(2, 3)-GENERATION OF EXCEPTIONAL GROUPS

Frank Lübeck and Gunter Malle

Universität Heidelberg

Abstract. We study two aspects of generation of large exceptional groups of Lie type. First we show that any finite exceptional group of Lie rank at least four is (2, 3)- generated, i.e., a factor group of the modular group PSL_2(Z). This completes the study of (2, 3)-generation of groups of Lie type. Secondly we complete the proof that groups of type E_7 and E_8 over fields of odd characteristic occur as Galois groups of geometric extensions of Q^{ab} (t), where Q^{ab} denotes the maximal abelian extension field of Q. Finally, we show that all finite simple exceptional groups of Lie type have a pair of strongly orthogonal classes. The methods of proof in all three cases are very similar and require the Lusztig theory of characters of reductive groups over finite fields as well as the classification of finite simple groups.

1. Introduction

A group G is called a (2, 3)-group if it can be generated by an involution and an element of order 3. This is equivalent to saying that G is a factor group of PSL_2(Z), which is the free product of two cyclic groups of order two and three. Thus every (2, 3)-group corresponds to a normal (in general: non-congruence) subgroup of SL_2(Z). There has recently been some interest in determining the (2, 3)-generated finite simple groups (see for example [3, 5, 12], and the references cited there). For the simple exceptional groups of Lie type, the question has been settled positively for 2G_2(q) and G_2(q) in [11], for^3D_4(q) and^2F_4(q) in [12]. In this paper we consider the five families of exceptional groups of large rank.

Theorem 1.1. The simple groups of types F_4(q), E_6(q),^2E_6(q), E_7(q), E_8(q), q = p^n, p a prime, are (2, 3)-generated.

In [11, 12] the (2, 3)-generation property was proved for exceptional groups of small rank (apart from^2B_2(2^{2n+1}) and G_2(2)^′). Thus all exceptional groups of Lie type (apart from the exceptions mentioned) are (2, 3)-generated. Since the subgroup of ⟨σ, τ | σ^2 = τ^3 = 1⟩ generated by {σ, σ^τ , σ^{τ 2} } respectively {τ, τ^σ} has index 3 respectively 2, we immediately obtain the following consequence, the first part of which strengthens [21, Theorem B]:

1991 Mathematics Subject Classification. 20F05, 12F12.

The authors gratefully acknowledge financial support by the Deutsche Forschungsgemeinschaft

Typeset by AMS-TEX 1

Corollary 1.2. Let G be an exceptional simple group of Lie type different from 2B_2(2^{2n+1}) and G_2(2)^′.

(a) G is generated by three conjugate involutions. (b) G is generated by two conjugate elements of order 3.

Together with previous results of Liebeck and Shalev [5] for classical groups, the second author for exceptional groups [11, 12] and of Miller [15] for alternating groups Theorem 1.1 completes the determination of finite simple (2, 3)-groups, up to finitely many open cases:

Corollary 1.3. Let G be a finite nonabelian simple group different from Sp_4(2^n), Sp_4(3^n),^2B_2(2^{2n+1}). Then, up to a finite number of possible exceptions, G is (2, 3)- generated.

With similar methods we show that certain exceptional groups of Lie type in bad characteristic occur as Galois groups over Q^{ab} (t):

Theorem 1.4. The groups E_7(3^n), E_8(3^n) and E_8(5^n) occur as Galois groups of geometric field extensions of Q^{ab} (t).

Together with previous results of the second author [10] this implies:

Corollary 1.5. Let G be an exceptional group of Lie type in odd characteristic. Then G occurs as the Galois group of a geometric field extension of Q^{ab} (t).

A pair (C_1, C_2) of conjugacy classes of a finite group G is called strongly orthogonal if there exist only two irreducible characters χ of G that such χ(C_1)χ(C_2) ≠ 0. We show that pairs of strongly orthogonal classes exist for exceptional groups and use this to prove:

Corollary 1.6. Let G be a finite simple exceptional group of Lie type. Then G has a conjugacy class C such that G = C^2 ∪ C^3.

2. Methods of the proof

Let G be a finite group and C := (C_1, C_2, C_3) a triple of conjugacy classes of G. Then

(2.1) n(C) := ∑ χ∈Irr(G) |G| χ(1) 3∏ i=1 χ(σ_i) |C_G(σ_i)| , where σ_i ∈ C_i,

where χ runs over the set Irr(G) of complex irreducible characters of G, is called the normalized structure constant of the class vector C. If moreover no non-trivial element of G has centralizer intersecting all three classes of C, then n(C) equals the cardinality of the set

Σ̄(C) := {(σ_1, σ_2, σ_3) | σ_i ∈ C_i, σ_1σ_2σ_3 = 1}

modulo G-conjugation. In this case this quantity can hence be calculated from the ordinary character table of G.

We always choose C_2 to be a class of involutions and C_3 a class of elements of order 3. Then we show for suitable C_1 that

1. n(C) > 0 and 2. not all triples from Σ̄(C) generate proper subgroups of G.

From this it follows that G is (2, 3)-generated. For the existence of Galois realizations we show more precisely that n(C) = 1, so that C is a rigid class vector.

To show 2. we will use results on maximal subgroups of G and sometimes compute structure constants inside those subgroups.

We now describe the computation of the structure constants n(C) in some detail. Let G be a connected reductive algebraic group defined over F_q , q a power of a prime, and G = G(q) the corresponding finite group of Lie type. We refer the reader to [1, 6–9] for more information on Lusztig’s theory.

In [6] and [8] Lusztig gives a parameterization of the complex irreducible characters of G in terms of semisimple classes of the dual group G^∗ = G^∗(q). There is still no general method known to compute all character values of G, but we can compute those values we need for our applications, using the following ideas.

A class function on G is called uniform if it is a linear combination of Deligne- Lusztig characters R_{T,θ}. We always choose classes C for our class triples which have the following property:

(*) The characteristic function χ_C : G → C , χ_C (σ) = { 1 for σ ∈ C, 0 else, is uniform.

Hence the class functions of G orthogonal to all R_{T,θ} take value zero on these classes. It follows that we can compute all values of the irreducible characters on these classes from the values of the Deligne-Lusztig characters, if we know the decomposition of the R_{T,θ}. This decomposition is described explicitly in [6] for groups with connected center and refined to the general case in [8].

In fact the conjugacy classes in our class triples will always either be semisimple or unipotent. Semisimple classes always satisfy property (*), see [1, Prop. 7.5.5], and the values of R_{T,θ} on such classes can be computed by using [1, Prop. 7.5.3].

For unipotent classes the values of the R_{T,θ} are given by the Green functions Q^G_T , see [1, Cor. 7.2.9]. Up to one problem, which will be described presently, these Green functions can now be calculated by a general method: In [7, 24.] Lusztig describes an algorithm to compute Green functions associated to character sheaves of the algebraic group G. Later it was shown by Lusztig [9] and Shoji [20] that the Green functions computed by this algorithm in fact coincide with the Green functions Q^G_T appearing in the formula for the Deligne-Lusztig characters. (The Q^G_T were previously already known for exceptional groups in good characteristic by work of Shoji and Beynon- Spaltenstein, and they had been computed by the second author for F_4(2^n) and E_6(2^n), and by Porsch for E_6(3^n). But the results cited above cover the other bad characteristic cases, too, which is important for our applications.)

The problem with computing Green functions mentioned above is the following: for the classes C = u^G considered in our applications, we can in general compute the values Q^G_T (u) only up to a complex scalar of absolute value one (which is the same for all T ). (In general, the functions Y_i appearing in [7, 24.2.3] are only known up to such a scalar.) But our class vectors will contain at most one unipotent class and so we can determine this unknown scalar from a structure constant n(C) ≠ 0 by the condition n(C) > 0.

For the unipotent classes in our class triples the property (*) follows from two facts, satisfied in all cases: First, using the character formula [1, Thm. 7.2.8] for R_{T,θ}, it is easy to see that 1 |T | ∑ θ∈T̂ R_{T,θ}(σ) = { Q^G_T (σ) for σ unipotent, 0 else.

for a maximal torus T of G with character group T̂ . Secondly, we check in each case that the characteristic function on the relevant class is a linear combination of Q^G_T ’s.

The actual computations of the structure constants were done using computer programs written by the first named author. These programs are written in the programming language of the computer algebra system GAP [17] and they will become part of the CHEVIE package [4].

All statements about semisimple classes which appear in the rest of the paper were checked (and sometimes found) during these computations.

In the sequel we specify semisimple classes by giving the Dynkin type of the centralizers of their elements. For unipotent classes we give references where explicit representatives can be found.

The orders of elements in unipotent classes from our class triples are always prime. This can be checked in each case by using explicit representatives. In many cases these are given as products of elements of pairwise commuting root subgroups with respect to some maximally split torus. The order of elements of such a root subgroup is equal to the characteristic of the ground field. In the remaining cases the order of the representatives can be calculated directly, using the commutator relations described in the cited papers.

For semisimple classes we get explicit representatives from our calculations. So the orders can easily be determined.

3. The groups F_4(q)

Theorem 3.1. The groups F_4(q), q = p^n, p a prime, are (2, 3)-generated.

Proof. We use the strategy of proof outlined in Section 2. For the first conjugacy class C_1 in G := F_4(q) we choose the class of a generator of a cyclic Coxeter torus T of order q^4 − q^2 + 1 of G. Thus elements of C_1 are semisimple and moreover regular, since all non-identity elements of T are regular.

We will see that this choice of C_1 has two advantages: There are only a few maximal subgroups of G containing T (and they are known), and there are only a few Deligne-Lusztig characters having nonzero value on all three classes simultaneously.

If p ≠ 2, G has two (semisimple) classes of involutions, one with centralizer of type B_4(q), the other with centralizer of type C_3(q) ∘ A_1(q). We let C_2 be the class of an involution with centralizer C_3(q) ∘ A_1(q). If p ≠ 3, G has a class of elements of order 3 with centralizer of type A_2(q) ∘ A_2(q), if q ≡ 1 (mod 3) or^2A_2(q) ∘^2A_2(q), if q ≡ 2 (mod 3). Let C_3 be the class of such an element.

In even characteristic, we let C_2 be the (unipotent) class of an involution with centralizer of order q^{20}(q^2 − 1)^2, denoted x_4 in [18]. In characteristic 3, we define C_3 to be the unipotent class with centralizer of order q^{14}(q^2 − 1), denoted x_{11} in [19].

Let C be the class vector consisting of the three conjugacy classes defined above. We show that only unipotent characters can contribute to the structure constant given by (2.1). First we see from the character formula [1, Thm. 7.2.8] that a Deligne- Lusztig character R_T ′_{,θ} is zero on the class C_1 unless T^′ ∼ T . In the present case for G the dual group G^∗ is isomorphic to G and T^∗ is isomorphic to T . Since all nonidentity elements of T are regular this shows that also all non-identity elements of the dual torus T^∗ are regular. Hence for θ ≠ 1 either R_{T,θ} or −R_{T,θ} is an irreducible character of G. But if p ≠ 2 the centralizer of an element from C_2 does not contain a conjugate of T , so all R_{T,θ} vanish on C_2. Similarly for p ≠ 3 all R_{T,θ} vanish on C_3. Thus we are left to consider the unipotent characters.

Calculation now yields the structure constants given in Table 3.2.

Table 3.2. Normalized (2, 3)-structure constants in F_4(q)

q (mod 6) n(C)

1 q^8 + 4q^6 + 2q^5 + 8q^4 + 2q^3 + 4q^2 + 1 2 q^2(q^6 + 4q^4 − 2q^3 + 7q^2 − 2q + 2) 3 q^2(q^6 + 3q^4 + 5q^2 − 1) 4 q^2(q^6 + 4q^4 + 2q^3 + 7q^2 + 2q + 2) 5 q^8 + 4q^6 − 2q^5 + 8q^4 − 2q^3 + 4q^2 + 1

Clearly this shows n(C) > 0 for all q.

By the remarks in Section 2 it remains to prove generation. Assume first that q ≥ 4. Then by [21, 4(f)] the only proper subgroups of G containing the Coxeter torus T lie inside maximal subgroups isomorphic to M :=^3D_4(q).3. There is one such class of maximal subgroups if q is odd and there are two if q is even. Assume that a triple (σ_1, σ_2, σ_3) ∈ Σ̄(C) generates a subgroup of (some conjugate of) M. Then there exists a class vector C^′ = (C^′_1, C^′_2, C^′_3) of M with n(C^′) > 0. It hence suffices to show that the sum of all structure constants in M of class vectors C^′ is strictly smaller than that in G (respectively half of that in G), where the sum runs over all class triples such that C^′_1 is a fixed conjugacy class in the intersection of C_1 with M, C^′_2 is the unique class of involutions of M if p is odd, and runs through the 2 classes of involutions of M in even characteristic, and C^′_3 runs over the conjugacy classes of elements of order 3 in M. (Note that we need not consider classes outside the simple socle M^′ :=^3D_4(q) of M, since the other two classes in C are certainly contained in M^′.) Table 3.3 contains the sum of the structure constants for those class vectors C^′ = (C^′_1, C^′_2, C^′_3) of M. These values are computed from the generic character table for the groups^3D_4(q) contained in CHEVIE [4].

It is an easy exercise to check that the difference of the F_4-structure constant and the^3D_4-structure constant is always positive. This proves the claim for q ≥ 4.

Table 3.3. Normalized (2, 3)-structure constants in^3D_4(q) ∑ C^′ n(C ′) q ≡ 0 (mod 3) q^2 + 1 q ≢ 0 (mod 3) 2q^2 + 2

The maximal subgroups of F_4(2) are explicitly known [2]. The only ones with order divisible by |T | = 13 are two classes of^3D_4(2).3, one class of^2F_4(2) and one class L_4(3).2_2. From the Atlas [2] we find that the (2, 3, 13)-structure constants of^2F_4(2) add up to 18, while those of L_4(3).2_2 give 14. The structure constants for^3D_4(2).3 are contained in Table 3.3. Since n(C) = 552 by Table 3.1 the result follows in this case.

If q = 3, then by [21, 4(f)] the only other possibility for a maximal subgroup of G containing T would be an almost simple group with derived group isomorphic to U_3(9). But the centralizer order in U_3(9) of an involution is divisible by 5^2, while the elements in class C_2 of F_4(3) have centralizer order only divisible by 5 to the first power. Thus the involutions of a possible subgroup of type U_3(9) do not fuse into C_2 and a triple from C cannot lie inside such a subgroup. The rest of the proof is as in the case q ≥ 4. □

4. The groups E_6(q)

Theorem 4.1. The groups E_6(q)_{sc} and the simple groups E_6(q), q = p^n, p a prime, are (2, 3)-generated.

Proof. It is sufficient to show that G := E_6(q)_{sc} is (2, 3)-generated (by non-central elements) since E_6(q) = G/Z(G).

Let C_1 be the conjugacy class of a generator of a cyclic torus T of G of order q^6 + q^3 + 1. If p ≠ 2 let C_2 be the class of an involution with centralizer A_5(q) ∘ A_1(q). If p ≠ 3, G has a class of elements of order 3 with centralizer of type A_2(q)^3 or A_2(q^2) ∘^2A_2(q), depending on the congruence of q (mod 3). Let C_3 be the class of such an element.

In even characteristic, we let C_2 be the class of an involution with centralizer of order q^{31}(q^2 − 1)^2(q^3 − 1), denoted 3A_1 in [16, Table 1]. In characteristic 3, we define C_3 to be the unipotent class with centralizer order q^{22}(q^2 − 1), denoted 2A_2 + A_1.

Let C be the class vector consisting of the three conjugacy classes defined above and T^∗ ⊂ G^∗ = E_6(q)_{ad} the dual torus of T .

If q ≢ 1 (mod 3) then T^∗ \ Z(G^∗) consists of regular elements. Similar considerations to those in the case of F_4 show that the only irreducible characters that can contribute to n(C) are among the unipotent ones.

If q ≡ 1 (mod 3) then T^∗ additionally contains elements from two classes with centralizer of type A_2(q^3).3. Let θ be a character of T corresponding to an element of T^∗ with centralizer H of type A_2(q^3).3. There is only one torus S of G, up to conjugacy, which contains representatives of C_3 and whose dual S^∗ is contained in H.

So, for this θ, the only Deligne-Lusztig character which can have nonzero value on C_3 is R_{S,θ}. But the explicit computation shows that the value of R_{S,θ} on C_3 is zero, too, for non regular θ. We get again that only unipotent characters contribute to n(C).

The normalized structure constants n(C) are given in Table 4.2.

Table 4.2. Normalized (2, 3)-structure constants in E_6(q)_{sc}

q (mod 6) n(C)

1 (q^2 + 1)(q^8 + 3q^6 + 3q^5 + 5q^4 + 3q^3 + 3q^2 + 1) 2 q(q^2 − q + 1)(q^7 + q^6 + 2q^5 + q^3 − 2q^2 − q − 1) 3 q^2(q^2 + 1)(q^6 + q^4 + 2q^2 − q − 1) 4 q(q^9 + 4q^7 + 3q^6 + 7q^5 + 5q^4 + 6q^3 + 2q^2 + 2q − 1) 5 (q^2 + 1)(q^2 − q + 1)(q^6 + q^5 + q^4 − q^3 + q^2 + q + 1)

By [21, 4(g)] a maximal subgroup of G containing a conjugate of the maximal torus T is isomorphic to SL_3(q^3).3, and there exists just one such class in G. In order to show that not all triples in Σ̄(C) lie inside such a subgroup we calculate the corresponding normalized structure constant in the derived group SL_3(q^3). This can again be done with CHEVIE [4]. It turns out that the structure constant is equal to 1 in all cases. Thus there exist generating triples in Σ̄(C) for all q. □

5. The groups^2E_6(q)

Theorem 5.1. The groups^2E_6(q)_{sc} and the simple groups^2E_6(q), q = p^n, p a prime, are (2, 3)-generated.

Proof. It is sufficient to prove that G :=^2E_6(q)_{sc} is (2, 3)-generated.

Let C_1 be the conjugacy class of a generator of a cyclic torus T of order q^6 − q^3 + 1 of G. If p ≠ 2 let C_2 be the class of an involution with centralizer^2A_5(q) ∘ A_1(q). If p ≠ 3, G has a class of elements of order 3 with centralizer of type^2A_2(q)^3 or A_2(q^2) ∘ A_2(q), depending on the congruence of q (mod 3). Let C_3 be the class of such an element.

In even characteristic, we let C_2 be the class of an involution with centralizer of order q^{31}(q^2 − 1)^2(q^3 + 1), denoted 3A_1 in [16, Table 1]. In characteristic 3, we define C_3 to be the unipotent class with centralizer of order q^{22}(q^2 − 1), denoted 2A_2 + A_1.

Let C be the class vector consisting of the three conjugacy classes defined above. By considerations very similar to those in case E_6(q) we obtain the normalized structure constants n(C) given in Table 5.2. (Here for q ≡ −1 (mod 3) we have to exclude the possibility that elements in G^∗ with centralizer of type^2A_2(q^3).3 give a non-zero contribution.)

Again by [21, Table I and 4(h)] for q ≥ 4 the subgroup lattice in G above the maximal torus T has SU_3(q^3).3 as unique maximal element. The structure constant inside SU_3(q^3) for those class vectors which can possibly fuse into C is computed to be equal to 1, using CHEVIE.

Table 5.2. Normalized (2, 3)-structure constants in^2E_6(q)_{sc}

q (mod 6) n(C)

1 (q^2 + 1)(q^2 + q + 1)(q^6 − q^5 + q^4 − q^3 + q^2 − q + 1) 2 q(q^9 + 4q^7 − 3q^6 + 7q^5 − 5q^4 + 6q^3 − 2q^2 + 2q + 1) 3 q^2(q^2 + 1)(q^6 + q^4 + 2q^2 + q − 1) 4 q(q^2 + q + 1)(q^7 − q^6 + 2q^5 + q^3 + 2q^2 − q + 1) 5 (q^2 + 1)(q^8 + 3q^6 − 3q^5 + 5q^4 − 3q^3 + 3q^2 + 1)

Thus it remains to deal with the cases q ∈ {2, 3}. By the arguments in [10, §7] it follows that a maximal subgroup containing the group M generated by a triple from Σ̄(C) is the normalizer of a non-abelian simple subgroup S of G. More precisely, either S is one of the simple groups listed in [10, Lemma 6.1], or it is of Lie type in characteristic p. The first possibility can be excluded since none of the relevant groups contains elements of order q^6 − q^3 + 1 in its automorphism group. If on the other hand S is of Lie type in the same characteristic as G, then by the reasoning in [10] we conclude that S = U_3(q^3). The argument in [21, 4(f)] now shows that there is a unique class of such subgroups in G. Thus we can conclude as above by comparing structure constants. □

It may be noticed that the structure constants for^2E_6(q) in Table 5.2 are obtained from those for E_6(q) in Table 4.2 by formally replacing q by −q. This is a consequence of the so-called Ennola-duality.

6. Galois realizations for E_7(3^n)

In [10, Thm. 8.2] it was shown that the simple groups E_7(q), q = p^n with p ≥ 5, occur as the Galois groups of geometric field extensions of Q^{ab} (t). (A field extension N/Q^{ab} (t) is called regular if Q^{ab} is algebraically closed in N.) Here we show that this remains true for p = 3. For this we verify that E_7(q) has a rigid class vector C and then apply the rigidity criterion of Belyi, Matzat, and Thompson. We refer the reader to [14, 10] for details on constructive Galois theory.

We start by defining the conjugacy classes for the class vector C. Let p be an odd prime and G := E_7(q)_{ad}. The simple group G^′ = E_7(q) then has index 2 in G. Let C_1 be the class of a generator of a maximal torus of order (q + 1)(q^6 − q^3 + 1) of G. Choose C_2 so as to contain involutions from G\G^′. More precisely, in the case q ≡ 1 (mod 4) an involution with (non-connected) centralizer^2A_7(q).2 is not contained in G^′, and in the case q ≡ −1 (mod 4) the one with centralizer A_7(q).2 lies outside G^′. For q ≡ ϵ (mod 4), ϵ ∈ {1, −1}, let the class C^ϵ_2 consist of such elements. Define C_p to be the unipotent class denoted 4A_1 in [16, Table 2] with centralizer order q^{51}(q^2 − 1)(q^4 − 1)(q^6 − 1).

Proposition 6.1. The class vector C = (C_1, C^ϵ_2, C_p) of E_7(q)_{ad}, q = p^n for an odd prime p, satisfies n(C) = 1.

Proof. This structure constant was computed in [10, Prop. 8.1] in the case p > 3. In fact, the whole calculation remains the same for p = 3. For this it suffices to check that the values of the Green functions on C_p are given by the same polynomials in q for all odd p, which is the case.

(Of course, it would not be difficult to redo the whole calculation in the framework of this paper.) □

Theorem 6.2. The groups E_7(q)_{ad} and the simple groups E_7(q), q = 3^n, possess Galois realizations over Q^{ab} (t).

Proof. The corresponding statement was shown for p > 3 in [10, Ths. 8.1 and 8.2]. By the rigidity criterion [14, II, §4, Satz 2] it suffices to exhibit a rigid class vector of G := E_7(q)_{ad}. By Proposition 6.1 the class vector C satisfies n(C) = 1. It remains to prove that any triple (σ_1, σ_2, σ_3) ∈ Σ̄(C) generates G. Let H := ⟨σ_1, σ_2, σ_3⟩ for such a triple. We follow the argument in [10], which can now be shortened considerably by using the information in [21]. The element σ_1 ∈ C_1 generates a maximal torus T of G of order (q + 1)(q^6 − q^3 + 1). By [21, 4(i)] for q > 3 the only maximal overgroup of the torus T in G is a subgroup M ∼= ((q + 1).^2E_6(q)).2. If H ≤ M, then consider H̄ := H/(H ∩ M_1) with the normal subgroup M_1 ∼= 2E_6(q) of M. Since M/M_1 has order prime to p, H̄ has a (2, 2, 1) or a (1, 1, 1)-generating system. Thus H is contained in an extension of M_1 of degree 2. But such a group does not contain elements of order (q +1)(q^6 −q^3 +1). This contradiction shows that H = G. Hence C is rigid and there exists a geometric Galois extension N/Q^{ab} (t) with group G ramified at three points.

The simple group G^′ := E_7(q) has index 2 in G. The standard descent argument now proves that the fixed field of N under G^′ is a rational function field Q^{ab} (u), so that N/Q^{ab} (u) yields a geometric Galois extension with group G^′.

For the case q = 3 we may first apply [10, Lemma 1.2] to restrict the possible types of maximal subgroups M of G containing ⟨σ_1⟩. The reasoning in [10, §8] then shows that any such M has a normal non-abelian simple subgroup S of order divisible by q^6 − q^3 + 1. Again as in loc.cit. we can only have S = U_3(27) or S =^2E_6(3). But in both cases Aut(S) does not contain elements of order (q + 1)(q^6 − q^3 + 1), so if H ≤ N_G(S) then C_G(S) is nontrivial and contains an element of order prime to 3. The centralizers of semisimple elements are known and it follows that any S as above is contained in a subgroup of type ((q+1).^2E_6(q)).2. We may now proceed as before. □

Since C_2 contains involutions and C_p contains elements of order p the preceding proof also shows that E_7(3^n)_{ad} is (2, 3)-generated. But since E_7(3^n) has index 2 in E_7(3^n)_{ad}, this cannot be used to yield (2, 3)-generation for the simple group.

7. (2, 3)-generation for E_7(q)

Theorem 7.1. The groups E_7(q)_{sc} and the simple groups E_7(q), q = p^n > 2, p a prime, are (2, 3)-generated.

Proof. Let δ = δ(q) be defined to be −1 if q ≡ −1 (mod 3), and to be 1 if q ≡ 0, 1 (mod 3). Let C_1 be the conjugacy class of a generator of a cyclic torus T of order (q + δ)(q^6 − δq^3 + 1) of G := E_7(q)_{sc}. If p ≠ 2 let C_2 be the class of an involution with centralizer of type A_7(q) if q ≡ 1 (mod 4), respectively of type^2A_7(q) if q ≡ −1 (mod 4). If p ≠ 3 let C_3 be the class of an element of order 3 with centralizer of type A_5(q) ∘ A_2(q) if q ≡ 1 (mod 3), respectively of type^2A_5(q) ∘^2A_2(q) if q ≡ 2 (mod 3).

In even characteristic, we let C_2 be the class of an involution with centralizer of order q^{51}(q^2 − 1)(q^4 − 1)(q^6 − 1), denoted 4A_1 in [16, Table 2]. In characteristic 3, we define C_3 to be the unipotent class with centralizer of order q^{39}(q^2 − 1)^2, denoted 2A_2 + A_1.

Let C be the class vector consisting of the three conjugacy classes defined above. In Table 7.2 we list the types of centralizers of semisimple elements s in the torus T^∗ dual to T . Here E(H, 1) denotes the set of unipotent characters of H, and^{−δ}E_6(q) is to be interpreted as E_6(q) if δ = −1 and^2E_6(q) if δ = 1.

Table 7.2. Centralizers of elements in T^∗

C_G∗ (s) # classes |E(C_G∗ (s), 1)|

E_7(q)_{ad} 1 76

((q + δ).^{−δ}E_6(q)).2 { 1 q odd 0 q even 60 (q + δ).^{−δ}E_6(q) { (q − 2 + δ)/2 q odd (q − 1 + δ)/2 q even 30 T^∗ (q^7 + δ q^6 − δ q^4 − q^3)/18 1

The characters of G corresponding to the regular elements (those with centralizer T^∗) do not contribute to the structure constant n(C), because no conjugate of T lies in the centralizer of semisimple elements in C_2 and C_3.

In the cases q ≡ 1, 9, 11 (mod 12) a maximal torus in the centralizer of an element in C_2 is never conjugate to a torus which is dual to some torus in a centralizer with connected component of type E_6. So, in these cases only unipotent characters contribute to the structure constant.

For all other congruences we must explicitly compute the values of the Deligne- Lusztig characters and their constituents corresponding to the centralizers of type E_6 on the classes in C. For the computation of the structure constants the possibilities for the congruence of q modulo 24 had to be distinguished. In all cases these characters give non-zero contributions to the structure constant. The results turn out to depend only on the congruence of q modulo 12. The normalized structure constants n(C) are given in Table 7.3.

In [21, 4(i)] the maximal overgroups M of T are classified for all q ≥ 4. The only possibilities are either a maximal parabolic subgroup of type E_6 or the normalizer of a Levi factor of type E_6 or^2E_6. Let H denote the group generated by a triple of elements from Σ̄(C). By our choice of δ the order of elements from C_1 is not divisible by 3. Thus the commutator factor group H/H^′ of H has order at most 2, so H^′ contains elements of order |T |/2 (respectively |T | if p = 2). On the other hand, the derived group of a maximal parabolic subgroup of G of type E_6 does not contain

Table 7.3. Normalized (2, 3)-structure constants in E_7(q)_{sc}

q (mod 12) n(C)

1 q^{20} − q^{19} + 3 q^{18} + q^{17} + 4 q^{16} + 5 q^{15} + 11 q^{14} + 9 q^{13} + 19 q^{12} + 18 q^{11} +24 q^{10} + 18 q^9 + 19 q^8 + 9 q^7 + 11 q^6 + 5 q^5 + 4 q^4 + q^3 + 3 q^2 − q + 1 2, 8 (q^{19} + q^{18} + 3 q^{17} + 5 q^{15} − q^{14} + 11 q^{13} − 3 q^{12} + 13 q^{11} − 11 q^{10} +10 q^9 − 9 q^8 + 6 q^7 − q^4 − 2 q^3 − 2 q^2 − 2 q − 1)q 3 q^4(q^2 − q + 1)(q^{12} + q^{10} − q^9 + 3 q^8 − 3 q^7 + 3 q^6 − 4 q^5 + 3 q^4 − q^3 −5 q^2 + 2 q − 2)(q^2 + 1) 4 q(q^{19} − q^{18} + 3 q^{17} + 5 q^{15} + q^{14} + 11 q^{13} + 3 q^{12} + 13 q^{11} + 11 q^{10} +10 q^9 + 9 q^8 + 6 q^7 + q^4 − 2 q^3 + 2 q^2 − 2 q + 1) 5 (q^2 + 1)(q^2 + q + 1)(q^{16} + q^{14} − q^{13} + 4 q^{12} + 5 q^{10} − 3 q^9 + 6 q^8 −3 q^7 + 5 q^6 + 4 q^4 − q^3 + q^2 + 1) 7 (q^2 + 1)(q^2 − q + 1)(q^{16} + q^{14} + q^{13} + 4 q^{12} + 5 q^{10} + 3 q^9 + 6 q^8 +3 q^7 + 5 q^6 + 4 q^4 + q^3 + q^2 + 1) 9 q^6(q^{14} − q^{13} + 3 q^{12} − q^{11} + 5 q^{10} − q^9 + 8 q^8 + q^7 + 7 q^6 + 6 q^5 + 3 q^4 +8 q^3 − 4 q^2 + 2 q − 3) 11 q^{20} + q^{19} + 3 q^{18} − q^{17} + 4 q^{16} − 5 q^{15} + 11 q^{14} − 9 q^{13} + 19 q^{12} − 18 q^{11} +24 q^{10} − 18 q^9 + 19 q^8 − 9 q^7 + 11 q^6 − 5 q^5 + 4 q^4 − q^3 + 3 q^2 + q + 1

elements of that order unless q = 3. Also, the normalizer of a Levi subgroup of type E_6 or^2E_6 in G does not contain such elements for q ≠ 3.

For the remaining case G = E_7(3)_{sc} we may argue as in the proof of Theorem 6.2 to show generation. □ Proposition 7.4. The group E_7(2) is (2, 3)-generated.

Proof. For this proof let q := 2. We choose C_1 to be the class of a generator of the cyclic torus T of order q^7 +1. Further, as above we let C_2 be the class of an involution with centralizer of order q^{51}(q^2 − 1)(q^4 − 1)(q^6 − 1), denoted 4A_1 in [16, Table 2], and C_3 the class of an element of order 3 with centralizer of type^2A_5(q) ∘^2A_2(q). The structure constant of the corresponding class vector C = (C_1, C_2, C_3) turns out to be n(C) = 1605916.

We next determine the possible maximal subgroups M of G = E_7(2) which might contain a triple from Σ̄(C). Using [10, Lemma 1.2] and arguments similar to those in [10, proof of Thm. 8.1] we find that either M is local, or M is contained in the normalizer of a simple subgroup of G of order divisible by 43 = (2^7 + 1)/3.

If M is a simple subgroup of G of order divisible by 43 then by [10, Lemma. 8.1] it is contained in the following list:

{U_3(7), U_7(2), U_8(2)}.

(Note that the orders of J_4 and O^−_{14}(2) do not divide the order of G.) By considering element orders and centralizer orders it can be seen that only the unipotent class of

U_8(2) having four Jordan blocks of size 2 in the natural representation can fuse into C_2. But all (2, 3, 3.43)-structure constants of U_8(2) involving this class of involutions vanish. Further, neither U_3(7) nor U_7(2) contain elements of order 3.43 in their automorphism group. Hence if they are involved in M then their centralizer is nontrivial, i.e., they lie inside the centralizer of a 3-element. Thus we are left to consider the local subgroups. If M is local then either M = N_G(T ) or M is the normalizer in G of a subgroup 3 × U_7(2). There exists one class of each in G. Clearly no subgroup of N_G(T ) is (2, 3, 3.43)-generated. It is known that G contains at least one class of subgroups U_8(2) and this in turn contains a 3 × U_7(2). But we already saw that U_8(2) does not contribute, and since there exists just one class of 3 × U_7(2), it also gives no contribution. So G is (2, 3)-generated. □

8. Galois realizations for E_8(3^n) and E_8(5^n)

Let G := E_8(q), q = p^n with p ≠ 2. In [10, Thm. 9.1] it was shown that G occurs as the Galois group of a geometric field extension of Q^{ab} (t) unless p ≤ 5. Here we extend this result to cover the cases p = 3, 5 as well by exhibiting a rigid class vector C of G.

For this let C_1 be the conjugacy class of a generator of a cyclic torus T of order Φ_{30}(q) = q^8 + q^7 − q^5 − q^4 − q^3 + q + 1 of G. Denote by C_2 the class of involutions of G with centralizer of type D_8 and by C_p the class of unipotent elements with centralizer order q^{100}(q^2 − 1)(q^4 − 1)(q^6 − 1)(q^8 − 1), denoted 4A_1 in [16, Table 3].

Proposition 8.1. The class vector C = (C_1, C_2, C_p) of E_8(q), q = p^n, p ≥ 3 a prime, satisfies n(C) = 1.

Proof. In [10, Prop. 9.1] this was proved under the restriction p ≥ 7 since at that time only the Green functions in good characteristic were known. By the recent results of Lusztig and Shoji cited above the same calculation holds in characteristic 3 and 5. The only thing we have to check is that the values of the Green functions on C_p are given by the same polynomials in q for all odd p, which is the case. □

Theorem 8.2. The groups E_8(q), q = p^n, p ≠ 2, possess Galois realizations over Q^{ab} (t).

Proof. By the rigidity criterion ([14, II, §4, Satz 2]) and Proposition 8.1 above it suffices to prove that any triple (σ_1, σ_2, σ_3) ∈ Σ̄(C) generates G := E_8(q). By [21, 4(j)] the only maximal overgroup of the torus T = ⟨σ_1⟩ in G is the normalizer N of T in G. But N is solvable of order 30|T |, while the group generated by a triple from Σ̄(C) is perfect, since the element orders in C_1, C_2, C_p are pairwise coprime (see [10, Lemma 1.6] for example). This proves the theorem. □

Note that in the case p = 3 this shows that E_8(3^n) is (2, 3)-generated.

9. (2, 3)-generation for E_8(q)

Theorem 9.1. The groups E_8(q), q = p^n, p a prime, are (2, 3)-generated.

Proof. By the result of Theorem 8.2 above we may assume that p ≠ 3. Let C_1 be the conjugacy class of a generator of the cyclic torus T of order Φ_{30}(q) = q^8 + q^7 −

Table 9.2. Normalized (2, 3)-structure constants in E_8(q)

q(6) n(C) 1 q^{40} − q^{39} + 2 q^{38} + 3 q^{36} + q^{35} + 6 q^{34} + 3 q^{33} + 12 q^{32} + 7 q^{31} + 19 q^{30} + 16 q^{29} +32 q^{28} + 26 q^{27} + 48 q^{26} + 42 q^{25} + 69 q^{24} + 56 q^{23} + 87 q^{22} + 69 q^{21} + 98 q^{20} +69 q^{19} + 87 q^{18} + 56 q^{17} + 69 q^{16} + 42 q^{15} + 48 q^{14} + 26 q^{13} + 32 q^{12} +16 q^{11} + 19 q^{10} + 7 q^9 + 12 q^8 + 3 q^7 + 6 q^6 + q^5 + 3 q^4 + 2 q^2 − q + 1 2 q^4(q^2 − q + 1)(q^{34} + q^{32} − q^{31} + 3 q^{30} − q^{29} + 6 q^{28} − 4 q^{27} + 11 q^{26} − 9 q^{25} +20 q^{24} − 16 q^{23} + 35 q^{22} − 29 q^{21} + 49 q^{20} − 45 q^{19} + 68 q^{18} − 48 q^{17} +75 q^{16} − 52 q^{15} + 62 q^{14} − 40 q^{13} + 43 q^{12} − 25 q^{11} + 14 q^{10} − 9 q^9 −4 q^8 + q^7 − 10 q^6 + 5 q^5 − 9 q^4 + 4 q^3 − 5 q^2 + q − 2) 3 q^8(q^{32} − q^{31} + 2 q^{30} − q^{29} + 4 q^{28} − 2 q^{27} + 6 q^{26} − 2 q^{25} + 11 q^{24} − 5 q^{23} +17 q^{22} − 6 q^{21} + 25 q^{20} − 8 q^{19} + 29 q^{18} − 4 q^{17} + 31 q^{16} + 4 q^{15} +19 q^{14} + 20 q^{13} + 5 q^{12} + 27 q^{11} − 12 q^{10} + 19 q^9 − 15 q^8 + 11 q^7 −10 q^6 + q^5 − 2 q^4 − 3 q^3 + 2 q^2 − 2 q + 1) 4 q^5(q^{35} − q^{34} + 2 q^{33} + 3 q^{31} + q^{30} + 6 q^{29} + 3 q^{28} + 11 q^{27} + 8 q^{26} + 16 q^{25} +17 q^{24} + 27 q^{23} + 26 q^{22} + 39 q^{21} + 41 q^{20} + 54 q^{19} + 53 q^{18} + 65 q^{17} +63 q^{16} + 69 q^{15} + 60 q^{14} + 55 q^{13} + 46 q^{12} + 34 q^{11} + 32 q^{10} + 17 q^9 +16 q^8 + 5 q^7 + 8 q^6 + 2 q^4 − 1) 5 q^{40} − q^{39} + 2 q^{38} − 2 q^{37} + 5 q^{36} − 5 q^{35} + 10 q^{34} − 11 q^{33} + 22 q^{32} − 25 q^{31} +43 q^{30} − 48 q^{29} + 80 q^{28} − 90 q^{27} + 134 q^{26} − 146 q^{25} + 205 q^{24} − 206 q^{23} +261 q^{22} − 241 q^{21} + 286 q^{20} − 241 q^{19} + 261 q^{18} − 206 q^{17} + 205 q^{16} −146 q^{15} + 134 q^{14} − 90 q^{13} + 80 q^{12} − 48 q^{11} + 43 q^{10} − 25 q^9 + 22 q^8 −11 q^7 + 10 q^6 − 5 q^5 + 5 q^4 − 2 q^3 + 2 q^2 − q + 1

q^5 − q^4 − q^3 + q + 1 of G := E_8(q). If p ≠ 2 let C_2 be the class of an involution with centralizer of type D_8(q). Finally, let C_3 be the class of an element of order 3 with centralizer of type A_8(q) if q ≡ 1 (mod 3), respectively of type^2A_8(q) if q ≡ 2 (mod 3).

In even characteristic, we let C_2 be the class of an involution with centralizer of order q^{100}(q^2 − 1)(q^4 − 1)(q^6 − 1)(q^8 − 1), denoted 4A_1 in [16, Table 3].

Let C be the class vector consisting of the three conjugacy classes defined above. The normalized structure constants n(C) are given in Table 9.2. As in the case F_4(q) only unipotent characters contribute to n(C), so this can be computed from the values of the R_{T,1}.

Thus n(C) > 0 for all q. To show generation we can invoke [21, 4(j)] as in the proof of Theorem 8.2 since elements from the class C_1 again generate a maximal torus of order Φ_{30}(q). □

10. Strongly orthogonal classes for exceptional groups

A pair (C_1, C_2) of conjugacy classes of a finite group G is called strongly orthogonal if there exist only two irreducible characters χ of G that such χ(C_1)χ(C_2) ≠ 0.

It was shown in [13] that pairs of strongly orthogonal classes exist for all simple classical groups of Lie type with the possible exception of groups O^+_{4n}(q). Here we extend this result to exceptional groups:

Theorem 10.1. Let G be a finite simple exceptional group of Lie type. Then G has a pair of strongly orthogonal classes, and at least one of the classes is real.

Proof. Let G = G(q) be an exceptional simple group of Lie type and let T_1, T_2 be the two maximal tori of G of the orders indicated in Table 10.2 (where Φ_i stands for the i-th cyclotomic polynomial evaluated at q). Then it can be checked that both tori contain regular elements for all q. Let C_1, C_2 be classes of regular elements of T_1, T_2. Since both classes contain semisimple elements it is easy to verify that only the trivial and the Steinberg character simultaneously take non-zero values on both classes, using the Deligne-Lusztig theory. (Candidates for the maximal tori were found by considering the values of unipotent characters of G on regular semisimple classes. Then it was checked that no centralizer of a non-central semisimple element in the dual group G^∗ contains T^∗_1 and T^∗_2 simultaneously.) Thus C_1, C_2 are strongly orthogonal in the sense introduced above. For the cases missing in Table 10.2, i.e., G =^2G_2(3)^′, G = G_2(2)^′ and G =^2F_4(2)^′, we take the pairs of classes (3A, 7A), (7A, 8A), and (12A, 13A) respectively, in Atlas notation [2].

The Weyl groups of type G_2, F_4, E_7, E_8 contain −1, so any semisimple element in groups of those types is real. Furthermore, for^2B_2(q^2),^2G_2(q^2),^2F_4(q^2) and^3D_4(q) it is easy to see that the elements from C_2 are real. Finally, for E_6 and^2E_6 we choose elements in T_2 of order Φ_8 = q^4 + 1. These are contained in the subgroup F_4(q), hence they are real by the above argument. Moreover, elements of this order in T_2 are also regular since no unipotent element has centralizer order divisible by Φ_8. This completes the proof. □

As in [13, Thm. 3.2] the existence of a a pair of strongly orthogonal classes, one of which is real, allows to conclude that there exists a conjugacy class C such that G is covered by C^2 ∪ C^3 (Corollary 1.6):

Proof of Corollary 1.6. Let (C_1, C_2) be the pair of strongly orthogonal classes for G from Theorem 10.1, with C_2 real. Then only two characters χ_1 = 1, χ_2 contribute to the normalized structure constant n(C_1, C_2, C_3) for any class C_3 of G. But 1 = χ_1(C_1)χ_1(C_2) = −χ_2(C_1)χ_2(C_2), and |χ_2(C_3)| < χ_2(1) for 1 /∈ C_3 since G is simple, so n(C_1, C_2, C_3) > 0 for all non-trivial classes C_3. In particular, choosing C_3 = C_2 we see that any element in C_1 lies in C^2_2 . Since moreover C_2 is real, the identity is also contained in C^2_2 . Together we hence obtain G ⊂ C^2_2 ∪ C^3_2 . □

References

[1] R. W. Carter, Finite groups of Lie type: Conjugacy classes and complex characters, John Wiley and Sons, Chichester, 1985.

[2] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, R. A. Wilson, Atlas of finite groups, Clarendon Press, Oxford, 1985.

Table 10.2. Pairs of strongly orthogonal classes

G |T_1| |T_2| 2B_2(q^2), q^2 > 2 q^2 − 1 q^2 + √ 2q + 1 2G_2(q^2), q^2 > 3 q^2 − 1 q^2 + √ 3q + 1 2F_4(q^2), q^2 > 2 q^4 − 1 q^4 + √ 2q^3 + q^2 + √ 2q + 1 G_2(q), q > 2 Φ_1Φ_2 Φ_3 3D_4(q) Φ_1Φ_2Φ_3 Φ_{12} F_4(q) Φ_1Φ_2Φ_3 Φ_8 E_6(q) Φ_9 Φ_1Φ_2Φ_8 2E_6(q) Φ_{18} Φ_1Φ_2Φ_8 E_7(q) Φ_1Φ_7 Φ_2Φ_{18} E_8(q) Φ_1Φ_2Φ_4Φ_8 Φ_{15}

[3] L. Di Martino and N. A. Vavilov, (2, 3)-generation of SL(n, q). I, Comm. Algebra 22 (1994), 1321–1347; II, ibid. 24 (1996), 487–515.

[4] M. Geck, G. Hiss, F. Lübeck, G. Malle, G. Pfeiffer, CHEVIE — A system for computing and processing generic character tables, AAECC 7 (1996), 175–210.

[5] M. W. Liebeck and A. Shalev, Classical groups, probabilistic methods, and the (2, 3)-generation problem, to appear, Ann. of Math. (1996).

[6] G. Lusztig, Characters of reductive groups over a finite field, Annals of Math. Studies, vol. 107, Princeton University Press, Princeton, 1984.

[7] G. Lusztig, Character sheaves V, Adv. in Math. 61 (1986), 103–155.

[8] G. Lusztig, On the representations of reductive groups with disconnected centre, Astérisque 168 (1988), 157–166.

[9] G. Lusztig, Green functions and character sheaves, Ann. of Math. 131 (1990), 355–408. [10] G. Malle, Exceptional groups of Lie type as Galois groups, J. reine angew. Math. 392 (1988), 70–109.

[11] G. Malle, Hurwitz groups and G_2(q), Canad. Math. Bull. 33 (1990), 349–357. [12] G. Malle, Small rank exceptional Hurwitz groups, Groups of Lie type and their geometries, LMS Lecture Notes, vol. 207, Cambridge University Press, Cambridge, 1995, pp. 173–183.

[13] G. Malle, J. Saxl, Th. Weigel, Generation of classical groups, Geom. Dedicata 49 (1994), 85–116.

[14] B. H. Matzat, Konstruktive Galoistheorie, Lecture Notes in Mathematics 1284, Springer, Heidelberg, 1987.

[15] G. A. Miller, On the groups generated by two operators, Bull. Amer. Math. Soc. 7 (1901), 424–426.

[16] K. Mizuno, The conjugate classes of unipotent elements of the Chevalley groups E_7 and E_8, Tokyo J. Math. 3 (1980), 391–461.

[17] M. Schönert et al., GAP — Groups, Algorithms, and Programming, fourth ed., Lehrstuhl D für Mathematik, RWTH Aachen, Germany, 1994.

[18] K. Shinoda, The conjugacy classes of Chevalley groups of type F_4 over finite fields of characteristic 2, J. Fac. Sci. Univ. Tokyo 21 (1974), 133–159.

[19] T. Shoji, The conjugacy classes of Chevalley groups of type F_4 over finite fields of characteristic p ≠ 2, J. Fac. Sci. Univ. Tokyo 21 (1974), 1–17.

[20] T. Shoji, Character sheaves and almost characters of reductive groups, Adv. in Math. 111 (1995), 244–313; II, ibid., 314–354.

[21] Th. Weigel, Generation of exceptional groups of Lie type, Geom. Dedicata 41 (1992), 63–87.

I.W.R., Im Neuenheimer Feld 368, D–69120 Heidelberg, Germany E-mail address: Frank.Luebeck@iwr.uni-heidelberg.de --- malle@urania.iwr.uni-heidelberg.de