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(11.1) Exercise: Quadratic and cyclotomic fields.

a) Show that any quadratic field is a subfield of a suitable cyclotomic field.
b) Let n > 3 be odd. Describe the quadratic subfields of Q((y).

c) Let k > 3. Describe the quadratic subfields of Q((ax ).

(11.2) Exercise: Legendre symbols.
Let p € Pz be odd. Show that p can be written as p = a? + 2b%, where a,b € Z,
if and only if p=1 (mod 8) or p =3 (mod 8).

(11.3) Exercise: Quadratic polynomials.

Let a € Z.

a) Show that any prime divisor p of 4a% + 1 € Z fulfills p=1 (mod 4).

b) Show that any prime divisor p of 9a% + 3a + 1 € Z fulfills p=1 (mod 3).

(11.4) Exercise: Values of polynomials.

Let d € Z \ {0,1} be square-free, let yg := X? —d € Z[X], let V; C Z be the
image of the associated polynomial function pug: Z — Z, and let Py C Pz be
the set of prime divisors of the elements of V.

Show that Py = Dy U Ry, where Dy C Pgz is the set of prime divisors of 4d, and
Ra C Pz is the preimage of a subgroup Ry < (Z/(4d))* of index 2.



