
A Connection Matrix Structure Theorem

S is an attractor for a flow ϕ : R×X → X.

A Morse decomposition of S is given by

M(S) =
{
M(p) | p ∈

{
0± < 1± < 2

}}

CHk(M(p∗)) ∼=
{ Z if k = p,

0 otherwise.

∆ =


0 0 1 1 0
0 0 1 1 0
0 0 0 0 1
0 0 0 0 1
0 0 0 0 0


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Technical Lemma

(ii) There exists a time reparameterized flow ϕ̃ : R ×X → X of

ϕ.

(ii) There exists sets Np±, L+
p±, L−

p±, p = 0,1,2 (let 2 = 2+):

• Np± are isolating blocks for M(p±) with entrance set L−
p± and

exit set L+
p±

• ϕ̃(R, x) ∩Np± = ϕ̃(Ip±(x), x), where Ip± is a closed interval.

Remark: Since Ip± is a closed interval we write Ip± = [ap±(x), bp±(x)]

where if Ip± = ∅, then ap±(x), bp±(x) are not defined, and it is

possible that ap±(x) = −∞ or bp±(x) = ∞
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Technical Lemma

(iii) Let Θp± :=
{
x ∈ S | Ip±(x) 6= ∅

}
. Then,

ap±(x), bp± : Θp± → [−∞,∞]

are continuous

(iv) There exists a Lyapunov function Ṽ : S → [0,2] such that

• if x ∈ M(p±) ∪ (L+
p± ∩ L−

p±) then Ṽ (x) = p.

• if ϕ̃([0, t], x) ∩
⋃2

p=0 Np± = ∅, then Ṽ (ϕ̃(t, x)) = Ṽ (x)− t.
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Constructing a map f̃ : S → ∂([0,2]× [−1,1]2)

Define

λp±(x) :=


∞ if bp±(x) = ∞ or ap±(x) = −∞,

0 if Ip±(x) = ∅
bp±(x)− ap±(x) otherwise

Define

τp(x) =
2

π
tan−1

(
λp+(x)− λp−(x)

)
Lemma: τp : Θp → [−1,1] is continuous.

Define V : S → [0,2] obtained by modifying Ṽ .

Define f̃(x) = (V (x), τ0(x), τ1(x))
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