COMPUTING AUTOMORPHISMS OF SEMIGROUPS

J. ARAUJO, P. V. BUNAU, . D. MITCHELL, AND M. NEUNHOFFER

ABSTRACT. In this paper an algorithm is presented that can be used to calculate
the automorphism group of a finite transformation semigroup. The general algo-
rithm employs a special method to compute the automorphism group of a finite
simple semigroup. As applications of the algorithm all the automorphism groups
of semigroups of order at most 7 and of the multiplicative semigroups of some
group rings are found. We also consider which groups occur as the automorphism
groups of semigroups of several distinguished types.

1. INTRODUCTION

There is a tremendous amount of literature relating to automorphism groups
of mathematical structures of every hue. An algorithm for computing the auto-
morphism group of a finite group was first given in the 1960s and development of
procedures with the same purpose continues to the present day; see [6], [8], and
[9]. There are numerous papers concerning the automorphism groups of particu-
lar classes of semigroups, for example, Schreier [36] and Mal’cev [27] described all
the automorphisms of the semigroup of all mappings from a set to itself. Similar
results have been obtained for various other structures such as orders, equivalence
relations, graphs, and hypergraphs; see the survey papers [31] and [32]. More
examples are provided, among others, by Gluskin [13], Aradjo and Konieczny
[1, 2, 3], Fitzpatrick and Symons [10], Levi [22, 23], Liber [24], Magill [25], Schein
[35], Sullivan [39], and Sutov [40]. However, there appears to have been no previ-
ous attempt to give an algorithm for computing the automorphisms of an arbitrary
finite semigroup. The purpose of this paper is to give such an algorithm.

The most naive approach to computing the automorphisms of a semigroup S
would be to verify, one by one, whether each bijection ¢ from S to S satisfies
(x)p(y)p = (zy)¢ forall z,y € S. To perform this calculation, except for extremely
small examples, exceeds human patience. As the examples grow in size, it soon
becomes impractical for computers to do the work for us. Our algorithm employs
the following general strategy: a search is conducted through a relatively small set
of bijections, which are tested to see if they are homomorphisms using the relations
of a presentation that defines S.

The main algorithm for computing the automorphism group of a semigroup is
given in Section 4. The main algorithm relies on another procedure for calculating
the automorphisms of a special type of semigroup: Rees matrix semigroups. This
procedure can be found in Section 2. In Section 3 we give an algorithm to compute
the inner automorphisms of a transformation semigroup S. In Section 5 we apply
the main algorithm to compute the automorphism groups of the semigroups of
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order at most 7. In Section 6 we compute the automorphism groups of the multi-
plicative semigroups of some group rings. Finally, in Section 7 we consider which
groups can occur as the automorphism groups of semigroups belonging to various
standard classes.

As part of the computation it is necessary to calculate the automorphisms of
certain finite groups, partially ordered sets, and graphs associated with the semi-
group. The efficiency of the well-developed algorithms used to perform these
calculations is thus incorporated in the presented algorithm. The routines pre-
sented here have been implemented as part of the MONOID package [30] in the
computational algebra system GAP [12].

In two of the three algorithms presented we make use of backtrack search. As
applied here, backtrack search provides an efficient means of computing a sub-
group of a group all of whose elements satisfy a certain property. Further details
regarding backtrack algorithms in computational group theory can be found in
[37, Chapter 9] or [19, Section 4.6].

Throughout we will write mappings on the right and compose them from left to
right, and all sets, groups, and semigroups are assumed to be finite. The identity
element of a semigroup with identity .S will be denoted by 1.

2. AUTOMORPHISMS OF REES MATRIX SEMIGROUPS

In this section we describe how to compute the automorphism group of a spe-
cial type of semigroup called Rees matrix semigroups, which are defined as fol-
lows. Let T be a semigroup, let I and J be disjoint index sets and let P = (p; ;) je,icr
be a |J| x |I| matrix with entries in T'U {0}. Then the Rees matrix semigroup over T
is the set (I x T' x J) U {0} with multiplication (4, g, j)(k, h,l) = (4, gp;rh,l) and
0(i,g,7) = (i,9,7)0 = 0% = 0; denoted by M°[T; I, J; P].

An arbitrary finite semigroup can be partitioned into classes that correspond
to Rees matrix semigroups with finite index sets over groups; for further details
see Section 4. As such Rees matrix semigroups can be thought of as the building
blocks of a finite semigroup.

The automorphism group of a semigroup with a zero adjoined is equal to the
automorphism group of the original semigroup. Therefore we may assume with-
out loss of generality that all the semigroups considered in this section contain a
zero element.

The characterisation of all homomorphisms between two Rees matrix semi-
groups in the following theorem is taken from [33]; see also [20] and [21].

Theorem 2.1. Let M; = M°[Gy; 11, J1; P and My = MPO[Ga; Iy, Jo; Po) be Rees
matrix semigroups where P, = (pg-}i))j6117¢€11 and Py = (pfi))jgz,ie[z, let \f: [} — I
and Ny : Ji — Jo be arbitrary functions, let v : Gi1 — Gg be a homomorphism, and
let f:I;UJy — Go. Then the mapping (i,g,7) — (ixr, (if)(gv)(Gf)~ 3 ) isa
homomorphism if and only if

. 1 . (2
@ P;ﬂv) = 0 if and only zfpg.A)LMI =0;

.. 1 N 3 )
(i) pg‘,i)’Y = () ( 5—,\).,,1-,\1) - (if ), whenever pg.}i) £0.

Furthermore, every homomorphism from My to My can be described in this way.
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We require a reformulation of Theorem 2.1. Let M = MY[G; 1, J; P] be a Rees
matrix semigroup over a group G, disjoint index sets I and J, and matrix P =
(pj.i)jeicr- The automorphism group of M is denoted Aut M.

Let I'(M) be the bipartite graph with vertices I U J and edges (i,j) € I x J
whenever p;; # 0. The automorphism group AutI'(M) of I'(M) is defined as
the group of all bijections @ : I'(M) — T'(M) such that (i, jo) € I x J is an
edge in I'(M) if and only if (¢,5) € I x J is an edge in I'(M). It is obvious that
pairs of bijections A; and \; satisfying Theorem 2.1(i) are equivalent to elements
of AutT'(M). So, the problem of finding mappings A; and A; satisfying Theorem
2.1(i) is exchanged for the problem of computing AutI'(M). The latter problem
has been well studied; the implementation in GAP [30] of the algorithm in this
section uses the GRAPE package [38] to compute AutI'(M).

Every automorphism of M can be represented as a triple of mappings A €
Autl'(M), v € AutG, and f : ITUJ — G; a more precise formulation of this is
given in the next theorem. Let GI“/ denote the set of all functions from 7 U J to G
and let M™ denote the monoid of all mappings from M to M under composition.
The following theorem is an immediate consequence of Theorem 2.1.

Theorem 2.2. Let a € M™ and let ¥ : AutT'(M) x Aut G x G'97 — MM be defined
by
(1,9, ) (A7, F19) = (X @ F)(gm) GF) 7 IN).

Then o € Aut M if and only if o« = [, 7y, f]V for some [A, v, f] € AutT'(M) x Aut G x
G satisfying
¢y piiv =7 (panan) - (if)
forall p;; # 0.

It is straightforward to verify that AutT'(M) x Aut G x G'Y/ with multiplication
o defined by

(A1, 71s fil 0 [A2, 72, fo] = [Arde, 1172, Advfa  f1va),

is a group, where fxg : x +— (xf)(xg); theidentity is [1 oy r(ar), laut, 2 — 1g] and
ALy e = (zAT fy71) 71 is the inverse of [\, 7, f]. We note that it is not prac-

tical to compute with AutI'(M) x AutG x G'V/ directly as GV is prohibitively
large even for relatively small G, I, and J.

Lemma 2.3. The mapping ¥ : AutT'(M) x Aut G x GIY7 — MM defined in Theorem
2.2 is a homomorphism of monoids.

Proof. From the definition of ¥,
A1, 71, fil[A2 2, f2]® = [Ai e, y1v2, A1 fa * f1y2] ¥
is the mapping in M M given by
(i,9.5) — (iMA2,id fo - ifive - g1z - (Gfirve) ™t - (GAf) ™ A1 ).
On the other hand, if a = [A1, 71, f1]¥ and 8 = [A2, 72, f2] ¥, then
(i,g,5)aB = (iAi,ifi-gn-(GfH)" M8
(iIMAz, i fo - [ify - 971 - () e - G fa) ™ iAude)
(iM A2, iALf2 - ifive - gz - (Gf1e) ™" - (GAf2) ™ i),
as required. O
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Since Aut M is a subgroup of M, it follows from Lemma 2.3 that (Aut M)¥~*
is a subgroup of AutI'(M) x AutG x GIV7.

Lemma 2.4. Let [\, 7, f] € AutT'(M) x Aut G x G'Y/. Then [\, ~, f] € ker(¥) if and
only if X =144 p () and there exists h € G such that v : g — hgh~Yand f : x +— h™L.

Proof. (=) Since [\, 7, f]¥ = 1, we have that (i,9,5) = (i\,if - gy - (Gf) 71 N
for all (i,9,7) € M. It follows that A = 1AutF(M) andif - gy (jf)~! = g forall
g € G. In particular, if ¢ = 1¢, then we deduce that if = jf foralli € I and
j € J. Thus f is constant with value h~!, for some h € G. Finally, rearrange
if ~gv-(jf)~ = gtoobtain gy = (if)~"-g-jf =hgh™".

(<) Let (4,9,j) € M be arbitrary. Then

(1,9, 1) (N, F19) = (N if - gv- (GF) 71 GA) = (b7 - hgh™ - h, j) = (i, g, 7),
and so [\, 7, f]¥ € ker(P). O

It follows from the previous two lemmas that Aut M is isomorphic to the quo-
tient of the subgroup (Aut M)¥ ! (consisting of elements in AutI'(M) x AutG x
G'Y7 satisfying (1)) by the normal subgroup of AutI'(M) x AutG x G'°7 with
elements of the form

[1AutF(M)7g — hgh_l,x = h_l}v

for some h € G.

Roughly speaking, a preliminary version of the algorithm to compute Aut M is
now clear; search through a transversal of cosets of ker(¥) in AutI'(M) x AutG x
G'7 and test if every element satisfies (1). The size of the search space in this case
is

|AutT(M)| - |Aut G| - |GFIFIT1=1,
With a little more thought we can reduce the size of the search space considerably.

We start by considering how to find triples in AutT'(M) x AutG x GV that
satisfy (1). We give a method of constructing all the functions f € GY7 such that
[\, 7, f] satisfies (1) for fixed A € AutI'(M) and v € AutG.

Let K1, Ko, ..., K be the connected components of I'(M), for every i let T; be a
fixed spanning tree for K; and let r; be a fixed vertex in Kj;.

If X\ € AutI'(M), v € AutG, and g; € G are arbitrary, then we will define a
binary relation p; = pk,()\,7,9;) C K; x G using a function p’ : K; — G in the
three steps below. The idea is to define p’ to equal g; on the representative r; and
to propagate this value to the other vertices using the tree T;. The edges of K; \ T;
are then used to obtain the full relation p;.

Step 1: the definition of p’ is initiated by letting r;p’ = g; for 1 < i < t.

Step 2: if (z,y) is an edge in T; with yp’ defined but zp’ undefined, then assign
1’,0, — p;)},mk : yp/ *Py,x” fxel
Paryr - Yp - (Dayy) ™t ifz € J

Step 2 is repeated until zp’ is defined for all vertices x in K;. Since T; is a
tree, p’ is a function.
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FIGURE 1. The graph I'(M) from Example 2.5.
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FIGURE 2. The spanning tree T of I'(M) from Example 2.5.

Step 3: if x € I, then define zp; to be the union of {zp'} and

{Dynor-UP - Dyay : (2,y) € K\ T, }.
Otherwise, x € J and zp; is defined to be the union of {zp'} and

{pw)\,y)\ 'yp/ : (pw,y'}/)il : (xay) € K’i \rfl }

The following is an example of the above procedure.

Example 2.5. Let M denote the Rees matrix semigroup M°[Cs; {1,2},{3,4,5}; P
where C3 = {1, z, 2} is the cyclic group of order 3 and

1 1
P=11 0
1 =z

A diagram of the graph I'(M) is shown in Figure 1 and by inspection AutI'(M) =
{(35) ). The automorphism group of C3 is AutCs = (x — 22 ). Letr = 1 be
the fixed vertex in the unique connected component K of I'(A/) and let T' be the
spanning tree for I'(M) with edges {(1,3), (1,4), (1,5), (2,3)} as shown in Figure
2.

Now, let A = (35), 7 : @ — xand ¢ = 1 € C3. Then from Steps 1 and 2 we

obtain
, (1 2 3 45
P=\1 22 1 1 1)
From Step 3, 1p = {1p'} = {1} = 3p =4p,

2p = {20/, P55 01 - 50 1527} = {27}
and
5p = {50, psxan 20" - (p5.27) "} = {1, 2},
and the example is complete.
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Throughout the remainder of the paper we will denote the relation

t

UpKi()‘a’Vagi) - (IUJ) x G
=1

by p(A, 7, ) where § = (g1, 92, - .-, 9¢) € G* (the direct product of ¢ copies of G).

Lemma 2.6. Let [\, 7, f] € AutT(M) x AutG x GIY7. Then [\,v, f]V € Aut M if
and only if the relation p(\,~, §) where G = (11 f,rof,...,ref) € G equals f.

Proof. Throughout the proof we will denote p(), v, §) by p.

(=) We start by proving that f equals the function p’, given in the above proce-
dure, by a finite induction on the least length d(z) of a path from any « € T; to the
fixed vertex r; € K. Starting the induction with x € I U J where d(z) = 0, we get
x=mr,andsoxp =rp =r;f =xf.

Assume that yp’' = yf forally € T U J such that d(y) < m — 1. Thenletz € J
where d(z) = m. It follows, from the construction of p/, that zp" = pyxyr - yp' -
(pzyy) ! forsome y € I withd(y) = m—1. Thus zp’ = payr - uf - (Pzyy) ' =af
since f satisfies (1). The proof in the case that = € I follows analogously.

Now, if x € I, then

wp ={xp' Y U{p s on - uP Pyay ¢ (w,y) € K\ T }

Butp,\ .y UP Pya¥ = Pynor YU -Pyay = zf, by (1), and zp’ = zf. Thus zp = xf,
as required. The proof in the case that = € J follows analogously.

(«) By the construction of p and the fact that p is a function, we have that
ip = pj_/\l’M -jp-pjiyforalli € I and j € J with p;; # 0. Hence p satisfies (1) and
so, by Theorem 2.2,

(A7, pl¥ = [Ay, fIP € Aut M,

as required. O

So, to find the functions in G'Y”/ that satisfy (1) it suffices, by Lemma 2.6, to
find which of the relations p(},, §) are functions. More precisely, let G; = { g €
G : pk.(\7,9)isafunction }. Then p()\,~,3) is a function for some g € G* if
and only if § € G; x G2 X --- x Gy. In other words, the relation p(\,~, §) can be
defined on each connected component K; independently of the other connected
components. Therefore the size of the search space is reduced from |AutI'(M)| -
|Aut G| - |G11H171=1 to

2) |AutT(M)] - |AutG| - 1G],

where ¢ is the number of connected components of the graph I'(M). Note that if
(M) is a tree, then p()\, v, §) is a function for all § € G*.

The centre of G is denoted Z(G). The following lemma allows us to reduce the
size of the search space given in (2) further still.

Lemma 2.7. Let [\, 7, f] € AutT'(M) x AutG x G such that [\,~, f]¥ € Aut M
and let 6 € yInnG. Then there exist § = (g1,...,9:) € G* such that [\,~, f]¥ =
[\, 8, p(N, 6, §)]W.

Moreover, if hy € g1Z(G), then there exists ho, ..., h, € G such that [\,~, f]¥ =
[\, 6, p(A, 6, )| where h = (hy, ha, ..., hy).
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Proof. We start by proving a related claim. Let A\ € AutI'(M), v € AutG, let
g=1(91,92,-..,9:) € Gt,and let k € G such that [\, ~, p()\, 7, Gk)]¥ € Aut M. Then
we will prove that

(3) [)‘7’77p(>‘577§k)]\11 = [>\;'y¢k7p()\,’y¢k,§)]\1]7

where ¢y : g — kgk~! € InnG.
Let p = p(A, v, gk). Then it suffices to prove that [\, Yo, p(X, 7ok, §)] and [\, v, p]
are in the same coset of ker(¥) in AutI'(M) x Aut G x G'°7. Consider the product

[)‘773 p] < [1AutF(M)’ d)k?a Cp—1 1T = k_l] = [)\,7@5}07 )\ck’l *p(bk]
By Lemma 2.4, [1 Ayt p(py): @k k2] € ker(¥) and so

[A,’Y, p}\lf = P‘a’y(bk’ Ack*1 *pd)k}\IJ € Aut M.
Ify = Aep-1 *x pdy : T UJ — G, then (z)y = xp - k~ . In particular, if z = r; for
some 1 < i < ¢, then (z)y = zp-k~! = rip- k~! = g,. Hence, by Lemma 2.6,
y = p(\,vék, §), as required.

We will now use (3) to prove the lemma. Let [\, v, f] € AutT'(M) x Aut G x GIV/
such that [A,v, f]¥ € AutM and let § € yInnG be arbitrary. Then there exists
k € G such that v = 6¢; where ¢y, : g — kgk™! € InnG. By Lemma 2.6, f =
p(\, v, Gk™1) for some g = (g1,...,9:) € G'. Hence by (3) we have that

Ny, F1 = [N, 60k, p(N, 66w, GkIW = [A, 8, p(, 6, §)] P,
and the proof of the first part of the lemma is complete.
Let by = g1z € 1Z(G) be arbitrary, let h; = gigflhl foralll < ¢ < t, and let
h = (h,...,ht). Then hitg: € Z(G) and so Phtg, = lAute Thus again using
(3) we obtain

A8, p(A 8, MW = (A, 86, 1, p(N, 6,1, B)] W =
(A3, p(\, 8, kb g)]W = [\, 8, p(\, 8, §)]¥ = [\, v, f] ¥,

as required. O

From Lemma 2.7, the size of the search space becomes
4) [AutT'(M)] - |Aut G/Inn G| - (|G/Z(G)] + (t = 1)[G]),

where t is the number of connected components of I'(M) and the number of auto-
morphism is at most

(5) |AutT(M)| - |AutG/InnG| - |G/Z(G)| - |G|*~1.

Note that there are some small values where (5) is smaller than (4), as can be seen
in Example 2.11.
It is routine to verify that

U={(\7) €AutT(M) x AutG : 3f € G'") ([N, v, f]¥ € Aut M) }

is a subgroup of AutI'(M) x AutG. As such, in our algorithm to compute Aut M,
we can use backtrack search in AutT'(M) x AutG to determine U. The worst case
complexity of such a search is |[AutI'(A)| - |Aut G| but in many examples we have
better complexity. We prune the search tree using the fact that (\,v) € U if and
only if (A\,6) € U for all § € yInn G (by Lemma 2.7).
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If (\,) € U, then choose f, , € GI° such that [\, 7, fr,]¥ € Aut M. Let T be
a fixed transversal of Inn G in Aut G, let

A={[\7fn]: (AWy)eUandyeT,
and let
B ={[Lautr LAutg: f] € (AutM)¥~ = fe GIY )
Lemma 2.8. { AV, BU ) = Aut M.
Proof. We start by proving thatif [, ~, f], [\, 7, g] € (Aut M)¥ ! are arbitrary, then
there exists (LA yt r(ar) LAut o+ 1) € (Aut M)¥~" such that
(6) [)‘a%f]o[1Autp(M)>1AutG»h] = [\, 9]
Ifh=X"tgxA"1f~!, wherezf~! = (zf)"!, then
A7 1o Mautran: Laut e Fl = v Ao A gx AL 1) « 1]
and (z)Ao A lgx A1 f Y x f =29 (zf)~' - 2f = xg. Hence it suffices to prove
that UAutI‘(]VI)’ Laute MY € Aut M.
Leti € I and j € J such that p;; # 0. Then, since [\, ~, f] and [}, 7, g] satisfy
(1), we have that
(GP) " pja-ih = (A g AT T T - (DA g R AT !
= GATYTY) T (AT ) g i g (DAL
= GAXH T e ppeamy s (AT
= JA U ppiay (AT T =y
Hence [1AutF(M)’ 1Ayt o P satisfies (1) and so is in (Aut M) ¥~
To conclude, let [\,7, f] € Autl'(M) x AutG x G/ such that [\, v, f]¥ €
Aut M be arbitrary and let § € T such that v € dInnG. Then, by Lemma 2.7,
there exists ¢ € G/ such that [\, v, f]¥ = [)\,6,9]¥. From (6), there exists
1 Autriar LAut - Pl € (Aut M)V¥~1 such that
[A, 0, fx6] @ [lAutF(M)’ Laute: Ml =[N 6, 9]
Thus, since ¥ is a homomorphism, it follows that
6, Pl - aut e Laut o ¥ = A 6.g1% = [\, 7. £,

But [\, 4, fas] € Aand UAutr(M)v L Aut o 1l € B and the proof is complete. O

To improve matters further, it is useful to have an a priori known subgroup of
the group U. The following lemma provides such a subgroup.

The group AutI'(M) acts on the set of |J| x |I| matrices with entries in G U {0}
by permuting its rows and columns. More precisely, if A € AutI'(M), then define

(pj.i)iesier = (Pirin)jesier-

Hence we can consider the pointwise stabilizer AutI'(M ) p) of (the point) P un-
der the action of AutT'(M). Moreover, as AutG acts on G, we can consider the
pointwise stabilizer Aut G p) of the entries in P in AutG.

Lemma 2.9. AutT'(M)py x Aut Gp) is a subgroup of U.
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Proof. Let A € AutI'(M)p), let v € AutG(py, and let f € G'”7 be defined by
xf = 1¢. Then

Py =Dii = la i la = (G pinar - (if)
for all p;; # 0. Hence [\, v, f][¥V € AutM and so Autl'(M)py x AutG(p) is a
subgroup of U. O

The algorithm used to compute the automorphisms of an arbitrary finite Rees
matrix semigroup is given in Algorithm 1.

Algorithm 1 - The automorphism group of a Rees matrix semigroup.

1: S « stabilizer chain for AutT'(M) x AutG

2: find AutF(M)(p) X AutG(p)

3: backtrack in S to find U < AutI'(M) x Aut G and simultaneously the set A
4: T «— atransversal of Z(G) in G

5: Gl,G27...,Gt(—@

6: foriin {1,2,...,t} do

7: forgeTifi=1lorge Gifi# 1do

8: find p = pr, (L Aut vy LAut ¢+ 9)

9: if p is a function then

10: G; — G; U {p}

11: end if

12: end for

13: end for

14: B(_{[lAutF(M)’lAutG’f] : fKi:pEGifOI'aHi}

—_
a1

: return ( AV, BU )

2.1. Examples. To conclude the section we give several examples.

Example 2.10. Let M denote the Rees matrix semigroup given in Example 2.5,
where G = {1,z,2%}, AutTI'(M) = ((35) ), AutG = (x — 22 ), G/Z(G) is trivial,
and the number of connected components in I'(M) is 1.

The orbit of P under AutI'(M) in the set of 3 x 3 matrices with entries in GU{0}
is

11 1z
P=[1 of,[1 o
1 z 11

and so AutI'(M)py is trivial. Likewise, the orbit of AutG on the set of entries
{1,z}in Pis
{1, 2}, {1,2°}}
and so Aut G p) is trivial.
The only non-identity element of the subgroup U is
((35),z = a%) = (A7)

and the corresponding function is

f—12345
M T 22011 1)
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Since G/Z(G) is trivial, B consists of a single element represented by the triple
[lAutF(M)’ 1AutGa (1)]
It follows that Aut M = ( [L oyt p(apys Lauee, (1)) [(35), 2 — 22, (1)]) = C.

Example 2.11. Let M denote the Rees matrix semigroup M°[Cs; 5, 5; P] where
Cs = {1,x,...,2°} is the cyclic group of order 6 and
4

0 z* = 0 O
0O 0 0 1 0
P=|0 0 0 z* 2°
z2 0 0 0 0
22 0 0 0 =z
The graph I'(M) is

1 6

2 7

3 8

4 9

5 10

and so AutI'(M) = ((14)(79)(810),(23) ). The automorphism group of Cs is
AutCs = (z +— 2° ) and Inn Cs is trivial. Since Cj is abelian, Z(Cs) = Cs. Thus
there are at most

[AutT'(M)| - |JAut G/InnG| - |G/Z(G)| - |G| =4-2-6 =48

automorphisms of M.

The stabilizer of P under AutT'(M) in the set of 5 x 5 matrices with entries in
G U {0} is trivial. Likewise, the stabilizer under AutG of the entries {1, z, 2%, 25}
in P is trivial. The generators of U found during the backtrack search are:

(1Aut F(M)vx = 1,5)7 ((2a 3)’ 1AutG)7 ((1 4)(79)(8 10)a 1Autg)

with the corresponding functions

1 x2 2 2?2 ozt 2% 2P

123 4 5 6 7 8 9 10y (1 2 3 4 5 6 7 8 9 10
1 1 1 A1 1 1 1 1 1 1 1

123 4 5 6 7 8 9 10
1114212421a

X x T T T
respectively. The set B consists of 6 elements represented by the triples
[ Aut rary Lawa, (1, 2)]

with 1 <4 < 6. The group generated by AV and BV has 48 elements and it can be
shown that Aut M = Oy x Cy x Cy X Ss.

Example 2.12. Let M denote the Rees matrix semigroup M°[Sy; 6, 2; P] where Sy
is the symmetric group of degree 4, let 1 denote the identity of Ss, let z = (123),

and let
1 0 z71 0 x 0
P= (O 1 0 z=' 0 a:) '

The graph I'(M) is
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DO W -

and it can be shown that AutI'(M) = ((35),(46),(24),(12)(34)(56)(78))(= (S3x
83)1C2). The group Aut S, equals Inn S, and is isomorphic to Sy. The centre Z(S,)
of S, is trivial. Thus there are at most

|JAutT(M)| - |Aut S;/Inn Sy| - |S4/Z(S4)| - |Sa| = 72 -1 - 24% = 41472

automorphisms of M.

The stabilizer of P under AutI'(M) in the set of 2 x 6 matrices with entries in
SsU{0}is ((12)(34)(56)(78) )(=2 C3). The stabilizer under AutS;, of the entries
{1,z,27 '} in Pis (y — y® }(2 C3) where y* denotes conjugation by = = (123).
The generators of U found during the backtrack search are:

(1AutF(M)7x = .13(12)), ((46)533 = 33(142)), ((3 5),3;‘ — x(142))’
((264), 2 — z(139) ((12)(34)(56)(78), Iauts,)

with the corresponding functions arising in every case from the pair (1s,, 1s,).
The set B consists of 576 = (4!)? elements represented by the triples

[1AutF(M)7 Lautsss (f,9)]

3. INNER AUTOMORPHISMS

Let S be a semigroup of transformations of the n-element set {1,2,...,n} and
let g be an element of S,,, the symmetric group on {1,2,...,n}. If the mapping
bg 1 s — gsg~! is an automorphism of S, then it is called an inner automorphism.
Note that the notion of an inner automorphism of a semigroup differs from the
notion of the same name for groups. The group of all inner automorphisms of §'is
denoted by Inn S. The purpose of this section is to give an algorithm to compute
the inner automorphisms of S.

In what follows Ims(.S) denotes the set of images that elements of S admit. If
f € S, then the kernel of f is the equivalence relation ker(f) = { (z,y) € S
xf = yf }. We let Kers(S) denote the set of kernels that the elements of S admit.
Both Ims(.S) and Kers(S) can be found by using a simple orbit algorithm without
computing the elements of S. As usual, if G is a subgroup of S,, and N is a subset
of {1,2,...,n}, set of subsets of {1,2,...,n}, or subset of S, then G {1 denotes the
setwise stabilizer of N in G.

Algorithm 2 makes use of the following straightforward lemma to compute the
inner automorphism group of S.

Lemma 3.1. Let S be a semigroup of transformations on {1,2,...,n}, let X be a gen-
erating set for S, and let I = S,,. ThenInnS = { ¢5 : s — f7lsf | f € Tims(s)y N
Tikers(s)y and X ¢y C S }.
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Proof. Let ¢y € InnS where f € S,. Then ¢; is bijection from S to S and so
Ims(S¢s) = Ims(S) f = Ims(S), Kers(S¢s) = Kers(S) f = Kers(S5), and X¢; C S.
In particular, f € Iims(s)y N LiKers(s)}-

For the converse, let f € I{ims(s)} N Ikers(s)} such that X¢y C S. The latter
condition implies that ¢ is a homomorphism from S into S. Since f € &, it
follows that ¢y is injective. Hence ¢y € Inn S. O

The sets Ims(.S) and Kers(.S) are a fundamental part of almost every computa-
tion involving transformation semigroups, so much so, that if we cannot compute
these sets, then we are unlikely to be able to compute anything else of interest.
There are sophisticated methods for determining stabilizers of sets efficiently in
permutation groups using partition backtrack search. In particular, such methods
apply to the computation of I{ims(s)} N I{kers(s)y when I = S,,. Such methods are
implemented in GAP and are utilized in our implementation in [30].

To find the inner automorphisms of a semigroup S on {1,2,...,n} generated
by a set X, we perform a backtrack search in G' = I{ims(s)} N IKers(s)} fOr elements
f such that X¢; C S. We can improve the backtrack search in the following
three ways. Firstly, we take the elements z,...,z,, of X as the base points for
our stabilizer chain for G. In this way, we can prune the search tree by never
considering elements f € G such that f~'z;f € S. Secondly, if f,g € G such that
2/ = 29 for all 1 < i < m, then we do not distinguish between f and g. This
improves the search as we can ignore any remaining base points after z,,. Thirdly,
the setwise stabilizer G x of the generators of S in G is a subgroup of Inn S that
can be easily computed.

Algorithm 2 - Inner automorphisms of a transformation semigroup S = ( X ).

compute Ims(.S) and Kers(.5)
IS,
I — Ims(s)
if [ is not trivial then
I — Ixers(s)}
if [ is not trivial then
compute [ (xy < Inn S
backtrackin I tofind A={fel : X¢;CS}
end if
end if
creturn { ¢y : fEA}

Y 2N TNy

_ =
_ O

Example 3.2. Let R denote the group ring of the cyclic group Cy of order 4 over
the field with 2 elements. Then using the semigroup theoretic analogue of Cayley’s
theorem we can find a transformation semigroup S with generating set

X__12345678910111213141516
T \1 3791 155 11 131113 3 5 15 7 9 )

(1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Y=\1 16 9 6 5 8 13 12 15 2 3 4 7 10 11 14 )°
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1 8 11 2 5 16 13 14 3 6 15 10 7 4 9 12

that is isomorphic to the multiplicative semigroup of R.

The setwise stabilizer J of Ims(S) in 16 has 3870720 elements, and the setwise
stabilizer I of Kers(S) in J has 4096 elements. There are 16 elements in the stabi-
lizer I;xy of the generators X in I.

As it turns out, Inn S = Aut S = C5 x Dg; see Section 6 for more details.

Z_<12345678910111213141516)}

The overall aim is to compute Aut S for an arbitrary S. In conjunction with
Algorithm 2, the following theorem gives us a method to do this in one special
case.

Theorem 3.3. Let S be a semigroup of mappingson {1,2, ... ,n} such that forall s,t € S
there exists a constant mapping k € S such that ks # kt. Then Aut S = Inn S.

Proof. For a proof see [39, Theorem 1] . O
Corollary 3.4. If S contains all the constant mappings, then Aut S = Inn S.

The converse of Theorem 3.3 is not true. For example, if S is the semigroup
from Example 3.2, then the mapping with constant value 1 is the only constant
in S. However, the generators do not satisfy the condition of Theorem 3.3 and
AutS =InnS.

4. THE MAIN ALGORITHM

In this section we give the main algorithm for computing the automorphism
group Aut S of a finite transformation semigroup 5. Throughout the remainder
of this section we assume that S is a finite transformation semigroup. Of course,
since every finite semigroup is isomorphic to a finite transformation semigroup
the algorithm described in this section can be used to compute the automorphism
group of an arbitrary finite semigroup.

As mentioned in Section 1 the algorithm consists of searching through a space
of candidates and testing if the elements are automorphisms. Our principal fo-
cus in this section is to reduce the size of the search space by considering cer-
tain structural aspects of S that are preserved by automorphisms. The main as-
pect we consider is Green’s D-relation. Let S denote the semigroup S with a
new identity adjoined, that is, an element 1 that acts as an identity on the ele-
ments of S. Then Green’s L-relation is the set of pairs (z,y) € S x S such that
Stz = {sz : s € S'} = Sly; denoted by xLy. Green’s R-relation is defined dually
and denoted by xRy. Although both Green’s £- and R-relations are preserved
by automorphisms of S (see Lemma 4.1(i)), we are interested in their composition
D = Lo R. Like £ and R, Green’s D-relation is an equivalence relation and as such
partitions the set of elements of S into D- classes.

Using the fact that S is finite, it can be shown (see [21, Proposition 2.1.4]) that
xDy if and only if S*xS! = S'yS!. This alternative formulation leads to a natural
partial order on the D-classes of S: Dy <p Dy if S'zS! C S'yS? for some z € D,
and y € Ds.

So far, S has been partitioned into D-classes and arranged in a partial order <p.
Let us now inspect the individual D-classes more closely. Let D be a D-class of S.
Then define D* such that D* = D if st € D for all s,¢ € D and D* = D U {0}
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otherwise and define multiplication on D* by

; st ifs,t,and st € D
skt =
0 ifs,t,orst ¢ D.

Then D* is a semigroup, called the principal factor of D. What is more, D* is either a
zero semigroup or a simple semigroup with or without a zero [21, Theorem 3.1.6].
It follows by the Rees-Suschkewitz Theorem [21, Theorem 3.2.3] that a D-class
of S can be thought of as a Rees matrix semigroup as described in Section 2. If
st € D forall s,t € D, then the construction in the proof of the Rees-Suschkewitz
Theorem yields an isomorphism from D to M°[G; 1, J; P] \ {0}. However, in this
case Aut M°[G; 1, J; P] = Aut M°[G; I, J; P]\{0} and so without loss of generality
we can ignore the distinction.

Let D; and D3 be D-classes of S. Then ¢ : D1 — Dy is an isomorphism if it is the
restriction to D; of an isomorphism between D} and D3; we will denote this by
D, = D».

The following simple lemma is our main tool for reducing the size of the search
space in Algorithm 3.

Lemma 4.1. Let S be a semigroup, let Dy and D be D-classes of S, and ¢ € Aut S. Then
the following hold

(i) ¢ preserves Green’s D-relation (x¢pDy¢ if and only if Dy);
(ii) ¢ preserves the partial order <p of D-classes (D1¢ <p Da¢ if and only if D1 <p
D»);
(iii) if D1¢ C Dg, then Dy and Dy are isomorphic.

Let S be an arbitrary finite semigroup generated by a set X with D-classes
Diy,D,,...,D;. Using Lemma 4.1, we can now define the group inside which
Aut S lives. Let Aut‘p denote the group of automorphisms of the partial order
B of D- classes of S such that Dy = D for all ¥ € AutP and all D-classes D,
and let ¢; ; : D; — D, be a fixed isomorphism for every pair of isomorphic D-
classes D; and D; such that ¢; ; o ¢, = ¢, for all 4,5, k. Let ¥ : AutP —
Aut (AutD; x --- x Aut D;) be defined by

(L/))\I’ : (61a SRR 5t> = (¢1,1¢*151w*1¢1_)1w—17 SRR ¢t,t¢*16tw*1¢t_¢1¢—l)a

where we follow the convention that D;¢) = D;,. Then form the semidirect prod-
uct of Aut Dy x- - -x Aut D, by Aut 3 via ¥; denoted (Aut D, x- - -x Aut D;) x Aut ‘.
An element f = (61,09,...,d;, %) of (AutD;y x -+ X Aut D) x AutP3 acts on S as
follows

Sf = S(sid)i’iw if s € D;.
Theorem 4.2. Aut S is isomorphic to a subgroup of (Aut Dy x - -- x Aut Dy) x Aut*B.

Proof. This is a straightforward corollary of Lemma 4.1. O

Of course, in order to compute Aut S we only have to consider the images of the
generators of S under elements of (Aut D; x - - - x Aut D;) x Aut . Moreover, there
may be elements of Aut D;, besides the identity, that fix the generators X N D; in
D, pointwise. Let D1, D, ..., D, be the D-classes containing generators, and let T;
be a transversal of the cosets of the pointwise stabilizer (Aut D;) xnp,) of X N D;
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in Aut D;. Then, we will search through the elements of the set
[T} x -+ x T,.] x Aut’B.

The elements in the search space will be tested to see if they induce automor-
phisms of S. Since every element in the search space induces a bijection from S
to S it suffices to find a presentation defining S and to test if the images of the
generators satisfy the relations of this presentation. The Froidure-Pin Algorithm
[11] conveniently allows the D-classes of S, the partial order of D- classes of S, and
a presentation that defines S to be calculated more or less simultaneously. Thus
nothing is lost by requiring that we know a presentation for S.

The automorphism group of the partial order of D-classes can be computed
using the method given in [28] implemented in nauty [29] and available through
the GAP package GRAPE [38]. Finally, since S is a transformation semigroup it is
possible to verify if it is simple using [15, Proposition 2.3]. Algorithm 3 describes
how to compute the automorphism group of S.

We remark that the semidirect product in Theorem 4.2 is relatively difficult to
represent in the computer and so does not lend itself to backtrack search. In par-
ticular, there is no obvious way to prune the search tree in this case. Moreover,
it is unlikely that we would reach the point in the algorithm in such cases that
backtrack search would help, as in these cases we might be unable to compute the
D-classes or a presentation for S. We hope to address these problems in future
work.

Examples 4.3, 4.4, 4.5, and 4.6 are examples of the algorithm at work; the unex-
plained steps can be verified using GAP.

Example 4.3. Let us return to the multiplicative semigroup S of the group ring
R defined in Example 3.2. The semigroup S is not simple and S does not satisfy
the hypothesis of Theorem 3.3. Using the Froidure-Pin Algorithm we compute the
following presentation that defines .S

2 3

(r,y,2 | yr=uwy, 20 =z, 2y =1yz, 22 =y?, 222 = 2%y, 2yz = x, 23y = 23,
2,2 _ .2 3 _ 2, _ 5 _ 4 .5 _ 4, _
Ty’ =x°, xy’ =xz, Y’z =wy, v’ =%, y° =y, Yz =2).

The D-classes in S are: D; containing the generators y and z, D> containing the
generator x, D3 and D, respectively containing the mappings

123 4 5 6 7 8 9 10 11 12 13 14 15 16
1 75 131 71 13 5 13 5 7 1 7 5 13

123 45 6 7 8 9 10 11 12 13 14 15 16
151515151 5 1 5 1 5 1 5

and Ds containing the constant mapping with value 1.

The partial order P of the D-classes is just a chain with D; >p Dy >p D3 >p
Dy 2p Ds. Hence Aut‘p is trivial. Now, D7 is isomorphic to the group Cs x Cs
and D3 is isomorphic to a zero semigroup with 5 elements. Using Algorithm 1 it
can be shown that Aut D; is isomorphic to the dihedral group with 8 elements and
Aut D, is isomorphic to Ss. The pointwise stabilizer of the generators in D; and
D, with respect to Aut Dy and Aut D, contain 1 and 6 elements, respectively. Thus
the transversals T and T5 of cosets of these stabilizers in Aut D; and Aut D, are
of length 8 and 4, respectively. Thus the search space contains |T}| - |T3| - |[AutB| =
8-4-1 =32 elements.
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Algorithm 3 - The automorphism group of a finite transformation semigroup S =
(X).

1: if S is simple then

2 apply Algorithm 1 to S

3: else

4 A « Inn S from Algorithm 2 (automorphisms)
5: if S satisfies Theorem 3.3 then
6

7

8

9

return A
else
R «— relations of presentation defining S
: compute D-classes D1, D», ..., D, containing generators and Aut ‘3
10: find transversals 71, 5, . . . , T, of pointwise stabilizers of X N D;
11: Q—[T) x - xT,] x AutP
12: i < 0 and B < {} (non-automorphisms)
13: while 2|A| + |B| < || and i < |2| do
14: i« i+ 1and Q; < the i*" element of
15: if not ; in A or B then
16: if X Q); satisfies the relations R then
17: A— (A Q)
18: else
19: B+ BUAQ;A
20: end if
21: end if
22: end while
23: end if
24: end if
25: return A

Recall from Example 3.2 that Inn S = C5 x Dg. Therefore AutS = Inn S if and
only if there is a single element in (77 x T5 x Aut’P) \ Inn S that does not induce
an automorphism of S.

As it turns out, such an element exists and so AutS = Inn S = Cy x Dg.

Example 4.4. Let S be the semigroup generated by the following transformations
x_J,_(t 23450678 (123456738
“1*"\4 4888848/ (82825 58 8)
(1 2 3 45 6
T 8

8 ,_(1 23456738
8 8 3 7 3 87" \8 6 6 8 6 8 8 8/
Incidently, the semigroup S is Knast’s example of a semigroup that lies in the
variety LJ (locally J-trivial semigroups) but not in the variety B; (the variety of
semigroups corresponding to the dot-depth one languages) as given in the manual

for [34]. The semigroup S has 30 elements.
The set Ims(S) of images that elements of S admit is

{{2,5,8},{2,8},{3,7,8},{3,8},{4,8},{5,8},{6,8}, {7, 8}, {8}}

and the setwise stabilizer I{ims(s)y of Ims(S) in I = Sy is the permutation group
generated by {(46),(23)(57),(2357)} (I1ims(s)} = Ca x Dg). The set Kers(S) of

ENEEN |
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kernels that elements of S admit is
{{{1,2,3,4,5,6,7,8}},{{1,2,3,5,6,8}, {4, 7}}, {{1,2,4,5,7,8}, {3,6}},
{{1,2,5,8},{3,6},{4,7}},{{1,2,7},{3,4,5,6,8}},{{1,3,5,6,7,8}, {2,4} },
{{1,3,7,8},{2,4},{5,6}},{{1,3,7,8},{2,4,5,6}},{{1,4,6,7,8},{2,3,5}}}
and the setwise stabilizer of Kers(S) in I{img(s)y is trivial. Thus Inn S'is trivial.

The presentation

(xyy,z,t | at=a2 1y =y,yz=ato =012 =22 2y =222 = 2,2% = 2°

mzy =22, 2%z = xz,myﬂc =x, 020 =x,r2t = mz,yan = xQ,tym =22,
tyt =t tzw = 2% tzt = t, z2% = 2?)
defines S. The generators z,y, z,t of S lie in the distinct D-classes D, ... Dy, re-
spectively, and there are two further D-classes D5 and Dg with representatives

1 23 456 78

6 6 8 8 8 8 6 8
and the constant function with value 8, respectively. The Hasse diagram of the
partial order of D-classes is

Dy D3
D, D,

Ds
Dy

and AutP = ((23), (14))(=2 CaxCs). It can be shown that D; = D, =2 MG} 3, 3; P]
where G = {1} is the trivial group and P is the matrix

1 10
1 01
0 11

Furthermore, Dy and D3 are both isomorphic to the trivial group. Using Algo-
rithm 1 it can be shown that Aut D; = Aut D4 = S5 and clearly Aut D, and Aut D3
are trivial. It turns out that the stabilizers of X N D; and X N D, under the action
of the respective automorphism groups have size 2. Thus the search space has size

(3!1/2)% - |AutP| = 3 - 4 = 36.

As it turns out none of the non-identity elements in the search space are automor-
phisms and so Aut S is trivial.

Example 4.5. Let S be the semigroup generated by the following set of transfor-
mations

X:{:c:(l23456789)y=<123456789>}
2 3 45 6 7 8 9 1)’ 4 2 3 4 5 6 7 8 9
Then S has 40266 elements.

If I = Sy, then Ijmg(s)y has 1296 elements and so does the stabilizer of Kers(S)
in Ifims(s)}- It can be shown using Algorithm 2 that InnS = (Cg x C3) x Cy
(the group with identification number [54, 6] used in the Small Group library [4]
available in GAP and MAGMA [26]).

The number of D-classes in S is 11 with the generators x and y is different D-
classes D, and D,. Now, Aut D, = Cs and Aut D, is a group with 93312 elements.
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The stabilizer of x in Aut D, is trivial but the stabilizer of the generator y in Aut D,
has 5184 elements. Thus

6-(93312/5184) - [AutP| = 6 - 18 - 1 = 108.

As it turns out, exactly half of the elements in this space are automorphisms and
AutS =InnS = (Cg X Cg) X CQ.

Example 4.6. Let S be the semigroup generated by the following set of transfor-
mations
o, (12345678 9 10 11 12
“1"T\1 2345679 10 11 12 8 )°
(1 2 3 4 5 6 7 8 9 10 11 12
Y“\1 145673809 10 11 12)°

Z_(123456789101112)}
1143 5 6 7 8 9 10 11 12 /|-

Then S is a Clifford semigroup, that is, a strong semilattice Y of groups G, y € Y,
with respect to the homomorphisms ¢, , : G, — G, (multiplication is defined by
st = (8)¢s,s1(t) P s1). In particular, the semilattice in this case has 2 elements a > b,
the groups G, = C5 and G = C5 x S5 correspond to the D-classes D, of x and
D, . of y and z, respectively, and the homomorphism ¢, ;, : G, — G} is defined by
x — z22.

If I = 812, then Ijine(s); has 39916800 elements and the stabilizer of Kers(S5)
in I{ms(s); has 3628800 elements. It can be shown using Algorithm 2 that Inn S
has 480 elements. Note that without the use of backtrack search in Algorithm 2
computing the inner automorphisms of S was very time consuming.

The automorphism group of the partial order I3 of D-classes of S is trivial. Now,
AutCs = Cy and Aut Cs x S5 = Cy x S5, the stabilizer of x in Aut D,, is trivial and
the stabilizer of y and z in Aut D, , contains 4 elements. Thus the size of the search
space is

4.(480/4) - [AutP| =4-120- 1 = 480.

Hence Aut S = Inn S is a group with 480 elements.

5. SMALL SEMIGROUPS

In this section we list the isomorphism types of the groups that occur as au-
tomorphism groups of a semigroup, up to isomorphism and anti-isomorphism,
with 1 to 7 elements. We also provide the number of semigroups with a given
automorphism group.

Note that the numbers of semigroups with 8 and 9 elements are 1843120128 and
52989400714478, respectively, and the number of semigroups with 10 elements is
unknown. Consequently it was not possible to compute the automorphism groups
of all of the semigroups of any fixed order greater than 7. The semigroups with 1
to 8 elements are available in the smallsemi package [7] for GAP.

The fourth column in the table contains the group identification number used
in the Small Group library [4] available in GAP and MAGMA [26].
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Automorphism groups | Number of semigroups | Group Id.
trivial 3 (1,1)
Co 1 (2,1)
trivial 12 (1,1)
Co 5 (2,1)
S3 1 (6,1)
trivial 78 (1,1
Co 39 21)
Cg X Cg 3 (4:,2)
S3 5 (6,1)
Sy 1 (24,12)
trivial 746 (1,1)
Co 342 (2,1)
Cs 2 (3,1)
Cy 1 4,1)
S3 33 (6,1)
Dy 1 (8,3)
Do 4 (12,4)
Sy 4 (24,12)
Ss 1 (120, 34)
trivial 10965 (1,1)
Cy 4121 (271)
Cz X 02 441 (4,2)
CQ X CQ X CQ 6 (8,5)
02 X 84 4 (48, 48)
Cs 26 (3,1)
Cy 7 4,1)
D, 49 (12,4)
Dy 17 8,3)
S3 300 (6,1)
S3 x S3 2 (36, 10)
Sy 30 (24,12)
Ss 4 (120, 34)
Se 1 (720, 763)
trivial 746277 (1,1)
(83 X 83) ! CQ 1 (72,40)
Cs 76704 1)
Cy x Cy 7314 4,2)

19
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n | Automorphism groups | Number of semigroups | Group Id.
CQ X CQ X CQ 172 (8,5)
02 X Cg X 83 14 (24,14)

Cy x Dg 10 (16,11)

Cy x 84 45 (48, 48)

Cy x Ss 4 (240, 189)
Cs 412 (3,1)
Cy 82 Z5))

C4 X 02 4 (8,2)
Cs 6 5,1)
Cé 37 (6,2)
D 2 (10,1)
D 790 (12,4)
Dy 169 8,3)
S3 3638 (6,1)

Sg X 83 24 (36, 10)

Sz x Sy 4 (144, 183)
Sy 277 (24,12)
Ss 30 (120, 34)
Se 4 (720, 763)
S7 1 -

From the values in the above table, it seems reasonable to conjecture that asymp-
totically almost all semigroups (up to isomorphism and anti-isomorphism) have
trivial automorphism group. However, we do not know a proof of this statement.

6. GROUP RINGS

Note that Algorithm 3 can be easily modified to compute the automorphism
group of a near-ring, or indeed any algebra with associative binary operations. To
illustrate we compute the automorphism groups of the multiplicative semigroup
of some group rings.

In the following table, G denotes the group, R the ring and S the multiplicative
semigroup of the group ring over G and R. The fourth column in the table contains
the group identification number used in the Small Group library [4] available in
GAP and MAGMA [26].

G R Aut S Group Id.
Cy GF(2) trivial 11
Cs | GF(2) Cs 1)
Cy | GF(2) Cy x Dy (16,11)
Cg X Cg GF(Q) 02 X (((CQ X Cg X Cg X Cg) X 03) X CQ) (192,1538)
05 GF(Q) 04 X CQ (8,2)
Ce | GF(2) Sy X S3 (36, 10)
S; | GF(2) Sy 6,1)
07 GF(Q) 03 X ((06 X 02) X 02) (72,30)
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7. WHAT GROUPS?

In this section we consider the class of groups that occur as automorphism
groups of semigroups. It might be imagined that if this class is restricted, then
we could use this fact to our advantage in the procedures described above. Such
speculation is irrelevant as the following well-known theorem shows that the class
of automorphism groups of semigroups is not in general restricted. Furthermore,
our conjecture remains irrelevant even if we restrict our attention to some of the
most important special classes of semigroup. It is worth noting that, in contrast
to Theorem 7.1, it is known that certain groups do not occur as the automorphism
groups of any groups; for example see [16].

Theorem 7.1. Every finite group is isomorphic to the automorphism group of a finite
semigroup of any of the following types: nilpotent, commutative, Clifford, and Rees matrix
Semigroups.

Proof. We begin by proving that every finite group is isomorphic to the automor-
phism group of a finite semigroup with no further conditions. Frucht’s Theorem
[5, Section 14.7] states that every group G is the automorphism group of some
simple graph I" with vertices V. Let b and r be elements that are not in V. Form a
semigroup from the set S = VU{b, r} by defining the product of adjacent elements
of V to equal b and all other products to equal . The mapping ¢ : S — Sis an
automorphism of S if and only if ¢|y is an automorphism of I', b¢ = b, and r¢ = r.
Thus Aut S = AutI'. Note that the semigroup S constructed above is nilpotent,
and commutative.

In [14] it was shown that every finite group is isomorphic to the automorphism
group of a finite bounded lattice. (Here automorphism means order automor-
phism.) A lattice can be thought of as a Clifford semigroup over trivial groups.
The automorphisms of this semigroup are precisely the order automorphisms of
the lattice. It follows that every finite group occurs as the automorphism group of
a Clifford semigroup.

To conclude the proof we consider the case of Rees matrix semigroups. We will
use the same notation used in Section 2. Let A € AutI'(M) and let 15 be
the unique automorphism of the trivial group G = {1}. Then there is only one
possible function ¢ : I UJ — G, the constant mapping with value 1. The equality
pii = (JO)(Pir-1,ia-1)1 Ayt o (ic) ! holds for all p;; # 0, since both sides equal
1. Thus if M = MP°[G; 1, J; P] is a Rees matrix semigroup over the trivial group,
then, by Theorem 2.2, Aut M = AutI'(M).

Now, any bipartite graph can occur as the graph I'(M) of some Rees matrix
semigroup M. Thus the class of automorphism groups of Rees matrix semigroups
contains the class of automorphism groups of bipartite graphs. In [17] it is shown
that every group is the automorphism group of a bipartite graph; also see [18,
Section 4.8]. O

Corollary 7.2. Every finite group is isomorphic to the automorphism group of a finite
semigroup of any of the following types: orthodox, reqular, completely reqular, and inverse.
ACKNOWLEDGEMENTS

The authors would like to thank Prof. J. Neubtiser and Prof. E. F. Robertson who
originally suggested trying to find an algorithm to compute the automorphism



2 J. ARAUJO, P. V. BUNAU, J. D. MITCHELL, AND M. NEUNHOFFER

group of a semigroup. We would also like to thank Dr M. R. Quick and V. Maltcev
for their helpful suggestions.

REFERENCES

[1] J. Aratjo and J. Konieczny, Automorphism groups of centralizers of idempotents, J. Algebra 269
(2003) 227-239.

[2] J. Aratjo, and ]J. Konieczny, A method of finding automorphism groups of endomorphism
monoids of relational systems, Discrete Math. 307 (2007) 1609-1620.

[3] J. Aratjo and J. Konieczny, Automorphisms of endomorphism monoids of relatively free ands,
Proc. Edinburgh Math. Soc. 50 (2007) 1-21.

[4] H. U. Besche, B. Eick and E. O’Brien, The small groups library, http://www-public.tu-bs.de:
8080/~beick/soft/small/small.html, 2002.

[5] P. J. Cameron, Combinatorics: topics, techniques, algorithms, Cambridge University Press, Cam-
bridge, 1994.

[6] J. ]J. Cannon and D. Holt, Automorphism group computation and isomorphism testing in finite
groups, J. Symbolic Comput. 35 (2003) 241-267.

[7] A.Distler and J. D. Mitchell, The smallsemi package version 0.5, http://www-history.mcs.st-and.
ac.uk/~jamesm/smallsemi/.

[8] B.Eick, C.R. Leedham-Green, and E. A. O’Brien, Constructing automorphism groups of p-groups,
Comm. Algebra 30 (2002) 2271-2295.

[9] V.Felsch and J. Neubiiser, Uber ein Programm zur Berechnung der Automorphismengruppe einer
endlichen Gruppe, Numer. Math. 11 (1968) 277-292.

[10] S. P. Fitzpatrick and J. S. Symons, Automorphisms of transformation semigroups, Proc. Edinburgh
Math. Soc. 19 (1974/75) 327-329.

[11] V.Froidure and J.-E. Pin, Algorithms for computing finite semigroups, Foundations of computational
mathematics (Rio de Janeiro, 1997), 112-126, Springer, Berlin, 1997.

[12] The GAP Group, GAP — Groups, Algorithms, and Programming, Version 4.4; 2006, http://www.
gap-system.org.

[13] L. M. Gluskin, Semigroups and rings of endomorphisms of linear spaces I, Amer. Math. Soc. Transl.
45 (1965) 105-137.

[14] G. Grétzer and ]J. Sichler, On the endomorphism semigroup (and category) of bounded lattices,
Pacific |. Math. 35 (1970) 639-647.

[15] R. Gray and J. D. Mitchell, Largest subsemigroups of the full transformation monoid, Discrete
Math. 308 (2008) 4801—4810.

[16] Z.Hedrlin and J. Lambek, How comprehensive is the category of semigroups? J. Algebra 11 (1969)
195-212.

[17] P. Hell and J. NeSettil, Groups and monoids of regular graphs (and of graphs with bounded de-
grees), Canad. |. Math. 25 (1973) 239-251.

[18] P. Hell and J. NeSettil, Graphs and homomorphisms, Oxford Lecture Series in Mathematics and its
Applications, 28, Oxford University Press, Oxford, 2004.

[19] D. F. Holt, B. Eick, E. A. O’'Brien, Handbook of Computational Group Theory, CRC Press, 2005.

[20] C. H. Houghton, Completely 0-simple semigroups and their associated graphs and groups, Semi-
group Forum 14 (1977) 41-67.

[21] J. M. Howie, Fundamentals of semigroup theory, London Mathematical Society Monographs, New
Series, 12, Oxford Science Publications, The Clarendon Press, Oxford University Press, New York,
1995.

[22] 1. Levi, Automorphisms of normal transformation semigroups, Proc. Edinburgh Math. Soc. (2) 28
(1985) 185-205.

[23] 1. Levi, Automorphisms of normal partial transformation semigroups, Glasgow Math. ]. 29 (1987)
149-157.

[24] A.E. Liber, On symmetric generalized groups, Mat. Sbornik N. S. 33 (1953) 531-544. (Russian)

[25] K. D. Magill, Semigroup structures for families of functions, I. Some homomorphism theorems, J.
Austral. Math. Soc. 7 (1967) 81-94.

[26] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system. I. The user language, J. Sym-
bolic Comput. 24 (1997) 235-265.

[27] A.1. Mal’cev, Symmetric groupoids, Mat. Sbornik N.S. 31 (1952) 136-151. (Russian)

[28] B. McKay, Practical graph isomorphism, Congressus Numerantium 30 (1981) 45-87.



COMPUTING AUTOMORPHISMS OF SEMIGROUPS 23

[29] B. McKay, nauty; 2004, (http://cs.anu.edu.au/ bdm/nauty/).

[30] J. D. Mitchell, The MONOID package version 3.1.3, http://www-history.mcs.st-and.ac.uk/
~jamesm/monoid/.

[31] V. A. Molchanov, Semigroups of mappings on graphs, Semigroup Forum 27 (1983) 155-199.

[32] A. V. Molchanov, On definability of hypergraphs by their semigroups of homomorphisms, Semi-
group Forum 62 (2001) 53-65.

[33] W. D. Munn, Semigroups and their algebras, Dissertation, Cambridge University, 1955.

[34] ]J.-E. Pin, Semigroupe : a program for computing finite semigroups; 2002, http://www.liafa. jussieu.
fr/~jep/Logiciels/Semigroupe/semigroupe.html.

[35] B. M. Schein, Ordered sets, semilattices, distributive lattices and Boolean algebras with homomor-
phic endomorphism semigroups, Fund. Math. 68 (1970) 31-50.

[36] J. Schreier, Uber Abbildungen einer abstrakten Menge Auf ihre Teilmengen, Fund. Math. 28 (1936)
261-264.

[37] A. Serress, Permutation Group Algorithms, Cambridge University Press, 2003.

[38] L. Soicher, GRAPE: Graph algorithms using permutation groups; version 4.2, http://www.maths.
qmul.ac.uk/~leonard/grape/.

[39] R.P.Sullivan, Automorphisms of transformation semigroups, J. Austral. Math. Soc. 20 (1975) 77-84.

[40] E. G. Sutov, Homomorphisms of the semigroup of all partial transformations, Izo. Vyss. Ucebn.
Zaved. Matematika 3 (1961) 177-184. (Russian)



