
Disturbance Decoupling for Polynomial

Systems – Example

Let P = R[X1, X2, X3, X4],

f =


X2

X1

X1X3

X1X4

 , g =


X4 X2X4

1 X2

X3 0
0 1

 , d =


X3

X4

0
0

 , h =

[
X1

X2

]

and ν = 2. First, we compute Ω∗ by Algorithm 2 and the related remark. Set

W0 =

[
1 0 0 0
0 1 0 0

]
,

then we have

W0 · g =

[
X4 X2X4

1 X2

]
, A0 = [−1, X4], B0 = [−1, X4, 0, 0].

Thus, Ω0 = im(·W0) and Ω0 ∩ ker(·g) = im(·B0).
Further, it is

LfB0 =
[
X4, X1X4 − 1, 0, 0

]
,

Lg1B0 =
[
0, 0, 0, −1

]
,

Lg2B0 =
[
0, 2X4 + 1, 0, X2

]
,

which results in Ω0 ( Ω1 = im(·W1) with

W1 =

1 0 0 0
0 1 0 0
0 0 0 1

 .
As above, we derive

W1 · g =

X4 X2X4

1 X2

0 1

 , A0 =
[
−1, X4, 0

]
, B1 = B0.

Hence, Ω2 = Ω1 and the algorithm terminates with Ω∗ = Ω1, which means

syz(Ω∗) = ker(W1·) = im(
[
0, 0, 1, 0

]T ·).
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However, this implies d /∈ syz(Ω∗), by which the output is not decouplable from
disturbances for the above choice of d. To answer the question whether or not
the output is decouplable from disturbances for all d ∈ syz(Ω∗), we use Theorem
22. For λ1 = X1, λ2 = X2, λ3 = X4, we have

Ω∗ = im(·W1) = 〈 ∂
∂X
λ1,

∂
∂X
λ2,

∂
∂X
λ3〉,

〈 ∂
∂X
λ2,

∂
∂X
λ3〉 ∩ ker(·g) = {0}, ∂

∂X
λ1 −X4 · ∂

∂X
λ2 ∈ ker(·g) and

det(A) = det(

[
Lg1λ2 Lg2λ2
Lg1λ3 Lg2λ3

]
) = det(

[
1 X2

0 1

]
) = 1.

Thus, Ω∗ is controlled invariant for (f, g) by the pair

β :=

[
1 −X2

0 1

]
, α := −β ·

[
Lfλ2
Lfλ3

]
=

[
X1X2X4 −X1

−X1X4

]
.

For illustration, consider the system caused by (α, β):

f + gα =


X2 −X1X4

0
X1X2X3X4

0

 , gβ1 =


X4

1
X3

0

 , gβ2 =


0
0

−X2X3

1

 .
Both first components of the state x1, x2 on which the output depends are inde-
pendent of the third state component x3. Thus, by the form of Ω∗ the output is
invariant under disturbances.
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