunc G, g1B1MG € Mp Trunc G.

(b) We have Gp Trunc ¢ = ¢ and (g1 B1MG)(Trunc ¢) = (g11)B1MH for g1B1MG € Mp TruncG.
Proof.
(a) We have
Gp Trunc G = Gp CrMod(FG) = ObFG = G
and

Mp Trunc G = Mp CrMod(FG) = Kert = {¢1B1MG € MorFG | (1B1MG)t = 1}
= {nglMG € MorFG | gldl = 1} = {nglMG c Gl/BlMG | g1 € MlG} = M1G/B1MG

Furthermore, we have

(nglMG)uTmnCG = (nglMG)HCIMOd(FG) = (91B1MG)s|kert = g1do = 910
and

*(g1BIMG) = (1 B1MG) = 200 BHE (g, BIMG) = % g, BIMG
for go € Gp Trunc G, g1B1 MG € Mp Trunc G.
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(b) We have
Gp Trunc ¢ = Gp CrMod(Fy) = ObFp = ¢q
and

(91BiMG)(Trunc ¢) = (91B1MG)(CrMod(Fyp)) = (91B1MG)(Mor F)|np crmoara)
= (nglMG)(F(p) = gltplBlMH

for g1B1MG € Mp TruncG.
O

(6.13) Definition. We let V' be a crossed module. For every n € Ny, we define the n-fold semidirect product

MpV x GpV := (MpV)*" x GpV.
The elements in Mp V' ,x Gp V are denoted by

(M4, 9)icin—1,0] = (Mi)ie|n-1,0] U (9) = (Mn—-1,...,m0,9)-
We equip Mp V' ,x Gp V' with the multiplication that is given by

(M, 9)ien—1,0) (M, Vie|n-1,0) = (m; retizror™9ml gg"y,0 o)

for (mi, g)ic|n-1,0y5 (M}, 9" )ie[n-1,0] € MpV ,x Gp V.
(6.14) Remark. There exists a functor

CrMod M 2)=x(Gp ), sGrp

isomorphic to Ngat 0 cGrp such that ((Mp —) .x (Gp—)),V = MpV ,x GpV, equipped with the multiplication
in definition |(6.13)| and such that

(mj,9)jein-1,0(MpV gx Gp V) := (my, 9)je|n-1,0) (Mp — .3 Gp —)gV)

= ( 11 me, ([T mr)9)ieim-1.0)

ke|(i+1)0—1,i6] ke|06—1,0]

for Ve ObCrMod, 6 € a([m],[n]), m,n € Ny. In particular, the n-fold semidirect product MpV ,x GpV
with the multiplication given in definition |(6.13)|is a well-defined group for all n € Ny. Furthermore, given a

morphism V = W between crossed modules V and W, we have

(my,9)jein-1,0/(MP @ 2 Gp @) := (m;,9) je|n—1,0) (Mp — 2 GP —)nip) = (M0, 9%¥) je[n-1,0)
for all (m;, g)je[n—-1,00 € MpV »x GpV, n € Np.
Proof. We let V€ Ob CrMod be a crossed module. Then we have
(NeatcGrp(V))n = (Mor cGrp(V))s ™™
GpV if n =0,
- {{((ml, (HkGLFLOJ me)g))ic|n—1,0] | mi € MpV fori € [n—1,0],9 € GpV} ifn>1.

The multiplication in (NgatcGrp(V)), is given by
((m, ( H me)g))ic [n—1,0] ((m;,( H m;c)gl))iqnq,oj
keli—1,0 keli—1,0]

= (mi,( JI mu)g)mi,C TT mi)gDietn-1.0

keli—1,0] keli—1,0]
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= ((m; Mrevimvor ™ol TT mi)gC [ mi)9)iein-10)
keli—1,0] keli—1,0]

for ((m;, (eruq,oj mi)9))ie|n—1,0]s (M5, (er[z;l,oj my)9"))ie n—1,0) € (NeatcGrp(V))n, n € No.
We wish to compute the morphism (NcatcGrp(V'))g for a morphism 6 € a([m], [n]), where m,n € No. If m # 0,
then

((mj>< H ml)ﬂ))jeLnfl,OJ(NCatCGrP<V>)9:(((mg‘»( H ml)g))jetn—1,0JC[(i+1)9,i9])z‘eLm—LoJ

le|j—1,0] le[j—1,0]
=(( H m, ( H mk)g))iqm—l,oj
ke|(i+1)6—1,i0 ke|i0—1,0]

for ((m;, (HleLj—l,OJ m1)9))jein-1,0] € (NcatcGrp(V))n, n € Ng. If m = 0, then
((m, (. TT  m)9))jein-1.0(Neatcrp(V))o = ((mj, ([  mu)9))iein-1.0)t0s
l€|j—1,0] le|j—1,0]
_ (mog, ([Trejo9—1,0 mw)g)t  if 00 € [0,n — 1], _ (ITkejoo—-1,0) Mk)9 if 00 € [0,n — 1],
(Mn—1, (ITxe|n-2,0y mr)9)s if 00 =n Mp—1( e n2,0) mr)g £ 00 =n

= I g

ke06—1,0]

for ((mj, (HleU—l,oJ ml)g))jeLn—l,OJ € (NcatcGrp(V))n, n € No.
By transport of structure, the sets MpV ,x GpV for n € Ny fit into a simplicial group that is isomorphic to
NegatcGrp(V) via the natural isotransformation

NcatcGrp(V) 2% Mp V 2 Gp V
given by

g(thv)o == (g) and ((m;, ( H mr)g))ien-1,0 (Vv )n := (Mi, 9)ic|n-1,0) for n > 1.
keli—1,0]

Note that the second entry of the image of (¢ ), for n > 1 is obtained by reading off the second entry of the
argument at ¢ = 0. Thus )y is compatible with the multiplication on (NgatcGrp(V)), and the multiplication
on MpV ,,x GpV defined in definition as one can take from the computation of the product above.
Given a morphism 6 € a([m], [n]), we have

(mjvg)je\_n—l,oj (MpV gx GpV) = (mjvg)jELn—l,OJ (1/1V);1(NCatCGrP(V))e(i//V)m
=((ms,( JI m)9)iein-1.0)(NcatcGrp(V))o (v )m

lelj—1,0]
_ ((Ikejoo—1,0) mr)9) (v )o if m=0,
(ke i+1)0-1,i0) ks Tkeio—1,0) M8)9))icim—1,0) (Vv )m ifm =1,

= ( H mi, ( H ME)G)ie|m—1,0

ke (i+1)0—1,i6] ke[00—1,0]
for (m], g)jELn_LOJ S Mp \%4 nX Gp V.
Furthermore, given a morphism V' —2 W between crossed modules V and W, we have
(15, 9) je1n—1,0) (MP @) w3 (G ) = (M}, 9)je[n—1,0) (¥v)7" (NCatcGrp(¢))n(Yw)n
_ g(NCatCGrP(@))()(wW)O ifn=0,
((my, (HleLj—l,OJ ml)g))jeLn—l,OJ (NeatcGrp(¢))n(Yw)n ifn>1

:{@meDth Hn:&}
((my, (Hle\_j—l,oj my)g)cGrp(¢))je(n—1,0(¥w)n ifn>1
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_ {9¢(¢W

0 ifn=0
((mJ‘Pv (HleLj—l,OJ ml)g)@))jeLn—l,OJ Ww)n ifn>1

)
(
_ J9eWw)o ifn=0 = (mjp, 99);
<<mjso,<Hleb 10, M) (99))se (n1.0) (w ) ifn > 1 T IR e L0k

O

(6.15) Definition (1st coskeleton). For a crossed module V', we call CoskV := MpV .x GpV the coskeleton
of V. The functor

CrMod 2%, sGrp

given by Cosk := (Mp —) .x (Gp —) is called the (1st) coskeleton.

(6.16) Proposition. We let V be a crossed module. The faces and degeneracies of Cosk V' are given by

(mj7m0‘g)j€[n71,1j if k= 0,
(mj,9)jein—1,0/dk = § (Mj)je(n-1,k+1] U (mrmr—_1) U (my, 9)je|k—20) if ke [l,n—1],
(M}, 9)jein—20] ifk=n

for (mjag)jel_n—LOj € COSkn V7 ke [1,71}, ne N7 and
(mj,9)jein-1,05k = (Mj)jen-1,k U (1) U(my,9)je k-1,0)

for (mj, 9)je(n—1,0) € Cosk, V, k € [0,n], n € No.

Proof. We compute

(mjag)jqnq,ojdk = (mj,g)jetnq,oj (MpV six Gp V) = ( H my, ( H mr)g)ietnﬁ,oj
rel(i+1)8k—1,i8k | r€|08k—1,0)
(HreLi+2—1,i+1J My, (HTEU—LOJ m?")g)iel_n—ZOj if k=0,

_ (Hre[i+2—1,i+1j My )ie(n—2,k) U (HreLk+1—l,k—1J my)
U eir1-14) mrs (Trejo—1,0) Mr)9)icin—20  if k€ [ln—1],

(Hr€[1+1 1,4] Mo (HTGLO_LOJ Myr)G)ie|n—2,0] iftk=n
(Mit1,M09)ic|n—2,0] if k=0,

= (mz )zELn—2 k| U (mkmk—l) U (mz‘,g)ieuc—zoj ifke [Ln - 1]7
(mmg)ze\_n 2,0) ifk=n
(mj,m09)je|n—1,1] if k=0,

= ¢ (Mmj)jein—1k+1) U (memp—1) U (mj, g)je|x—2,0 if ke[l,n—1],
(m] )]ELn 2,0] ifk=n

for (mj,g);e|n—1,0) € Cosk, V, k € [0,n], n € N, and

(mj,9)jein-1,05k = (M, 9)jen-1,0](MpV &3 GpV)

= ( H My, ( H mr)g)iel_n—Q,OJ

re|(i+1)ok—1,i0" | re|l0o*—1,0]
= ( 11 m)iemisy U [ m)uC I meC I mo)9)iei—10)
reli+l-1-1,i—1] relk—1,k| reli+1—1,i] re[0—-1,0]

= (Mi—1)ic|nkt1) Y (1) UM, 9)ieik—1,0] = (M) jcn-1,k) Y (1) U(my,9)jek-1,0)

for (mj, 9)je|n—1,0) € Cosk, V, k € [0,n], n € No. O

(6.17) Proposition. The functor sGrp Irne, crMod is left adjoint to CrMod Gosk, sGrp, and we have

Trunc o Cosk 2 idcrMod-
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Proof. Since CrMod and cGrp are mutually inverse category equivalences, they fulfill in particular CrMod - cGrp
and CrMod o cGrp = idcrmod- Hence F 4 Ny implies
Trunc = CrMod o F 4 N¢at © cGrp = Cosk,
and from F o Ncag = idcgrp We can conclude that
Trunc o Cosk =2 CrMod o F o Ngat 0 cGrp = CrMod o idegrp © €Grp = idcrMod-
O

We collect some examples and further properties of the n-fold semidirect product and the coskeleton functor.

(6.18) Example. If V is a crossed module with Mp V' 2 1, then Cosk V = Cosk(Gp V); cf. definition |(6.15)|
and definition

(6.19) Example. We consider the crossed module V' = Ci:;l introduced in example |(5.6)} Recall that it has
group part GpV = (a | a* = 1), module part MpV = (b | b* = 1), structure morphism u" : MpV — GpV, b
a? and action @b = b~!. Its coskeleton is given by

Cosk,, V' = (b) ,x (a).

Hence it consists of elements (b/7, a®)je|n-1,0/, where e, f; € {0,1,2,3} for j € [n—1,0]. The multiplication of
two elements (bfi,ae)jeln,l,oj , (bf1{7a5/)j€Ln,170J € Cosk,, V is given by

(bfj’ae)jeLnfl,OJ (bf;’ael)jqnﬂ,OJ _ (bfj+(—1)ef;’ae+e/>

for e,fjaelafj,' € {0>17273}7 ] € LTL - 170J
(6.20) Remark. We let G be a group and M be a G-group. Then we have

C IT moeC II m= I Gy Uhevmom@m))
j€ln—1,0] j€ln—1,0] j€ln—1,0]

for all mj,m’; € M, i€ [n—1,0], g€ G, n € Ny.

Proof. We proceed by induction on n € Ny. For n = 0, there is nothing to show. We let n € N be given and we
assume that the asserted formula holds for n — 1. This implies

CIL mpeC I miy=maaC T mpeml )2 I m))

i€|n—1,0] i€|n—1,0] i€|n—2,0] i€[n—2,0]
:mn_l(HiELn_z,OJmJ‘)(gm;_l)( H m;) 9( H m;)
i€|n—2,0] i€|n—2,0]
= my g Mietnmzoy ™) @) T (my Toesimror ™) 9m)))
i€|n—2,0]
L)
i€|n—1,0]

(6.21) Proposition. We let V be a crossed module. Then Mp V' becomes a (Mp V' ,x Gp V)-group by
(ms.9)jetn-1.01 1= llicin-1.0) ™9 (9m) for all m € MpV, (m;, ) je|n-1,0) € MpV ,x GpV

and we have
MpV ,y1x GpV X MpV x (MpV ,x GpV)

for all n € Ny.
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Proof. We fix some n € Ng. Remark |(6.20)| shows that
(mj,9)je|n-1,0) ((Wl;wg’)jgtn—l,oj m) — (Iepn-1,0) mj)g((HJGL”,LOJ m/j)g’m) _ (Tjepn—1,0)™m3) *Uljen-1,0 m;-)!]g/m
— HjEUL—l,Oj (m; e i-1,0) ml)(gm;))(gg,m)

— (my Uliei-1.0) ml)gm}gg,)jemfl,oj m = ((mj:9)jen—1,0] (m;,g')jetnq.m)m

for (mjag)jel_nfl,oj7(m;ng)jELnfl,OJ S 1\/Ip‘/’n>q Gp Va m e Mp Va and
(LDjetn-101m = m

for m € Mp V. Furthermore, we have
(mj,9)je n—1,0] (mm/) — (Il ein-1,0 mj)g(mm/) — Iljein—1,00™ms (g(mm/)) — Iein—1,00™mi (Im gm/)
= HjELn—l,OJ m; (Qm) HjELn—l,OJ mj (gml) — (HjeLn—l,Oj mj)gm (H_;’eLn—l,OJ mj)gml
— (mj7g)jetn71,ojm (mjvg)jepL—l,Oj m’

for (m;, 9)je(n-1,0) € MpV ,x GpV, m,m’ € Mp V. Thus Mp V' becomes a (Mp V' ,,x Gp V')-group and we can
form the semidirect product

MpVx (MpV ,x GpV).
Since the multiplication in Mp V x (Mp V' ,x Gp V) is given by
(mn> (mj7 g)je |n—1,0] )(m;w (mg ’ g/)je |n—1,0] )

= (mn (mj,9)ien-1.0) m/nv (mjv g)jel_n—l,OJ (m;,gl)jeLn—Loj)

= (my, Mietn—vor ™8] (m; Thetsao ™97 gg7)) e, 0,

for (my,, (mj,9)je|n-1,01)s (My,, (m;-, 9)jeln—1,0]) € MpVx (MpV ,xGp V), we have a group isomorphism given
by

MpVX] (Mpv nX Gp V) - Mpvn+1><] Gp v, (mna (mj,g)jELn—l,OJ) = (mjvg)jel_n,oj‘

§ 3 Homotopy groups of a crossed module
6.22) Proposition. We suppose given a crossed module V. Then Cosk V € sGrp and we have
[1,0]
Mo Cosk 2 U,

where U denotes the forgetful functor CrMod Y, C(Grp) that sends the crossed module V' to the complex
Vv
of groups MpV £— GpV, concentrated in dimensions 1 and 0, and forgets the action of GpV on Mp V.

Proof. We let V be a crossed module. For n > 2, we obtain

M, CoskV = (| Kerdy C Kerd; NKerd,

ke[l,n]
={(mj,9)jen-1,00 € MpV 23 GpV | (m;,9)je|n-1,0/d1 =1 and (m;, 9)je|n-1,0/dn = 1}
={(mj,9)jein-1,00 €EMpV o} GpV | (mp_1,...,m2,mimg,g) = 1 and (my_2,...,mo,g) = 1}
={(mj,9)jein-1,0 EMpV x GpV |m; =1forall j € [n—1,0] and g =1} = {1}.

Furthermore, we have

M; Cosk V' = Kerd; = {(mo,g) € MpV 1x Gp V' | (mo, g)d1 = 1} = {(mo,g) € MpV 1x GpV | (9) =1}
={(m,1) e MpV xGpV |meMpV}=MpVx{1}.
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and Mg Cosk V = MpV ox GpV = (Gp V)*!. Moreover, we have
(m, 1)0 = (m, 1)dy = (m1) = (mp")

for all m € Mp V. Hence
M(Cosk V) = (... — {1} — MpV x {1} -% (GpV)*D),

where (m,1)d = (m,1)dy = (mp"Y) for m € M.
Now, we let W also be a crossed module and V —2 W be a morphism of crossed modules. Then we have

(m,1)(M; Cosk ¢) = (m,1)(Mpp 1x Gpp) = (mep,1) for m € Mp ¢
and

(9)(Mg Cosk @) = (9)(Mp ¢ 0 Gp @) = (g¢) for g € Gp V.
Consequently, we obtain the isomorphy

Mo Cosk=U
via

M o Cosk - U,

where M Cosk V' 2% V is given by (m,1)ay := m for m € MpV and by (g)ay := g for g € GpV, V €
Ob CrMod. O

(6.23) Corollary. We let V, W € ObCrMod be crossed modules and V' —*~ W be a morphism of crossed
modules.

(a) We have

Coker u”  for n = 0,
7, (Cosk V) 22 < Ker u” forn =1,
{1} for n > 2.

(b) The induced morphisms 71;(Cosk ¢) resp. mp(Cosk ¢) are the induced morphisms on the kernels resp.
cokernels of 1¥ and pu".

Proof. By proposition we have
7, o Cosk = H,, o M o Cosk = H,, o U for all n € Np.
This implies all assertions. O

(6.24) Definition (homotopy groups of a crossed module). The homotopy groups of a crossed module V are
defined by

Coker u”  for n =0,
7, (V) = { Ker pV for n =1,
{1} for n > 2.

Moreover, if V 25 W is a crossed module, then we define () resp. m1(p) to be the induced morphisms on
the cokernels resp. kernels of 1V and p"'; the morphisms 7, (¢) for n > 2 are defined to be trivial.

|

’/Tl(W

e

m (V) ——MpV GpV o (V)

() lMpw lGPv lﬂo(w)
w
) —= MpW —— Gp W —= m(W)
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(6.25) Proposition. The homotopy group functors 7y and 71y for simplicial groups fulfill
7, = 7, o Trunc for n € {0,1}.
Proof. We let G be a simplicial group. Due to proposition we have

711 (Trunc G) = Ker p¢¢ = {5, B;MG € Mp Trunc G | (g1 BiMG)u™me ¢ = 1}
= {nglMG S MlG/BlMG | g16 = 1} = {nglMG S MlG/BlMG | g1 € ZlMG}
= ZlMG/BlMG = HlMG = 7T1(G),

and
71(Trunc G) = Coker p™¢¢ = (Gp Trunc G)/ Im p™™°¢ = G/ Tm d = ZoMG /BoMG = HoMG
= 7T0(G).
Furthermore, given a simplicial group homomorphism G —~ H, where H € ObsGrp, then we have

(91B1MG) (71 (Trunc ¢)) = (91B1MG)(Trunc ¢) = (g1¢1)B1MH = (91 (M1y))Bi1MH
= (¢1B1MG)(H1Myp) = (91B1MG)mti ()

for 1B1MG € 71 (Trunc G) and
(go Tm ¢ &) 71y (Trunc o) = (go(Trunco ) Im @™ H = (go00)BoMH = (go(Mop))BoMH
= (90BoMG)(HoMgp) = (go Im ™™ %)ty (i0)
for go Im uTrunc ¢ o (Trunc G). O

(6.26) Theorem. If G is a simplicial group with 7, (G) = 1 for all n > 2, then there exists a simplicial
group homomorphism G — Cosk Trunc G that induces an isomorphism 7, (G) — m,(Cosk Trunc G) for each
n € Np.

Proof. First, we remark that

Cosk Trunc G 2 Ngat cGrp(CrMod(FG)) 2 Neat FG

by remark [(6.14)| and definition |(6.15)]

We let idsgrp 5 Neat o F denote the unit and F o Ngag —-s idegrp denote the counit from the proof of
proposition and we let G € ObsGrp be a simplicial group with 7, (G) 2 1 for n > 2. Then we have

(Feg)nre = idra

and npqg is an isomorphism. Therefore, Feg = WEé is an isomorphism as well. For n € {0,1}, this implies by

proposition that
T, (ec) = My (Trunceg) = m, (CrMod(Feg)) = 7, (CrMod(ngps))-

Thus 7, (£¢) is an isomorphism for n € {0,1}. Hence 7, (G) & 1 2 m,,(NcatFG) for n > 2. Thus, the induced
homomorphisms 7, (e¢) for n > 2 have to be trivial and, in particular, they have to be isomorphisms, too. [

§ 4 The classifying simplicial set of a crossed module: an example

In this last section, we compute some homology and cohomology groups in low dimensions for the crossed
module Ci:;l.

(6.27) Definition (classifying (bi)simplicial set of a crossed module). We define BV := B Cosk V resp. BAV :=
B®) Cosk V' to be the classifying simplicial set resp. the classifying bisimplicial set of a crossed module V €
Ob CrMod.
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(6.28) Example. The classifying bisimplicial set of the crossed module V' 2 CZ:Zl, given as in example |(5.6)
by GpV ={a|a*=1), MpV = (b|b* =1), u¥: Mp — GpV,b+ a? and action *b = b~!, is given by

* * * *

> (0) 3% (@) ——— (b) 220 (@) ———(b) 3 (@) ——(b) 0¥ (@)

s ((B) 3% (@) ——= ({b) 21 {@))*? ——= ((b) 14 {@))* —— ((b) 0% {a))**

s ((B) 3% (@) ——= ({B) 21 {@))*® ——= ((b) 14 {@))*® —— ((b) 0% {@))**

s = ((B) 3 (@)t ——= ({B) 22 {@))** ——= ((b) 14 {@))** —— ((b) 0% {a))**

Here, the arrows denote the direction of the faces (for better readability we have omitted the degeneracies) and

* denotes a set with a single element (we have ((b) ,x (a))*? = x for all p € Ny). In the p-th column, where

p € Ny, one can see the classifying simplicial set of Cosk, V' = (b) ;< (a), that is,

- (B 2 (@) — ({B) 2 (a))F — ({B) ¢ (a))** — ({B) px (@) — ({B) pa (a))*°.

(6.29) Definition (homology and cohomology of crossed modules). We let V' be a crossed module, R be a
commutative ring, M be an R-module and n € Ny be a non-negative integer. The n-th homology group of V
with coefficients in M over R is defined to be

H,(V,M;R) := H,(BV, M; R).

The nth cohomology group of V' with coeflicients in M over R is defined to be
H"(V,M;R) := H"(BV, M;R).

As in definition we abbreviate

Hn(v7 M) = Hn(V> M; Z),
H,(V):=H,(V,Z;Z),

and

H"(V;R):=H"(V,R; R),
H"(V, M) = H"(V, M;Z),
HY(V) := H"(V, Z: Z).

(6.30) Remark. We let V be a crossed module, R be a commutative ring, M be an R-module. Then
H,(V,M;R) = H,(Cosk V, M; R) and H"(V, M; R) = H"(Cosk V, M; R) for all n € N,.

Proof. We have
H,(V,M;R) =H,(BV,M;R) =H,(BCoskV, M; R) =H,(Cosk V, M; R)

and, analogously,
H"(V,M;R) =H"(BV,M;R) =H"(BCosk V, M; R) = H"(Cosk V, M; R)

for all n € Ng. O]



§ 4. THE CLASSIFYING SIMPLICIAL SET OF A CROSSED MODULE: AN EXAMPLE 129

(6.31) Proposition. Suppose given a crossed module V', a commutative ring R and an R-module M.

a) There exists a spectral sequence E with El = H,_,(MpV ,x GpV, M;R) that converges to the
p,n—p P P
homology group H, (V, M; R), where p € [0,n], n € Ny.

(b) There exists a spectral sequence E with E}""™7 = H" P(MpV ,x GpV, M;R) that converges to the
cohomology group H*(V, M; R), where p € [0,n], n € Ny.

Proof. Follows from remark and theorem concerning the coskeleton cf. definition O

(6.32) Definition (Jardine spectral sequences of crossed modules). We let V' be a crossed module. The spectral
sequences in proposition will be called Jardine spectral sequences of V' (in the case of homology resp. in
the case of cohomology).

(6.33) Example. We want to compute some homology and cohomology groups of the crossed module V' 2 Ci:;l
introduced in example For the notation and the classifying bisimplicial set BV, see example

(a) The associated double complex over the ring of integers Z is isomorphic to

lel lel lel lel

cr———> g1x4t 7 1x4 ZLix4? —— 7ix4
8 6 4 2
--4>le4 Z1><4 Zl><4 4>le4

12

co——>7lx4 le49 Z1x46 *>le43

12

.. 4>21><416 — x4 —> le48 4>Z1x44

where the morphisms are given by multiplication with suitable matrices from the right. Thus linear
algebra over Z allows us to compute homology with respect to the vertical differentials and the associated
morphisms. We obtain, using Maple,

2 —Y ) @) s (@)

(§4)
100
01

s (z)2 7)2 7/4) 2 (272 7/4)

)z

(7)) " (0)

— (Z/4)

where, for example, the elements of (Z/2 Z)2 Z/4) are row vectors (az a1 ao) with ag,a; € Z/2
and ag € Z/4.

Here, the dots at the left should, except in the first row, not indicate any regularity in the appearing
complexes - here the entries of C(2)(B(2)V) were just too large to compute with.
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Taking homology (in horizontal direction) yields the following homology groups:

HoHo(C® (BPV)) = 7,
HoH, (C®(BPV)) = 7/2, H,Ho(C®(BPV)) ~o0,
HoH,(C?(B@V)) >0, H,H, (C®B@V)) ~o0, HoHo (C?(B@V)) ~0.

By the Jardine spectral sequence, we know that Hq (V') is isomorphic to a subquotient of Z, H; (V) is
isomorphic to a subquotient of Z/2 and Hy(V') 0.

To compute H, (V) for n € {0, 1,2} directly, it is possible to use the Kan classifying simplicial set according

to corollary
H, (V) = H,(Cosk V) = H, (W Cosk V).
The Kan classifying simplicial set of Cosk V' is given by

= X ()2 (@) — X () pfa) — X ((b) (@) — =

J€l2,0] JELL,0] J€10,0]
(For the arrows, cf. example ) Its associated complex C(W Cosk V) is isomorphic to
o le46 N le43 L gix4 __ gixl

Computing homology via Maple yields

Ho(V) = Z,
Hi(V)=x7Z/2,
Hy(V) 2 0.

Il

To compute cohomology groups over Z, one has to dualise the double complex C(Q)(B(Q)V) resp. the
complex C(W Cosk V) by applying z(—,Z) pointwise and taking homology after that. This means to
deal with column vectors resp. matrix multiplications from the left instead of row vectors resp. matrix
multiplications from the right.

Z44><1 HZ4SX1 HZ412X1 Z416><1

43%1 46 9 12

7AE XL —— 7 XIHZAL x1 Z4 x1

Z42><1 HZ44><1 Hzﬁxl Z48><1

7Ax1 *>242><1 Hzélgxl Z44><1

lel lel lel lel
We obtain

HH(C®(BAV)) =~ 7,
HIHO(C(Q) (B(2)V)) o 0’ HOHl(C(Q) (B(Q)V)) =~ 07
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H?H(C®(B@V)) =0 H'H' (C®(B®V)) ~o0, HOH?(C?(BAV)) >~ 7/2
and, using the Kan classifying simplicial set,

H(V) =7,

HY(V) =0,

H2(V) = 7/2.

(¢) Taking the field with two elements Fy as ground ring for homology resp. cohomology yields
HoHo(CH(BPV;Fy)) 2 Fy,
HoH, (CHBPVFy)) 2 Fy,  HiHo(CP(BAV;Fy)) =0,
HoHo(CH(BAVFy)) 2 Fy,  HiH(CHBAVFy)) = Fy,  HoHo(CP(B@V;F,)) 20

and

Ho(V;Fy) = Fo,
Hy(V;Fy) = Fo,
Hy(V;Fy) = Fy

resp.

HOHO(C®(BAV,Fy)) = Fy,

H'H(CP(BPV;Fy)) =0, HOH'(C?(BPV; Fy)) = Fy,

H2H(C?(BAV;F,)) 2 0, HH2(C?(BAV;F,)) 20, H'HY(C?(BAV;Fy)) = F,
and

H°(V;Fs) & Fo,

HY(V;Fy) 2 Ty,
H?(V;Fy) = Ty

(6.34) Remark. Since, in example
Ha(V;Fa) = Fy
EFF, @F2 00
=~ HoH(C® (BPV; Fy)) & HyHy (C? (BEV; Fy)) @ HoHo (C? (BAV; Fy)),

we can conclude that the Jardine spectral sequence in the case of homology (cf. definition |(6.32)) does not
degenerate in general.
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