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Abstract

In representation theory of finite groups, there is a well-known and important conjecture due to
M. Broué. He conjectures that, for any prime p, if a p-block A of a finite group G has an abelian
defect group P, then A and its Brauer corresponding block B of the normaliser N¢(P) of P in G
are derived equivalent (Rickard equivalent). This conjecture is called Broué’s abelian defect group
conjecture.

We prove in this paper that Broué’s abelian defect group conjecture is true for a non-principal
3-block A with an elementary abelian defect group P of order 9 of the Harada-Norton simple group
HN. It then turns out that Broué’s abelian defect group conjecture holds for all primes p and for
all p-blocks of the Harada-Norton simple group HN.
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1. Introduction and notation

In representation theory of finite groups, one of the most important and interesting problems
is to give an affirmative answer to a conjecture, which was introduced by M. Broué around
1988 [8], and is nowadays called Broué’s Abelian Defect Group Conjecture. He actually
conjectures the following:

1.1.Conjecture (Broué’s Abelian Defect Group Conjecture) ([8, 6.2.Question] and [23,
Conjecture in p.132]). Let p be a prime, and let (K,O,k) be a splitting p-modular system
for all subgroups of a finite group G. Assume that A is a block algebra of OG with a defect
group P and that B is a block algebra of ONg(P) such that B is the Brauer correspondent
of A, where Ng(P) is the normaliser of P in G. Then, A and B should be derived equivalent
(Rickard equivalent) provided P is abelian.

In fact, a stronger conclusion than 1.1 is expected. If G and H are finite groups and if A
and B are block algebras of OG and OH (or kG and kH) respectively, we say that A and
B are splendidly Rickard equivalent in the sense of Linckelmann ([39], [40]), where he calls
it a splendid derived equivalence, see the end of 1.8. Note that this is the same as that given
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by Rickard in [57] when A and B are the principal block algebras, which he calls a splendid
equivalence.

1.2.Conjecture (Rickard [57], [58, Conjecture 4, in p.193]). Keep the notation, and suppose
that P is abelian as in 1.1. Then, there should be a splendid Rickard equivalence between
the block algebras A of OG and B of ONg(P).

There are several cases where the conjectures of Broué 1.1 and Rickard 1.2 are checked. For
example we prove that 1.1 and 1.2 are true for the principal block algebra A of an arbitrary
finite group G when the defect group P of A is elementary abelian of order 9 (and hence
p = 3), see [26, (0.2)Theorem]. Then, it may be natural to ask what about the case of non-
principal block algebras with the same defect group P = C5 x C3. Namely, this paper should
be considered as a continuation of such a project, which has already been accomplished for
several cases in our previous papers for the O’Nan simple group and the Higman-Sims simple
group in [29, 0.2.Theorem], for the Held simple group and the sporadic simple Suzuki group
in [30, Theorem], and for the Janko’s simple group Jy [31, Theorem 1.3], see also [47] and
[34]. That is to say, our main theorem of this paper is the following:

1.3.Theorem. Let G be the Harada-Norton simple group HN, and let (K, O, k) be a splitting
3-modular system for all subgroups of G, see the definition 1.8 below. Suppose that A is a
non-principal block algebra of OG with a defect group P which is an elementary abelian
group Cs x C3 of order 9, and that B is a block algebra of ONg(P) such that B is the
Brauer correspondent of A. Then, A and B are splendidly Rickard equivalent, and hence
the conjectures 1.1 and 1.2 of Broué and Rickard hold.

As a matter of fact, the main result 1.3 above is obtained by proving the following:

1.4.Theorem. Keep the notation and the assumption as in 1.3. Then, the non-principal
block algebra A of OG with a defect group P = C3 x C3 and the principal block algebra A’
of OHS of the Higman-Sims simple group are Puig equivalent, that is A and A’ are Morita
equivalent which is realized by a AP-projective p-permutation O[G x HS|-module, in other
words, A and A’ have isomorphic source algebras as interior P-algebras.

Then, it turns out that, as a corollary to the main result (1.3), we eventually can prove that

1.5.Corollary. Broué’s abelian defect group conjecture 1.1 and even Rickard’s splendid
equivalence conjecture 1.2 are true for all primes p and for all block algebras of OG when
G = HN.

1.6.Starting point and strategy. A story of the birth of this paper is actually very similar
to that of the Janko’s simple group J4 which is given in [31, 1.6]. Namely, relatively recently
G. Hiss, J. Miiller, F. Noeske and J.G. Thackray [17] have determined the 3-decomposition
matrix of the group HN with defect group C5 x (3, see 4.1. Our starting point for this
work was actually to realize that the 3-decomposition matrix for the non-principal block
of HN with an elementary abelian defect group of order 9 is exactly the same as that for
the principal 3-block of the Higman-Sims simple group HS. Furthermore, the generalised 3-
decomposition matrices of these two blocks are the same. Therefore, it is natural to suspect
whether these two 3-block algebras would be Morita equivalent not only over an algebraically
closed field k of characteristic 3 but also over a complete discrete valuation ring O whose
residue field is k, and we might expect even that they are Puig equivalent (we shall give a
precise definition of Puig equivalence in 1.8 below). Anyhow, since the two conjectures of
Broué and Rickard in 1.1 and 1.2 respectively have been solved for the principal 3-block of
HS in a paper of Okuyama [51] it turns out that Broué’s abelian defect group conjecture 1.1



and Rickard’s splendid equivalence conjecture 1.2 shall be solved also for the non-principal
3-block of HN with the same defect group C3 x Cs.

1.7.Contents. In §2, we shall give several fundamental lemmas, which are useful and
powerful to prove our main results. In §§3 and 4, we shall investigate 3-modular represen-
tations for HN and we shall get trivial source (p-permutation) modules which are in the
non-principal 3-block A of HN with a defect group P = C3 x C3. In §5, we shall list data
on Green correspondents of simples in the principal 3-block A’ of HS, which are known by
a result of [64, Theorem], see [51, Example 4.8]. Finally, in §§6-8, we shall give complete
proofs of our main results 1.3, 1.4 and 1.5.

To achieve our results, next to theoretical reasoning we have to rely on fairly heavy
computations. As tools, we use the computer algebra system GAP [12], to calculate with
permutation groups as well as with ordinary and Brauer characters. We also make use of
the data library [7], in particular allowing for easy access to the data compiled in [10], [19]
and [67], and of the interface [66] to the data library [68]. Moreover, we use the computer
algebra system MeatAxe [60] to handle matrix representations over finite fields, as well as its
extensions to compute submodule lattices [42], radical and socle series [45], homomorphism
spaces and endomorphism rings [44], and direct sum decompositions [43]. We give more
detailed comments on the relevant computations in the spots where they enter the picture.

1.8.Notation. Throughout this paper, we use the following notation and terminology. Let
A be a ring. We denote by 14, Z(A) and A* for the unit element of A, the centre of A and
the set of all units in A, respectively. We denote by rad(A) the Jacobson radical of A and
by rad’(A) the i-th power (rad(A))? for any positive integer i while we define rad’(4) = A.
We write Mat,, (A) for the matrix ring of all n x n-matrices whose entries are in A. Let
B be another ring. We denote by mod-A4, A-mod and A-mod-B the categories of finitely
generated right A-modules, left A-modules and (A, B)-bimodules, respectively. We write
My, aM and 4Mp when M is a right A-module, a left A-module and an (A, B)-bimodule.
However, by a module we mean a finitely generated right module unless otherwise stated.
Let M and N be A-modules. We write N|M if N is (isomorphic to) a direct summand of
M as an A-module.

From now on, let & be a field and assume that A is a finite dimensional k-algebra.
Suppose that M is an A-module. Then, we denote by soc(M) the socle of M. We define
soco(M) = 0 and socy (M) = soc(M). Then, we define soc;(M) by soc;(M)/soc;—1(M) =
soc(M/soc;_1(M)) for any integer i > 2. Similarly, we write rad’ (M) for M-rad’(A) for any
integer i > 0. By using this, we define L;(M) by rad**(M)/rad’(M) for i = 1,2,---. We
call L;(M) the i-th Loewy layer of M. We denote by j(M) the Loewy length of M, namely
4(M) is the least positive integer j satisfying rad’ (M) = 0. We write P(M) and I(M) for
a projective cover and an injective hull (envelope) of M, respectively, and we write Q for
the Heller operator (functor), namely, QM is the kernel of the projective cover P(M) — M.
Dually, Q7'M is the cokernel of the injective hull M ~— I(M). For simple A-modules
S1,- -, Sy (some of which are possibly isomorphic) we write that M = a1 X S1+- - -+a, X Sy,
as composition factors for positive integers aq, - - - , a, when the set of all composition factors
are a; times Sq, - -+, a, times S,,. For an A-module M and a simple A-module S, we denote
by cpr(S) the multiplicity of all composition factors of M which are isomorphic to S. We
write (5, T') for cp(g)(T') for simple A-modules S and T', namely, this is so-called the Cartan
invariant with respect to S and T.

To describe the structure of an A-module, we either indicate the radical and socle series,
in cases where these series coincide and are sufficient for our analysis, or we draw an Alperin
diagram [1]. An A-module need not have an Alperin diagram, but if it does then it is a
compact way to give a more detailed structural description of the module under considera-
tion; note that the Alperin diagram is closely related to the Hasse diagram of the incidence



relation amongst the local submodules in the sense of [46], hence for explicit examples is
easily determined using the techniques described in [42]. Note, however, that by giving any
kind of diagram an A-module in general is not uniquely determined up to isomorphism.

Let N be another A-module. Then, Hom4 (M, N) is the set of all right A-module-
homomorphisms from M to N, which canonically is a k-vector space, and we denote by
PHom 4 (M, N) the set of all (relatively) projective homomorphisms in Hom 4 (M, N'), which
is a k-subspace of Hom (M, N). Hence, we can define the factor space, that is, we write
Hom 4 (M, N) for the factor space Hom4 (M, N)/PHoma (M, N). By making use of this,
as is well-known, we can construct the stable module category mod-A, which is a quotient
category of mod-A such that the set of all morphisms is given by Hom 4, (M, N).

In this paper, G is always a finite group and we fix a prime number p. Assume that
(K, O, k) is a splitting p-modular system for all subgroups of G, that is to say, O is a complete
discrete valuation ring of rank one such that its quotient field is C which is of characteristic
zero and its residue field O/rad(O) is k which is of characteristic p, and that K and k
are splitting fields for all subgroups of G. We mean by an OG-lattice a finitely generated
right OG-module which is a free O-module. We sometimes call it just an OG-module. Let
X be a kG-module. Then, we write XV for the k-dual of X, namely, XV = Homy (X, k)
which is again a right kG-module via (z)(¢g) = (zg~!)p for z € X, p € XV and g € G.
Similarly, we write xV for the dual (complex conjugate) of y for an ordinary character x
of G. Let H be a subgroup of G, and let M and N be an OG-lattice and an OH-lattice,
respectively. Then, let Mlg = M| be the restriction of M to H, and let NTg = NTG be
the induction (induced module) of N to G, that is, N1 = (N ®on OG)og. Similar for
kG- and kH-modules.

We denote by Irr(G) and IBr(G) the sets of all irreducible ordinary and Brauer characters
of G, respectively. Let A be a block algebra (p-block) of OG. Then, we write Irr(A) and
IBr(A) for the sets of all characters in Irr(G) and IBr(G) which belong to A, respectively.
We often mean by IBr(A) the set of all non-isomorphic simple kG-modules belonging to A.
For ordinary characters x and 1 of G, we denote by (x,%)% the inner product of x and 1 in
usual sense. Let X and Y be kG-modules. Then, we write [X, Y]¢ for dimy[Homyg(X,Y)].
We denote by kg the trivial kG-module. Similar for Og. For A-modules M and N we write
[M, N]4 for dimy[Hom (M, N)].

We say that M is a trivial source (p-permutation) kG-module if M is an indecomposable
kG-module whose source is kg, where @ is a vertex of M. Let G’ be another finite group,
and let V be an (OG, OG’)-bimodule. Then we can regard V as a right O[G x G']-module
via v(g,g') = g tvg’ forv € V, g € G and ¢’ € G'. Similar for (kG, kG’)-bimodules. We
denote by AG the diagonal copy of G in G x G, namely, AG = {(g,9) € G x G|g € G}.
Let A and A’ be block algebras of OG and OG’, respectively. Then, we say that A and A’
are Puig equivalent if A and A’ have a common defect group P (and hence P C G N G’)
and if there is a Morita equivalence between A and A’ which is induced by an (A, A’)-
bimodule 9 such that, as a right O[G x G']-module, 9 is a p-permutation (trivial source)
module and AP-projective. Similar for blocks of kG and kG’. Due to a result of Puig
(and independently of Scott), see [55, Remark 7.5], this is equivalent to a condition that A
and A’ have source algebras which are isomorphic as interior P-algebras, see [40, Theorem
4.1]. For an (OG, OG")-bimodule V and a common subgroup Q of G' and G’, we set V& =
{veV|qgq=uvq,Vqe @} IfQisa p-group, the Brauer construction is defined to be a
quotient V(Q) = VQ/[ZRgQ Tr(VE) 4+ rad0-VQ] where Tr is the usual trace map. The
Brauer homomorphism Brg : (OG)? — kCg(Q) is obtained from composing the canonical
epimorphism (OG)? — (OG)(Q) and a canonical isomorphism (OG)(Q) = kCa(Q).

We say that A and A’ are stably equivalent of Morita type if there exists an (A, A’)-
bimodule 9 such that 49 and 94 are both projective, 4(0M Qa4 MY)a = 444 ©
(projective (A, A)-bimodule) and 4/ (MY @4 M) 4» = 4 A’ 4 & (projective (A’, A’)-bimodule).



We say that A and A’ are splendidly stably equivalent of Morita type if A and A’ have
a common defect group P and the stable equivalence of Morita type is induced by an
(A, A’)-bimodule 9 which is a p-permutation (trivial source) O[G x G']-module and is AP-
projective, see [40, Theorem 3.1]. We say that A and A" are Rickard equivalent if A and A’
are derived equivalent, namely, D(mod-A) and D®(mod-A’) are equivalent as triangulated
categories. We say that A and A’ are splendidly Rickard equivalent if A and A’ are de-
rived equivalent by a complex M*® € C?(A-mod-A’) and its dual (M*®)Y such that each term
M™ of M*® is a A(P)-projective and p-permutation module as an O[G x G’]-module, where
C?(A-mod-A’) is the category of bounded complexes of finitely generated (A, A’)-bimodules.

For a positive integer n, A,, and &,, denote the alternating and symmetric group on n
letters, M,, denotes the Mathieu group, and C,, D,, and SD,, denote the cyclic group, the
dihedral group and the semi-dihedral group of order n, respectively. For a subgroup E of
Aut(G), G x E denotes a semi-direct product such that G is normal in G x E and E acts
on G canonically. For g € G and a subset S of G, we denote ¢g~'Sg by S9, and similarly,
29 = g lag for x € G. For non-empty subsets S and T of G, we write S =¢ T if T = S9
for an element g € G.

For other notation and terminology, see the books of Nagao-Tsushima [48] and Thévenaz
[62].

2. Preliminaries

In this section we list many lemmas, some of which are theorems due to other people. These
lemmas are so useful and powerful to prove our main results.

2.1.Lemma ([24, (1.1)Lemmal). Let A be a finite-dimensional algebra over a field and X
an A-module. Assume that'Y is a non-zero uniserial A-submodule of X with Loewy layers

rad"}(Y) /rad (V) = S; fori=1,---n
where S; is a simple A-module. Set X = X/Y . Then, we get the following:
(i) For eachj=1,---,j(X), rad’ !(X)/rad’(X) = rad’ ' (X)/rad’ (X) or
rad’ ' (X)/rad’ (X) = rad’ ' (X) /rad? (X) @ S; for some S;.
(ii) For each i =1,--- ,n, there is a positive integer m; such that my < mg < -+ < my,
and that rad™ (X)) /rad™ (X) = (radmi_l(X)/radm" (X)) hs;.

2.2.Lemma (Okuyama [50, Lemma 2.2]). Let S be a simple kG-module with vertex P, and
let f be the Green correspondence with respect to (G, P,Ng(P)). If S is a trivial source
module, then its Green correspondent f(S) is again simple as kNg(P)-module.

2.3.Lemma (Scott [35, IT Theorem 12.4 and I Proposition 14.8] and [5, Corollary 3.11.4]).
(i) If M is a trivial source kG-module, then M uniquely (up to isomorphism) lifts to a

trivial source OG-lattice M.
(ii) If M and N are both trivial source kG-modules, then [M,N]% = (x57, x5)-

2.4.Lemma (Fong-Reynolds). Let H be a normal subgroup of G, and let A and B be block
algebras of OG and OH, respectively, such that A covers B. Let T = Tg(B) be the inertial
subgroup (stabiliser) of B in G. Then, there is a block algebra A of OT such that A covers
B, 141; = 1314 =15, A = AG (block induction), and the block algebras A and A are
Morita equivalent via a pair (14-OG-15, 1;-OG-1,), that is, the Morita equivalence is a
Puig equivalence and induces a bijection

Irr(A) — Iir(4), v—x1%  Ir(4) — I(A), x— xlpl;

wt



between Irr(A) and Irr(A), and a bijection

IBr(A) — IBr(A), ¢ ¢1%  IBr(A) — IBr(A), ¢ ¢lp1;

between IBr(A) and IBr(A),
Proof. See [30, 1.5.Theorem] and [48, Chapter 5 Theorem 5.10]. W

2.5.Lemma. Let A be a block algebra of OG with a defect group P, let N = Ng(P), and let
Ap be a block algebra of ON which is the Brauer correspondent of A. Moreover, let (P, e)
be a mazimal A-Brauer pair, H = Ng(P,e), the normaliser of (P,e) in Ng(P), and let B
be a block algebra of OH which is the Fong-Reynolds correspondent of Ay, see 2.4. Then,
Algig-lB = 14-0OG-1p, as a right O[G x H]-module, has a unique (up to isomorphism,)
indecomposable direct summand with vertexr AP.

Proof. See [31, Lemma 2.4] and [48, Chapter 5, Theorem 5.10]. MW

2.6.Lemma. Assume that G > H, and let A and B respectively be block algebras of OG
and OH with a common defect group P, and hence P < H. Suppose, moreover, that a pair
(M, M) induces a splendid stable equivalence of Morita type between A and B, where M

is an (A, B)-bimodule such that M|14-OG-15 as (A, B)-bimodules.

(i) If X is a non-projective trivial source kG-module in A, then (X®@aM)p =Y &(proj)
for a non-projective indecomposable kH-module Y such that'Y has a trivial source.

(ii) If X is a non-projective indecomposable kG-module in A, then (X @4 M)p =Y @
(proj) for a mon-projective indecomposable kH-module Y such that there is a p-
subgroup Q of H such that Q is a common vertexr of X and Y .

Proof. See [31, Lemma 2.7]. W

2.7.Lemma. Let k be a field, and let A be a finite-dimensional symmetric k-algebra. More-
over, suppose that S is a simple A-module and M is a projective-free A-module. Then, we
have Hom 4 (S, M) =2 Hom4 (S, M) and Hom 4 (M, S) = Hom4 (M, S) as k-spaces.

Proof. Follows by [13, (3.2), (3.2%), (3.3)], see [35, II, Lemma 2.7, Corollary 2.8]. W

2.8.Lemma. Let k be an algebraically closed field, and let A and B be finite-dimensional
symmetric k-algebras. Suppose that M is an (A, B)-bimodule such that 4M and Mp are
both projective modules. Then a functor F : mod-A — mod-B defined by F(X') = X' @4 M
for X' 4, is additive and exact. Assume, furthermore, that F induces a stable equivalence
between A and B.

(i) Let X be a projective-free A-module such that X has a simple A-submodule S. Set
T = F(S). Then, we can write F(X) =Y & R for a projective-free B-module Y
and a projective B-module R. Now, if T is a simple B-module, then we may assume
that Y contains T and that F(X/S) =Y/T & (proj).

(ii) (dual of (i)) Let X be a projective-free A-module such that X has an A-submodule
X' satisfying that X/ X' is simple. Set T = F(X/X'). Then, we can write F(X) =
Y ® R for a projective-free B-module Y and a projective B-module R. Now, if T is
a simple B-module, then we may assume that T is an epimorphic image of Y and
that Ker(F(X) - T) = Ker(Y — T) @ (proj).

Proof. We get (i) from 2.7 and [30, 1.11.Lemmal, just as in the proof of [30, 3.25.Lemma
and 3.26.Lemma], see [34, Proposition 2.2]. (ii) is just the dual of (i). W

2.9.Lemma (Linckelmann [37, Theorem 2.1(ii)]). Let A and B be finite-dimensional k-
algebras for a field k such that A and B are both self-injective and indecomposable as algebras,



and none of them are simple algebras. Suppose that there is an indecomposable (A, B)-
bimodule M such that a pair (M, M) induces a stable equivalence between A and B. If S
is a simple A-module, then (S ®4 M)pg is a non-projective indecomposable B-module.

The next lemma is a new result due to Kunugi and the first author. This is actually so
useful and convenient when we want to apply so-called "Rouquier’s gluing” to our inductive
argument in order to get a stable equivalence between two block algebras which we are
looking at.

2.10.Lemma (Koshitani-Kunugi [28, Theorem 1.2]). Let A be a block algebra of OG with
a cyclic defect group P# 1. Let H = Ng(P), and let B be a block algebra of OH such that
B is the Brauer correspondent of A. Then, we get the following:
(i) The following (1) and (2) are equivalent:
(1) The Brauer tree of A is a star with exceptional vertex in the centre, and there
exists a non-exceptional irreducible ordinary character x of G in A such that
x(u) > 0 for any element u € P.
(2) The block algebras A and B are Puig equivalent.

(ii) If one of the conditions (1) and (2) in (i) holds (and hence both hold), then all simple
kG-modules in A are trivial source modules.

(iii) If one of the conditions (1) and (2) in (i) holds (and hence both hold), then there is
an indecomposable (A, B)-bimodule MM such that 14-OG-1p = M & (proj) and M,
as an O|G x Hl-module, has AP as its vertez, and M realizes a Puig equivalence
between A and B.

2.11.Lemma. Let A be a block algebra of OG with defect group P. Set H = Ng(P), and
let B be a block algebra of OH such that B is the Brauer correspondent of A. Assume that
Q is a subgroup of P with Q C Z(G). Set G = G/Q, H = H/Q and P = P/Q. It is
well-known that there exist block algebras A and B of OG and OH, respectively, such that
A and B dominate A and B, namely Irr(A) C Irr(A) and Irr(B) C Irr(B), and that both A
and B have P as defect groups, see [48, Chapter 5 Theorems 8.10 and 8.11].

(i) It holds that H = Ng(P) and that B is the Brauer correspondent of A.
In the rest of the lemma, assume in addition that P is elementary abelian of order
p?, namely, P = Q x R with Q 2 R~ C,.

(ii) It holds that

A®op B = i(A1p)p = 4Xp & (proj)

for an indecomposable (A, B)-bimodule X with vertex AP.

(iii) In particular, if X realizes a Morita equivalence between A and B, then there ex-
ists an (A, B)-bimodule M such that M is an indecomposable direct summand of

A(A-1p)p with vertex AP, and hence M induces a Puig equivalence between A and
B.

Proof. (i) The first part is easy. The second part follows from [49, (3.2)Lemmal, see [41,
£.10 on p.1314].

(ii) This follows by [38, Proposition 6.1] since P = C,,.

(iii) This is obtained from (ii) and [27, Theorem], see [41, £. — 7 ~ £. — 4 on p.1314] and
[40, Theorem 4.1]. N

2.12.Lemma. Suppose that p =3 and G = Ug.
(i) There uniquely exists a non-principal block algebra A of OG with defect group P =
Cs. In addition we can write Irr(A) = {xs, X17, X18} such that x5(1) = 27, x17(1) =
189, x18(1) = 216 and x5(u) = x17(w) =9 for any element u € P — {1}, and that a
part of the 3-decomposition matriz is



where the indices of x; are the same as in [10, p.37]. (In the following, we use the
notation A and P as in (1)).

(ii) Set H = Ng(P). Then H = (P x Ug).C2, where the action on P x g by Cy is the
diagonal one, extending Ag to Sg.

(iil) Let H be as in (ii), and let B be a block algebra of OH, which is the Brauer cor-
respondent of A. Then, A and B are Morita equivalent via an (A, B)-bimodule M
such that M is (up to isomorphism) the unique indecomposable direct summand of
A(A-1p)p with vertex AP, and hence it holds that M induces a Puig equivalence
between A and B, and that the simples 27 and 189 in A are both trivial source
kG-modules.

Proof. (i) This follows from [10, p.37], [67, Ag (mod 3)] and [19].
(ii) Easy by inspection.
(iii) This is obtained from (i) and 2.10. MW

2.13.Lemma. Let A and B be finite dimensional k-algebras. Assume that there exists a
functor F' : mod-A — mod-B realizing a stable equivalence between A and B. Assume, in
addition, that there is a simple A-module Sy such that Sy is sent to a simple B-module Tp,
namely, F(So) = Ty. Then, for any simple A-module S with S % Sy, it holds [F(S),To)P =
[T, F(8)]" = 0.

Proof. We get by 2.7 and the assumptions that
0 = Hom4 (S, Sp) = Hom 4 (.5, Sp)
= Hom ,(F(S), F(Sy)) = Hom(F(S), Ty)
= Homp(F(S), Tp).
Hence [F(S),To]? = 0. The rest is similar. W

2.14.Lemma. Let A be a finite-dimensional k-algebra, and assume that X is an A-module
satisfying that (11 & I5) ‘ X where I and Iy are A-submodules of X with I = I, 2 I(S) for

a simple A-module S. If Z is an A-submodule of X such that soc(Z) is a simple A-module,
then X/Z has a direct summand isomorphic to I(S).

Proof. Set S; = soc(l;) for i = 1,2. Then, soc(I;®I) = S1BSe =2 S®S. Hence S1B52 € Z,
so that S1Z Z or So € Z. Thus we may assume S; Z Z. Then, I N Z = 0 since I; has a
unique minimal A-submodule Sy. This implies that X/Z D (I1 + Z)/Z =2 L /(I1 N Z) & 1.

Hence, I; — X/Z. Since I; is injective, we finally have Iy ’X/Z. |

2.15.Lemma. Let G, H and L be finite groups such that all of them contain a com-
mon subgroup P, namely, P C GNHNL. Let M be a k|G x H]-module such that

M ‘ kap1C*H , and let N be a k[H x L]-module such that N ’ kap <L, Then, it follows that
M @xy N ‘ kap©*L.
Proof. This is a special case of [16, 2.5.Proposition]. N

2.16.Lemma. Let A be a finite-dimensional k-algebra, and assume that X is an indecom-
posable non-simple A-module. Then, it holds soc(X) C rad(X).



Proof. Assume that soc(X) Z rad(X). Then, X has a simple A-submodule S with S ¢
rad(X). Hence, X has a maximal A-submodule M with S € M. These imply that SNM =0
and S+ M = X. Namely, X = S ® M. Since M is indecomposable, X = S. This is a
contradiction. |

3. 3-Local structure for HN

3.1.Notation and assumption. From now on, we assume that G is the Harada-Norton
simple group HN, and hence |G| = 2!4.36.56.7.11.19 = 2.7 x 104, see [10, p.164-166] and
[14].

3.2.Lemma.

(i) In order to prove Broué’s abelian defect group conjecture for G = HN, it suffices to
prove it for the case p = 3.
(ii) There exists a unique 3-block A with non-cyclic abelian defect group P, and P is
elementary abelian of order 9.
(iii) P s the Sylow 3-subgroup of the second largest maximal subgroup 2.HS.2 of G, a
two-fold cover of the automorphism group of the Higman-Sims simple group HS.

Proof. (i) We may assume p € {2,3,5} by 3.1 just as in the proof of [31, Lemma 3.2].
Assume that p = 2. Then, G has only two 2-blocks By and By with positive defect by [67],
where By is the principal 2-block. Then, the non-principal 2-block B; has a defect group
D with D 2 SDqg, see [4, Lemma 4.2(c)]. Thus, By and B; both have non-abelian defect
groups. Next, suppose p = 5. By [67], G has only a unique 5-block By which has defect
> 2, and hence By is the principal 5-block. Then, By has non-abelian defect group 51++4.5
by [10, p.164-166].

(i) Finally, assume p = 3. Sylow 3-subgroups of G are non-abelian by [10, p.164-166].
Thus, G has a unique non-principal 3-block A such that A has a defect group P with
|P| > 32, and actually P = C3 x C3, see [4, Lemma 4.2(b)].

(iii) Using the character table of G, calculations with GAP [12] show that the conjugacy
class 2A of G is a defect class of A, where we follow the notation in [10, p.164-166]. Hence
P is a Sylow 3-subgroup of the centralizer C;(24) = 2.HS.2. W

3.3.Notation. From now on, we assume p = 3, and we use the notation A and P asin 3.2,
namely, A is a block algebra of kG with defect group P = C3 x C5. Set H = Ng(P), and let
B be a block algebra of kH that is the Brauer correspondent of A. Let (P, e) be a maximal
A-Brauer pair in G, that it, e is a block idempotent of kC¢(P) such that Brp(la)-e = e,
see [2], [9] and [62, §40]. Set H = Ng(P,e), namely, H = {g € Ng(P) | ¢¥ = ¢}, where
ed = g~ leg. Finally set E = H/Cg(P), and let Q be a subgroup of P of order 3.

3.4.Lemma. It holds the following:
(i) H=H = (P x g).SDy.
(ii) Cq(P) =Cy(P) =P x Us.
(iii) E = ﬁ/Cg(P) & SDig, where the action of E on P is given by the embedding of
SDis as a Sylow 2-subgroup of Aut(P) = GLy(3).
(iv) All elements in P — {1} are conjugate in H, and hence in G.
(v) P—{1} C 3A, where 3A is a conjugacy class of G following the notation in [10,
p.164-166).
(vi) All subgroups of P of order 3 are conjugate in H, and hence in G.
(vil) Recall the subgroup @ of P in 3.3. Then, we have Cq(Q) = Q x g, Ng(Q) =
(Q X Q[g)2 < Q[lg, CH(Q) = (P X 916).2, and NH(Q) = (P X Ql6).22.



(vili) Ca(Q)/Q = Ay, Cu(Q)/Q = (C3 x Us).2, Na(Q)/Q = 9.2, and Ny (Q)/Q =
(03 X Q[G).22.

Proof. This is found using explicit computation with GAP [12]. The starting point is the
smallest faithful permutation representation of G on 1140000 points, available in terms of
so-called standard generators [65] in [68]. The associated one-point stabiliser is the largest
maximal subgroup 2412 of G, which hence can be found explicitly by a randomised Schreier-
Sims technique. Having completed that, all the following computations can be done using
this permutation representation of G.

Actually, one of the standard generators is an element of the 2A conjugacy class of G,
where we use the notation in [10, p.164-166]. Hence the second largest maximal subgroup
2.HS.2 = C;(2A) can be found be a centraliser computation. In turn, by 3.2(iii) P can be
computed explicitly as a Sylow 3-subgroup of 2.HS.2.

(i)-(ii) The normaliser H = Ng(P) and the centraliser Cg(P) of P can be computed
explicitly, and as these are fairly small groups their structure is easily revealed.

(iii) It follows from [67, Ag (mod 3)] and [19] that e has exactly two 3-blocks. Let 3 be
the non-principal block algebra of ks, and hence 3 is of defect zero. Then, e = 13. Since
[ is a unique block algebra of kg of defect zero, this shows H = H.

(iv) Easy by (iii) and inspection.

(v) We use the notation 34 and 3B as in [10, p.164-166]. By (iv), P — {1} C 3A or 3B.
Assume P—{1} C 3B. Then, x(u) = 0 for any x € Irr(A4) and any u € 3A by [48, Chapter 5
Corollary 1.10(i)]. But we know that xs € Irr(A) by [4, Lemma 4.2(b)], see also 4.1, and
that ys(u) = 27 for any v € 3A. This is a contradiction.

(vi) Easy by (iv).

(vii)—(viii) It is easy to see that Ng(Q) < 2012, the largest maximal subgroup of G, which
is the one-point stabiliser in the given permutation representation of G. Hence again the
normaliser Ny, (@) and the centraliser Cy,,(P) of P can be computed explicitly and their
structure determined. W

3.5.Lemma. We get the following diagram:

e (3o %) D
1140000 26334000
DI = @ x Ug).22 | 20[H = Ng(P) = (P x %)-SDy |
220 2
’NG(Q):N%12(Q):(QXQ’[9)2[ 84 20’ NQHQ(P):(PXQ/[G)DS ‘
2 2
[ Co(Q) =Cnp,(@=QxAg | 9 [ Nu(Q) = (P x%)2% |
2
! Cu(Q) = (P x%g).2 \
2
’ Cg(P):CH(P):PXQlG ‘

where the numbers between two boxes are indices between the two corresponding groups.
Proof. This follows from [10, p.164-166], 3.4 and calculations with GAP [12]. W

3.6.Lemma. The following holds:
(i) B = Matg(O[P x SD1g]) as O-algebras,
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(ii) The block algebra B has a source algebra jBj = O[P xSD1g], as interior P-algebras,
where j is a source idempotent of B with respect to P, mamely, j is a primitive
idempotent of BY such that Brp(j) # 0 for the Brauer homomorphism Brp for P,
see [62, §§19 and 27].

(iil) We can write

Irr(B) = {X9a, X9b, X9¢» X9d> X18as X18b> X18¢» X72a> X72b }
and
IBr(B) = {9a, 9b,9¢, 9d, 18a, 18b, 18¢},
where the numbers mean the degrees of characters and the dimensions of simples,
respectively. Note that x1sp and x1sc are dual each other, and so are 18b and 18c.
The other characters and simples are self-dual.
(iv) The 3-decomposition matriz and the Cartan matriz of B are the following:

9a 9 9¢ 9d 18a 18b 18c
X9a 1
X9b A
X9c . . 1 .
Xo9d . . . 1 .
X18a . . . . 1 .
X18b . . . . . 1 .
X18c . . . . . . 1
X72a 1 1 . . 1 1 1
X72b | - .11 1 1 1
P(9a) P(9b) P(9c) P(9d) P(18a) P(18b) P(18¢c)
9a 2 1 0 0 1 1 1
9b 1 2 0 0 1 1 1
9¢ 0 0 2 1 1 1 1
9d 0 0 1 2 1 1 1
18a 1 1 1 1 3 2 2
18b 1 1 1 1 2 3 2
18¢c 1 1 1 1 2 2 3

(v) There are unique conjugacy classes 4A and 4B of H, consisting of elements of order
4, and having centralisers of order 40 and 48, respectively. A part of the character
table of Irr(B) then is the following:

conjugacy class | 44 4B 124
centraliser 40 48 24
X9a 1 -1 -1
X9b -1 -1 -1
X9¢ 1 1 1
Xod -1 1 1
X18a 0 0 0
X18b 0 0 0
X18c 0 0 0
X72a 0 -2 1
X72b 0o 2 -1

Note that this identifies the characters Xoa, Xob, X9¢; X9d, X72a GNd X72p uniquely.
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(vi) The radical and socle series of PIMs in B are the following:

9a 90 9¢ 9d
180 18¢ 18¢ 18b
9b 18a 9a 18a 9d 18a 9¢ 18a
18¢ 180 18b 18¢
9a 9b 9¢ 9d
18a 18b 18¢
18b 18¢ 9b 18a 9c 9a 18a 9d
9b 9¢ 18a 9a 9d 18¢ 18b 18¢ 18b 18¢ 18b
18¢ 18b 9a 18a 9d 9b 18a 9c
18a 18b 18¢

Note that this identifies the simples 18b and 18c uniquely.
(vii) An Alperin diagram of the PIM P(18a) is given as follows:
18a

/ \
18 18¢
VRNV
P(18a) = |95 9c¢ 18a 9a 9d

N

18 18b
N,

18a

Proof. This again relies on computations with GAP [12]. Starting with the explicit re-
striction of the permutation representation of G to H obtained in 3.4, we find a faithful
permutation representation of H on a small number of points. This then is used to com-
pute the conjugacy classes of H, and its ordinary character table using the Dixon-Schneider
algorithm.

(i) Since the Schur multiplier of SDjg is trivial, see e.g. [25, Proof of Lemma 1.3], we get
the assertion by 3.4(i)-(iii), [33, A.Theorem).

(if) This follows by a result of Puig [54, Proposition 14.6] and (i), see [3, Theorem 13]
and [62, (45.12)Theorem].

(iii)—(v) Easy from the character table of H.

(vi) The radical and socle series have been determined in [63].

(vii) To find the structure of P(18a), we have used the MeatAxe [60] to construct P(18a)
explicitly as a matrix representation, from the permutation representation of H obtained
above, and subsequently we have used the method described in [42] to compute the whole
submodule lattice of P(18a), from which the result follows easily. |

3.7.Notation. We use the notation Xga, X9b, X9¢> X9d> X18a> X18b» X18c> X72a> X726, 9a, 9b,
9c¢, 9d, 18a, 18b, 18¢, and also the source idempotent j as in 3.6.

3.8.Lemma. The block algebra B and its source algebra k[P x SDig] have exactly 18 trivial
source modules. In fact, it holds the following:
(i) Seven PIMs: P(9a), P(9b), P(9¢), P(9d), P(18a), P(18b), P(18c¢).
(ii) Seven trivial source modules with a vertex P : 9a, 9b, 9¢, 9d, 18a, 18b, 18c¢.
(i) Four trivial source modules with vertex Q = Cs:
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X9a + Xob + X18a + X724 < V1 =

Xoc + Xod + X184 + X726 = Vo = 18¢ 18b

X186 + X18¢c + X72 < V3 = |9b 18a 9a

X186 + X18c + X726 < Vi = |9¢ 18a 9d

and all characters xv, realized by V; has values xv,(u) = 27 for any u € 3A, where 3A is
the unique conjugacy class of H of elements of order 3 on which xv, does not vanish, see
[48, Chapter 5, Corollary 1.10(i)].

Proof. These follow from 3.4, a theorem of Green [48, Chapter 4, Problem 10, p.302]
As for (iii), starting again with the permutation representation of H, using GAP [12] we
compute N (Q), use the MeatAxe [60] and the methods described in [43] to find the PIMs
of Ng(Q)/Q as direct summands of its regular representation, induce them to H, and find
the submodule structure of the induced modules using the methods described in [42]. [ |

3.9.Notation. We use the notation Vi, V5, V3, V, as in 3.8.

3.10.Lemma. There are no kH-modules in B whose radical and socle series are the same
and which have the following structure:

18a 18a 9c 9d
18b 18¢ 18b 18¢ 18¢ 18b

18a 18a 9d 9¢

18b 18¢ 18b 18¢

(i) (i) (iif) (iv)

13



Proof. (i) Assume that such a kH-module, which we call M, exists. There is an epimor-
phism 7 : P(18a) = M. Set K = Ker(w). Then, 3.6(vi) and 1.1 imply that K has radical
and socle series

9b 9¢ 9a 9d
18¢c
18a

9a

Since there does not exist a kH-module 18¢

by 3.6(vi), we have a contradiction.

(ii) Similar to (i).
(iii) Assume that such a kH-module, which we call M, exists. There is an epimorphism

18a
9c

m: P(9c) » M. Set K = Ker(w). Then, by 3.6(vi) we get K = . This contradicts the

structure of P(9¢) in 3.6(vi).
(iv) Similar to (iii). W

4. 3-Modular representations of HN

4.1.Theorem (Hiss-Miiller-Noeske-Thackray [17]).
Cartan matriz of A are the following:

The 3-decomposition matrixz and the

degree | [10, p.164-166] | S;1 Sz S3 Sy S5 Sg S7
270864 X19 . |
1185030 X32 1 1 . .
1354320 X33 1 . 1 1
1575936 X37 . 1 . 1
2784375 X43 1 1 1 1 .
4561920 X49 . 1 1
4809375 X50 1 1 1
P(S) P(S;) P(Ss) P(Si) P(Ss) P(Ss) P(Sr)
S 4 1 1 2 2 2 0
S5 1 3 1 2 0 0 1
S3 1 1 4 2 1 2 1
Sy 2 2 2 4 2 1 2
S 2 0 1 2 3 2 1
Se 2 0 2 1 2 3 0
S7 0 1 1 2 1 0 2
where Sy, - -+ ,S7 are non-isomorphic simple kG-modules in A whose degrees respectively are
8910, 16929, 270864, 1159191, 40338, 1305072, 3362391.
4.2.Notation. We use the notation xs, x10, X19, X325 X335 X375 X435 X49; X50 and S, -+, 57

as in 4.1.

4.3.Lemma.

(i) All simples Sy,---,S7 are self-dual.
(ii) (Knorr) All simples S1,---,S7 have P as vertices.
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Proof. (i) Easy from 4.1.
(ii) This is a result of Knorr [22, 3.7.Corollary]. W

4.4.Lemma.

(i) The heart 'H( (S:)) = rad(P(S;))/soc(P(S;)) is indecomposable as a kG-module for
anyt=1,--- 7.
270f07“ any pair (i,7) € {(1,2), (1 §)7(2 1),(2,2),(2,3),(2,7),(3,1),

) 9 72 ) )
), (4,6),(5,3), (5,5), (5,7), (6,4), (6,6), (7,2),(7,3), (7,5), (7, 7)}-

Proof. (i) This follows by the Cartan matrix of A in 4.1 and results of Erdmann and
Kawata, see [11, Theorem 1], [20, Theorem 1.5] and [29, 1.9.Lemma].

(ii) If Exto(S1,S2) # 0, then Sy|H(P(S))) since ¢12 = 1 by 4.1, which contradicts to
(i). Similar for the others. W

(i) Exth(S“S')
(3,2),(3,5), (3,

4.5.Lemma.

(i) The simple Sy is a trivial source module with S1 < xs.
(ii) The simple Sy is a trivial source module with Sy < X10.
(iii) The simple S3 is a trivial source module with S3 < X19.

Proof. (i)—(ii) Let M = 2.HS.2, where HS is the Higman-Sims simple group, be the second
largest maximal subgroups of G, see by [10, p.164-166]. Now, a calculation with GAP [12],
using the character tables of M and G, shows that 1MTG-1A = xs+X10- Set X =k 1¢-14.
We then get X = 57 + S5 (as composition factors) by 4.1. Since X, S7, S are all self-dual
by 4.3(i), we obtain X = S; @ Ss.

(iii) Let M be the same as above. There uniquely exists a non-trivial linear character x
of M. Then, a calculation with GAP [12] shows that x1%,-14 = x19. Hence, by 4.1, S is a
trivial source module. W

4.6.Lemma. There is a trivial source kG-module in A whose vertex is QQ and whose struc-
ture is

S1 82 S5 S7| < X32+ Xao-

Proof. It follows from [10, p.164-166] that the fourth largest maximal subgroup of G is of
the form M = 2175, (A5 x A5).2. Let Py € Syly(M). Then Py = C5 x Cs, but a calculation
with GAP [12], using the character tables of G and M, shows that P; contains elements
belonging to the 3B conjugacy class of G, hence Py #g P by 3.4(v). Clearly, there is a
non-trivial kM-module T with dim; T = 1. Set X = TT?V;[-IA. Then, X is a direct sum
of trivial source kG-modules, and a calculation with GAP [12] shows that X < x32 + Xx49.
Since P is a defect group of A, any indecomposable kG-module Y with Y| X does not have
P as its vertex.

Suppose that X is decomposable. Then, 2.3(i) implies that X = Y @ Z such that
Y < x32 and Z < x49. Hence, 4.1 yields that Y = S; + Sy + S4 (as composition factors).
We know by 4.3(ii) and 4.1 that Sy, Sz, and Y are all self-dual. If [V, S1]¢ # 0, then the
self-dualities imply S1|Y, and hence 0 # [S1,Y]% = (xs, x32)¢ from 2.3(ii) and 4.5(i), a
contradiction. Hence, [Y,51]¢ = [S1,Y]¢ = 0. Similarly, we obtain [V, S3]% = [S2,Y]¢ =0
by 2.3(ii) and 4.5(ii). This is a contradiction since Y has only three composition factors
Sl, SQ and 54.



Thus, X is indecomposable. By the decomposition matix of A in 4.1, X is not a PIM.
Thus, the order of a vertex of X is 3, and hence @ is a vertex of X by 3.4(vi). Clearly,
X is a trivial source kG-module in A. We know by 4.1 that X = S; + S5 +2 x Sy +
Ss + S7 (as composition factors). Note that X, Sy, Sa, S4, S5, S7 are all self-dual from
4.3(i). Then, [S;, X]¢ = [X,S5;]¢ = 0 for any i = 1,2,5,7 since X is indecomposable.
Thus, X/rad(X) = Soc(X) = S4. Therefore, again by the self-dualities, it holds that
rad(X)/Soc(X) =S @S @Ss® S7. N

4.7.Lemma. There is a trivial source kG-module in A which has Q as a vertex and has
S3

radical and socle series|Se | < X19 + X37.
S3

(Note: We can prove that this module has @Q as its vertez, but only later on in 7.2(ii)).

Proof. First, the third largest maximal subgroup of G is of shape M = Us(8).3, see [10,
p.164-166]. Then, a calculation with GAP [12], using the character tables of G and M,
shows that

(1) 11914 = x19 + X32 + X37 + Xa9-

Set X = IcMTG-l A, hence X is self-dual and is a direct sum of trivial source kG-modules.
Then, by the decomposition matrix in 4.1, we know

(2) X=51+5+2xS3+2x84+55+Ss+ 57 (as composition factors).

If [X,51]¢ # 0, then 2.3(ii) and 4.5(i) imply that (x¢,xs)¢ = [X,51]9 # 0 where x4
is a character afforded by X (see 2.3(i)), which is a contradiction by (1). Hence, it holds
[X,51]¢ = [S1,X]¢ = 0 by the self-dualities in 4.3(i). Similarly, by 4.5(ii)-(iii) and
2.3(ii), we know also [X, S2]% =[S, X]¢ = 0 and [X, S3]¢ = [S3, X]¢ = 1. If [X, S5]¢ # 0,
then (2) and the self-dualities imply that Ss|X, and hence Ss is liftable by 2.3(i), which
contradicts 4.1. Hence, [X,S5]¢ = [S5, X]% = 0 by the self-dualities. Similarly, it holds
also that [X, S;]¢ = [S;, X]¢ = 0 for i = 6,7. If [X, S4]¢ = 2, then it follows from (2) and
the self-dualities that (S4 @ S4)| X, and hence Sy is liftable by 2.3(i), which contradicts 4.1.
This shows [X, S4]¢ = [S4, X]¢ # 2. Namely,

(3) S5, X]9 = [X, S5]9 =1,
(4) [547X]G = [X7 54]G 7& 27
(5) [S;, X]¢ =[X,8]9=0 fori=1,2,56,7.

Now, 4.6 says that there is a trivial source kG-module Y that has radical and socle series

(6) Y =51 S S5 S7| < xs2+ Xao.
W2
Sy
in A. Then, by (1), (6) and 2.3(ii), we have
(7) v, X% = [X,¥)9 = 2
Then, by (4) and (2), we know that
(8) [Sy, X]¢ = [X, 849 < 1.

Next, we want to claim that there is a homomorphism ¢ € Homyg (Y, X) with 0 #
Im(p) 2% S4. Suppose that any non-zero ¢ € Homye (Y, X) satisfies that Im(p) = S;. By
(7), let {®1,92} be a k-basis of Homgg (Y, X). Then, it follows from Schur’s lemma that
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Im(p1) # Im(ps), and hence that there exists a direct sum Im(p1) @ Im(p2) € X. This
means that [S;, X] > 2, contradicting (8).

Therefore, there is a homomorphism ¢ € Homyg(Y, X) with 0 # Im(p) % S4. Then,
by (6), we know Ker(yp) = 0 since S; fsoc(X) for i« = 1,2,5,7 by (5). That is, there is a
monomorphism ¢ : Y »— X of kG-modules.

Then, just by the dual argument, we know also that there is an epimorphism ¢ : X — Y of
kG-modules. It follows then by (2) and (6) that there is a direct sum Im(y) @ Ker(¢) C X,
and hence Im(p) ® Ker(¢p)) = X. Set Z = Ker(¢)). We can write X = Y @ Z. Since

S3
Z =2 x 83+ Sg (as composition factors), we get by (5) that Z =| Sg|. Hence, it is easy to
S3

know from (1) and (6) that Z is a trivial source kG-module with Z < x19 + x37. W

4.8.Lemma. There is a trivial source kG-module in A whose structure is

\/
/\

< X8+ X10 + X32.

(Note: We can prove that this module has Q as its vertex, but only later on in 7.2(i)).

Proof. By [10, p.91], we have lg(nTQllz = lg, + X11, where X11 € Irr(R;2) is of degree 11.
It follows from the 3-decomposition matrix of 243 in [67, A;2 (mod 3)] and [19] that

k
(9) kmuTmlz = |10 A 1Q[12 + illv
k

where 10 is a simple k2;3-module of dimension 10. Set X = (kg(,, 1%2)1%14. Note that X
is a direct sum of trivial source kG-modules. Then, we know from a calculation with GAP
[12], using the character tables of G and 22, that

(10) X < xs+x10+ x32
and
(11) X=2x8+2x8+5, (as composition factors).

By (7), 2.3(ii) and 4.5(ii), we obtain [X,51]° = (xx,xs)¢ = 1. Hence, [X,S$]% =
[S1,X]¢ = 1 by the self-dualities. Similarly, we have [X,S5]% = [S2, X]¢ = 1. Since
Sy is not liftable by 4.1, Sy is not a trivial source module by 2.3(i). This implies that
[X,84]¢ = [S4, X]¢ = 0 by (8). These yield

(12) X/rad(X) = Soc(X) =51 & S5;.
Next, we want to claim that X is indecomposable. Suppose that X is decomposable By
(12), we can write X = X7 ® Xo for A-submodules X; and X5 of X with soc(X;) & S;

for i = 1,2. If X;/rad(X;) ¥ S1, then (12) shows that X;/rad(X;) = Ss, and hence we

SQ Sl
get by (12) and (11) that X X1 @Xg = HEB. or X X1 @XQ = l@H,
S1

which is a contradiction by the self-dualities of X and each S; in 4.4(i). This means that
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X;/rad(X;) = S; for ¢ = 1,2 by (12). If X, is simple, then we get by (12) that X5 has
radical and socle series which is one of the following three cases:

S S
52 S Sy
Sy Sy ) S
52 S Sy

So we have a contradiction by 4.4(ii). Thus X1 is not simple Similarly, we know that X»
is not simple. Hence, 2.16 yields that soc(X;) C rad(X;) for ¢ = 1,2. Thus, X = X1 ¢ X5 =

S
or X =X, X, = I@H This is a contradiction by (10), 2.3(i) and 4.1.
Sa

Therefore X is indecomposable. Hence, we get by (11), (12) and 2.16 that soc(X) C
rad(X). Thus we get the structure of X as desired. ]

4.9.Notation. In the rest of paper let f be the Green correspondence from G to H with
respect to P, see [48, Chapter 4 §4].

4.10.Lemma. [t holds that f(S1) = 9a.

Proof. It follows from 4.5(i), 4.3(ii) and 2.1 that f(S;) is a simple kH-module in B, see
3.4(i). Using the ordinary characters afforded by the trivial source kH-modules in B, see
3.8, we get the following possible decompositions of S1] 15, by a calculation with GAP
[12] using the character tables of G and H:

Silpls = 9a P (7 x P(9a) @7 x P(9b) @5 x P(18a) ® P(18b) @ P(18c))

Silgls = 9 (8 x P(9a) ® 6 x P(9b) @ 5 x P(18a) & P(18h) & P(18c)>.

In particular, f(S1) =9a or f(S1) = 9b, and we have to decide which case actually occurs.

To this end, let M = 2.HS.2 be the second largest maximal subgroup of G, see 4.5.
By [67, HS (mod 3)] and [19], let A~ be the block algebra of OM containing the unique
non-trivial linear character x of M. Hence letting AT and A’, see 5.1, be the principal
block algebras of OM and of OHS, respectively, we have AT = A’ and an isomorphism
—®x: AT — A~. Moreover, P being a Sylow 3-subgroup of M, it is the block defect group
of A™, and hence let B~ be the Brauer correspondent of A~ in Ny (P).

Using the smallest faithful permutation representation of M on 1408 points, available
n [68], the normaliser Nj;(P) and the centraliser Cjs(P) of the Sylow 3-subgroup P is
easily computed explicitly with GAP [12] and their structure determined, we find Ny (P) =
(PxDg).SD16 and Cyy(P) = PxDs. Now the conjugacy classes of Ny, (P) can be computed,
its ordinary character table is found using the Dixon-Schneider algorithm, from which its
blocks are determined and B~ is identified.

Then a computation with GAP [12], using the character tables of G and M, shows

that S1],-14- = 227, where the latter denotes the unique simple A~-module of that
dimension. Moreover, using the character tables of M and Ny (P), GAP [12] shows that
(227)] Nau Py le- = A, where A is a certain linear character; actually, A is the Green corre-

spondent of 227 with respect to (M, P, Np(P)), which must be linear in view of 5.7. Hence
A= (S1la1a-)lny(p)1p- is a direct summand of

(Stle) by (pyls- = (F(5) ® (Roproi)) Ly, ()15~
F(S)INypy 15~ @ (Q-proj) @ (proj),
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where R consists of elementary-abelian 3-subgroups of H, of order at most 9, not H-
conjugate to P, and @ = C3 is as in 3.3. Since A has P as a vertex, we conclude that
A is a direct summand of f(S1)|y,,p)-15--
Now a computation with GAP [12], using the character tables of H and Njs(P), shows
that f(S1)ln,,p) 15~ = (97)|N,,(p)1B-, Where z € {a, b}, already is linear, where
(9a)lNM(P)'1B* =A 7é (9b)lNM(P)'1B*~
This shows that f(S;) =9%. ®H

4.11.Lemma. It holds that f(S2) = 9.

Proof. It follows from 4.5(i), 4.3(ii) and 2.1 that f(S;) is a simple kH-module in B, see
3.4(i). Using the ordinary characters afforded by the trivial source kH-modules in B, see
3.8, we get the following possible decompositions of S1] 15, by a calculation with GAP
[12] using the character tables of G and H:

Solpls = 9 €D (9 x P(9a) @8 x P(9b) & 7 x P(18a) ® 5 x P(18b) & 5 x P(18c))
or

Solyls = 9a @D (8 % P(9a) 9 x P(9b) & 7 x P(18a) @ 5 x P(18b) & 5 x P(18c)).
In particular, f(S2) =9b or f(S2) = 9a, hence the assertion follows from 4.10. W
4.12.Lemma. It holds that f(S3) = 9c.

Proof. It follows from 4.5(i), 4.3(ii) and 2.1 that f(S;) is a simple kH-module in B, see
3.4(i). Using the ordinary characters afforded by the trivial source kH-modules in B, see
3.8, we get the following possible decompositions of S1] 15, by a calculation with GAP
[12] using the character tables of G and H:

S3lyls

9 (54 x P(9a) @ 54 x P(9b) & 40 x P(9c) @ 41 x P(9d)

® 94 x P(18a) & 95 x P(18b) @ 95 x P(18c) ) D v

or

Ssly-ls = 9 P (54 x P(9a) ® 54 x P(9b) © 39 x P(9¢) @ 40 x P(9d)

® 93 x P(18a) @ 96 x P(18b) & 96 x P(18¢) ) D v
or

Sslyls = 94 @D (54 x P(9a) ® 54 x P(9b) @ 41 x P(9¢) @ 40 x P(9d)

@94 x P(18a) & 95 x P(18b) @ 95 x P(18¢ ) D v
or

Sslyls = 9d @D (54 x P(9a) & 54 x P(9b) & 40 x P(9¢) & 39 x P(9d)

@ 93 x P(18a) ® 96 x P(18b) & 96 x P(18c¢) ) P v

where V3 and V, are the trivial source kH-modules in B with vertex @ given in 3.8. In
particular, f(S3) =9c or f(S3) = 9d, and we have to decide which case actually occurs.
Keeping the notation from 4.10, we by the proof of 4.5(iii) have S3 = XTG-IA, hence

(x1914) 1 15 = S3l ;715 = f(S3) ® (Q-proj) & (proj). Hence f(Ss) is a direct summand

of
T w1 =EP ((Xg)leH)TH'lB,

g
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where g runs through a set of representatives of the M-H double cosets in G. Since f(S3)
has P as a vertex, and P is normal in H, we only have to look at summands coming from
g € G such that P < M9 N H. But for these g we have P, ps! < M, which since P is
a Sylow 3-subgroup of M implies the existence of m € M such that P™ = Pg_l, hence
h:=mg € H, and thus g = m~'h € M H, that is, we may assume g = 1.

Thus we conclude that f(Ss3) is a direct summand of (x| y;ng)17 15 = (XlNM(p))TH'lB-
Now a computation with GAP [12], using the character tables of Ny (P) and H, shows that
(XlNM(P))TH'lB = 9c is indecomposable, showing that f(S3) =9 ®H

4.13.Remark. We use the notation as in the proof of 4.12. We just remark that it is
possible, using GAP [12] and specially tailored programs to deal efficiently with permutations
on millions of points, to construct the transitive permutation representation of G' on 3078000
points, that is, the action of G on the cosets of 2.HS in G, where 2.HS is the derived subgroup
of M, and to use the restriction of this representation to H to show that the first of the four
possible decompositions of S3] ;;-1p listed above actually occurs. But we will not need this
fact.

5. Green correspondence for HS

5.1.Notation and assumption. In the rest of this paper, we use the following notation,
too. Let G’ be the Higman-Sims simple group HS. Since Sylow 3-subgroups of G’ are
isomorphic to C3 x C3, we by abuse of notation let P denote a Sylow 3-subgroup of HS as
well. There is exactly one conjugacy class of G’ which contain elements of order 3, that is, P
has exactly one G'-conjugacy class of subgroups of order 3, see [10, p.81]. Let H' = N¢-(P),
and hence H' = (P x SDg) x 2, where the action of SD1g on P is given by the embedding
of SDig as a Sylow 2-subgroup of Aut(P) = GLy(3). Let A’ and B’, respectively, be the
principal block algebras of OG’ and OH'.

5.2.Lemma.
(i) The character table of P x SDqg is given as follows:

conjugacy class | 1A 2A 2B 3A 4A 4B 6A 8A 8B
centraliser 144 16 12 18 8 4 6 8 8
X1a 1 1 1 1 1 1 1 1 1
X1b 1 1 1 1 1 -1 1 -1 -1
X1c 1 1 -1 1 1 1 -1 -1 -1
Yid 1 1 -1 1 1 -1 -1 1 1
X2a 2 2 0o 2 =2 0 0 0 0
X2b 2 =2 0o 2 0 0 o0 V=2 —/-2
X2¢ 2 =2 0o 2 0 0 0 —/-2 V=2
X8a 8 0 2 -1 0 0 -1 0 0
X8b 8 0 -2 -1 0 0 1 0 0

Note that this identifies the characters X1a, X1b, X1e, X1ds X8a, and Xsp uniquely.
(ii) B’ =2 O[P % SDqg), as interior P-algebras and hence k-algebras, and we can write
that

Irr(B') = {11/ = X1a» X165 X1es X1d> X2a> X205 X2¢ = X2b" » X8a> X8b}»
IBr(B') = {1a, 1b, 1c, 1d, 2a,2b,2c = 2b" },
where the numbers mean the degrees (dimensions) of characters (modules). In par-

ticular, all simple modules 1a, 1b, 1c, 1d,2a in B’ except 2b and 2c are self-dual.
(iii) The 3-decomposition and the Cartan matrices of B', respectively, are the following:
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la 1b 1lc 1d 2a 2b 2c

Xla 1

Xw | - 1 .

X1e . . 1 .

X1d | - . . 1 .

X2a . . . . 1 .

X26 | - . . . . 1 .

X2¢ . . . . . . 1

X8a 1 1 . . 1 1

X8y | - .11 1 1 1

P(la) P(1b) P(le) P(1d) P(2a) P(2b) P(2¢)

la 2 1 0 0 1 1 1
1b 1 2 0 0 1 1 1
1lc 0 0 2 1 1 1 1
1d 0 0 1 2 1 1 1
2a 1 1 1 1 3 2 2
2b 1 1 1 1 2 3 2
2c 1 1 1 1 2 2 3

Proof. (i) This is found using explicit computation with GAP [12]. Using the smallest
faithful permutation representation of G’ on 100 points, available in [68], P can be computed
as a Sylow 3-subgroup of G’, and hence the normaliser H' = Ng/(P) of P is easily determined
explicitly. Now the conjugacy classes of H' can be computed, and its ordinary character table
is found using the Dixon-Schneider algorithm. Note that there are unique conjugacy classes
2B and 4B consisting of elements of order 2 and 4, respectively, and having centralisers of
order 12 and 4, respectively.
(ii)—(iii) Easy from the character table. W

5.3.Notation. We use the notation 15/ = X1a, X1b, X1c> X1d> X2as X2a> X2¢ = X2b ", X8a, X8b
and la, 1b, 1c, 1d, 2a, 2b, 2c = 2bY, as in 5.2. Namely, we can write
Irr(B') = Trr(H') = {1a/ = X1a X1b> X1s X1d> X205 X2a> X2¢ = X2 > X8a» X8b }»
IBr(B') = IBr(H') = {la, 1b, 1¢c, 1d, 2a, 2b, 2c = 2b"'}
Let f/ and ¢’ be the Green correspondences with respect to (G', P, H').

5.4.Lemma.
(i) The radical and socle series of PIMs in B’ are the following:

la 1b 1c 1d
2b 2¢ 2¢ 2b
16 2a la 2a 1d 2a 1c 2a

2¢ 2b 2b 2¢

la 1b 1lc 1d

2a 2b 2¢
2b 2¢ 16 2a 1c la 2a 1d
1b 1¢ 2a 1la 1d 2¢ 2b 2c 2b 2¢ 2b
2¢ 2b la 2a 1d 1b 2a 1c

2a 2b 2¢

Note that this identifies the simples 2b and 2¢ uniquely.
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(ii)) An Alperin diagram of the PIM P(2a) is given as follows:
2a
7N\
2b 2c
I /TN
P(2a) = [1b 1lc 2a la 1d
ANIVERNIV4
2c 2b

N\, S

2a

Proof. Using the faithful permutation representation of H’ obtained in 5.2, we have used
the MeatAxe [60] to construct the PIMs explicitly as matrix representations. Then we have
used the method described in [45] to find the radical and socle series, and the method in
[42] to compute the whole submodule lattice of P(2a). W

5.5.Lemma.
(i) We can write that

ITT(A/) = {Xll =lg, X/154a X/227X/1408>X/1925a X/770a X§200aX/27507X/1750}
IBr(A") = {15+, 154,22,1253,1176, 748,321}

(ii) All simples 1Gr,154,22,1253,1176, 748,321 in A’ are self-dual, and have P as their
vertices.
(i) The simples 1gr, 154,22 are trivial source kG'-modules.

Proof. (i) This was first calculated by Humphreys [18, p.329]; see also [67, HS (mod 3)]
and [19].

(ii) This is obtained by a result of Knorr [22, 3.7.Corollary].

(iil) It follows from [64] or [51, Example 4.8] that the Green correspondents f’(kqr), f'(22)
and f'(154) are kps = la, 1b and 1l¢, respectively, see 5.7 below. W

5.6.Notation. We write X} = 1a7, X541, Xb2s Xia08> X19255 X705 X52005 Xa7505 X17505 8 well as
1o, 154, 22,1253, 1176, 748, 321 as in 5.5.

5.7.Lemma. f'(kg = la) = f(154) = f'(22) =

2a 2b
f(1253) = 2b/ \2 f(1176) = 1b/ \1
AN NS
2a 2c
2a 1d 2c
RN /
f/(748) = 2c 2b f'(321) = |1a 1d
RN NS
1d 2a 2b

Proof. This follows from [64], see [51, Example 4.8, HS].

5.8.Lemma. The Cartan matriz of A’ is the following:
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P(ker) P(154) P(22) P(1253) P(1176) P(748) P(321)
ke | 4 1 1 2 2 2 0
154 1 3 1 2 0 0 1
2| 1 1 4 2 1 2 1
1253 | 2 2 2 4 2 1 2
1176 | 2 0 1 2 3 2 1
748 | 2 0 2 1 2 3 0
321 0 1 1 2 1 0 2

Proof. This was first calculated by Humphreys [18, p.329]; see also [67, HS (mod 3)] and
[19]. [ |

6. Stable equivalence between A and B for HN

6.1.Notation. First of all, recall the notation G, A, P, H, B, e, Q, F, f as in 3.3 and
4.9. Let i and j respectively be source idempotents of A and B with respect to P. As
remarked in [40, pp.821-822], we can take ¢ and j such that Brp(i)-e = Brp(i) # 0 and
that Brp(j)-e = Brp(j) # 0. Set Gp = Cg(P) = Cy(P) = Hp, and set Gg = Ce(Q)
and Hg = Cy(Q). By replacing eg and fq (if necessary), we may assume that eg and fg
respectively are block idempotents of kGg and kHq such that eq and fg are determined
by ¢ and j, respectively. Namely, Brg(i)-eq = Brg(i) and Brg(j)-fo = Brg(j). Let
Aq = kCg(Q)-eq and Bg = kCy(Q)-fq, so that eqg = 14, and fg = 1p,.

6.2.Lemma. Let Mg be a unique (up to isomorphism) indecomposable direct summand of
AnggigZ-ng with vertex AP (note that such an Mg always exists by 2.5). Then, a pair
(SD?Q,E)J?XQ) induces a Puig equivalence between Ag and Bg.

Proof. This follows from 3.4(viii), 2.12(iii) and 2.11(iii). W

6.3.Lemma.

(i) The (A, B)-bimodule 14-kG-1p has a unique (up to isomorphism) indecomposable
direct summand A9Mp with vertex AP. Moreover, a functor F : mod-A — mod-B
defined by X4 — (X ®4 M)p induces a splendid stable equivalence of Morita type
between A and B. We use the notation F below as well.

(ii) If X is a non-projective trivial source kG-module in A, then F(X) =Y @& (proj)
for a non-projective indecomposable kH-module Y in B such thatY is also a trivial
source module, and X and'Y have a common vertex.

(iil) If X is a non-projective kG-module in A, then F(QX) = Q(F (X)) @ (proj).

Proof. This follows just like in [31, Proof of Lemma 6.3]. Namely, we get the assertion by
[2, Proposition 4.21] and [9, Theorem 1.8(i)] for the morphisms in the Brauer categories and
also by [32, Theorem]|, 6.2, 3.4(vi) and [40, Theorem 3.1], see [41, Theorem A.1]. N

6.4.Notation. We use the notation 9t and F as in 6.3.

7. Images of simples via the functor F

7.1.Lemma. F(S;) =9a, F(S2) =9b, F(Ss) = 9c.

Proof. These follow from 4.10, 4.11, 4.12, 2.9 and 6.3. N

7.2.Lemma.

(i) The trivial source kG-module in 4.8 has Q = Cs5 as its vertez.
(ii) The trivial source kG-module in 4.7 has Q = Cs5 as its vertex.
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Proof. (i) Let X be the trivial source kG-module in 4.8. We get by 6.3(ii) that F(X) =
Y @ (proj) for a non-projective indecomposable B-module Y. Then, it follows from 2.7,
6.3(i) and 7.1 that

0 # Homa(X,S;) = Hom,(X,S;) = Homp(F(X),F(S1))
= Homg(F(X),9%) = Hompg(Y,9a) Homp (Y, 9a)

as k-spaces. Clearly, Y is a trivial source kH-module in B by 6.3(ii).

Suppose that X has P as a vertex. Then, so does Y by 6.3(ii). This yields that
Y € {9a,9b,9¢,9d,18a, 18b, 18¢c} from 3.8, and hence Y € {9d, 18a, 18b,18¢c} by 7.1. But,
the above computation shows that Homp (Y, 9a) # 0, a contradiction.

Since X is non-projective, we know that @ is a vertex of X from 3.4(vi).

(ii) Let X’ be the trivial source kG-module in 4.7. We get by 6.3(ii) that F(X') =
Y’ @ (proj) for a non-projective indecomposable B-module Y’. Then, it follows from 2.7,
6.3(i) and 7.1 that

0 # Homa(X',S3) = Hom, (X', S5) = Homp(F(X'),F(S3))
= Hompg(F(X’),9¢) = Homg(Y’,9c) Homp (Y, 9¢)

as k-spaces. Clearly, Y’ is a trivial source kH-module in B by 6.3(ii).

Suppose that X’ has P as a vertex. Then, so does Y’ by 6.3(ii). This yields that
Y’ € {9a,9b,9c¢,9d, 18a, 18b,18¢} from 3.8, and hence Y’ € {9d, 18a,18b,18¢} by 7.1. But,
the above computation shows that Hompg(Y”,9¢) # 0, a contradiction.

Since X’ is non-projective, we know that @ is a vertex of X’ from 3.4(vi).

|

>~ o~

~)

7.3.Lemma. Let X be the trivial source kG-module with vertex QQ showing up in 4.8 and
7.2(1). Then, F(X) = Vi @ (proj), where V1 is the trivial source kH-module in B with
vertex @ given in 3.8(iil). Namely,

Sl\ /SQ 9a 180,\ 9b
F S4 = 18b 18¢ (proj).
( N ) LD
Sl SQ 9b 18a 9a

Proof. We know from the proof of 7.2(i) that [Y,9a]® # 0. Hence we get the assertion by
3.8(iii). W

7.4.Lemma. Let X' be the trivial source kG-module with vertex Q showing up in 4.7 and
7.2(ii). Then, F(X') = Vo @ (proj), where Va is the trivial source kH-module in B with
vertex Q given in 3.8(iii). Namely,

S 90\ /18@\ /9d
3
F( Se ) = 18¢ 18b EB (proj).
S / AN
9d 18a 9c

Proof. We know from the proof of 7.2(ii) that [Y’,9¢]® # 0. Hence we get the assertion
by 3.8(iii). W

18a

7.5.Lemma. It holds that F(Sy)
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Proof. Let X be the trivial source kG-module in A with vertex @ given in 4.8 and 7.2(i).
By 7.3, we can write F(X) = V] & (proj), where V; is the trivial source kH-module in B
given in 3.8(iii). Then, since F(S7) = 9a by 7.1, it follows from 2.8 that

Sl\ /SQ 9(1\ /18&\ /9b
F( Sy ) = F(X/S1) = (V1/9a) @ (proj) = 18b 18¢ @ (proj).
| SN S
So 90 18a
Similarly, we get by 2.8 that
S So
52 NS
F 54 = F| Ker 54 - 51
Sa |
Sa
9a 18a 90 18a 90
NSNS , 7 NS _
~ Ker 18b 18¢ — 9a | P(proj) = 18b 18¢ P (proj).
9b 18a 9b 18a
Then, since F'(S2) = 9b by 7.1, we similarly obtain by 2.8 that
N
F(Sy) = [18b 18¢ | P (proj).
AN
18a
Therefore, 6.3(i) and 2.9 imply the assertion. W
18a 9d
7N\
7.6.Lemma. It holds that F(Sg) = 18¢ 18b
NS
9d 18a
S3
Proof. Let X' =|Sg |in 4.7, that is, X' is a trivial source kG-module in A with vertex Q.
S3
Then, 7.4 yields that
96\ /18@\ /9d
F(X') = 18¢ 18b @ (proj).
VNIV
9d 18a 9c

Since F(S3) = 9c by 7.1, we obtain the assertion from 6.3(i) and 2.9 just as in the proof
of 7.5. N

7.7.Notation. We use the notation W = F(S5) @ F(S7) in the rest of this paper.

7.8.Lemma. We get the following.

(i) The module W is self-dual.
(ii) The module W is a direct sum of exactly two non-projective non-simple indecompos-
able B-modules, and both of them are self-dual.
(iii) It holds that F'(S5) and F(S7) are neither simple B-modules, and 2 < j(W) < 4.
(iv) [9z,W]B = [W,92]8 = 0 for any x € {a,b,c}.



(v) [18a, WP = [W, 18a]P = 0.

Proof. (i) This follows from 4.3(i) and 6.3(i).

(ii) This follows from 2.9, 6.3(i), 4.3(i), 2.3(i) and 4.1.

(iii) By (ii) and 3.6(vi), we get j(W) < 4. Assume that F'(S5) is simple. Then, we
know by 3.8(ii) and 6.3(ii) that S5 is a trivial source module, and hence Sj lifts to a trivial
source OG-module by 2.3(i). This contradicts the 3-decomposition matrix in 4.1. Hence,
F(S5) is not simple. Similarly, we know that F(S7) is not simple. These imply j(W) > 2.

(iv) This is obtained by 7.1 and 2.13.

(v) Set X = F(S4). By 7.5, there is an epimorphism X — 18a. Hence, we get from 2.7

and 7.5 that
Homgp (18a, W) = Hom(18a, W) = HomA(F*1(18a),F*1(W))

Hom , (F_1(18a), Ss @ 57) ~ Homy (F—1(18a), S5 @ 57)

HOIDA(F_1<X>,S5@S7> = HOHIA(S47S5@S7) =0. N

C
S
7.9.Notation. Let M = |S; Sy S5 S7|be the trivial source kG-module in A showing
\ L
Sy

up in 4.6, and set Xp = F(M) and we use the notation X in the rest of this paper.

7.10.Lemma.
(1) The module X has a filtration

Qa@Qb@W‘

18a

namely, X has submodules X 2Y 2 Z such that X/Y = Z = |18b 18¢ | and

18a

Y/Z=9a® 9@ W.
(ii) It holds X =V @ P(18a) where V € {V3,V,}.

Proof. (i) This follows from 4.6, 7.1 and 7.5.

(ii) We know by 6.3(ii) that X = V @ L for an indecomposable kH-module V in B with
vertex ) and a projective kH-module L in B. Note that V; /X for i = 1,2 by 7.3 and 7.4.
Thus, V € {V3,V,} by 3.8(iii). Moreover, since [V, 18a]® = [V4, 18a]® = 0 by 3.8(iii), we
know that [V, 18a]® = [V, 18a]® = 0 again by 3.8(iii). Thus, we have P(18a)|L by (i), and
hence P(18a)|X.

Next, assume that P(T)|L for a simple kH-module T in B with T' 2 18a. Since Z has
a unique minimal submodule, and which is isomorphic to 18a, we have that P(T)NZ =0
in X, and hence that there is a direct sum P(T) @® Z in X. Set X = X/Z. Clearly, X D
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(P(T)® Z)/Z = P(T). Since P(T) is injective, it holds P(T)|X. Set U = (X)V. Then, by
the dualities, we know P(TV)|U. Now, by the filtration of X, U has a filtration

U= 9%d%0oW

Namely, U has a submodule Z’ such that
18a

/

AN
18b 18c| and U/Z' = 9a® 9bd W.

Z/

12

18a

We have TV % 18a by 3.6(iii). Hence, we get P(TY) N Z’ = 0 in U, and hence there is a
direct sum P(TV) @ Z' C U. Then, we have

P(TY)Y=(P(TY)® Z'))Z' CU)Z' 2 9a® > W.
Since P(TV) is injective, it holds that P(T")|(9a @ 9b & W), so that P(TV)|W by 3.6(vi).
This is a contradiction by 7.8(ii).

Now, assume that (P(18a) @ P(18a))|%. Then, since soc(Z) = 18a, it follows from 2.14
that

18a
7N\
P(18a) | X/Z = 18b 18¢ .
9a &9 e W
18a
Then, by taking its dual, we get also that
Plsa) | (z/z)Y - <9a@9b@ W )
Z

where the right-hand-side is a filtration, by using 7.8(i) and 3.6(iii). Set N = (X/2)V.
Then, we may consider that N has a B-submodule Z such that N/Z = 9a ® 90 @ W and
N = P(18a) @ N’ for a B-submodule N’ of N. Since j(Z) = 3, it holds Z C soc3(N) =
socs3(P(18a)) @ socz(N’). This implies that there exists a B-epimorphism 7 : N/Z —
N/socg(N). Clearly,

N/soc3(N) = [P(18a) & N']/[socs3(P(18a)) & socz(N')]
>~ [P(18a)/socz(P(18a)] & [N'/socg(N')].

18a
18b 18¢

9a © 9b & [W/rad(W)]. This shows that [W, 18a]? # 0, which is a contradiction by 7.8(v).
Thus, we know [P(18a)|L]” = 1. Therefore, we get L = P(18a). We are done. W

Since P(18a)/soc3(P(18a)) = by 3.6(vi), we get that 18a|[(N/Z)/rad(N/Z)] =

7.11.Lemma. W/rad(W) = soc(W) = 18b & 18c.
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Proof. By 7.8(i) and 3.6(iii), it suffices to show only W/rad(W) = 18b® 18¢. By 7.10(ii),

we have

AN
(13) X = VoP(18a) = |9z 18a 9y |® P(18a), where (z,y) € {(b,a), (c,d)}.
NSNS
18c 18b
By 7.10(i), X has a filtration
18a
18b/ \18 18a
(14) X = ¢ PN
N 9a@9b®W| 18h 18
18a

Set L;(W) = rad'(W)/rad”"*(W) for each i = 0,1,... Then (13) and (14) show that
(18b @ 18¢)|Ly (W). Recall (18b)" 2 18¢ by 3.6(iii).

Suppose that (18b @ 18b) | L1 (W). Then, by (14), X has a factor module X which has a
filtration

18b @ 18b

18b 18¢

Since [X,18b]% = 1 by (13), and since there do not exist modules of forms 185 | 0% [ 1gp

by 3.6(vi), there must be a kH-module having radical and socle series

18a
18b 18¢

18a

18b

But this is a contradiction by 3.10(i).

Similarly, we get a contradiction by using 3.10(ii) if (18c ® 18¢)|L1(W).

Thus it holds that [W, 18b]8 = [W,18¢|® = 1 and [W, T|? = 0 for any T € {9a, 9b,9c, 18a}
by 3.6(iii) and 7.8(iv)-(v). However, we have to investigate for 9d.

Assume, first, that the case (z,y) = (b,a) happens in (13). Then, (14) and (13) imply
that W =9a 4+ 9b+ 9¢ + 9d + 2 x 18b + 2 x 18¢, as composition factors.

Suppose that 9d | L (W). Then, since ¢y (9d) = 1 and since W and 9d are both self-dual
by 3.6(iii) and 7.8(i), we get that 9d|W = F(S5) @ F(S7). Recall that F(S5) and F(S7)
are both non-projective indecomposable kH-modules by 2.9 and 6.3(i)-(ii). Since 9d is a
trivial source kH-module by 3.8(ii), we know by 6.3(ii) that S5 or S7 is a trivial source
module, and hence that S5 or S7 lifts from k& to O by 2.3(i). This is a contradiction by the
3-decomposition matrix in 4.1.

Hence, 9d /L1 (W). This yields L1 (W) = 18b @ 18c.

Next, assume that the case (x,y) = (¢,d) in (13) happens. Then, (13) and (14) imply
that

(15) W =2x9+2x9d+2x 18b+ 2 x 18c, as composition factors.

Suppose that (9d®9d) | L1 (W). Then, the self-dualities of 9d and W in 3.6(iii) and 7.8(i)
imply that (9d @ 9d) | W = F(S5) @ F(S7). Hence, W = 9d @ 9d by 7.8(ii), contradicting
7.7 and 7.8.
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Thus,

(16) W97 < 1.
Assume, next, that [W,9d]® = 1. Hence, by the dualities in 3.6(iii), we have
(17) Ly(W) 2 soc(W) = 18b & 18¢ & 9d.

We get by 7.8 that W = W3 & W5 where W, is a non-simple non-projective indecomposable
self-dual B-module for ¢ = 1,2. Thus, by (17) and by interchanging W7 and Wy, we may
assume that L; (W) = 18b, 18¢ or 9d.

Case 1: Ly (WW;) = 18b. Then, soc(W;) = 18¢ since (18b)Y = 18¢ by 3.6(iii) and since
18b
W1 is self-dual. Hence, the structure of P(18b) in 3.6(vi) yields that W7 = | 9¢ |. Hence,
18¢

(15) and (17) imply that Lq(W3) = 18¢ @ 9d and Lo (Ws) = 9¢. But this is a contradiction
since Ext(18¢,9¢) = 0 = Extk(9d, 9¢) by 3.6(vi).

18¢
Case 2: Ly(WW;) = 18c. As in Case 1, we know that W7 = | 9¢ || Then we get a
18b

contradiction by 3.6(vi) as in Case 1.

Case 3: Li(W7) = 9d. By the self-dualities of W in 7.8(ii) and simple B-modules in
3.6(iii), we get that soc(W7) = 9d. Tt follows by 2.16 that soc(W;) C rad(W7). Hence
cw,(9d) = 2 by (15). Thus, the structure of P(9d) in 3.6(vi) yields that W, = P(9d), a
contradiction.

Therefore [W,9d]® # 1, and hence [W,9d]® = 0 by (16). So that we have L;(W) =
180 18c. N

7.12.Lemma. X = V3 ® P(18a).

Proof. Suppose that X = V; @ P(18a). Then, we get by 7.10(i)-(ii) and 3.6(iv) that
W =2x9c+2x9d+2x 18b+ 2 x 18¢, as composition factors. We use the same notation
L;(W) as in the proof or 7.11. By 7.11, L;(W) = 18b & 18¢c. Since cw(9c) = 2, it
follows from 3.6(vi) and 7.8(iii) that (W) = 4 and 9c¢| L4y(W). This means 9c|soc(W),
contradicting 7.11. Therefore, we get the assertion by 7.10(ii). M

18b 18¢
7.13.Lemma. W = |9b 9¢ |®|9a 9d| = F(Ss)® F(S7).
NS
18¢ 18b
Namely, either one of the following two cases occurs:
18b 18¢
RN VRN
Case (a) : F(Ss) = |9 9c| and F(S7) = |9a 9d
N S N
18¢ 18b
18¢ 18b
VRN /N
Case (b) : F(S5) = |9a 9d| and F(S7) = |9b 9c
/ AN
18b 18¢
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Proof. Here as well we use the notation L;(W) for ¢ = 1,2, ... just as in the proof of 7.11.
It follows from 7.10(i) that X has a filtration

18a
18b/ \18
_ c
(18) * = 9a & 9b > W
18a
18a
/
namely, X has submodules Y and Z such that X 2Y 2 Z, X/Y = Z = |18) 18¢ | and
AN
18a
Y/Z 2 9a®9b@® W. On the other hand, 7.12 says that
AN
(19) X =9 18a 9a| @ P(18a).
N SN
18¢ 18b
Then, we know by (18), (19) and 3.6(iv) that
(20) W =9a+9b0+9c+ 9d +2 x 180+ 2 x 18¢, as composition factors.

By 7.11 and (20), we know j(WW) > 3.
Assume that j(W) > 4. Then, j(W) = 4 by 7.8(iii). Since L;(W) = 18b @ 18¢ by 7.11,
we get by 3.6(vi) that

Ls(W) | La(P(18b)) @ La(P(18¢)) = (9a @ 18a & 9d) (90 & 18a @ 9c)

and
La(W) ‘ soc(W) = 18b @ 18c.

This is a contradiction.
Hence j(W) = 3. Thus, again by 7.11, (20) and 3.6(vi), we know that W has radical
and socle series

18b 18¢
(21) 9b 9¢ 9a 9d
18¢ 18b

Now, as in the proof of 7.11, we get by 7.8 that W = W; ®W, where W; is a non-simple non-
projective indecomposable self-dual B-module for i = 1,2. Then, by (21), we may assume
that Ly (Wy) = 18b, soc(W1) = 18¢, L1 (W2) = 18¢ and soc(Ws) = 18b since (18b)Y = 18¢
by 3.6(iii). Hence the structures of P(18b) and P(18¢) in 3.6(vi) yield that

18b 18¢
Wi = 196 9¢ and Wy = |9a 9d |
18¢ 180

8. Proof of main results

8.1.Notation. We still keep the notation F, j, B/, f’ and ¢, see 6.4, 3.7 and 5.2-5.4.
Set E = SDqg, and let P x E be the canonical semi-direct product such that F acts on P
faithfully. Recall that Aut(P) = GL3(3) since P = C3 x C3, and hence SDqg is a Sylow
2-subgroup of GL2(3).
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8.2.Lemma. The non-principal block algebra A of HN and the principal block algebra A’ of
HS are Puig equivalent.

Proof. Let j be the same as in 3.6(ii). Since jBj = O[P x E|] = B’ as interior P-
algebras by 3.6(ii), we can identify jBj and B’. Define a functor F’ : mod-B — mod-B’
via F/'(—) = — ®p Bj. By 3.6(ii), F’ induces a Puig equivalence (which is stronger than
a Morita equivalence) between B and B’. In the following we use the information on the
structures of PIMs in B and B’ described in 3.6(vi) and 5.2(iii), respectively, without
quoting these statements.

Then, first of all, we know that F’(18a) = 2a by looking at the PIMs P(18a) and P(2a).
Similarly, we know at least that {F'(9a), F'(9b), F'(9¢), F'(9d)} = {la = kg, 1b,1¢, 1d}. Tt
follows from 5.4 that 1z ® lo = la for any = € {a,b,c,d} since they are just in Irr(E).
Hence a technique of self-Puig equivalence in [31, 2.8.Lemma] can be used just as in the
proof of [31, 6.8.Lemma]. Namely, we can assume that F'(9a) = la. Hence, by comparing
the second Loewy layers of P(9a) and P(la), we get F’(18b) = 2b. Similarly, by looking
at the third Loewy layers of P(9a) and P(la), we have F'(9b) = 1b. If we look at the
fourth Loewy layers of these PIMs, then we know F’(18¢) = 2¢. Thus, by looking at the
second Loewy layers of P(18¢) and P(2¢), we know also that F’'(9d) = 1d. These mean that
F’(9¢) = 1c. Namely, we can assume that

F'(9a) = 1a, F'(9b) = 1b, F'(9¢) = l¢, F'(9d) = 1d,

F'(18a) = 2a, F'(18b) = 2b, F'(18¢) = 2c.
We know by 7.13 that Case(a) or Case(b) happens.

(22)

Assume, first, that Case(b) occurs. Then, by bunching up 2.2, 7.1, 7.5, 7.6, 7.13 and
5.7, we get the diagram shown in Table 1.

First, all the three functors above are given by bimodules which are p-permutation mod-
ules over O[G1 x H;] for corresponding two finite groups G; and H;, which are A P-projective,
and also which induce a stable equivalence of Morita type at each step, if we indentify the
source algebra jBj as O[P x E].

Secondly, it has to be noted that all non-simple modules in the above diagram are uniquely
determined (up to isomorphism) by just the diagrams given in the above boxes: This is
clear for F'(S1), F(S2), F(S1), f'(ka), f/(154), and f'(22) anyway, as well as for F'(Sy) and
f/(1253) by the structure of P(18a) and P(2a) given in 3.6(vi) and 5.2(iii).

To tackle F'(Sg), the structure of P(18a) specified in 3.6(vii) shows that P(18a) has a
unique quotient with composition factors 9d + 2 x 18a + 18b + 18¢c. Moreover, P(9d) has
a unique quotient with composition factors 9d 4+ 18a + 18b. Since they both have a unique
submodule with composition factors 18a + 18b, the glueing to yield F(Sg) also is uniquely
defined, and thus F(Sg) is uniquely determined by the diagram given. For f’(748) we argue
similarly using 5.2(iv).

We consider F(S7): Note first that for P(18b) there is no Alperin diagram defined. By
3.6(vi), let X be the unique quotient module of P(18b) having radical and socle series

92830 . By the structure of P(18b) given in 3.6(vi) we have [2(X), 18a]® = 1, hence using
3.6(vii) there is a homomorphism ¢ € Homp(P(18a),{2(X)) such that
18a
/
18¢ 18b
Im(p) = | I\
9a 9d 18a
v
18b
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TABLE 1. Case(b).

’ r—1
mod-A £ mod-B £, mod-B’ 7 mod-A’

Sl [ d = = k)G/
So — — — 154

18a 2a
VRN
Sy — 18b 18¢c — 2b 2c — 1253
NS AN
18a 2a
18¢ 2c
/N
Ss — 9a 9d — la 1d — 321
NS N S
18b 2b
18a 9d

2a 1d
SN S
2b

Se = 18¢ 18b — 2c — 748
SN S
9d 18a 1d 2a
18b 2b
VRN /N
S — 9 9c — 1b le — 1176
NS NS
18¢c 2c

This implies Q(X)/Im(yp) = 18¢. Since 18c occurs exactly twice as a composition factor of
Q(X), and also is a composition factor of Im(y), we conclude that [Q(X),18¢]® = 1, thus
18b
dimy [Ext (X, 18¢)] = 1. Hence a module having radical and socle series | 9b 9¢ | is uniquely
18¢

defined. For F'(S5), f'(1176), and f’(321) we argue similarly.

Then, it follows from 2.15 that A and A’ are splendidly stable equivalent of Morita type,
that is, A and A’ are stable equivalent which is realized by an O[G x G']-bimodule which
is a p-permutation module and AP-projective. Hence, first of all, the stable equivalence
actually gives a Morita equivalence by a result of Linckelmann [37, Theorem 2.1(iii)]. Then,
if we look at the proof of [37, Theorem 2.1(iii)] which is actually given in [37, Remark
2.7, we know that the Morita equivalence between A and A’ gives a bijection such as
S5 <> 321. Hence, we must have equalities between the corresponding Cartan invariants,
namely, ¢(S5, S5) = ¢(321, 321). However, we get that ¢(S5, S5) = 3 by 4.1, and on the other
hand, that ¢(321,321) = 2 by 5.8. This is a contradiction. Thus, Case(b) cannot happen.

This means that only Case(a) occurs, as is shown in Table 2. Then, again the same argu-
ment given above still works. Namely, we have a Morita equivalence between A and A’, and
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TABLE 2. Case(a).

r—1
mod-A mod-B - mod-B’ 7 mod-A’

Sl [ d = = k)G/
So — — — 154

. - S
18a 2a
VRN
Sy — 18b 18¢ — 2b 2c — 1253
NS AN
18a 2a
18b 2b
AN /N
Ss — 9b 9c — 1b lc — 1176
NS NS
18¢ 2c
18a 9d 2a 1d
SN S
Se — 18¢ 18b — 2c 2b — 748
SN S
9d 18a 1d 2a
18¢ 2c
/N VRN
S — 9a 9d — la 1d — 321
NS
18b 2b

hence the Morita equivalence is a Puig equivalence by a result of Puig (and, independently,
of Scott) [55, Remark 7.5], see [40, Theorem 4.1]. W

8.3.Proofs of 1.3 and 1.4. Recall that a Puig equivalence lifts from k& to O by a result
of Puig [53, 7.8.Lemmal (see [62, (38.8)Proposition]|, and that so does a splendid Rickard
equivalence by a result of Rickard [57, Theorem 5.2], see [15, P.75, lines —17 ~ —16]. Thus,
it is enough to consider blocks A, B, A’ and B’ only over k. Thus, we get 1.4 by 8.2.

By results of Okuyama [51, Example 4.8] and [52, Corollary 2], the conjectures 1.1 and
1.2 hold for A’. Namely, we get the following diagram:

Puig equiv.
—_—

A A’
lsplendid Rickard equiv.

B— B
Puig equiv.

Therefore, we finally get that A and B are splendidly Rickard equivalent. That is, the proof
of 1.3 is completed. W

8.4.Proof of 1.5. We get 1.5 from 3.2 and 1.3. N

33



Acknowledgements

The authors are grateful to the referee for her or his useful comments. Especially, 2.14.
Lemma has been improved by the referee’s comment. The authors thank also Gabriel
Navarro for informing [49, (3.2)Lemmal.

A part of this work was done while the first author was staying in Braunschweig Technical
University and RWTH Aachen University in 2007 and 2009. He is grateful to Bettina Eick
and Gerhard Hiss for their kind hospitality. For this research the first author was partially
supported by the Japan Society for Promotion of Science (JSPS), Grant-in-Aid for Scientific
Research (C)17540010, 2005-2007, and (C)20540008, 2008—2010.

References

[1] J.L. Alperin, Diagrams for modules, J. Pure Appl. Algebra 16 (1980), 111-119.

[2] J.L. Alperin, M. Broué, Local methods in block theory, Ann. of Math. 110 (1979), 143-157.

[3] J.L. Alperin, M. Linckelmann, R. Rouquier, Source algebras and source modules, J. Algebra 239 (2001),
262-271.

[4] J. An, E.A. O’Brien, Conjectures on the character degrees of the Harada-Norton simple group HN,
Israel J. of Math. 137 (2003), 157-181.

[5] D.J. Benson, Representations and Cohomology I: Basic representation theory of finite groups and as-
sociative algebras, Cambridge Univ. Press, Cambridge, 1998.

[6] H.I. Blau, G.O. Michler, Modular representation theory of finite groups with T.I.Sylow p-subgroups,
Trans. Amer. Math. Soc. 319 (1990), 417-468.

[7] T. Breuer, GAP4-package CTblLib — The GAP Character Table Library, Version 1.1.3, 2004,
http://www.gap-system.org/Packages/ctbllib.html.

[8] M. Broué, Isométries parfaites, types de blocs, catégories dérivées, Astérisque 181-182 (1990), 61-92.

[9] M. Broué, L. Puig, Characters and local structure in G-algebras, J. Algebra 63 (1980), 306-317.

[10] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups, Clarendon
Press, Oxford, 1985.

[11] K. Erdmann, On Auslander-Reiten components for group algebras, J. Pure Appl. Algebra 104 (1995),
149-160.

[12] The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.4.12, http://www.gap-
system.org, 2008.

[13] J.A. Green, Walking around the Brauer tree, J. Australian Math. Soc. 17 (1974), 197-213.

[14] K. Harada, On the simple group F' of order 214.36.56.7.11.19, in: Proceedings of the Conference on
Finite Groups (Utah 1975), edited by W.R. Scott and F. Gross, Academic Press, New York, 1976,
pp.119-276.

[15] M.E. Harris Splendid derived equivalences for blocks of finite groups, J. London Math. Soc. (2) 60
(1999), 71-82.

[16] M.E. Harris, S. Koshitani, An extension of Watanabe’s theorem for the Isaacs-Horimoto-Watanabe
corresponding blocks, J. Algebra 296 (2006), 96-109.

[17] G. Hiss, J. Miiller, F. Noeske, J.G. Thackray, The Brauer character tables of the sporadic Harada
Norton group and its automorphism group in characterisics 2 and 3, preprint, 2006.

[18] J.F. Humphreys, The modular characters of the Higman-Sims simple group, Proc. Royal Soc. Edinburgh
92A (1982), 319-335.

[19] C. Jansen, K. Lux, R. Parker, R. Wilson, An Atlas of Brauer Characters, Clarendon Press, Oxford,
1995.

[20] S. Kawata, On Auslander-Reiten components and simple modules for finite group algebras, Osaka
J. Math. 34 (1997), 681-688.

[21] M. Kiyota, On 3-blocks with an elementary abelian defect group of order 9, J. Fac. Sci. Univ. Tokyo
(Section IA, Math.) 31 (1984), 33-58.

[22] R. Knorr, On the vertices of irreducible modules, Ann. of Math. 110 (1979), 487-499.

[23] S. Konig, A. Zimmermann, Derived Equivalences for Group Rings, Lecture Notes in Math., Vol.1685,
Springer, Berlin, 1998.

[24] S. Koshitani, On the Loewy series of the group algebra of a finite p-solvable group with p-length > 1,
Commun. Algebra 13 (1985), 2175-2198.

[25] S. Koshitani, On group algebras of finite groups, in: Representation Theory II Groups and Orders,
edited by V. Dlab et al., Springer Lecture Notes in Math. Vol.1178, Springer, Berlin, 1986, pp.109—-128.

[26] S. Koshitani, N. Kunugi, Broué’s conjecture holds for principal 3-blocks with elementary abelian defect
group of order 9, J. Algebra 248 (2002), 575-604.

34



27]
28]
(29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]
(37]

(38]
39]
(40]
[41]
42]
[43]
[44]
[45]

[46]
[47]

(48]
[49]
[50]
[51]
[52]

(53]
[54]
(53]

[56]
[57]

(58]
[59]

[60]
[61]

S. Koshitani, N. Kunugi, Blocks of central p-group extensions, Proc. Amer. Math. Soc. 133 (2005),
21-26.

S. Koshitani, N. Kunugi, Trivial source modules in blocks with cyclic defect groups, Math. Z. 265
(2010), 161-172.

S. Koshitani, N. Kunugi, K. Waki, Broué’s conjecture for non-principal 3-blocks of finite groups, J. Pure
Appl. Algebra 173 (2002), 177-211.

S. Koshitani, N. Kunugi, K. Waki, Broué’s abelian defect group conjecture for the Held group and the
sporadic Suzuki group, J. Algebra 279 (2004), 638—666.

S. Koshitani, N. Kunugi, K. Waki, Broué’s abelian defect group conjecture holds for the Janko simple
group Ju, J. Pure Appl. Algebra 212 (2008), 1438-1456.

S. Koshitani, M. Linckelmann, The indecomposability of a certain bimodule given by the Brauer con-
struction, J. Algebra 285 (2005), 726-729.

B. Kiilshammer, Crossed products and blocks with normal defect groups, Commun. Algebra 13 (1985),
147-168.

N. Kunugi, Morita equivalent 3-blocks of the 3-dimensional projective special linear groups, Proc. Lon-
don Math. Soc. (3) 80 (2000), 575-589.

P. Landrock, Finite Group Algebras and Their Modules, London Math. Society Lecture Note Series,
Vol.84, London Math. Soc., Cambridge, 1983.

M. Linckelmann, Derived equivalence for cyclic blocks over a P-adic ring, Math. Z. 207 (1991), 293-304.
M. Linckelmann, Stable equivalences of Morita type for self-injective algebras and p-groups, Math. Z.
223 (1996), 87-100.

M. Linckelmann, The isomorphism problem for cyclic blocks and their source algebras, Invent. Math.
125 (1996), 265-283.

M. Linckelmann, On derived equivalences and local structure of blocks of finite groups, Turkish J. Math.
22 (1998), 93-107.

M. Linckelmann, On splendid derived and stable equivalences between blocks of finite groups, J. Algebra
242 (2001), 819-843.

M. Linckelmann, Trivial source bimodule rings for blocks and p-permutation equivalences, Trans. Amer.
Math. Soc. 361 (2009), 1279-1316.

K. Lux, J. Miiller, M. Ringe, Peakword condensation and submodule lattices: an application of the
MeatAxe, J. Symb. Comput. 17 (1994), 529-544.

K. Lux, M. Sz6ke, Computing decompositions of modules over finite-dimensional algebras, Experiment.
Math. 16 (2007), 1-6.

K. Lux, M. Szdke, Computing homomorphism spaces between modules over finite dimensional algebras,
Experiment. Math. 12 (2003), 91-98.

K. Lux, M. Wiegelmann, Determination of socle series using the condensation method, in: Computa-
tional algebra and number theory, Milwaukee, 1996, J. Symb. Comput. 31 (2001), 163-178.

J. Miiller, On a theorem by Benson and Conway, J. Pure Appl. Algebra 208 (2007), 89-100.

J. Miiller, M. Schaps, The Broué conjecture for the faithful 3-blocks of 4.Ma2s, J. Algebra 319 (2008),
3588-3602.

H. Nagao, Y. Tsushima, Representations of Finite Groups, Academic Press, New York, 1988.

G. Navarro, The McKay conjecture and Galois automorphisms, Ann. of Math. 160 (2004), 1129-1140.
T. Okuyama, Module correspondence in finite groups, Hokkaido Math. J. 10 (1981), 299-318.

T. Okuyama, Some examples of derived equivalent blocks of finite groups, preprint (1997).

T. Okuyama, Remarks on splendid tilting complexes, in: Representation theory of finite groups and re-
lated topics, edited by S. Koshitani, RIMS Kokyuroku 1149, Proc. Research Institute for Mathematical
Sciences, Kyoto University, 2000, 53—59.

L. Puig, Nilpotent blocks and their source algebras, Invent. Math. 93 (1988), 77-116.

L. Puig, Pointed groups and construction of modules, J. Algebra 116 (1988), 7-129.

L. Puig, On the Local Structure of Morita and Rickard Equivalences between Brauer Blocks, Birkhduser
Verlag, Basel, 1999.

J. Rickard, Derived categories and stable equivalence, J. Pure Appl. Algebra 61 (1989), 303-317.

J. Rickard, Splendid equivalences: derived categories and permutation modules, Proc. London Math.
Soc. (8) 72 (1996), 331-358.

J. Rickard, Triangulated categories in the modular representation theory of finite groups, in: Derived
Equivalences for Group Rings, edited by S. Konig and A. Zimmermann, Lecture Notes in Math.,
Vol.1685, Springer, Berlin, 1998, pp.177-198.

J. Rickard, Equivalences of derived categories for symmetric algebras, J. Algebra 257 (2002), 460-481.
M. Ringe, The C-MeatAxe, Version 2.4, http://www.math.rwth-aachen.de/homes/MTX, 1998.

R. Rouquier, The derived category of blocks with cyclic defect groups, in: Derived Equivalences for
Group Rings, edited by S. Konig and A. Zimmermann, Lecture Notes in Mathematics, Vol.1685,
Springer, Berlin, 1998, pp.199-220.



[62]
(63]

[64]
[65]
[66]
[67]

(68]

J. Thévenaz, G-Algebras and Modular Representation Theory, Clarendon Press, Oxford, 1995.

K. Waki, On ring theoretical structure of 3-blocks of finite groups with elementary abelian defect groups
of order 9 (written in Japanese), Master Thesis, Chiba University Japan, 1989.

K. Waki, The projective indecomposable modules for the Higman-Sims group in characteristic 3, Com-
mun. Algebra 21 (1993), 3475-3487.

R. Wilson, Standard generators for sporadic simple groups, J. Algebra 184 (1996), 505-515.

R. Wilson, R. Parker, S. Nickerson, J. Bray, T. Breuer, GAP4-package AtlasRep — A GAP Interface to
the Atlas of Group Representations, Version 1.4.0, http://www.gap-system.org/Packages/atlasrep.html,
2008.

R. Wilson, J. Thackray, R. Parker, F. Noeske, J. Miiller, F. Liibeck, C. Jansen, G. Hiss, T. Breuer, The
Modular Atlas Project, http://www.math.rwth-aachen.de/~MOC.

R. Wilson, P. Walsh, J. Tripp, I. Suleiman, R. Parker, S. Norton, S. Nickerson, S. Linton, J. Bray, R.
Abbott, Atlas of Finite Group Representations, http://brauer.maths.qmul.ac.uk/Atlas/v3.

36



