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Abstract

Given a linear (algebraic) group G acting on real or complex n-space,
we determine all the common invariant sets of G-symmetric vector fields.
It turns out that the investigation of certain algebraic varieties is sufficient
to characterize these invariant sets forced by symmetry. Toral, compact
and reductive groups are discussed in some detail, and examples, including
a Couette-Taylor system, are presented.

1 Introduction and preliminaries

In the present paper we discuss ordinary differential equations that are sym-
metric with respect to some linear group G. The aim is to determine and char-
acterize those invariant sets that are common to all G-symmetric differential
equations.

We first fix notation and terminology. Let an ordinary differential equation

(1) i = f(z)

be given on an open subset U of K", with K standing for R or C. The indepen-
dent variable ¢ will always be assumed real. Our focus will be on polynomial
vector fields (and U = K"). Extensions to analytic and formal power series
vector fields are straightforward. We will denote the solution of the initial value
problem & = f(x), x(0) =y (neart=0) by ®(t,y) = ®;(¢,y) and refer to D,



as the local flow of f. For fixed y there is a maximal interval I, of existence for
®(t,y), and the set of all ®(t,y), with y € I, is called the trajectory through y.

We will answer the following principal question: Let G C GL(n,K) be a
linear group. What invariant sets do necessarily exist for any G-symmetric
polynomial differential equation; in other words, what invariant sets are forced
by the symmetry group?

This question is of interest in its own right, but also a starting point for
further investigations of symmetric vector fields. For compact groups and C'*
vector fields the question was essentially answered e.g. in Field [9], and plays
an important role for instance in Krupa’s [16] investigation of bifurcations of
relative equilibria.

We consider an arbitrary linear algebraic group G acting linearly on n-space.
Requiring linearity of the group action does not impose an essential restriction
for compact groups, cf. e.g. Guillemin and Sternberg [14], or for semisimple
groups, cf. e.g. Kushnirenko [17], in the local analytic setting. Since we are
primarily interested in polynomial or analytic vector fields (in view of compu-
tations), there is also no loss of generality in discussing only algebraic groups.
We note that one drawback seems unavoidable when discussing this broad class
of groups: In contrast to compact group actions, a general extension to infi-
nite dimensional systems seems impossible. (One should mention that certain
noncompact group actions for infinite dimensional systems have been discussed,
and successfully used in applications, by Fiedler et al. [10], Golubitsky et al.
[13], and others. But these results were based on additional assumptions, for
instance compactness of isotropy groups.)

We use some elementary notions and results from Commutative Algebra in
our approach. Our results include a precise characterization of the minimal
invariant sets which are common to all G-symmetric vector fields. As it turns
out, the Zariski closure of such a minimal invariant set is a vector subspace,
and the investigation of common invariant sets amounts to the investigation
of certain algebraic varieties (Theorems 1 and 2). Moreover, if an irreducible
subvariety of such a variety is invariant for all G-symmetric vector fields and is
not a linear space then there exists a common rational first integral for the G-
symmetric vector fields on this subvariety (Theorem 3). We discuss toral groups,
compact groups and reductive groups in some detail, and provide descriptions
of the subspaces spanned by minimal common invariant sets in Propositions 3
and 4, and Theorems 4 and 6. At the end of the paper we present examples,
including a Couette-Taylor system and some low-dimensional representations of
SL(2).

The results of the present paper form a basis for future work, with two prob-
lems to be addressed in particular. First, there exist group representations for
which orbit space reduction via group invariants (see e.g. the survey by Chossat
[5]) is not applicable (when the invariant algebra is not finitely generated) or not
feasible (e.g. when even minimal sets of generators are very large). Here, our
results provide a starting point for alternative reduction approaches, e.g. via
rational functions. Second, the qualitative behavior of symmetric differential
equations on invariant sets, in particular minimal ones, is of special interest,



in particular for low-dimensional invariant subsets of high-dimensional repre-
sentations. In Proposition 10 we provide a first result (assuming no a priori
knowledge about the structure of symmetric vector fields on the whole space)
concerning the extension of polynomial vector fields on minimal common invari-
ants sets to rational symmetric vector fields on the whole space. This will be
taken up in forthcoming work.

2 General properties and known results

We will assume that equation (1) has polynomial right-hand side and is sym-
metric with respect to a linear group G C GL(n,K), thus the identities

(2) Tf(x) = f(Ta)

hold for all T € G. In view of polynomiality (or, more generally, analyticity)
of f we may take G to be an algebraic group defined over K, with identity
component G°. Denote the Lie algebra of G by £. We do not require finite
generation of the invariant algebra of G, or of any related modules.
Polynomial differential equations (1) correspond to derivations of the algebra

K(x1,...,Ty,], via assigning to f = (f1,..., fa)! the associated Lie derivative
0
Ly = =
f Z f or;
Therefore we will identify f with this element of Der (K [z1,...,2,]), and also

speak of f as a vector field. To G-symmetric differential equations there corre-
spond G-invariant derivations, i.e., derivations which commute with the group
action on polynomials. The set of these will be denoted by

Dg = Derg (Kz1,...,2,]).

Let us record a few elementary properties, which are easy to prove directly from
the symmetry criterion (2). The first two depend essentially on linearity of the
group action.

Lemma 1. Let f and g be G-symmetric vector fields. Then the composite fog,
the left-symmetric product defined by (feg)(x) = Dg(x) f(x) and the Lie bracket
[f,g] = feg—ge [ are G-symmetric. In particular the G-symmetric vector
fields form a Lie algebra.

At this point it may be appropriate to remark on terminology. In invariant
theory, maps satisfying (2) are usually called covariant. In the scenario that
we consider (linear group actions on vector spaces) some criteria for maps and
vector fields coincide, and thus most results could be stated for covariant maps
as well as for symmetric vector fields. The actual notations and notions chosen
here reflect the intended applications.

Recall that a subset Y of K" is called invariant for the polynomial differential
equation (1) if for every y € Y the whole trajectory through y is contained in Y.



It is obvious that set operations (union, intersection, complement) on invariant
sets produce invariant sets. Moreover, due to continuous dependence the closure,
interior and boundary of an invariant set (with respect to the norm topology)
are also invariant. We are interested in sets that are invariant with respect to
all G-symmetric vector fields.

Definition 1. (a) A set Y C K" is called Derg (K |[z1, ..., z,])-invariant (or
Dg-invariant) if it is an invariant set for every G-symmetric differential equa-
tion.

(b) Given a Dg-invariant set Y and v € Y, we call Y minimal with respect to
v if v € Z for some Dg-invariant set Z implies Y C Z.

Lemma 2. (a) Unions, intersections and complements of Dg-invariant sets
are Dg-invariant. In particular, for every v € K" there exists a minimal Dg-
invariant set containing v.

(b) The closure, boundary and interior (with respect to the norm topology) of a
Da-invariant set is Dg-invariant.

(¢) Every connected component (with respect to the norm topology) of a Dg-
mvariant set is Dg-invariant.

Proof. Parts (a) and (b) are immediate from the remarks above. To prove part
(c), note that for any v € K”, the union of all the trajectories through v of
G-symmetric differential equations is connected. O

We record a few more simple and mostly well-known, but useful observations.

Lemma 3. Let H be a (closed) subgroup of G. Then every Dy -invariant set
Y is also Dg-invariant.

Lemma 4. (a) Let & = f(z) admit the symmetry group G. Then for any T € G
and y € R™ one has

Ty (t,y) = Ps(t,Ty) forallt.

(b) If Y is invariant for some G-symmetric vector field and T € G then TY is
1mvariant.

Proof. Since T is a symmetry, T® ;(¢,y) is a solution of the differential equation.
At t = 0 this solution attains the value T'y. The second assertion is an obvious
consequence. O

Proposition 1. (a) All points on a trajectory of & = f(x) have the same
isotropy subgroup.
(b) Given any (closed) subgroup H of G, the fized point subspace

Fix(H):={z: Tz==z for all T € H}

of H is Dg-invariant.



Proof. Both assertions are direct consequences of Lemma 4; for the first asser-
tion note that flows can be reversed.
O

Corollary 1. Let G be given, and let v € K™. Then the minimal Dg-invariant
set with respect to v is contained in the fixed point subspace of the isotropy group
Gy. (In particular one has f(v) € Fix(Gy) for all G-symmetric vector fields f.)

3 Rank considerations

We first recall some familiar invariance criteria. (See, e.g. [23]. For the reader’s
convenience a proof is given in the Appendix.)

Lemma 5. (a) Given equation (1), let i, ..., ¥, € Klxy,...,x,]. If there are
pij € Klzq, ..., z,] such that

3) Ly(y;) =Y mjwth, 1<j<r
k

then the set Y of common zeros of the v; is invariant for & = f(x).
(b) A vector subspace W of K™ is invariant for & = f(z) if and only if f(w) € W
for allw e W.

Next we introduce a class of distinguished invariant sets.

Definition 2. Let G C GL(n,K).
(a) For v e K™ denote by

EU:Dg—)Kn, fo(U)

the evaluation map.
(b) For a nonnegative integer s let

Zy = Z4(G) :={y € K" : dim(e,(Dg)) < s}
and Z¥ = Zsi1 \ Zs.

Remarks. (a) The set €,(Dg) is a vector subspace and equal to the set of all
f(v), f symmetric with respect to G. The notation e, is taken from Lehrer and
Springer [18] and Panyushev [20], who discuss covariant maps. The symmetry
condition shows that €,(Dg) C Fix(G,). Since h(x) = x defines a G-symmetric
vector field, one always has v € ¢,(Dg).

(b) Obviously y € Zs if and only if for all ¢ > 1 and all G-symmetric vector
fields g1,. .., gq the rank of (g1(y),---,94(y)) is not greater than s. Since the
points satisfying this rank condition can be described as common zero sets of
suitable determinants, one sees that every Z, is Zariski closed. Moreover, y € Z,
satisfies y € Z} if and only if there exist G-symmetric vector fields hq, ..., hq
such that hi(y),...,hs(y) are linearly independent in K™.



Theorem 1. (a) For every s > 0 the sets Zs and Z;, | are invariant for every
G-symmetric vector field. Moreover, the sets Zs and Z73,, are also invariant
with respect to the group action.

(b) For every y € K" the subspace ¢,(Dg) is invariant for every G-symmetric
vector field.

Proof. We first prove part (b). For any G-symmetric f and any w € €,(D¢) it
suffices to show that f(w) € €,(D¢g), due to Lemma 5. But there is a g € D¢
such that w = ¢(y), and by Lemma 1 one has f(w) = (f o 9)(y) € €(Dq).
Now the Dg-invariance of Z, and Z;,, follows by Lemma 2. The group in-

variance is straightforward from the definitions: If g¢1(y),...,g,(y) are lin-
carly (in-)dependent then so are ¢1(Ty),...,gp(Ty) for all T € G, due to
9:(Ty) = Tgi(y). O

Remark. Essentially, part (a) remains true for (nonlinear) algebraic group ac-
tions on affine varieties Y and G-symmetric vector fields on Y: For every s
the set Zg is Dg-invariant. Here, €, should be viewed as a map to the tangent
space to Y at v. The proof works with (s+ 1) x (s+ 1) minors of matrices that
have columns built from the module elements g € D¢, and uses the invariance
criterion (3) for their common zero set, viz. Zs, noting that the ideal generated
by all such (s+1) x (s+1) minors is finitely generated by Hilbert’s ”Basissatz”.
The argument is an obvious modification of the proof of Theorem 3.1 in [23].
In this sense, part (a) does not depend on the linearity of the action of G.

The following observation may be seen as a weak finiteness result for G-symmetric
vector fields, for arbitrary G. Moreover, it is of interest even if the invariant
algebra of G’ and the module of symmetric vector fields are finitely generated.

Proposition 2. There exist finitely many G-symmetric vector fields hy, ..., hq
such that for every v the space €,(Dg) is spanned by hi(v), ..., he(v). Given any
G-symmetric f and v € Z; there exist rational functions o; which are defined
and G-invariant in a Zariski-open neighborhood of v in Zg such that

q
f=Y oh;
j=1

in this neighborhood.

Proof. Given y € Z¥, by Cramer’s rule there exist symmetric vector fields
Gy,1,- -+, 9y,s and a Zariski-open neighborhood U, such that for every v € U, the
space spanned by g1 (v), ..., gs(v) has dimension s. By quasi-compactness of the
Zariski topology, finitely many of these neighborhoods suffice to cover every Z7.
The collection of all the associated vector fields satisfies the desired condition.
For the last assertion, choose a subset I of {1,...,q} such that the h;(v) with
J € I form a basis of €,(D¢), and set o; = 0 for j & I. Since the coefficients of
the h; are then uniquely determined, and f and all h; are G-symmetric, the o;
are G-invariant. U



Remark. This Proposition suggests to think of the Dg-invariant sets Zs as the
Zariski-closed invariant sets of “general” G-symmetric polynomial vector fields.
For instance, there is an open and dense subset U* C KY such that for every v
the vector fields > «;h;(v), with (aq,...,aq) € U*, span €,(Dg).

Given a (closed) subgroup H of G and v € K", consider the space €,(Dpr)
which is spanned by all g(v) with H-symmetric g. We note an elementary
property (following from the definitions and Lemma 3) for later use.

Lemma 6. The space €,(Dy) is Dg-invariant and contains €,(Dg).
Thus one has a descending chain
Kn:ZnQZn—l QQZO

of Dg-invariant sets, and y € Z7 is contained in the s-dimensional Dg-invariant
vector subspace €,(Dg).

Theorem 2. Let y € Z}. Then the minimal Dg-invariant set with respect
to y is the connected component, in the norm topology, of y in €,(Dg) \ Zr—1.
Moreover, €,(Dg) is the smallest Zariski-closed Dg-invariant set which contains
Y.

Proof. 1t is obviously sufficient to prove the first assertion. Thus let Y be the
minimal Dg-invariant set with respect to y.

(i) We already know that ¥ C €,(Dg); see Theorem 1. Moreover Y C €,(Dg) \
Z._1, since the latter set is Dg-invariant and contains y. Since every connected
component of a Dg-invariant set is itself Dg-invariant (Lemma 2), Y is con-
nected. Let Y* be the connected component of ¢,(D¢) \ Z,—1 which contains
Y.

(ii) Let v € Y. Then there exists a neighborhood of v in €,(D¢) \ Z,—1 which
is also contained in Y. To prove this, let ¢, ..., g, be G-symmetric such that
the g;(v) are linearly independent. Consider the analytic map

v (ala"'vaT) = (I)a1g1+'“+a7~gr(1vv)

which maps some connected neighborhood U of 0 € K" to €,(Dg). From the
series expansion

Ular, .. ar) = vt a1g1(0) + -+ argr(v) +o(|aal, .., fes])

one sees that the derivative

D\I/(O, ey 0) = (gl(v)a s 797“(”))

has rank r, and therefore induces an analytic diffeomorphism from some (con-
nected) neighborhood of 0 in K" to a neighborhood of v in €,(Dg). By Lemma
2 this neighborhood is contained in Y.

(iii) According to (ii), Y is relatively open in Y*. But the same argument shows
relative openness of the complement Y* \ Y, and thus Y = Y™ since Y* is
connected. O



Lemma 7. Let G C GL(n,R) and y € R", and consider

(D) = {f(y); f: R* = R" is G — symmetric},
e, (DS) = {h(y); h: C* — C" is G — symmetric} .

Then the complex space €,(DS) is the complezification of the real space €,(DE).
In particular the respective dimensions are equal.

Proof. Given any complex G-symmetric vector field, its conjugate is also G-
symmetric. Therefore €,(DE) is equal to its complex conjugate subspace, which
implies that if €,(DS) is spanned by wy, ..., w,, then it is also spanned by the
real and imaginary parts of the w;. The assertion follows. O

Ezample. Consider the “diagonal” action of SO(3,R) on

o fon (2 )cuvew)

Thus G consists of all block diagonal matrices of the form

(g g) C € S0(3).

According to [11], Subsection 2.5, Examples (d) and (e), the module Dg is
generated by the elements

(5 ) ()G () 057)- ()

Therefore, if ug and vy are linearly independent in R3 then for y = (53) the
dimension of €,(D¢) is equal to 6. If uy and vy are linearly dependent but not
both equal to zero then e,(D¢) has dimension 2.

This example illustrates the usefulness of Theorem 2 if the module Dy is
sufficiently well known. We note the application to SO(3)-symmetric second-
order systems in R3: The only nontrivial invariant sets forced by symmetry are
defined by the condition that position and velocity have the same direction.
(The six-dimensional vector fields corresponding to the second-order systems
are of a particular type, but they generate the full Lie algebra D¢, and this is
the relevant structure when discussing common invariant sets.)

Remark. Most of the results obtained thus far also apply to G-symmetric dis-
crete dynamical systems
z(t+1) = h(z(t)),

as is to be expected, since the conditions for symmetric vector fields and for
covariant maps correspond: The symmetry criterion (2) also applies to difference
equations, thanks to the linearity of the group action. Thus one may consider
the set of all G-symmetric maps from K" to itself, which is closed with respect
to vector space operations and composition. Mutatis mutandis, the elementary



properties from Lemmas 2 (except for the connectedness property), 3 and 4,
and from Proposition 1 and its Corollary hold. The principal result, Theorem 2
needs modification only with respect to connectedness: The minimal invariant
set containing v is, in general, a union of connected components of €, (Dg)\ Zs—1.

It should be emphasized that the search for arbitrary Dg-invariant sets has
been reduced to investigating the algebraic sets €,(Dg) and Zs. The next result
elucidates the structure of G-symmetric vector fields on Z;.

Theorem 3. Let Y C Z; be an irreducible Dg-invariant subvariety, and ¥ N
Z* #+ 0. Then either Y = €,(Dg) for some v €Y or there exists a nonconstant
rational first integral of Dg on Y'; i.e., a nonconstant rational function ¥ on'Y
such that

Li()(x) =0 forallz €Y and for all f € D¢,

whence all level sets of ¥ on'Y are Dg-invariant. In particular, Z = () if and
only if there exists a nonconstant rational first integral for Dg on K™.

Proof. If there exists a nonconstant rational first integral ¢ of Dg on Y then
is defined on an open and dense subset Y C Y, and every level set 1) = const.
on Y is Dg-invariant. Since every level set has dimension smaller than dimY’,
we see that dime,(Dg) < dimY for all v € Y, hence for all v € Y.

To prove the reverse direction, let v € Y such that dime,(Dg) = s. If
dimY = s then Y = €,(Dg) by irreducibility. In the following assume that
dimY > s, and let f1,..., fs € Dg such that f1(v),..., fs(v) are linearly inde-
pendent. In addition, we may take fi(z) = z. By Cramer’s rule, every g € D¢
admits a representation

S
g= Zajfj onYy,
j=1

with rational functions a;.
Given a matrix with s columns ay,...,as € K", denote by A = A(ay,...,as)
any s X s minor of this matrix. Consider the polynomial

p(x) == A(fi(x), ..., fs(z)) € K[Y].

For any f € Dg we have f o f; € Dg by Lemma, 1, hence
fofi=> ajfs ony,
j=1

with rational functions aji. By the product rule and the alternating property
of A one finds

Li(p)(x) = ;A1) fefi@),. .., fs(z))
Zj,kajk‘(x)A(fl(x)’""fk(x)v""fs(x))
Zjajj(x)A(fl(x)v"'7fj(x)7"'7f$(x)
= (3ja5@) @), alzey.



If A; and Ay are minors such that pa # 0 then
1
Ly(p1/p2) = 7 (p2Ly(p1) — prLs(p2)) =0onY
2

and unless p1/po is constant, it is a first integral as asserted.

There remains to show that not all such quotients are constant. Assume, on the
contrary, that for any choice of two s X s minors the quotient will be constant.
Denote the rows of the matrix (fi(x),..., fs(z)) by z1(x),...,zn(z). We may
assume that z1(v),. .., zs(v) are linearly independent. Then Cramer’s rule im-
plies the existence of rational functions 5, (actually, quotients of s x s minors)
such that

S
zj = Zﬁjkzk onY; all j > s.
k=1

If p1/p2 is constant for every choice of s x s minors then all the 3}, are constant.
Now recall that fi(x) = x, hence in particular

S
xj—ZBjkxk:0onY, s<j<n.
k=1

In other words, Y is contained in an s-dimensional vector subspace of K™. This
is a contradiction to the assumption dimY > s. O

The assumption Y N ZF # () in this Theorem involves no loss of generality.

4 Diagonalizable groups

In this section we will discuss connected diagonalizable groups. It seems ap-
propriate to fix terminology first. We call a connected algebraic group (real
or complex) an algebraic torus if its complexification is isomorphic to some full
group of r x r diagonal matrices. Equivalently, the complexification is connected
and diagonalizable (see Humphreys [15]). A multiplicative one-parameter group
H C GL(n,C) is the image of a nontrivial homomorphism v : C* — GL(n,C)
of algebraic groups; thus the matrix of v(s) with respect to a suitable basis is
diagonal with entries s/, k; € Z, not all zero. By a real (compact) torus we
mean a real algebraic torus which is compact in the norm topology. (There are
other characterizations; see Brocker and tom Dieck [4].)

Let G be an algebraic torus over C, with Lie algebra £. Then C" is the
direct sum of weight spaces

U,:={x: Br =w;(B) -z, forall Be L}

for suitable (pairwise distinct) weights wy,...,w,. We may assume that £ con-
sists of diagonal matrices, and we may furthermore assume that the elements of

10



U, are of the form

Zi iz € C%.

Proposition 3. Let G C GL(n,C) be an algebraic torus, with notation as
above. Given v € C", let

y=> vic€e(Da) (vl

i=1
with a maximal number s of nonzero terms: y;, #0,...,y;. # 0. Then
Ev(DG) == Uil + cee + Uis'
In particular one has Z;; # 0.

Proof. Due to Lemma 5(b) and Theorem 1(b), f(y) € €,(Dg) for all G-symmetric
f. Consider, in particular, the linear vector fields that are symmetric with re-
spect to G. According to the assumption above, these are represented by block
diagonal matrices of the form

C; 0 - 0

C:= - : . C; e Clidi) arbitrary.
: .0
0 --- 0 C,

Now for any j € {i1,...,4s} and any z; € U; there is a matrix C; such that
Cjy; = zj. This shows that U;, +--- + U;, C €,(Dg). Equality follows from

maximality of the number of nonzero terms for y. O
In view of Lemma 7 we also have:

Corollary 2. Ifé C GL(n,R) is an algebraic torus then the assertion holds,
mutatis mutandis, for all v € R™ and the real space

eo(De) ={f(y); f: R" = R" is G — symmetric} .

Moreover, in the complex setting one can easily characterize the common
invariant subspaces of all G-symmetric vector fields. We keep the hypotheses
and assumptions from above. The arguments in the proof are quite similar to
those used for Poincaré-Dulac normal forms on invariant manifolds; see Bibikov
[1], and also [22].

11



Proposition 4. Let G C GL(n,C) be an algebraic torus, with further notation
as in Proposition 3. Moreover, let I = {i1,...,is} be a proper nonempty subset
of {1,...,r}. Then the subspace

Ur ::Ui1+"'+Ui5

1s invariant for every G-symmetric vector field if and only if the following con-
dition is satisfied: For every k € {1,...,r}\ I one has

(4) D mjw; # w

jel
for all tuples of nonnegative integers m; such that Y m; > 1.

Proof. Let eq,...,e, denote the standard basis, with coordinates x1,...,Z,,
and let x; be the character corresponding to x;. We will prove the assertion for
the spaces Vy := ), ; Cep. By Proposition 3 this will suffice, since every x; is
among the w;’s, and vice versa.

The G-symmetric polynomial vector fields are precisely the linear combina-
tions of monomials

(5) IT =ee

1<i<n

with nonnegative integers m; and 1 < £ < n satisfying

> mixi = xe-

Assume that for some k € {1,...,n} \ J there are nonnegative integers s; such
that
Xk = Zijj, Zsj > 1
jeJ

Then the polynomial vector field

g(z) = H x?jek

jeJ

is G-symmetric, but does not leave V; invariant.
On the other hand, if condition (4) holds then every G-symmetric vector
monomial (5) maps V to itself. O

Remark. The proof provides a description of all Dg-symmetric vector mono-
mials; and, as noted, every G-symmetric vector field is a linear combination of
these. Likewise, the G-invariants are linear combinations of those monomials
x‘ljl -+~ a9 whose exponents satisfy Y d;x; = 0. This basic observation follows
from the diagonalizability of the group action on spaces of functions resp. vector
fields (see e.g. [22]), and gives rise to an iterative procedure to determine all
monomial invariants and symmetric vector monomials for toral groups. This

procedure is outlined in the Appendix, for the reader’s convenience.

12



Corollary 3. Let assumptions and notation be as in Proposition 4. For B € L
and a linear form « on L define

(B) = {j:1<j<randw;(B) a(B)>0},
{7:1<j<randw;(B)-a(B)>0}.

N

—~

@

~—
|

Then U is Dg-invariant both for I = I(B) and for I = I,(B).

Proof. Let I = I}(B) and assume that there are nonnegative integers m; and
some index k ¢ I such that > mjw; = wi. Then

> mjw;(B)a(B) = wi(B)a(B)

leads to a contradiction, as the left-hand side is > 0 and the right-hand side is
< 0. Proposition 4 shows the first assertion. The proof of the second assertion
is similar. [

There are some applications which we record for later use.

Proposition 5. Let G C GL(n,C) be a complex algebraic group.

a) The set of all v such that lims_ov(s)v = 0 for some multiplicative one-
parameter subgroup H = {v(s); s € C*} is Dg-invariant. In addition, if
limg_,0v(s)v = 0 then lims_,o y(s)w = 0 for all w € ¢,(Dg).

b) The set of allv such that limg_,o y(s)v exists for some one-parameter subgroup
H = {v(s); s € C*} is Dg-invariant. In addition, if lim,_,oy(s)v ezists then
lims_,o y(s)w exists for all w € €,(Dg).

Proof. The limit lim,_,os* exists if and only if ¥ > 0, and lim,_,os* = 0 if
and only if k& > 0. We may assume that the matrix of v(s) is diagonal, and
consider the generator B = diag (ki, ..., k,) of this one-parameter group. Then
lims_0y(s)v exists (resp., equals 0) if and only if v € Uy for I = I,(B) (resp.
I =I%(B)), where a sends B to 1. By Corollary 3 and Lemma 3, the subspace
U; is Dy-invariant, hence Dg-invariant, hence contains €,(D¢g) by Theorem 2,
and the proof is finished. O

Proposition 6. Let G C GL(n,C) be the complezification of a real compact
torus G C GL(n,R), with further notation as in Proposition 3. Then the real
Dg-invariant subspaces Ur NR™ correspond to submodules of ) Zw; in the fol-
lowing sense:

Ur NR™ is Dg-invariant if and only if

ZZij{W1,--~7wr}:{wj cjel}
jerI

Proof. We may assume that Uj =Ur41-5 and

W = W) = Wt
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for 1 < j < r, since all elements of the Lie algebra of G have purely imaginary
eigenvalues. A subspace of C" is the complexification of some subspace of R™
if and only if it is pointwise invariant under conjugation. Thus nonzero weights
come in pairs adding to zero, and the criterion in Proposition 4 is equivalent to

W ¢Zij for k& I.

jel

Ezample. Let ¢ be any positive integer. Then
By:=i-diag (20,20 —2,...,2,0,—2,...,—20 4+ 2,—-20)

spans the Lie algebra of an algebraic torus H which is the complexification of a
real torus H, and corresponds to a semisimple element in the complexification
of the irreducible (2¢ + 1)-dimensional representation of SO(3,R). According
to Proposition 6, and since Z is a principal ideal domain, the Dg-invariant
subspaces of R” are given by

Vii=UNR", I=1I:=1i-2kZN{i-20,...,i-2,0,i-(=2),...,i-(~20)}

for 0 < k < £. Thus one obtains precisely £ proper D z-invariant subspaces; viz.,
all Vi, with k # 1. The dimension of V; is equal to 1+ 2 [£] if k > 0.

5 Compact groups

In view of Proposition 1 and Theorem 2 it is natural to investigate the inclusion
ex(Dg) C Fix(G,). For real compact groups it is known that equality holds
for all v. This is usually proved as a consequence of the Palais slice theorem:;
see e.g. Field [9], Lemma A. (The basic idea is also used in Michel [19].) We
provide an elementary proof here, which takes a different approach.

Theorem 4. Let G be a compact subgroup of GL(n,R). Then €,(Dg) =
Fix(G,) for all y € R™.

Proof. (i) We may assume that G C O(n,R) and that the norm on R™ is induced
by the G-invariant scalar product. Moreover, let i denote the Haar measure on
G. Given any C*° function ¢ on R™ and any w € R", one obtains a G-symmetric
C'* vector field via

ula) = [ oI wa(r).

ii) Let y € R™ and w € Fix(G,). Then for every € > 0 there exists a § > 0 such
Y
that
Ty —yl| <d=||Tw—w||<e alTeaqG.
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To prove this, assume the contrary. Then there exist some p > 0 and a sequence
(T¢) in G such that Tyy — y as £ — oo but all ||Tyw — w|| > p. We may assume
that lim T, =: T exists. From

y=limTyy=T"y
one sees that 7" € G,,. But this implies 7w = w; a contradiction.

(iii) Given y € R", w € Fix(G,) and € > 0, there exists a G-symmetric C*>
vector field g,, such that

9w (y) —wl| <e.
To see this, choose § > 0 so that ||Ty — y|| < § implies ||Tw — w|| < € for all

T € G, and choose ¢ as a nonnegative function with support contained in the
ball Bs(y), with ¢(y) = 1. With g¥ as in part (i), define

1
Guw\T) ‘= T 9*1'7 xz e K"
©) = o

Then )
u(9) 0 = g - ST w) ()
and
low(0) 0l < sy | ATVl au(r) <

since ||T~ w — w|| < € whenever ¢(Ty) # 0.

(iv) Let (w1,...,w,) be a basis of Fix(G,). Then there exists € > 0 such that
every system (v1,...,v,) in Fix(Gy) with |jv; —w1]|| <€, ..., ||v, —w,|| < € also
forms a basis of Fix(G,). According to (iii) there exist G—symmetrlc C'* vector
fields g1, ..., g, such that the g;(y) span Fix(G,).

(v) According to a theorem by Poénaru [21], the module of G-symmetric C'*°
vector fields over the algebra of C'*° G-invariants is generated by polynomial
vector fields. O

Remark. At this point it may be appropriate to sketch the relation between the
familiar stratification of K™ by the action of a compact group G and the de-
composition induced by the varieties Z; (see Theorems 1 and 2). For a compact
group G and any v € K" the subspaces ¢,(Dg) and Fix(G,) are equal, thus the
smallest Zariski-closed Dg-invariant subset which contains v is the fixed point
space of the isotropy group. (For general groups €,(D¢) may be a proper subset
of the fixed point space.) For compact G and v € K", the stratum of v is by
definition the set of all y € K™ with isotropy subgroup conjugate to G,. Since
two elements of K™ have conjugate isotropy groups if they lie on the same orbit,
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the stratum contains G - Fix(G,). Note that A, := G - Fix(G,) is the small-
est Zariski-closed set which contains v and is both Dg-invariant and G-stable.
By properties of algebraic group actions, G - Fix(G,) is open and dense in A,.
Therefore the closure of the stratum is the union of a (finite) number of sets
Ay. On the other hand, if dim(Fix(G,)) = r then G - Fix(G,) is contained in
Zr, and so is the stratum. Thus the decomposition into strata may be finer
than the decomposition into the Z*, and the G - Fix(G,) (resp. the A,) provide
the most refined decomposition. (For general groups this decomposition carries
over to G - €,(D¢) and its closure.)

We note a consequence of some practical value for a compact and connected
group G. In order to search for points v with €,(Dg) # R™, one may restrict
attention to a maximal torus of G.

Corollary 4. Let G C GL(n,R) be compact and connected such that Z:(G) # 0,
and let H be a maximal torus of G. If v € Z,,_1(G) then there exists T € G
such that Tv has nontrivial isotropy in H. Conversely, if w € Z,_1(H) then
Tw € Zy—1(G) for all T € G. In other words,

Zn(G) =G - Zp_1(H)

Proof. By Theorem 4 there is an element S € G, S # id such that Sv = v. By
Brocker and tom Dieck [4], Theorem IV.1.6, S lies in a maximal torus, which
in turn is conjugate to H. Thus TST~! € H for a suitable T € G, and T.ST~!
fixes v. This proves the inclusion ”C”. The reverse inclusion is elementary:
For T € G and w € K" one has ep,, = T€,,, hence by Lemma 6 one finds for
w e Zn_l(H)Z

6Tw(,Z)G) g eTU)(DH) g Tew (DH) 7é K".

O

Recall that Z,_1(H) can be determined in a systematic and relatively easy
manner (Proposition 6). But the description above does not directly provide
defining equations for Z,_1(G).

Ezxample. We continue the example at the end of Section 4, with the irreducible
(2¢+1)-dimensional representation G of SO(3,R). The Lie algebra of a maximal

torus H is spanned by
By :=i-diag (26,20 —2,...,2,0,—-2,...,—20+ 2, =20,

and the nontrivial Dg-invariant subspaces are just Vo, Va2, ..., V,. Now assume
£ > 2. One obtains Dg- invariant subsets G - Vi, of dimension < 3 + ¢, since
dimVy, = 14 2[¢/k], G is three-dimensional and the stabilizer of Vj, contains
H. Therefore Z3, , # (), and by Corollary 4, Zs is just the union of the G - V4,

k#1.

There is a shortcut to determine the varieties Zg for a compact group G
from those of the connected identity component G.
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Proposition 7. Let G # G° be compact.

(a) There exist homogeneous polynomials ¢1, . .., ¢, which generate the invariant
algebra of G° and are K-linearly independent, such that the vector space K¢y +
-+ + Ko, is stable with respect to the G action. Define

P
P = :
br

Then for every T € G there exists a unique = GL(r,K) such that the identity

(Tx) = Td(z)

holds. T depends only on the class of T mod G°, thus one has an induced action
of G/G° on K".

(b) If Sv = v for some S € G then S®(v) = ®(v), and conversely. Thus the
image of Fix (G,) is equal to the fized point space of (G/G°)a(y)-

(¢) The following equality holds:

eo(De) = €u(Deo) N {x : S®(z) = d(z), for all S € G, /(GO N Gv)} .

Proof. For every T € G and every homogeneous G-invariant ¢, ¢ o T is a
GC-invariant which is homogeneous of the same degree. Given a homogeneous
system of generators ¢1, ..., @5 for the invariant algebra of G°, the ¢;0T, T € G
will therefore span a finite dimensional vector space. Extending the system
¢1,...,¢s to a basis of this vector space will yield a system ¢q,..., ¢, that
satisfies part (a). Moreover this system separates GY-orbits, due to compactness.
The nontrivial assertion of part (b) follows: If S®(v) = ®(v) for some S € G
then, due to the separation property, Sv is on the same GY-orbit as v, thus
Sv = Tw for some T € G°, whence S™1Tv = v. O

6 Reductive groups

This section is devoted to extending some of the results for compact groups
to complex or real reductive groups. (Recall that the complexification of a
real compact group is reductive.) For reductive groups one cannot expect the
equality €,(D¢g) = Fix(Gy) to hold for all y. Counterexamples exist even for
algebraic tori.

Ezample. Let G consist of all diagonal matrices with entries a, a2, a3, with
a € C*. The remark following Proposition 4 shows that D¢ is generated by the
vector fields

T 0 0 0 0 0
0 ) ) ) 33% ) 0 ) 0 9 0
0 0 0 T3 T1To x‘i’
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Consider v = (0, 1, 1)'*: Since a® = a® = 1 implies a = 1, one has Fix(G,) = C3,
whereas the image of ¢, is two-dimensional.

But for reductive groups there exists a good criterion for surjectivity of the
evaluation map.

Theorem 5. (Panyushev [20].) For a complex reductive group G, the evaluation
map
€ : Dg — Fix (Gy), f— f(v)

is surjective, and thus equality €,(Dg) = Fix (G,) holds, whenever the Zariski
closure of the orbit G - v is a normal variety and G -v \ G - v has codimension
> 1 in G -v. In particular equality holds when the orbit of v is Zariski closed.

Proposition 8. (Hilbert-Mumford criterion; Birkes [2], Theorem 4.2.) Let
G C GL(n, C) be reductive, and v € G such that the orbit Gu is not closed.
Then there exists a nontrivial multiplicative one-parameter group {v(s); s € C*}
such that lims_,oy(s)v exists.

Remark. Due to Proposition 5 the set of all v which satisfy such a limit condition
for some multiplicative one-parameter subgroup is Dg-invariant.

We obtain a precise description of Z for complex reductive groups.

Theorem 6. Let G C GL(n, C) be reductive, and Z # 0. Then for all v € C"
the following hold:

a) If the orbit G - v is closed and G, is trivial then v € Z}.

b) If G C SL(n, C) and v € Z then G - v is closed and G, is trivial.

Proof. The proof of part a) is immediate from Panyushev’s theorem: Since the
orbit of v is closed, one has €,(Dg) = Fix (G,), and €,(Dg) = K" from trivial
isotropy.

To prove part b), we first show that G - v is closed. Assume that this is not
the case. Then by the Hilbert-Mumford criterion there is a nontrivial multi-
plicative one-parameter group {v(s); s € C*} such that lim,_,¢ y(s)v exists. By
Proposition 5, lims_,¢ v(s)w exists for all w € €,(Dg) = K”. Thus, if

v(s) = diag(s*,...,s"); k€ Z

(as may be assumed) then all k; > 0 and Y k; > 0; a contradiction to (s) €

SL(n).
By Theorem 5, again, one has K" = ¢,(Dg) = Fix (G,) and therefore G, is
trivial. O

For real reductive groups Panyushev’s theorem has the following conse-
quence:

Theorem 7. Let G C GL(n,R) be reductive, with complexification ¢G, and
let y € R™ such that the G-orbit of y is closed in the norm topology. Then the
cG-orbit of y is Zariski closed and

¢,(D¢) = Fix((cG), N G).
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Proof. Zariski-closedness of the orbit follows from Birkes [2], Corollary 5.3, and
then surjectivity of the map ¢, follows from Theorem 5. O

Ezample. In general one has G, # ((cG), N G). Let
G= {diag(as, a,a” a3 ac IR{*}

and v = (1, 0, 0, 1)*. Then ¢G is defined by the same conditions with a € C*.
The isotropy groups are defined by the condition ¢ = 1. This forces trivial
isotropy (and Fix(G,) = R%) in the real case, while one may let a be a primitive
third root of unity and obtain a two-dimensional fixed point space for ¢G.

We close this section with some remarks on a natural extension problem:
Given G C GL(n,K) and a Dg-invariant variety Y, under what circumstances
can a polynomial vector field f on Y be extended to a G-symmetric vector
field on K™? This is of special interest for low-dimensional Dg-invariant sets of
high-dimensional systems, for which a complete discussion is not feasible.

The following necessary condition is obvious: Let H C G be the stabilizer
subgroup of Y. The restriction of a G-symmetric vector field on K" to Y has
symmetry group Hly, and therefore f must admit this symmetry group.

If G is reductive and the variety Y is also G-stable then H = G and the
above condition is also sufficient. See e.g. the Lemma in Panyushev [20] for the
following well-known result.

Proposition 9. Let G C GL(n,K) be reductive, and Y a G-stable subvariety
of K™. Then every G-symmetric polynomial vector field on Y extends to a G-
symmetric polynomial vector field on K™.

If Y is not G-stable then, in general, H-symmetry is not even sufficient to
ensure well-definedness of an extension as a map. Let W C K" be an irreducible
affine Dg-invariant subvariety, and f : W — K" a polynomial vector field.
(Linear subspaces are of particular interest, due to Theorem 2 and Proposition
1.) Let V be the Zariski closure of G- W and note that G- W contains a Zariski-
open and dense subset of V. If there is an extension f of f to a G-symmetric
vector field on V' then necessarily the following well-definedness condition holds:

(6) If we W, T € G are such that Tw € W then f(Tw) = Tf(w).

As one easily verifies, this condition is necessary and sufficient for the existence
of a G-symmetric extension map f: G-W — K" of f, which must be given by

(7) f(Tz)=Tf(x), zeW,TeQd.

The problem is to decide whether (7) defines a polynomial f. Without further
assumptions, the following result seems to be the best possible.

Proposition 10. Let G be connected, let W be an irreducible affine subvariety,
and f : W — W a polynomial vector field which satisfies the well-definedness
condition (6). Then there exists a rational G-symmetric vector field f on the
Zariski closure V of G - W such that flw = f.
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Proof. The map
. GxW—=V, (Tx)—Tx

is a dominant morphism of irreducible varieties by construction. Now consider
F:GxW = K", F(T,z):=Tf(z).

By the well-definedness condition (6), this map is constant on the fibers of ®.
According to a theorem by Chevalley cited by Borel [3] (Proposition on p. 43),
applied to every entry of F', there exists a rational f on V such that F' = fo®; in
other words, T'f () = f(Tx) for all T € G and all x in a nonempty Zariski-open
subset of W. O

Remarks. (a) Condition (6) forces f to be symmetric with respect to the stabi-
lizer subgroup H of W.

(b) Condition (6) forces all intersections of W with isotropy fixed point sub-
spaces of K™ to be f—invariant. Indeed, Tv = v for T € G, v € W implies
Tf(v) = f(v). It is not clear whether the analogous statement for the sub-
spaces €,(Dg) holds generally.

(¢) In case y € W := Fix(G,) for some v, one can characterize the group ele-
ments T which satisfy the premise of (6): One has y € W if and only if G, C G,,.
In view of G, = TG,T!, one sees that T'y € W is equivalent to

T7'G,T C G,.

In case G, = G, this condition characterizes the normalizer of G, and is
equivalent to T(W) = W.

7 Examples

7.1 Couette-Taylor symmetry

The previous sections provide, among other results, the tools to discuss groups
with toral identity component, such as the symmetry group G of a Couette-
Taylor system. While this system has been studied extensively, it may be of
some interest to see that and how our approach facilitates computations and
increases transparency. Our aim is not to discuss a particular system but to
investigate the invariant sets of a general system admitting the symmetry group.
(See the Remark following Proposition 2.) We will show that all the relevant
information can be obtained in a few pages, starting from scratch.

The Couette-Taylor system under consideration here lives on a six-dimensi-
onal real phase space. (We follow the presentation and notation in Gatermann
[12], Ch. 4.) Via complexification one turns to to C%, with coordinates denoted
by zg,..., 25, and the real phase space V is defined by 2,13 = Z; for 0 < i <
2. The connected identity component G° of the symmetry group G is a two-
dimensional torus whose Lie algebra L is spanned by ¢C; and ¢Cy, with

C, = diag (1, 2,0, —1, -2, 0)
Cy = diag (0,1,1,0, -1, —1).
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The full group is generated by G° and the involution ("reflection”) R which
exchanges zg and z3, z; and 29, z4 and zs5, respectively. All conjugates of R are
also involutions, with three-dimensional fixed point spaces.

Proposition 11. (a) The invariant algebra of G° is generated by
Y1 =224, Yo = 2225, Y3 =207, Ya=72p%7, Us=2173%

with the single relation 415 — Y1203 = 0. On the real subspace V one has

Yp = Ur 1Sk<3;
Yy = s
(b) A wvector field is G°-symmetric if and only if it has the form
0120 + 02212325
03-21 + O04- 2(2)22
2
O7-23 + 08- 202224
g9 * 24 + 0'10'2’3%25
01125 + 012'2324
with the o polynomials inyn, ..., ¥s. The vector field stabilizes the real subspace

V if and only if o64j =75 on V, 1 < j <6.

Proof. This is a straightforward consequence of the remark following Proposition
4 (see also the Appendix). We sketch only the computations for the invariants,
starting with the invariants of C5. A monomial

270 s
is invariant for Cy if and only if
mi + Mo — My — M5 = 0.

Therefore (compare the 1 : 1 - resonance, e.g. in [22]) a generator system for
the invariant algebra of C5 is given by

1= 205 G2:i= 235 @3:i= 21245 G4 i= 21255 Q5= 22245 @6 1= 2225
The ¢; are mapped to scalar multiples of themselves by L¢, ; one finds
Loy (616 ) = (dr = da + 2ds — 2d5) - 1 - 6
hence G%-invariant monomials in the ¢; are characterized by
dy —dy+2dy —2d5 = 0.

(This corresponds to the 1 : 2 - resonance; see e.g. [22]) . Thus we obtain
generators

b3 Pe;  P1a; Pids; D3,

21



since ¢4¢5 = ¢p3¢g may be discarded. The remaining computations are similar.
The assertion about vector fields stabilizing the real subspace V follows from the
necessary and sufficient condition that any entry with index j + 3 must have a
value conjugate to the entry with index j when applied to an element of V. 0O

Corollary 5. The nontrivial invariant subspaces of V. common to all real vector
fields with G° symmetry are given by

Y1 = {z€V;z20=23=0};

Yo == {z€V;20=23=121=24=0};
Y3 = {z€V;20=23=12=125=0};
Y4 = {ZEV;21:Z4:2'2:Z5:0}.

Proof. We use the criterion in Proposition 6. Thus let the weights w; on £ be
defined by

wi(Cr) =1, wi(Cq) =0,
wa(Ch) =2, wa(Co) =1,
w3(C1) =0, w3(Ce) = 1.

Since wy and w3 are not contained in Z - wy, one finds invariance of Yy; and
invariance of Y3 and Y5 follow by consideration of Z - wy and Z - w3, respectively.
The relation 2w; — wo + w3 = 0 shows that wy € Z - w1 + Z - w3 as well as
w3 € Z - w1 + Z - wo; hence no nontrivial Dgo-invariant subspaces correspond to
these submodules. But wy € Z - we + Z - w3 shows the invariance of Y. O

Now we turn to the full group G. The reflection R acts on G°-invariants as
follows:

YroR=1; YsoR=1b3; Pg0R =15

Thus Kty + -+ - 4+ K5 is stable with respect to this action. We define for a
polynomial ¢ in five variables:

O—*(wla e 7¢5) = U(¢27¢17w37¢53¢4);

in other words, ¢* = o o R.

Proposition 12. A vector field is G-symmetric if and only if it has the form

0120 + 02-2123%5
03-21 + O04- 2(2)2’2
o= | G g
07123 + 05202224
0924 + 010'23%25
o525 + 0ofp- 2824

The vector field stabilizes the real subspace V' if and only if

* __ = * __ = .
01 =01, 09 = 02;
09 =03, 010 =04

hold on V.
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Proof. If f is GO%-symmetric then f + R~ o f o R is G-symmetric, and every
G-symmetric vector field is obtained in this way. All assertions now follow from
routine calculations. O

Proposition 13. The set
Y5 :=A{w € V; Y1 (w) = ¥o(w) and Pa(w) = ¢5(w)}

is invariant for every G-symmetric (real) vector field. Moreover G, is not a
subset of GO only if v € Y5, which is the union of the three-dimensional fized-
point spaces of R and its conjugates; thus Y5 C Z3.

The varieties Zs are determined from Y7, ..., Ys and unions and intersections
of these sets.

Proof. The subspace Kty + - - - Kb is G/G-invariant; now apply Proposition
7 and Theorem 2. O

The fixed point spaces of the conjugates of R and their intersections with Yj
resp. Y7 are determined by straightforward computations: For v € Y5 one finds

Cy = {z€V; 23 = 2300, 2102 = 2201, 24U5 = 25Va }
B, = {z€V;zyv3=2300, 21 = 20 =24 = 25 =0}
Ay, = {2€V;20=23=0, 2102 = 2201, 24V5 = 2504}

In particular the fixed point space of R equals C, with vg = ---v5 = 1.

Since Y7 through Y, are also group invariant, the dynamics of G-symmetric
vector fields on these spaces is straightforward. As for Y;, the situation is
different, but it is sufficient to consider Yz* := Y5\ (Y1 UY}). Note that all z; # 0
on Yz*. The following result gives a complete characterization of their structure.

Proposition 14. The restriction of every G-symmetric differential equation to
Y2 =Y5\ (Y1 UYy) admits the first integrals z3/zo, 22/z1 and z4/z5. One may
rewrite the differential equation in the form

2 = (114 pim2) 20
2 = (134 pema) 21
Zy = (T34 pama) 22
Z3 = (Ti+pim2) 23
24 = (194 p3Ti0) 2
Z5 = (79 + p3Tio) 25

with polynomials T, depending on 11, V3, 4 only, and T =71, To = T2, T9 = T3
and T19 = T4, and

P11 = 2 2325/20 = 202224/23
p2 = 28x/n = 2123)z
ps = 2325/z = 2824z,
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On a level set z3/z0 = a1, 22/21 = g and z4/z5 = as of the first integrals one
has 14 = ag/ay - 113, and

(6%) a3
p1 = arashy, p2 = —13, p3=—13,
o o

which shows that the system on the level set is reducible to a two-dimensional
system by (1, P3)¥.

Proof. The first integrals can be determined as in the proof of Theorem 3: From
Proposition 12 one obtains, for instance, module elements

0 0 0
Z1 0 zg 29
29 0 21 z%
0 ’ 0 ’ 0
0 z4 0
0 z5 0

On Y5 C Z35 we consider 3 x 3 minors of the matrix with these columns. The
minor with rows 1,2 and 4 equals 272324, while the minor with rows 1,2 and
5 equals 22232z5. Their quotient z4/25 is a first integral. The remaining first
integrals are obtained similarly. Moreover, on Y5 one has 11 = ¥ and ¢4 = 5,
and on Y this implies

2222a4ns = Zarazans = Zins = 2028
by cancellation. By this and similar computations the identities asserted for the
p; hold.
From the first integral zo/z3 one obtains additional conditions on the polyno-
mials in Proposition 12: On Y;" one has

0 = z3-(0120+ 02212325) — 20(0F 23 + 05 202224)
= (01— 0})z023 + (02 — 03) 212325

which implies o1 = o7 and o2 = 05 on Y;* and on Y5. Similarly one finds 0; =
o; for the remaining indices. The assertions now follow from straightforward
computations. O

Remark. One may compare these results to the list of isotropy fixed point spaces
in Gatermann [12], Table 4.5. (This table, as usual, lists representatives modulo
conjugation.) The first item in this list corresponds to {0}, the second item to
B, with v = (1,1,0,...,0)*. Ttem 3 corresponds to Y3 and Y3, while item 4
corresponds to A, with v = (0,1,1,0,1,1)". Both items 5 and 7 correspond to
Cyp, with v = (1,1,1,1,1, )" resp. v = (4,1,1,—14,1,1)*. Ttem 6 corresponds
to Y1, and the last item corresponds to V. The approach taken here seems
more transparent and avoids nontrivial as well as unpleasant tasks such as the
determination of all isotropy subgroups.
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7.2 Representations of SL(2)

The representations of SL(2) are well-understood: For every dimension d there
is one and only one irreducible representation, up to isomorphism, which can be
realized by the linear action on forms of degree d —1 in two variables. Elliott [8]
is a classical source. We will recall some facts on irreducible representations, for
the reader’s convenience and also to fix notation (which is not standardized).

We consider the space of forms of degree d — 1 in two variables v and v with
basis

e 1= udil, eg 1= udfzfu, Lo, 6q = v? L,

(This differs from Elliott by some scaling factors, but is compatible with Cush-
man and Sanders [7], and also with [11], from which we will quote some results.)
The action of SL(2) on forms is as follows:

(8) (a b)actsvia{u = du—bo

c d v = —cu+av
We will denote by G the group of matrices which represent this action with
respect to the basis eq, ..., eq.

With increasing dimension the generators and relations even for the invariant
algebra become intractable. In this subsection we will discuss low-dimensional
irreducible representations, viz., the four-dimensional and the five-dimensional
irreducible representation. Both of these have been thoroughly investigated by
Elliott [8], p. 97 ff. and p. 213 ff.. (See also Cushman and Sanders [7], from which
invariants and covariants are taken.) But some properties of symmetric vector
fields, their invariant sets and the extension problem seem worth mentioning.

A. First, we consider the four-dimensional irreducible representation of SL(2)
(see also [11], Example 2.5 (¢)). The invariant algebra is generated by

2 2 2.2
¢ = 181202314 — 272527 — da125 + w3035 — 4aday,

and the module of symmetric vector fields is generated by

P1(z)
Ya(z)
z) = x, z) =
fl( ) f2( ) wg(x)
Ya(z)
with
P(x) = =272y + 9217073 — 223,
Po(x) = —2Tmia0w4 + 1821235 — 30323,
P3(x) = 2Tz12374 + 32275 — 182324,
ha(x) = 27Tz12% + 223 — w2374,

Therefore C* = Z,, and from Theorem 3 one can determine rational first inte-
grals. Computing the minors of (fi(x), f2(x)) one obtains, for instance,

x
det ( :z:; z; ) = 2(3x123 — 23)?,
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and continuing one finds by straightforward computations that Z; is the two-
dimensional variety defined by p1(z) = p2(z) = p3(x) = 0, with

. 2
p1: = 3r1T3 —TH
p2: = 9174 — T223

. 2
p3: = 3ToT4 —TH

and that every G-symmetric system admits rational first integrals p;/p;.

By Proposition 8, Proposition 5 and the fact that all semisimple elements
of £ are conjugate to a scalar multiple of B, the null cone (the zero set of ¢)
is equal to {G -z : 3 = x4 = 0}. Every element v not in the null cone has
closed orbit (Proposition 8), whence the minimal Dg-invariant subspace equals
the fixed point space of G, by Panyushev’s theorem.

Modulo the ideal generated by the p; one has ¥3 = 3z123 and 23 = 3wamy,
hence

18z 1202304 — 27:5%:03 — 4x1x§ + 3x1z§ — 12x1292314
Ty (6Tor314 — 27x1m§ — x%)

T1 (3ror3ry — 27x1xi)

—3x124p2 =0

Therefore Z; is contained in the null cone, the subspace €, (D¢ ) is two-dimensional
for every v not in the null cone, and equals the level set of (p;—1/pi, pit+1/pi)
provided that p;(v) # 0 (with indices modulo 3).

As a representative for a two-dimensional subspace contained in the null
cone consider the Dg-invariant space Y defined by 3 = x4 = 0. We will discuss
the well-definedness condition (6). If 0 # w = (6, 7,0,0)"" € Y and T € G
then Tw € Y is equivalent to

b*(=bo +a7) =0 and 3b%do — (b°c+ 2abd)T = 0.

In any case, this forces b = 0, and therefore Tw € Y if and only if T" is an
element of the stabilizer G of Y, which is characterized by the condition b = 0.
A differential equation on Y is G-symmetric if and only if it is as follows, with
constants o and 3:

i = awx — 2873

j,‘g = QaXx2

Inspection shows that every such equation can be extended to a G-symmetric
differential equation on C*.

As a representative for a two-dimensional Dg-invariant subspace not con-
tained in the null cone consider the common zero set W of p; and ps, which is
obviously determined by x5 = 3 = 0. Again we consider the extension problem
and the compatibility condition. If 0 # w = (¢, 0, 0, 7)® € W and T € G then
Tw € W is equivalent to

—3bd*  3ac? o\ (0
3b’d  —3d%c T )] \0 )"
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Elements of the stabilizer G of W are therefore characterized by either b= c =0
(and ad = 1) or a = d = 0 (and bc = —1). The G-symmetric differential
equations on W are given by
T
T4

(n(afed) + z1zav(aia])) 21
(n(afad) — zrzav(atad)) za

with arbitrary polynomials p and v in one variable. In this case, there exist
T ¢ G which send some nonzero element of W to W: Indeed, the determinant
of the matrix in the defining condition is equal to 9abed, and therefore every
T with one entry zero works. For a corresponding w, one the other hand, one
always finds ¢ = 0 or 7 = 0, and condition (6) for such 7" and w turns out to
be satisfied by every CA}'—symmetric vector field on W. Again, inspection shows

that every such vector field is the restriction of some G-symmetric vector field
on C*.

B. Second, we consider the five-dimensional irreducible representation of SL(2),
using results on invariants from [7] and the procedure outlined in [11]. The
invariant algebra is generated by the two polynomials

(bl = 12.13133‘5 — 3.1321‘4 + x%
¢2 = T2rix37T5 — 271:11”3 — 21:% — 27x§z5 + 90324,

and the module of Dg-invariant vector fields is generated by the two elements

8rir3 — 395%
24%‘1.%4 — 4$2$3
filz) =m;  folx) = | 48715+ 6z274 — 423
241’2585 - 4:03134
8x3rs — Sxi

Therefore C® = Z,. From the minors of (f1(x), f2(x)) one finds the polynomials

p1(z) = dxzrsrs — 3 — Sxoa?

p2(z) = —2wox4ws + 4x375 — 23035 — 162102
p3(r) = —8wiw4xs+ dwoT375 — 273

pa(z) = -1z} +adws

ps(z) = 8xi1woms — 4x17374 + T374

pe(z) = 2x179m4 — 42103 + 2333 + 162375
pr(z) = —dxixems + 23 + 8xiny

whose common zero set is the three-dimensional variety Z;, and which provide
rational first integrals p;/p;. By Proposition 8, Proposition 5 and the fact that
all semisimple elements of £ are conjugate to a scalar multiple of B, the null
cone (the common zero set of ¢ and ¢2) is equal to {G -z : x5 = x4 = x5 = 0},
and the set of elements which satisfy the conclusion of Proposition 8 is equal
to {G -z : x4 = x5 = 0}. Every element v not in this set has closed orbit,
whence the minimal Dg-invariant subspace equals the fixed point space of G,
by Panyushev’s theorem.
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We also discuss the dynamics on some Dg-invariant subspaces. All elements
on Wy = {x : x4 = x5 = 0} satisfy the conclusion of Proposition 8, and the
restriction of any symmetric differential equation to W is ”triangular”, thus

1 = pi(x, x2, x3)
o = pi(xe, x3)
i3 = pi(xs)

with suitable p;. On the other hand, the restriction of a G-symmetric differential
equation to Wy = {x : 23 = x4 = 0} has the form

TG = o0-T1+7-8x371
i3 = o-x3+7- (487105 — 423)
C.C5 = O"I5+T'8IZ?3935

with polynomials o and 7 in ¢1 and ¢ (restricted to W5). The identity compo-
nent @0 of the stabilizer subgroup of Wy consists of all transformations induced
by the diag(a, a=1) € SL(2), and therefore is one-dimensional. By (¢1, ¢2)
one obtains reduction to dimension two. If one considers the minimal sub-
space €,(Dg), e.g. for v = e; + e5, one finds that it is two-dimensional with
finite stabilizer subgroup. Therefore symmetry induces no further reduction of
dimension.

Finally, we look at the Dg-invariant one-dimensional space V = (e3). By a
straightforward calculation, an element of G maps a nonzero element of V' to V'
if and only if either b =¢ =0 (and ad = 1) or a = d = 0 (and bc = —1). The
same condition defines the stabilizer subgroup Gof V. Moreover the restriction
of G acts trivially on V', whence every vector field on V is G’|V symmetric.
Since nonzero constant vector fields on V' cannot be extended to G-symmetic
vector fields on C®, the symmetry condition alone on V is not sufficient for
extendability. But the compatibility condition (6) also implies that T' f(0) =
f(0) for all T € G, and therefore {0} is an invariant set for every extendable
vector field. Inspection shows that every vector field on V' which stabilizes 0 is
the restriction of some G-symmetric vector field on CP.

Appendix

A. Proof of Lemma 5. Given ¢1,...,¢, € K[z1,..., 2, and p;; € Kz, ..., 2]
such that

)= mitk, 1<j<r
k

we have to show that the set Y of common zeros of the 1, is invariant for
& = f(x). Thus let v € Y, and abbreviate z(t) = ®(¢, v). Then for 1 < j <r
one has

%%(Z(t)) = L) (2() = > w2 (0¥ (2(1))
k
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and thus (¥1(2(t)),..., ¥r(2(t)))" satisfies a homogeneous linear system of dif-
ferential equations with matrix (u;x(2(t))) and initial value 0. By the uniqueness
theorem, this solution is identically zero, whence z(t) € Y for all ¢. Part (a)
is therefore proven, and one direction of part (b) is an immediate consequence.
The reverse direction of part (b) follows from the expansion

O(t,w)=w+t- flw)+---,
whence ®(¢t,w) € W for all ¢ implies f(w) € W.

B. Invariants and symmetric vector monomials for algebraic tori: Let G be a
complex algebraic torus, with Lie algebra L.

(i) Auxiliary result: Given complex numbers Ay, ..., As and «, consider all tuples
(mq,...,ms) of nonnegative integers such that

(9) mid 4+ mAg =0

and all tuples (n1,...,ns) of nonnegative integers such that

(10) AL+ -+ ngAs = a.

For problem (9) there exist finitely many solutions such that every solution is a
nonnegative integer linear combination of these. For problem (10), provided it
is solvable, there exist finitely many solutions such that every solution is a sum
of one of these and an arbitrary solution of Problem (9). (See [22], Proposition
1.6. This fact is related to Dickson’s Lemma in Commutative Algebra; see e.g.

Cox et al. [6].)
(ii) Let C4, ..., C, be a vector space basis of L. From the eigenvalues A1, ..., A,
of C determine monomial generators for the Cy-invariant algebra via > d;\; =
0 (Problem (9)). Assuming that monomial generators ¢ 1,...,¢e, for the
invariant algebra of CC; + - - - CC} are known, these will be eigenfunctions for
Lc¢,,, with eigenvalues Aty1,1,. .., Atg1,,- If & monomial " - x is a joint
invariant of C1,...,Cyy1 then, being a joint invariant of Cq,...,Cy, it can be
written in the form

dy de,

1 Pudys

and this is an invariant of Cyy1 if and only if > d; A 41 = 0, which again leads
to Problem (9). Thus one finds generating monomials for the invariant algebra.
(iii) For vector monomials, consider z7™ ---x'"e;, with j fixed. For C; the
condition is then > d;A\; = A;. By Problem (10) there are finitely many mono-
mials 91 1€, ...,%1,m,e; which generate the module over the algebra of (-
invariants. Assuming that monomial generators ¢ 1,..., ¢; ¢, for the invariant
algebra and 9y 1€, ...,%m,e; for the corresponding module with respect to
CCy + - - - CCy are given, these will be eigenfunctions for L¢, , with eigenvalues
At 1,05+ s Mef1,0,> TOSD. fht41,15 - - - 5 bt+1,m,- NOW & vector monomial

d dy
t,ll e ¢t,[t¢t+17kej

is symmetric for Ci, ..., Cyyq if and only if Y diAey15 = —feeq1,6 + Qeq1,5, with
o1, the eigenvalue of Cyy; corresponding to e;. This again leads to Problem
(10).
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