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ABSTRACT: A quantitative version of Frobenius reciprocity for isometries is proved. It
is applied to deduce recursion formulas for the rational class of some irreducible orthogonal
modules of the symmetric groups.

1 Introduction

Let G be a finite group with subgroup H C G and K be a field of characteristic 0. If
W is a right K H-module, then the induced module W& defined as W¢ = W @xyg KG
(cf. [CuR, Section 10]) is a KG-module. On the other hand, by restriction, any KG-
module V' can also be viewed as a K H-module. Classical Frobenius reciprocity (cf.
[CuR, Theorem (10.8)]) establishes a canonical isomorphism between the vector spaces
of homomorphisms

(F) Homguy(W,V) = HomKG(WGa V), o o°.

Now assume that W admits a non-degenerate symmetric bilinear form Fy, : W X
W — K that is H-invariant, i.e. Fy (v,w) = Fy(vh,wh) for all v,w € W,h € H.
Call such a pair (W, Fy) an orthogonal K H-module. Then Fy, defines a G-invariant
form F§ on W€ such that (W€, F§) becomes an orthogonal KG-module.

If (V,Fy) is an orthogonal KG-module, then it is natural to ask what happens
with the K H-isometries Isomgu((W, Fw), (V, Fy)) :=

{p € Homgg(W,V) | Fyw(w,w") = Fy(p(w), (w')) for all w,w’ € W}

if one applies Frobenius reciprocity. Note that here by definition isometries are injective
but not necessarily surjective. Since Frobenius reciprocity does not respect injectivity
of the mappings, one has to dualise the right hand side of (F') to again get isometries:
Fy induces a K G-isomorphism between V' and its dual V* := Homg(V, K). Let F}; be
the form on V* such that this isomorphism is an isometry. Assume that V is a uniform
KG-module, which means that Fy generates the space of all G-invariant symmetric
bilinear forms on V. Then orthogonal Frobenius reciprocity gives a canonical bijection

Isomin (W, Fw), (V, Fy)) 2 Isomka((V*, Fy7), (WE)*, (F§)"))

defined by
= 7(;“7”(‘2 (©°)".
im(W&)

In Section 2, this orthogonal Frobenius reciprocity and two useful generalisations
are proved. It is applied in Section 3 to determine the rational isometry class of some
irreducible orthogonal QQS,,-modules.

This paper is one section of my Habilitationsschrift [Neb]. There I give further
applications of orthogonal Frobenius reciprocity to the determination of the rational
isometry class of orthogonal G-modules.



2 Orthogonal Frobenius reciprocity.

Let K be a field of characteristic 0 and G be a finite group with subgroup H C G.
Let G :L'J::1 Hg,; be a decomposition of GG into H-cosets.

If W is a KH-module with K-basis (b1,...,b,) then (by ® g1,...,bp ® 91,01 ®
92, -, b ® g,) is a K-basis for the KG-module W¢. The action of g € G on W€ is
calculated combining the permutation of the cosets induced by g with the action of H
on W: If g;g = hg; with h € H then (w ® ¢;)9 = wh® g, for all w € W,

If o : W — Vg is a KH-homomorphism, then 0% : WY — V defined by
e wi ® gi) = Yoi p(w;)g; is a KG-homomorphism. The mapping ¢ +
0% is independent of the choice of the coset representatives g; and defines a K-
isomorphism Homgp(W,Vg) — Homgq(WC, V) with inverse Homga(W¢ V) —
Homgu(W,Vig); ¢ — @w, the restriction to W, where W is identified with W ® 1 C
W€ (cf. [CuR, section 10]).

If (W, Fy) is an orthogonal K H-module, then Ff defined by

Fi (w ® gi, w' ® g5) := & Fw (w,w') (w,w' € W,1<14,j <)

is a non-degenerate G-invariant symmetric bilinear form on W¢.

Any non-degenerate symmetric G-invariant bilinear form Fy on the KG-module
V defines a K G-isomorphism Fy : v Fy(-,v) between V and the dual space V* =
Homg(V, K). Note that V* is again a right KG-module, via (fg)(v) = f(vg™") for

allv eV, f € V*, g € G. Let Fy, be the form on V*, for which Fy is an isometry: For
feV*letvs:=F,;'(f) € V. Then

Fy(f, k) := Fy(vg,v) for all f,h e V™.

Theorem 2.1 Let K be a field of characteristic 0, (W, Fw) an orthogonal KH -
module, and (V,Fy) a uniform orthogonal KG-module. If ¢ : (W, Fy) — (V, Fy)
15 a K H-isometry, then the transposed mapping

() s (V" S R = ()%, (i)

1s a KG-isometry.

Remark 2.2 The constant dZTW(:(/[‘/,?) can be easily remembered by taking V and W =

(w) with Fy(w,w) = 1 to be the trivial modules. Then WY and also (W)* is the
permutation module with orthonormal basis (w ® g1,-..,w ® gs) and the trivial KG-

submodule of W€ is generated by v := E;Zl w®g; with squared length (F$)* (v,v) = s.

To prove the theorem it is convenient to choose a basis of W and V and work
with matrices. So Fy, Fy also denote the Gram matrices of Fy respectively Fy
with respect to the chosen basis, g, the matrix describing the action of g, € G, right
multiplication with ¢ the corresponding mapping ¢ etc.



Lemma 2.3 Let (W, Fyy) be an orthogonal K H-module and (V, Fy) be an orthogonal
KG-module. Let ¢ € Isomgu((W,Fw),(V,Fyv)). Then the orthogonal projection
Py € Endgu(V) onto (W) is given by right multiplication with

Py = Fyo'"Fyl .

If V is a uniform KG-module, then

_ dim(W¢
TTg/H PW ZgJ IPW g9; = d’n’(L(V))ZdV

Proof. A straightforward calculation shows that Py is the orthogonal projection onto
@(W). Therefore Py Fy is the Gram matrix of a symmetric H-invariant bilinear form
on V. By construction Trg/y(Pw) € Endka(V) is a KG-endomorphism of V. Since
g;Fy = Fy(¢¥")™", the trace

Tram(Pw)Fy =Y g7 PwFy(g; )"
j=1

is the Gram matrix of a G-invariant symmetric bilinear form on V. Since V is a
uniform K G-module, this implies that T,z (Pw) is a scalar matrix. The trace of the
matrix Py is

tr(Pw) = tr(Fvcp”FVT,lgp) = tr(gvagotTFv;l) = dim(W).

Hence the trace of Trq g (Pw) is s-dim(W) = dim(W€) and Trg u(Pw) = dZTTSIV idy .
U

Proof of Theorem 2.1.
Let (we|1 < a < m) be a K-basis of W and v, := ¢(w,) (1 < a < m). Then the set
{v,9; | 1 < i <s,1 <a < m} generates the vector space V over K, because V is an
irreducible KG-module. Therefore V* is generated by the functions

fai=Fy(vags) 1<a<m1<i<s).
Since F is non-degenerate there are unique wga’i) € W (1 < j < s) such that

() (foi) = FS O wi? @ g;) forall 1 <a<m,1<i<s.
7j=1

For1 <a,b<m,1<1,k<sonehas
(goG)*(fa,i)(wb ® gk) = fa,i(SDG(’wb 02 gk)) = fa,z'(Ubgk) = Fv(Ubgk, Uagi)-
On the other hand

(%) (fai) (wo ® gi) = FG(wy ® ge, Y 0™ @ g;) = Fyy (wp, wi™?).
j=1



Choosing K-bases and working with matrices one therefore gets
FW(w,(ca’ N = ogy Fygimvr forall1 <ik <s,1<a<m.

Hence the scalar product of (¢%)*(fsx) and (%)*(fa:) with respect to (Fy;)¢ is
Zw](_b,k)FW(wj(_a,i))tr — vagk Fvgtr trF ng]FV) tr Zr'

By Lemma 2.3

dim(W %)

D Fvgl " ' egiFy =3 g5 PwgiFy = =p s Fy

and therefore
(FEY () (o), () (o) = g

forall 1 <1,k <s,1<a,b<m, which proves the theorem. [l

If W€ contains simple K G-modules with multiplicity > 1 then Theorem 2.1 does
not give a complete decomposition of the orthogonal KG-module (W%, F$).

F‘t(fb,ka fa,i)

Theorem 2.4 Let (W, Fyy) be an orthogonal K H-module and let (V, Fy) be an abso-
lutely irreducible orthogonal KG-module. Assume, there is C = C*" € GL,(K) such
that (¢1,...,¢n): W™, C® Fw) — (V, Fy) is a KH-isometry. Then

dim(WE)

T C @ F7) = (07, (i)%)

()" os (o)) = (V)™
1s a KG-isometry.

Proof. With the notation from the proof of Theorem 2.1 let o = ¢z (w,) and f, ,ﬁ? =
Fv(véw)gi) for1<a<m,1<z<n,1<i<s. As above one calculates

S

(1) (F) () (), () (fa) = (0 vy oy B (0egi Frgl” (o)),

Now FVgo”FW ¢y € Endxp(V) has trace ¢, ,dim(W), where ¢, is the z, y-entry
of C, since cprmpy = ¢z 4 Fw. Therefore

Z Fvgl ol Fyy'ong; € Endga(V)

is an endomorphism of trace ¢, ,dim(W?). Since V is an absolutely irreducible K G-
module, this endomorphism is scalar, hence the right hand side of (1) is

dzm(WG) () dzm(W )

F tr(, (z) (v) . 0
@ Gim(V) o geFv g (0g)" = cay dim(V) (£33 fa7)



In Theorem 2.1 the KG-module V' was assumed to be uniform. If one drops this
assumption, one has to know more about the K H-isometry ¢ : W — V to identify
the invariant form Fy .

Let (W, Fy) be an orthogonal K H-module and (V, Fy/) be an irreducible orthogonal
K(G-module. Let C be the space of symmetric K G-endomorphisms of V',

C = {¢ € Endxc(V) | oFy = Fye'}

and D the space of symmetric K H-endomorphisms of W. Assume that there is a
K-linear mapping « : C' — D satisfying tr(c)/dimg (V) = tr(a(c))/dimx (W) for all
ceC.

Proposition 2.5 With the notations above let ¢ : (W, a(c)Fw) — (V,cFy) be a KH-
isometry for all 0 # c € C*. Then

. dim(W)

Fy) = (W), (Fy)°)

(%) (V dim(v) TV

is a KG-isometry.

Proof. The proof of the proposition is analogous to the one of Theorem 2.1. It only
remains to show that the statement of Lemma 2.3 holds with the assumption of the
proposition. But the assumptions on ¢ guarantee that for all c € C

r e N dim(W)

tr(cFVg§ @ legogj) = tr(pcFy ¢ le) =tr(a(c)) = tr(c)m.

Now C' is the eigenspace of the mapping Endxg(V) = Endgc(V), ¢ +— ﬁ‘vgo*ﬁ;l,

which is orthogonal with respect to the trace bilinear form. Therefore the restriction

of the trace bilinear form of the separable algebra Endgks(V') to C is non-degenerate,

and therefore o
> _ dim(We)

F tr trF 1 . —

=1

idy . (]

3 The Specht modules S"%#),

The representation theory of the symmetric group S, is very well understood (cf.
[Jam], [JaK]). The irreducible representations, so called Specht modules S*, of S,
over a field of characteristic 0 are in bijection with the partitions A of n. They have
the remarkable property that S* occurs with multiplicity one as a submodule of a
permutation module M?*, such that all the other constituents of M* belong to parti-
tions that are smaller than A for a suitable ordering. So the Specht modules are good
candidates to apply orthogonal Frobenius reciprocity (Theorem 2.1).

A particular easy construction for S can be given, if the partition A of n has only
two parts. So let k,[,n € Nwith 1 <k <[ < 7 and let 5; x S,_; denote the Young



subgroup of the symmetric group S, which is the set stabiliser of the subset {1,...,[}
of {1,...,n}.

Let M(™=%*) be the S,,-permutation module having the k-element subsets of {1, ...,n}
as an orthonormal (@-basis. Denote the corresponding S,,-invariant symmetric bilinear
form by I( ) Then

k
dimo(M ™ k) = (Z) and M® R =15 o

For a fixed subset 7' C {1,...,n} let op : M» %k — Q be the Q-linear mapping
defined by

aT(S)::{(l) ;gg

for all k-element subsets S C {1,...,n}. Then the Specht module S™~k*¥) C pf(n=F:k)
is
Gn—kk) _ ﬂ Ker(or).

TC{1,.in}, | T|<k

(cf. [Jam, Corollary (17.18)]).

S(n=k:k) ig an absolutely irreducible S,-submodule of M(~%¥) Therefore the S,,-
invariant symmetric bilinear forms on S(™~%*) are rational multiples of the restriction
F; k of I (Z) .

Young’s rule [Jam, (14.4)] says that the QS,-module M) is the direct sum
of all S k) with & < I. Hence by classical Frobenius reciprocity the fixed space
of S; x S,_; on S **) is one-dimensional, say spanned by some v # 0. To apply
orthogonal Frobenius reciprocity it suffices to calculate the length of v:

Theorem 3.1 Let 1 < k < | < 2. Then there is v € S® 5% with vg = v for all
g € S; X S, satisfying

Fi(v,0) = a(l, k) = (”*; - ’“) (”; l) (/i) N

To prove this theorem we need 2 lemmata on binomial coefficients.

(7)) ()

J

Lemma 3.2

Proof. First assume [ = k. Then the left hand side ist

k

ZC::-]) :jz:(n—zjkﬂ) _ <n-2kk+k+1> :<n+]1—k>_

=0



To show the statement in the general case let d(l,] + 1) denote the difference of the
left hand sides for [ and [ + 1. Then

=5 () (7 () (Y-
ST e () (Y

J

sin;:ek(”_é:?_l) = (n;;]) — (n,i;j_ ') The difference in brackets is (l_';”) — (l_’“;j ) =
-(557).

If one substitutes the summation index ¢ = j + 1 in the second sum, one finds
k . . k+1 . .
n—1l—j3\[(l—k+] l—k+1\(n—1—1

dil,l+1)=— , _ , . =0.
(b1 Z( k- )( j-1 )+Z< i1 )( Eei >

Hence the left hand side is independent of [ and the lemma follows. Il

Lemma 3.3 Let k <[ < 3. For 0 <1 <k define

Then

rT+b—1 71—

z+b
Zai(n l k+?+b><l_ x)zOforallOSxSx—l-bgk.

i=x

Proof. Let A := H”b(n — 1 — k + j) be the product of the numerator of the first

binomial coefficient with the numerator of a; and let B := Hj’:é(l — 7)7! be quotient
of the numerator of the second binomial coefficient with the denominator of a;. Then
the sum in the lemma simplifies to

z+b

1 o b B
BAZ (1 —x)U(b+ 2z —1)! Tl Z j) =0 =

Jj=0

Proof of Theorem 3.1:
The orbits of S; x S,_; = Stabs, ({1,...,1}) on the k-element subsets T of {1,...,n}
are parametrised by [T N {1,...,1}|. For 0 < j < k let v; € M™%k be the sum
over all k-element subsets of {1,...,n} that intersect {1,...,[} in j elements. Then
(v, ---,vk) is a basis of the fixed space of S; x S,_; on M®=kk) - For the standard

scalar product one finds
n—1\/[(1
I e ) = 0 (k - j) (y)

7



Let a; be as in Lemma 3.3, T be a (k — b)-element subset of {1,...,n} and z :=
T NA{L,...,l}]. Then

xz+b
n—Il—-k+x+b\[(l—=x
Za,vZ _; ( z+b—1 )(i—x>_

by Lemma 3.3. Therefore

k
Za,—vi € S(nik’k).
1=0

Now

qn—l—k+j+1  (n—1—(k—i)(—i)
= (1) (n—1—k)! T

Substituting j = k — 4, the length of Zf:o a;v; becomes

S (1)) -

2’“: (n— DU =k + 5)N2((n — 1 — 5)!)2
= glin—1— )Wk =) —k+))2((n =1 — k)!)?

(n =) ﬁéz—k+gwn—5—ﬁ
I(n—1—k)! WYn—1—k)!
7=0
(n—l k)'i:(n—l—y)(l—k%—j)
(n—1—k)! = J '
By Lemma 3.2 this equals a(l, k). O

Orthogonal Frobenius reciprocity (Theorem 2.1) now allows to deduce from Theo-
rem 3.1 the following recursion formula for the rational isometry class of Fj.

Corollary 3.4 For 0 <1,k <% and 0 # a € Q let [aF}] respectively [I(q;)] denote the
class of aFy, respectively I () in the Witt group W (Q). Then
1

i% )zkfu—§]< ?)@

where a(l, k) is as in Theorem 8.1.

n

k_

Remark 3.5 In principle this method can also be used to obtain the rational isometry
classes of the other irreducible orthogonal S,-modules using Theorem 2.4 (see [Neb,
Section 2.3]). However the combinatorics to determine explicit bases for the fized space
of the corresponding Young subgroups on these modules gets much more involved so
one cannot hope to get formulas for arbitrary n.
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