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Throughout this lecture, let F be a field and 2 a
finite-dimensional F-algebra.

J(): Jacobson radical of 2

mod-2l: category of finite-dimensional right 2(-modules
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PRESENTATIONS FOR ALGEBRAS

F(Xi, ..., Xn): free associative F-algebrain Xi, ..., X,

For R cC F{(Xi, ..., X,) write
(X1, ..., Xn | R)Y :== F(Xq, ..., Xp)/I,

where /is the ideal generated by R.
Example: <X1, Xo | X2, X22, X1 Xo — X2X1) = F(Cz X Cg)

2 is finitely presented if 24 = (X3, ..., X, | R) for some finite R.
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GENERATORS AND RELATIONS FOR MATRIX ALGEBRAS

Suppose that F is finite, char(F) = p, and let A < F9*? be a
matrix algebra generated by A4, ..., A,

Carlson and Matthews have developed and implemented an
algorithm that computes

Q@ a finite presentation for 2,
@ a matrix algebra isomorphic to the basic algebra of 2,
@ the Cartan matrix and the dimension of L.

Applications: Word problem for 2, homomorphisms from £,
cohomology, see also Lecture 4
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THE CARLSON-MATTHEWS ALGORITHM: BACKGROUND

Let Sy, ..., S, denote the simple 2A-modules (up to
isomorphism).

A/JQ) =24 & - - - @ A, with full matrix algebras ;
over finite extension fields K; of F.

In fact 2; is the image of the action homomorphism
Qi : A — EndF(S,-).

i, i and K; are constructed with the MeatAxe.

There is a subalgebra 21’ of 20 with ' 0 J(2) = 0, so that
A=A ®--- DA,

This subalgebra is also constructed during the algorithm.
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THE CARLSON-MATTHEWS ALGORITHM: OUTLINE

Here is a very rough outline of the algorithm:

@ Compute, with the MeatAxe, a sequence E; of pairwise
orthogonal idempotents such that

b Z/ Ei = 19[5
° ng(E,') = 51'/'1%"

@ For each /, compute, with the MeatAxe, a sequence g; of
pairwise orthogonal primitive idempotents with E; = Zj ej.

@ Construct elements g; € ej1 A ej1, 7 in EAE; such that
(Bi, Ti) = 2;; this gives generators for 2.

@ Determine ideal generators for J(2l).

@ Determine the relations.

Pute= ), ei1. Then efle is the basic algebra of 2.
Determine matrix representation of e2e on F'*%e.
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THE CARLSON-MATTHEWS ALGORITHM: 1ST STEP

@ Choose E € 2 at random.

@ Forifrom 2to r do:
o Compute minimal polynomial p; of ¢;(E);
e Replace E by Ep;(E).

Now g;(E) =0forall2 <i<r.

If ¢1(E) is not invertible, go back to Step 1.

Compute the minimal polynomial w of ¢1(E).

Note 1 = v + awith 0 # a € F and v has no constant term.
Replace E by —v(E)/a; now ¢1(E) = 1g,.

Now ¢;(E? — E) =0 for all j, i.e. E?2 — E € J().

If E2 — E # 0, replace E by EP; then

(EP)?> — EP = (E® — E)P.

Repeat until E? = E; put E; := E.

@ Continue with (19 — ENA(19 — Ey).
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PRESENTATIONS FOR MODULES

For a finite set Y3, ..., Y put

m
FMa(Ys, ..., Ym) := free right A-module @5 VL.

i=1
For S ¢ FMy(Ys, ..., Yn) write
(Yi,.... Ym | S) :==FMy(Ys, ..., Ym)/W,
where W is the submodule generated by S.

An 2(-module V is finitely presented if V = (Y;,..., Y| S) for
some finite S.
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THE VECTORENUMERATOR

Let = (X1, ..., Xy | R) be finitely presented, and let
V={(Y1,...,Yn| S) be afinite presentation for the
2A-module V.

THEOREM (LABONTE, LINTON)

There is an algorithm, the VectorEnumerator, which terminates,
if and only if V is finite-dimensional.

In this case, the VectorEnumerator returns an F-basis 8 of V,
and representing matrices for X; w.r.t. 8.

Taking V = (Y | #), The VectorEnumerator computes the
(right) regular representation of .

The VectorEnumerator is a linear version of the Todd-Coxeter
algorithm for finitely presented groups.
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THE VECTORENUMERATOR: AN APPLICATION

Cyclotomic Hecke algebras (Ariki, Koike; Broué, Malle)

(W, S) finite complex reflection group, given by a Coxeter
presentation.

Letu:=(usj | s€ S,0<j<|s|—1) be a vector of
indeterminates, F := Q(u) rational function field.

|s|—1
Hr(u) := (T, s € S| braid relations, [ [ (Ts — us)))
j=0
is the cyclotomic Hecke algebra associated to (W, S).
Question: dim#:(u) = |W|?
Jurgen Mller proved this for most of the exceptional cyclotomic
reflection groups using the VectorEnumerator over Q(u).

Still open for six exceptional cyclotomic reflection groups.
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HOMOMORPHISMS

Let V, W € mod-%l.

Recall: An 2-homomorphism from V to W is a linear map
¢:V — W, such that

(vp)a = (va)p (1)
forallve V,ace2l
Homg(V, W): set of 2-homomorphism from V to W

Application (Lux and Szbke): Let V and W be
indecomposable, and let ¢4, ..., ¢, be a basis of Homgy(V, W).
Then: V and W are isomorphic, if and only if one of the ¢; is an
isomorphism.
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COMPUTING HOMOMORPHISMS, |

Homg(V, W) can be computed: Equation (1) leads to a system
of linear equations.

LetA = F{aq,...,q) as F-algebra, dim(V) = m, dim(W) = n,

and let the action of 2l on V be given by Ay, ..., A; € F™™ and
on Wby By, ..., B e F™".
Then

Homg(V, W)= {U e F™" | AU=UB;forall1 <i<I}. (2

Taking the entries of U as unknowns, (2) is a system of Imn
equations in mn unknowns.

This was the first approach taken be G. Schneider in 1990. It is
restricted to small values of I, m, n.
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COMPUTING HOMOMORPHISMS, 11

C. Leedham-Green and J. Cannon develop an algorithm that
performs better, implemented in MAGMA by M. Smith.

Lux and Szo6ke reduce the number of unknowns by using a
(short) presentation of V.

Suppose V = (Yi,..., Y, | S) with Sfinite, i.e. V is given by a
finite presentation.

Then

Homg(V, W) = {¢ € Homg(FMgy(Yi, ..., Y,), W) | S C Ker(y)}.
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COMPUTING HOMOMORPHISMS, 111

Simplest case: V = (Y | S) is cyclic.

Let wy, ..., w, be a basis of W.

Let v € Homg (Y2, W) be defined by Yy = Zj”:1 yw; with
unknown coefficients ;.

Let s = Ya e S for some a € 2. Suppose that

n
wa = Z ik Wk,

k=1
i.e. A= (gx) € F™"is the matrix of the action of a on W.
Then sy = 0, yields the n equations

n
Y uag=0 forallk=1,....n
=
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DIRECT DECOMPOSITIONS

Let V € mod-2. Put ¢ := Endy (V) := Homg(V, V) (this is an
F-algebra, the endomorphism ring of V).

Suppose
V=Vie Ve ---aV,
with non-zero 2-submodules V.

Let 7; € & denote the projection to V.
Then n2 = nj, i.e., 7; is an idempotent in €.
The left ideal €x; may be identified with Homgy(V, V)).

PROPOSITION (FITTING CORRESPONDENCE)
Q C=CT11DCEA2 P - CEmy.
@ V; =V, asA-modules, if and only if E€r; = &m; as left ideals.
© Vi, is indecomposable if and only if r; is primitive.
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LUX AND SZOKE’S ALGORITHM: BACKGROUND

K. Lux and M. Szdke: algorithm to find the indecomposable
components V; of V € mod-2L.

Put ¢ := Endy(V), write ": ¢ — ¢/J(¢) =: € (natural map).
Suppose ¢ = S; @ --- @ S, is the decomposition of & into
simple left ideals.
Let ¢/ € & be non-nilpotent with €z, = S;, 1 < i < n.
Then for suitable powers ¢; of ¢; the following are satisfied:
0 ¢ =3,
Q ¢gjis aleft PIM of &,
Q@ C=Cc1 P P Cep.

Thus V=V,® - @ V, with the indecomposables V; = Ve,.
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LUX AND SZOKE’S ALGORITHM: OUTLINE

Here is an outline of the Lux-Sz6ke’s algorithm:

@ Compute € in its left regular representation.

@ Determine the composition factors of €.

@ Compute a basis for J(€&).

@ Compute €y, ..., G, C ¢ such that ¢; is a basis for S;.
© Choose ¢ € ¢; non-nilpotent.

@ Find &; by powering up &;].

Remarks: 1—4 can be achieved with the MeatAxe.
C; necessarily contains a non-nilpotent element.

gi = &/ if Ker(e/™) = Ker(e/*™).
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GREEN CORRESPONDENCE

Let G be a finite group and F algebraically closed of
characteristic p > 0.
DEFINITION (J. A. GREEN)

Let V be an indecomposable FG-module.
Then H < G is a vertex of V, if V is a component of Vy ey FG
and if H is minimal with this property.

Remark. Vertices exist, are p-groups, and are unique up to
conjugation.
FACT (J. A. GREEN)

Let Q < G be a p-subgroup and let W be an indecomposable
FNg(Q)-module with vertex Q.

Then W ®fngo) FG has a unique component g(W) with
vertex Q, called the Green correspondent of W.
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ALPERIN’S WEIGHT CONJECTURE

DEFINITION

A weight of G is a pair (Q, [S]), where Q < G is a p-subgroup,
and [S] an isomorphism class of a simple, projective
FNg(Q)/Q-module S.

Remarks. (1) If (Q, [S]) is a weight, then S may be viewed as a
simple FNg(Q)-module with vertex Q.

(2) G acts on the set of weights by conjugation.
CONJECTURE (ALPERIN’S WEIGHT CONJECTURE)

The number of G-conjugacy classes of weights equals the
number of isomorphism classes of simple FG-modules.
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GREEN CORRESPONDENTS OF WEIGHTS

Let P be a Sylow p-subgroup of G.

Let V be the permutation module of FG w.r.t. the action of G on
P\G and put € := Endgg(V).

PROPOSITION (ALPERIN)

If(Q, [S)) is a weight of G, then g(S) (Green correspondent) is
a component of V.

COROLLARY

The number of simple FG-modules (up to isomorphism) is at
most equal to the number of simple left €-modules (up to
isomorphism).

Proof. no. weights < no. of components of V
= no. of PIMs of & = no. simple &-modules.
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SZOKE’S AND NAEHRIG’S EXPERIMENTS

Using Szbke’s programs for computing Green correspondents
and endomorphism rings,

Magdolna Széke (PhD-thesis, 1998) computed:

g(S) for weights (Q, [S]) for substantial examples

(16 pairs (G, p), e.g., Mo, for p = 3).

Natalie Naehrig (PhD-thesis, 2008) computed:

¢, socles and heads of the PIMs of &, Cartan matrix of &, etc.
for about 80 such pairs.

In all of Naehrig’s examples:

MIRACLE

The number of simple FG-modules (up to isomorphism) is
equal to the number of simple left &-modules (up to
isomorphism) in the socle of €.
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ADVANCED TOPICS

More advanced topics, which | did not present in this series of
lectures include:
@ Wedderburn decomposition of group algebras

@ Integral representations and lattices (representations of
groups over the integers or rings of algebraic integers,
lattices, ...)

©@ Cohomology (low degree cohomology of groups,
cohomology rings, module varieties, .. .)

@ Representations of algebras given by quivers with relations
© Representations of Lie algebras

O Invariant theory

Q ...

There are more competent persons to deal with these topics.
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Thank you for your attention!
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