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(9.1) Corollary. Let p: V — W be regular. Then ¢ is an isomorphism (of
varieties) if and only if ¢* is an isomorphism (of K-algebras), in which case we

have ()~ = (p71)".

Proof. If ¢: V — W is an isomorphism with inverse ¢: W — V, then by
functoriality we have p*1* = (Yp)* = (idw)* = idgw) and ¥*¢* = (p9)* =
(idv)* = id gv], showing that * is an isomorphism such that (p*)~" = (¢~ 1)*.
Conversely, if p*: K[W] — K[V] is an isomorphism, then by surjectivity there
is a regular map 1: W — V such that * = (p*)~1: K[V] — K[W]. Hence we
get (pY)* = ¢ p* = idgv) = (idv)* and (YPp)* = ¢*Y* = idgw) = (idw)*,
by injectivity implying p1 = idy and ¥ = idw; thus ¢ is an isomorphism.

Being an isomorphism of varieties is a property strictly stronger than being a
homeomorphism, let alone being bijective, as the following example shows:

(9.2) Example: Frobenius morphisms, cont.. Let ¢ be a prime power,
let F, € F be an algebraic closure, and let ® = ®&,: F — F: x — 29 be the
associated Frobenius morphism. We have already seen that ® is bijective, but
not an isomorphism of varieties.

Moreover, ® fixes all closed subsets of F: Let ) # V C F be closed, thus
there is f € A such that V = Vg(f), hence we have ®~1(V) = {x% eF,z €
V} =Vge(®*(f)) = Vr(f) = V. Thus @ is continuous (which also follows from
regularity), and is a closed map, that is it maps closed sets to closed sets,
which implies that ®~! is continuous as well, so that ® is a homeomorphism.

(9.3) Proposition: Properties of morphisms. Keeping the above notation,
let ¢: V. — W be regular. Then we have:

a)  is continuous (with respect to the Zariski topology).

b) ¢* is injective if and only if ¢ is dominant, that is (V) C W is dense.

c) ¢* is surjective if and only if ¢ is a closed immersion, that is p(V) C W
is closed such that ¢ induces an isomorphism ¢': V — (V).

Proof. a) Let U C W be closed, and let I := Iw (U) I K[W]. Then Vw (I) =
U yields =1 (U) = {v € V;9(v) e U} ={v € V; f(p(v)) =0forall fel}=
{ve Vi(e"(f)(v) = 0forall fel} ={veV;i(p"(I))(v) =0} = Vv (p(I)),
which is closed in V indeed.

b) Let ¢ be dominant, and let f € ker(p*) < K[W]. Then we have f(¢(v)) =
(*(f)(w) = 0, for v € V, implying that f|,vy = 0. Since {0} C L is



(K-)closed and f is continuous, we infer that f=1({0}) € W is closed, hence
©(V) C f71({0}) entails W = (V) C f~1({0}) € W, thus f =0 € K[W].

Conversely, let ¢* be injective, and let U := (V) € W. We show that
Iw(U) = {0}, implying U = Viw(Iw(U)) = W: Let f € Iw(U), then we
have (¢*(f))(v) = f(e(v)) =0, for v € V, implying ¢*(f) = 0, thus f = 0.

c) Here is a much more straightforward proof than the one presented in the
lecture, avoiding Hilbert’s Nullstellensatz as well:

Let ¢ be a closed immersion. Then U := ¢(V) C W is closed such that
o = ¢ Y, where ¢': V — U is an isomorphism, and ¥ : U — W is the
natural inclusion morphism. Moreover, (1Y )* = p¥¥: K[W] — K[U] is the
restriction epimorphism. Then we have ¢* = (13V)* - (¢')* = pY - (¢')*. Since
pY is surjective, and (¢’)*: K[U] — K[V] is bijective, ¢* is surjective.

Conversely, let ¢* be surjective. Then let U := (V) C W, and let ¢': V- U
such that ¢ = ¢’ - 1YY . Then we have ¢* = (LY )* - (¢')* = pty - (¢')*. Since p*
is surjective, so is (¢’)*. Moreover, ¢’ is dominant, thus (¢’)* is injective. Thus

(¢')* is an isomorphism, hence so is ¢’; in particular (V) = U is closed. 1

The image of a morphism ¢: V — W needs neither be closed nor open in W,
as the example below shows. (The structure of (V) will be discussed later.)

Example. Let K = L = C, let V = C2, let A := C[X,Y] = C[V], and let
¢: V= V:z,y] — [zy,y], being regular with f, = XY € Aand f, =Y € A.
The associated comorphism is the C-algebra homomorphism given by ¢*: A —
A X = XYY = Y. Hence 9* (3, 50 X'Y7) = 3, 150 ai; X'Y'H shows
that ¢* is injective, but X & ¢*(A) shows that ¢* is not surjective.

We have p(V) = {[0,0]} U (C x C*) C V, that is V \ p(V) = C* x {0}. We
show that ¢(V) C V is neither closed nor open: The injectivity of ¢* implies
that ¢(V) C V is dense, thus ¢(V) is not closed. Assume that ¢(V) is open,
then V' \ (V) is closed; since {[0,0]} C ¢(V) is closed as well, there is f € A
such that f(x,0) =0 for all x # 0, but f(0,0) # 0, a contradiction. 1




