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is invertible in R.

Q Note that if R is an integral domain such that RQys is
duo, then RQy is reversible.
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holds. Next we assume that R is infinite.

@ We first show that if 1 + x} # 0 for some x, € R, then
1 + x3 is invertible in R.

© We then show that if (1 +x* +y?) # 0 for some x,y € R,
then it is a factor of 1 + x3 (# 0) for some x, € R, so, it
is invertible in R.

Q Note that if R is an integral domain such that RQys is
duo, then RQgs is reversible. It follows from [4, Theorem
2.5] that the characteristic of R is either 2 or 0.
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@ Proof: If Ris finite, then R is a field, and thus the result
holds. Next we assume that R is infinite.

@ We first show that if 1 + x} # 0 for some x, € R, then
1 + x3 is invertible in R.

© We then show that if (1 +x* +y?) # 0 for some x,y € R,
then it is a factor of 1 + x3 (# 0) for some x, € R, so, it
is invertible in R.

Q Note that if R is an integral domain such that RQys is
duo, then RQgs is reversible. It follows from [4, Theorem
2.5] that the characteristic of R is either 2 or 0.In the
latter case, by [4, Theorem 4.2] (see also [3, Theorem
3.1]), we have 1 + x> +y* # 0, for all x,y € R.
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2.5] that the characteristic of R is either 2 or 0.In the
latter case, by [4, Theorem 4.2] (see also [3, Theorem
3.1]), we have 1 + x> +y* # 0, for all x,y € R. As a
consequence of the above lemma, we obtain
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@ Corollary 3.4 Let R be an integral domain such that
RQg is duo. Then char R = 2 or char R = 0. In the latter
case, we have 1 +x* + y* € U(R), for all x,y € R.
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o Corollary 3.4 Let R be an integral domain such that
RQg is duo. Then char R = 2 or char R = 0. In the latter
case, we have 1 + x* + y* € U(R), for all x,y € R.

@ Theorem 3.5 [2, Theorem 2.4] Let R be an integral
domain such that RQys is duo. Then the following state-
ments hold.
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case, we have 1 +x* +y* € U(R), for all x,y € R.

o Theorem 3.5 [2, Theorem 2.4] Let R be an integral
domain such that RQg is duo. Then the following state-
ments hold.

(1) If char(R) # 0, then R must be a field.
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o Corollary 3.4 Let R be an integral domain such that
RQg is duo. Then char R = 2 or char R = 0. In the latter
case, we have 1 +x* +y* € U(R), for all x,y € R.

o Theorem 3.5 [2, Theorem 2.4] Let R be an integral
domain such that RQg is duo. Then the following state-
ments hold.

(1) If char(R) # 0, then R must be a field.

(2) If S is a ring of algebraic integers with its quotient field K
such that S C R C Ks, then R = Kg. In particular, if Z C R C
Q, then R = Q.
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o Corollary 3.4 Let R be an integral domain such that
RQg is duo. Then char R = 2 or char R = 0. In the latter
case, we have 1 +x* +y* € U(R), for all x,y € R.

o Theorem 3.5 [2, Theorem 2.4] Let R be an integral
domain such that RQg is duo. Then the following state-
ments hold.

(1) If char(R) # 0, then R must be a field.

(2) If Sis a ring of algebraic integers with its quotient field K
such that § € R C Ky, then R = K. In particular, if Z C R C
Q, then R = Q.

@ Proof: (1) We note that char(R) = 2 by Corollary 4. Let
a#Z0€eRandx=a—1€R. Then1+x*=(1+x)*=
a? # 0. It follows from Lemma 4 that o? is invertible in
R and so is a. Therefore, R is a field.
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Group rings over integral domains

@ (2) It suffices to prove that every nonzero element a €
S is invertible in R, and thus Kg C R. We first prove that
if 0 # a € Z, then « is invertible in R. Let p be any
prime. By Lemma 3.2, p|1 + x> + y* for some x,y € Z.
It follows from Corollary 3.4 that 1 + x> + y?, and thus p
is invertible in R. Therefore, « is invertible in R.
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@ (2) It suffices to prove that every nonzero element o €
S is invertible in R, and thus Ks C R. We first prove that
if 0 # a € 7Z, then « is invertible in R. Let p be any
prime. By Lemma 3.2, p|1 + x> + y* for some x,y € Z.
It follows from Corollary 3.4 that 1+ x* + y?, and thus p
is invertible in R. Therefore, « is invertible in R.

@ Let 0 # « € S. Then there is a monic polynomial f(x) €
Zlx] such that f(«) = 0, where

f&) =x"+ o™ + -+ c1x + <o,
with all ¢; € Z and ¢y # 0. Then
( n— 1+C” IQ” 2+--'+C1)C¥:—C().

Since —c¢y is invertible in R, « is also invertible in R.
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Q It appears that Theorem 3.5 suggests that if RQg is
duo, then R is a field. However, the following proposi-
tion shows that this is not the case.
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Q It appears that Theorem 3.5 suggests that if RQ; is
duo, then R is a field. However, the following proposi-
tion shows that this is not the case.

@ Proposition 3.6 Let S = Q[x] be the polynomial ring
over the rational field, and S» be the localization of S
at the maximal ideal P = (x). Then R = Sp is a local
integral domain of characteristic 0, but not a field, such
that RQy is duo.
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scription of when RG is duo.



Group rings over integral domains
[ ele}

When is RG duo?

Group rings over integral domains

@ Theorem 3.5 together with Theorem 2.5 gives a de-
scription of when RG is duo.
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and G is a non-abelian torsion group, then the follow-
ing statements are equivalent:
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@ Theorem 3.5 together with Theorem 2.5 gives a de-
scription of when RG is duo.

@ Theorem 3.7 If R is an integral domain of char(R) # 0
and G is a non-abelian torsion group, then the follow-
ing statements are equivalent:

(1) RG is duo.

(2) Ris afield and RG is reversible.

(3) G = 0s x E5, R = K is a field of characteristic 2 and the
equation 1 + x + x> = 0 has no solutions in any cyclotomic
field K(¢,) for any odd d which is an order of an element of
EL.
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@ Theorem 3.8 If R is an integral domain of char(R) = 0
such that S C R C Kg, and G is a non-abelian torsion
group, then the following statements are equivalent:
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@ Theorem 3.8 If R is an integral domain of char(R) = 0
such that S C R C Kg, and G is a non-abelian torsion
group, then the following statements are equivalent:

(1) RG is duo.

(2) Ris afield and RG is reversible.

(3) G =05 x E; x E}, R =K is afield of characteristic 0 and the
equation 1 + x*> +y*> = 0 has no solutions in any cyclotomic
field K(¢,) for any odd d which is an order of an element of
E).
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@ Theorem 3.8 If R is an integral domain of char(R) = 0
such that S C R C Kg, and G is a non-abelian torsion
group, then the following statements are equivalent:

(1) RG is duo.

(2) Ris afield and RG is reversible.

(3) G = Qs x E; X E}, R =K is afield of characteristic 0 and the
equation 1 + x> 4+ y> = 0 has no solutions in any cyclotomic
field K(¢,) for any odd d which is an order of an element of
E}.
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@ Recall that Proposition 3.6 indicates that there exists
an integral domain R, which is not a field, such that
RQg is duo. In that case, a necessary condition for RQg
to be duo is given in Corollary 3.4, i.e. 14+x>+y* € U(R)
for all x,y € R.
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@ Recall that Proposition 3.6 indicates that there exists
an integral domain R, which is not a field, such that
RQs is duo. In that case, a necessary condition for RQg
to be duo is given in Corollary 3.4, i.e. 1+x*+y* € U(R)
for all x,y € R. We are not aware of any example of an
integral domain R of char(R) = 0 satisfying this neces-
sary condition for which RQg is not duo. We close this
talk by proposing the following question.

@ Question 3.10 Assume that R is an integral domain of
char(R) = 0 such that 1 +x* +y* € U(R) for all x,y € R.
Is RQg duo?
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