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ABSTRACT. We determine the restriction of the Steinberg character of a fi-
nite symplectic group of odd characteristic to its maximal parabolic subgroup
stabilizing a line. We relate this restriction to the tensor product of a Weil char-
acter with the Steinberg character. As an application we prove that Donovan’s
conjecture has a positive answer for unipotent £-blocks of the six-dimensional
symplectic groups of odd characteristic when £ > 3.

1. INTRODUCTION

Parabolic subgroups are “large” subgroups of finite groups of Lie type. Thus
knowledge about the representations of a parabolic subgroup should yield informa-
tion about the representations of the group itself. Since in general the irreducible
representations of a parabolic subgroup P cannot be classified, one usually restricts
attention to representations of P having its unipotent radical in their kernel.

In classical groups there are distinguished parabolic subgroups, whose Levi sub-
groups are classical groups of the same type, and whose ordinary irreducible rep-
resentations can be classified. This is the case, for example, for a finite symplectic
group G = Sp,,,(q) and its maximal parabolic subgroup P fixing a line in the
natural representation. It makes sense to ask for the restrictions of the irreducible
characters of G to P.

In this paper we determine the restriction of the Steinberg character of G to P
if ¢ is odd. The parametrization of the irreducible characters of P is rather different
in the two cases of odd and even ¢. In the latter case, G = SOg,+1(q), and this
parametrization resembles the one for the groups SOs,,+1(q) with odd g. Hence
the case of even ¢ is best dealt with in the framework of orthogonal groups.

Assume now that ¢ is odd and let U denote the unipotent radical of P and L its
standard Levi subgroup. Then L is a direct product of a cyclic group of order g —1
and of L' = Spy,,,_5(q). The irreducible characters of P with U in their kernels
are in bijection with the irreducible characters of L. The irreducible characters
of P whose kernel is the centre of U, are parametrized by the irreducible characters
of the parabolic subgroup Ps,,_2 of L’ analogous to P. Finally, there is a four-
to-one correspondence between the remaining irreducible characters of P and the
irreducible characters of L.

The restriction of the Steinberg character of G to P contains exactly one con-
stituent of the first type, namely the Steinberg character of L. The constituents
of the second type can be computed by restricting the Steinberg character of L’
to Po,—o. Characters of the third type correspond to the constituents of the pro-
duct of the Weil character with the Steinberg character of L’.



We explicitly compute all the constituents in the cases G = Sp,(¢) and Spg(g). It
turns out that these restrictions are multiplicity free. We use this result to show that
if £ is a prime bigger than 3, all unipotent ¢-blocks of a given defect occurring in the
groups Spg(q) for odd prime powers ¢ not divisible by ¢, lie in finitely many Morita
equivalence classes. For this purpose we use an approximation to the decomposition
matrix of these groups. Such an approximation is not available for ¢ = 2 or for
groups Sps,, (¢) when m is bigger than 3. We could perhaps extend the above result
to the case £ = 3, but only at the cost of rather tedious technicalities.

We expect that the ideas used in this paper can be extended to other classical
groups to yield qualitative information about decomposition numbers of unipotent
characters.

2. THE GROUPS AND SOME SUBGROUPS

2.1. The groups. We begin by fixing some notation which will be used throughout
our paper. Let ¢ be a power of a prime p, and let [F; denote the finite field with ¢
elements. Also, m is a positive integer and n := 2m. We consider the finite
symplectic group Sp,,(¢q) over the field F,. For the computations we are going to
perform it is convenient to work with a specific natural matrix representation of
this group which we now introduce.

Matrices are usually, but not always, denoted by boldface lower case letters, the
transposed of a matrix a is written as at. We write I,,, for the identity matrix of
degree m, and J,, for the (m x m)-matrix with ones along the anti-diagonal and
zeroes otherwise. Finally, let J,, be the matrix

= 0 Im
e[ 8 ]

With these conventions we define
G :=Sp,(q) := {x € CL,(q) | x'Jpyx = J,,}.
We sometimes refer to n as the degree of G. The Weyl group of G is of type C,,.

2.2. The parabolic subgroup. We let P be the maximal parabolic subgroup of G
fixing a line (in the natural G-vector space Fy). Then the Levi subgroup L of P
is (up to a cyclic direct factor) a symplectic group of degree n — 2 (we adopt the
convention that Spy(¢) = {1}). Occasionally we consider the analogous parabolic
subgroup of L, and so on, in a recursive fashion. We therefore indicate the degree
of the ambient symplectic group by a subscript.
We now describe P through its Levi decomposition. First of all, for v € ]F’q’_2
and z € F, we put
1 viJ, o =z
u,(v,2):=10 I, Vv
0 0 1
Then, we let U,, < G be the subgroup

Up :={un(v,2) | vE€F;} % 2z €F,}.
Next, for x € Sp,,_»(q) and a € F;, we write
(1) sn(x,a) =

a1

o O Q

0
x 0 ,
0

(V]



and put

L, = {sn(x,a) | x € Sp,,_5(q),a € F;} .
Then P := P, := U,L, is a maximal parabolic subgroup of G = Sp,,(¢) fixing
the line ([1,0,...,0]"). The group U, is the unipotent radical of P and L, is its
Levi complement. We write L/, for the subgroup of L,, consisting of the matrices
Sn(x,a) of (1) with a = 1. Then L!, 2 Sp,,_5(q). (Moreover, L is the commutator
subgroup of L, exceptifn =4and ¢ =2,30orn =6 and ¢ = 2.) Also, L,, = L/ x A,
where A = {s,,(I,—2,a) | a € F;}. We finally put P, := U, L;,.

If n = 2 or ¢ is even, then U, is abelian. If n > 2 and ¢ is odd, then U, is a special
p-group of structure ¢'+(»=2), In this case, the center Z(U,,) of U, is isomorphic to
the additive group of Fy and consists of the matrices u,(0, 2), z € F,, the central
quotient U, /Z(U,) is isomorphic to the natural vector space Fi~2, and the action
of L), on U, /Z(U,) by conjugation is equivalent to the natural action of Sp,,_,(q)
on F)—2.

2.3. The characters of P,. Assume that n > 2, and put P := P,, U := U,,
L:=1L,, L' :=L] and P’ := UL'. The ordinary irreducible characters of P can be
classified into three types:

Type 1: Characters with U in their kernel.

Type 2: Characters with Z(U) but not U in their kernel.

Type 3: Characters with Z(U) not in their kernel.
Note that for n = 2 there are no characters of Type 2 (since Z(U) = U in this
case). Using Clifford theory, we are now going to describe the characters of the
individual types in more detail and introduce a convenient notation.

2.3.1. Characters of Type 1. These are in bijection with Irr(L) via inflation. We
write 1, for the character of Type 1 corresponding to o € Irr(L). Thus

Y =fif (o).
We have 1_(1) = o(1).

2.3.2. Characters of Type 2. These are parametrized by Irr(P,—3) in the following
way. A character of Type 2 is a character of the quotient P/Z(U) which is a semi-
direct product of L with U/Z(U). Since L’ is transitive on the non-zero vectors of
its natural module, there is just one L’-orbit on the set of non-trivial characters of
U/Z(U). The irreducible characters of Type 2 thus correspond to the irreducible
characters of the stabilizer in L of a non-trivial irreducible character of U/Z(U).
Again we need a convenient choice for the purpose of computations.

Suppose that n > 4 and let £ be a nontrivial irreducible complex character
of the additive group of F,. Define A € Irr(U) by A(u,(v,z)) = &(v1), where
v = [v1,...,0,-0]" € IFZ;'_Q. Let T,, := Tp()\) denote the inertia subgroup of A
in P. It is readily checked that T, = U,P,_o with P,_o = Un,gin,g, where
the subgroups Un,g and f/n,g are embedded into L in the following way (missing
entries in the matrices below are zeroes):

1
Up2= u, _o(v,2)' |ve IFZ%, zeF, p,




and

| X € Spn—4(Q)7a S ]FZ

™~

i

i}

I
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o
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Clearly, P,,_o = P,_, and thus there is a bijection between Irr(P,_2) and Irr( P, _2).
We construct a particular such bijection to describe the characters of Type 2. First,
we put Pf_ o = {sp((x 1% 1) | x € P,_2}. Then P, 5 = Pf_,, and we write
u — u* for the corresponding bijection of irreducible characters. We then have

P oxA= P, ox A (recall that A consists of the matrices s, (I,,—2,a) for a € ]FZ)
Hence the map Irr(P,_y) — Irr(P,_3), it — fi, defined by Res?”’zXA(u* x14) = i,
n—2
is a bijection. )
Since A is linear and T, is the semi-direct product of U with P, _s, it follows
that A extends to an irreducible character A of T,, such that Resg" AN =15 .
n—2 n—

Thus if @ is an irreducible character of P,,_s, the induced character
%, = Indp (X - InﬁITSZJ (1))

is an irreducible character of P of Type 2. Moreover, every irreducible character
of P of Type 2 arises this way. We have %, (1) = (¢" 7% — 1)u(1).

2.3.3. Characters of Type 3. The description of these characters depends on the
parity of ¢, and we only describe them in the case of odd ¢. Here, the non-trivial
irreducible characters of Z(U) fall into two orbits under the action of A. Let ¢; and
(2 be representatives of the two orbits. There are unique irreducible characters p;
of U with p;(1) = ¢™~! (recall that n = 2m) such that Resg(U)(pi) = ¢m ¢,
i=1,2.

Since L’ = Sp,,_5(q) acts trivially on Z(U), the p; are invariant under L'. Triv-
ially, they are also invariant under Z = Z(G) = (—I,), which is contained in P
but not in P’. Since every element of P that fixes p; also fixes (;, it follows that
P'Z = P’ x Z is the full stabilizer of p; in P, ¢ = 1,2. Now the p; extend to
characters p; of P’ = UL’ (see [5, Theorem 2.4]). We denote the trivial extensions
of the p; to P'Z by the same symbols.

Every irreducible character ¢ of L’ & Sp, _,(¢q) has two extensions to L'Z =
L' x Z, namely 9 - 13 with the sign ¢ € {+, —}, where 1}, and 1, denote the trivial
and non-trivial irreducible characters of Z, respectively. For each such ¢ we thus
get four irreducible characters of P of Type 3:

35 =ndb, ,(p; - AL Z (9 - 1%)),
i=12and e € {+,—}. Every character of Type 3 arises this way. We have
BT (1) = ¢ g — 1)9(1)/2.
3. RESTRICTING THE STEINBERG CHARACTER

3.1. The restriction. For every standard Levi subgroup M of G, we denote the
Steinberg character of M by Stys. We want to compute the restriction Res (Stg).
It is well known that Res%(Stg) = Indy (Str) (see e.g., [1, Proposition 6.3.3]);
here L is the standard Levi complement L,,_5 of P = P,. We thus have to compute
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Indf (Str). We can do this more generally by replacing Sty, by irreducible characters
of L' = Sp,,_5(q), extended trivially to L = L’ x (¢ — 1). Notice that St is the
trivial extension of Sty to L.

In computing the multiplicities of characters of Type 3 in such induced characters
for odd ¢, the Weil characters of L’ play a crucial role. Recall that p; denotes an
extension of p;, an irreducible character of U,,_a, to P,_5 = U,_2L!,_,. If ¢ is odd

and n > 4, the characters w; := Resf?’2 (pi), i = 1,2 are called the Weil characters
n—2

of L' 2 Sp,,_5(q). Gérardin has shown in [5, Corollary 4.4], that w; is the sum of two
irreducible characters of degrees (¢(*~2/2 —1)/2 and (¢("~2/2 4 1) /2, respectively.

If H is a finite group, we write (—, —) g for the usual inner product on the set
of class functions on H.

Proposition 3.2. Suppose that q is odd and that n > 4. Let o be an irreducible
character of L' = L!,_, 2 Sp,,_5(q). Denote the trivial extension of o to L =L x A
by o as well. Then we have

mdf(e) = ',
Y (ResE L 0)n), W,

peElrr(Pp_2)

1, 2,
Y (own ) Ry (0w ), Wy
9€lrr(L’)

Proof. Let us begin with characters of Type 1. Let 7 € Irr(L). We have
Py 1 _ P1.qP
(Waf(@).%,) = (oResf (fif(r))

= <U> T>L )

and thus %, is the only constituent of Ind¥ (¢) of Type 1.

Let us now consider characters of Type 2, and let p € Irr(P,,—2). In the following
computation we use Mackey’s theorem together with the fact that T,,L = P and
that LNT,, = ~n_2. We have

(mdf(0).%,) = (o.Res{(%,),
o, Res} (Indf, (X Inﬂgiiz (ﬂ)))>L

Pp_2 n—2

I
P
j=s]
D
w0
:UJ
|
N
—~~
Q
:_/
=
~_—
T

Recall that L = L' x A and ¢ = ¢ x 14. Thus
ResfgilffXA(a x1y) = Resé;’_Q(a) x 14
= > (Resk_(0)m) (ux 1a),
PEIrr (P —2)

Now P,_o x A=P,_5 x A, and Res?”’zXA(u x 14) = fi, which proves the claim
for characters of Type 2.



Finally, let ¥ € Trr(L],_5), let i € {1,2} and ¢ € {+,—}. We shall use the fact
that P’ZL = P and that LN P'Z = L'Z. We have

(Idf(0), %) = (oResf(Indp,(pi - AL Z(0-15))))

0, I 7 (Resf T (s I 5 (9-15))) )
Rest (o). Res/ 7 (1) - (9-13))
o, ResILD,/ (p:) - 19>L/ (12,1%),

ag,Ww; * Q9>L' <127 18Z>Z

o - Wi, "9>L’ <1Z’ 1EZ>Z )

L'xZ

| Il
P e N

o~~~

where @; denotes the complex conjugate of w;. So the character %ff only occurs in
Ind} (o) if € = +, and then it occurs with multiplicity (o - @;, ). By construction
of the Weil characters, @; is again a Weil character, and the result follows. o

The above description easily extends to the case of n = 2. In this case L = A and
L' is the trivial group. Also, P/Z is a Frobenius group of order ¢(q—1)/2. Thus P
has two irreducible characters of degree (¢ — 1)/2 which have Z in their kernel.
These are the characters named %%, i = 1,2, and 1P =1p+ 37,[1}+ + 37,[1?+

Corollary 3.3. Suppose that q is odd and that n > 4. Then we have
ResE(Ste) = g,

+ Z <Resf);_2(StL'), H>P 21/)#

pEIrr(Pp_2) no2

1,+ 2,+
+Y  (Stowr, 0) Ry (St wa, D), Ry
Yelrr(L’)

This shows in particular that the constituents of Type 2 of Res%(St¢) can be found
recursively.

3.4. Constituents of Type 3. To find the multiplicities of the Type 3 characters
in the restriction of St to P, we have to compute the multiplicities of the irreducible
constituents of the product Sty -w; for i = 1,2. It follows from the work of Gérardin
(see [5, Corollary 4.8.1]) that w; and wo agree on semisimple elements. On the other
hand, the Steinberg character vanishes on elements which are not semisimple. Hence
StL/ cW = StL/ s Wa.

To simplify notation we discuss the analogous product of characters in G. Thus
let St := Stg and let w be one of the Weil characters of G. The class function
St - w vanishes except on semisimple elements. Hence it is a linear combination of
Deligne-Lusztig generalized characters Rp », where T' runs through the maximal tori
of G and ¥ through the irreducible characters of T' (see [1, Corollary 7.5.7]). The
Deligne-Lusztig characters Rr g are either equal or orthogonal (see [3, Corollary
4.5.5]). Hence in order to write St-w as a linear combination of the Rr g, it suffices
to compute the scalar products (St -w, Rr,9), = (w,St - Rr.9) -



By [1, Proposition 7.5.4], we have St - egerRry = Ind%(ﬁ), where e and e
are signs as in [1, p. 199]. Therefore,

(St-w,eqerRro)g = (w,St-egerRry)g
_ G
= <w, Ind7 () >G
= <Resg(w), )

Through the work of Lusztig, the decomposition of the Rty into irreducible char-
acters can be computed. This will be used in the following section to write the
tensor product St ® w as a sum of irreducible characters in the case of G = Sp,(q).

3.5. An example. To illustrate Corollary 3.3, we compute the restriction of the
Steinberg character of Sp,(q), ¢ odd, to the maximal parabolic subgroup Pj.

Let ¢ be odd, G = Spy(q), P = Py, and L = Ly = L' x A. We have L' =
Spo(q) = SLa(g) and its character table can easily be found in the literature (e.g.,
in [14, p. 128)).

(a) We first determine the decomposition of the product of the Weil characters
w;, 1 = 1,2 of L' with its Steinberg character St:

St-wy =St wy = > 9.
¥ € Irr(SL2(q))
V(1) #1,(¢ - 1)/2

This can easily be checked with the character table of SLo(g). The decomposition
has been found with the help of CHEVIE [4].
(b) We next determine the restriction of Sty to P,. By the remarks following

Proposition 3.2 we have Resf;,;(StLI) = 1+ pu1 + po, where the two characters p;
have degree (¢ — 1)/2.
(¢) From Corollary 3.3 we obtain

Res%(Stg) = Indf (Sty) = s,
2"/)1 + 21/}/1,1 + 2"/)}1.2
ORI VA
¥ € Irr(SL2(q))
9(1) #1,(¢—1)/2

In particular, Res$(Stg) is multiplicity free.

+ o+

4. DECOMPOSITION OF THE CHARACTER St -w IN Sp,(q)

Let ¢ be an odd prime power and let w be one of the two Weil characters of
G = Sp,(q). In this section we will show that the product St -w is multiplicity-free.
By Corollary 3.3 and the result of Subsection 3.5, this implies that for G = Spg(q),
the restriction of Stg to P is multiplicity free as well.

Let G = Sp,(¢). In order to decompose St - w, we shall use the method sketched
in Subsection 3.4. The character values of w are given explicitly in [15], and our
first proof of the following lemma was obtained by a direct computation of the
scalar products <Resg (w), 19>T. We are very much indebted to Alex Zalesskii who
suggested a more conceptual method for computing these.



Let T be a maximal torus of G, so that
T e {ZqQ-l—leqz—lv qul X qul, Zqul X Zq+1,Zq+1 X Zq71}~

In the notation of [15], Zgpi1 = (C), Zgr—1 = (0), Zg—1 = (7) and Zgy1 = (n).
Given z € {¢,0,7v,n}, let & be the character such that #(z) = Z, where Z € C is
defined in [15].

Lemma 4.1. Let T be a mazimal torus and 9 € Irr(T). Then the non-zero values
of the inner product <Resg(w), 79> are as given in Table 1.

T
| <Resg(w),19>T | (T,9) ‘ Conditions |
1 (Zq2+1, CAk) k +# a’+1
~ 2

@10 s
Zg—1 X Lg—1,7* x 4* k+%2L and ¢# <L

( q q Y Y 2 2
(Zg+1 % Zgr1,7" x ") k# 95t and £ # 152
(Zgir X Zg—1,7* x4 k# 2 and € # L

k) k= -1

>

2 (Zqz_h

(Zg—1 X Zq—1,5* x %) | either k= 4+ or £ = 51

Ly ¥ Ty i x5 |k 55 and 0= 22

4 (Zg—1 X Zg—1,5* x 4% k=0=%1
TABLE 1

Proof. Let us denote the regular character of a finite group H by regy. If C
is a cyclic group of even order, we denote by a¢ its unique non-trivial irreducible
complex character with values in {+1}.

The following two facts about the restriction of w to the maximal tori of G can
be derived from [5, Corollary 4.8.1]. If T' = Z2;, then Res$ (w) = regy — ar.
If T'=Zg_1, then Res$ (w) = regp + ap. It follows from [5, Corollary 2.5], that
ResgPQ(q)XSPQ(q)(w) = 1 ® v, where Sp,(q) X Spy(q) is embedded naturally into G
through an orthogonal decomposition of the underlying symplectic space, and where
w and v denote Weil characters of Sp,(g). These remarks easily give the result of
Table 1. o

Proposition 4.2. In the notation of [15], let Q@ be the subset of Irr(G) consisting
of the characters listed in Table 2. Then (St-w,x)s = 1 or 0 according as x € Q
or x € Irr(G) \ Q.

Proof. This follows from the considerations in Subsection 3.4, Lemma 4.1, and
the relations between the irreducible characters and the Ry given in [15, Sections
5-17). o
It is clear that the methods used in this section can be generalized to obtain in-
formation about the decomposition of St - w for symplectic groups G = Sp,,(g) of
arbitrary degree n.

5. AN APPLICATION TO THE DECOMPOSITION NUMBERS OF Spg(q)

Let ¢ be a prime number bigger than 3. In this section we are interested in the
{-modular representations of the groups Spg(q) for odd prime powers ¢ prime to £.
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| Character | Parameter | Character | Parameter |
xi (k) ke Ry —x2(4) L€ Ry
xs3(i,j) |6j€Ti#j | xa(i,j) |i,j€Tri#]
X5k 0) | keTyteTh x7(4) JETD
Xo(#) i€t —&10) jED
3(7) 1 €Ty —£21(J) JETD
—€22(j) JjeTD 41(4) 1€y
€42(7) 1€Ty D,
Dy Qg
01 02
013
TABLE 2

Our main result is a proof of a version of Donovan’s conjecture for this class of
groups.

Theorem 5.1. Let £ > 3 be a prime number and F an algebraically closed field of
characteristic £. Fix a non-negative integer d. Then there are only finitely many
Morita equivalence classes among the unipotent {-blocks of defect d of the group
algebras FSpg(q), where q runs through the odd prime powers not divisible by £.

Proof. It suffices to consider prime powers ¢ such that ¢ divides

Sp6(9)] = ¢”(a = 1)* (¢ + 1)*(¢* + ¢+ 1)(¢* + 1)(¢* —q +1).
Since we assume that ¢ is not divisible by ¢, and ¢ > 3, it follows that ¢ divides
exactly oneof g—1, ¢+ 1, ¢>+q—+1, ¢>+1 or ¢> — ¢+ 1. In the latter three cases,
the defect groups of the blocks considered are cyclic (see [2]), and therefore there
are only finitely many of them of a given defect (up to Morita equivalence).

Since £ > 3, it does not divide the order of the Weyl group of Spg(g). By a result
of Puig [12], the unipotent ¢-blocks of the groups Spg(q), where ¢ runs through the
prime powers with ¢ | ¢ — 1, are all Morita equivalent to each other.

We may therefore restrict attention to prime powers ¢ such that ¢ | ¢ + 1.
Moreover, by [7, Propositions 9.1, 9.2], it suffices to show that the Cartan invariants
of such blocks are bounded by a function in d. By Brauer reciprocity and the fact
that the defect of a block bounds its number of modular irreducible characters,
we may instead bound the decomposition numbers in terms of d. Since the defect
groups of the blocks in question are abelian, it suffices, by [8, Proposition 4.5], to
show that the decomposition numbers of the unipotent characters in such a block
are bounded by a function in the defect.

Let ¢ be a prime power such that £ | ¢+ 1. The group G := Spg(g¢) has two unipo-
tent characters lying in the Sp,(q)-Harish-Chandra-series, labelled by C4 and CY.
The other unipotent characters lie in the principal series and hence are labelled by
bi-partitions of 6. The Steinberg character is labelled by (—, 13) (see, e.g., [1, 13.7,
13.8]). By the results of Fong and Srinivasan [2], G has two unipotent ¢-blocks, one
of cyclic defect containing the unipotent characters with labels (21, —) and (—, 21),
and the principal block. Table 3 is an approximation to the decomposition matrix

9



of the unipotent characters of the principal block of G. The first column of that
table gives the labels of the unipotent characters. The other columns correspond to
projective F'G-modules, whose ordinary characters are denoted by ®1,...,®19. An
entry of Table 3 in a row corresponding to the unipotent character x and a column
corresponding to the projective character @ is the inner product (x, ®). Zeroes are
not printed. (This table is an approzimation to the decomposition matrix in the
sense that we make no statements about the indecomposability of the ®;.)

Let us shortly describe the origin of these projective characters. Let P denote
the parabolic subgroup of G considered in Section 2.2 with Levi subgroup L =2
Sp4(gq) x GL1(gq). The principal ¢-block contains five simple F'L-modules, and there
is one unipotent character of ¢-defect 0. The decomposition matrix of L has been
determined by Okuyma and Waki [11]. Harish-Chandra inducing the six projective
indecomposable characters lying in unipotent blocks of L, we obtain the projective
characters ®q, ..., ®4, ®g, and ®7. These, and the following Harish-Chandra
induced characters have been computed with the CHEVIE share package of GAP3,
developed by Geck, Liibeck, and Michel (see [13]).

Let W, denote the character of the projective cover of the trivial F'G-module.
Since ®; is obtained by inducing the projective cover of the trivial F P-module
to G, it follows that ¥y is contained in ®; (in the sense that ®; — ¥y is a proper
character). Moreover, ®; has only unipotent constituents (being contained in the
permutation character of G on the Borel subgroup of G). The permutation char-
acter of G on P equals (3,—) + (2,1) + (21, —) (we identify a unipotent character
with its label). Since (21, —) is not contained in the principal ¢-block of G, and
since ¢ divides the index of P in G, it follows that the reduction of (2,1) mod-
ulo ¢ contains a trivial constituent. This implies that (2, 1) is a constituent of ¥;.
The Steinberg character (—,13) is also contained in ¥y (see, e.g., [6]). Using the
degrees of its constituents, it is now easy to check that ¥; = ®;. (Similarly, ®o,
being Harish-Chandra induced from the defect 0 unipotent character of L, has no
non-unipotent constituents and is the character of an indecomposable projective
FG-module. Using the /-modular representation theory of the Iwahori-Hecke alge-
bra of type C5 with parameters —1, Jiirgen Miiller has given a more elegant proof
of the indecomposability of ®; and ®s.)

The projective character @5 is the Harish-Chandra induced Gelfand-Graev char-
acter of the Levi-subgroup Sp,(q) X GLa(q), and ®1 is the Gelfand-Graev character
of G (restricted to the principal block). It is easy to see that ¥ = (21, —) + (—, 21)
is a projective character in the non-principal unipotent block of G. The product
¥ . (21, —) contains the character of the projective cover of the trivial FG-module,
which was shown above to be equal to ®1, and &g = ¥ - (21, —) — ®;. Finally, the
product @, - C4 yields ®g. The products of these characters have been computed
with the Maple-based CHEVIE system (see [4]), containing in particular the table
of unipotent characters of Spg(q) computed by Liibeck (see [10]).

Corollary 3.3 and Proposition 4.2 show that the restriction of Stg to P is mul-
tiplicity free. By the results of Okuyama and Waki [11] on the decomposition
numbers of Sp,(q), and by Clifford theory, the decomposition numbers in P are
bounded in terms of d, independently of ¢. This in turn implies that the decompo-
sition numbers occurring in Stg are bounded in terms of d, completing the proof.
o
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Q; Dy D3 Oy Py P Py Dy Qg Dy

3,—-)| 1

2,1)| 1 1
(—3)| 1 1

ch 1

(1,21 1 1 1
(12,1) | 1 1
(1,11 1 1 2 1 1 1
(13, =) | 1 1 1

cy 1 1
(-, 13 ] 1 1 2 1 1 1 (¢g+1)/2 (¢—1)/2 1

TABLE 3. An approximation to the decomposition matrix of Spg(q)

Christoph Kohler has shown that in fact all the entries of Table 3 except (¢ £
1)/2 are true decomposition numbers, but this stronger information is not needed
to prove the above theorem. Kohler’s results will appear as part of his PhD-
thesis [9]. Tt is also clear that the results of Corollary 3.3 and Proposition 4.2 can
be used to improve the known bounds on the two unknown decompositon numbers
considerably.

Table 3 is also an approximation to the 3-modular decomposition matrix of
G = Spg(q) if 3 | ¢+ 1. In this case, however, the Sylow 3-subgroup of G is
not abelian, and we cannot appeal to [8, Proposition 4.5] to bound all decomposi-
tion numbers in the principal 3-block by the decomposition numbers occuring for
unipotent characters.
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