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Abstract
We give a full list of the unitary discriminants of the even degree
indicator 'o’ ordinary irreducible characters of SL3(q).
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1 Introduction

Let G be a finite group, K a number field, n € N and let p : G — GL,(K)
be a K-representation of G of degree n. Then p is uniquely determined by
its character y : G — K, g > trace(p(g)). The ordinary character table
for G lists the values of all irreducible characters on the conjugacy classes
of G. Together with additional number-theoretic invariants, the local Schur
indices, it contains all necessary information about the linear actions of ¢
over number fields, i.e. the representations p as above.

As G is finite, the image p(G) C GL,(K) is contained in either a symplec-
tic, unitary, or orthogonal group. The papers [9] and [8] develop methods
towards classifying the orthogonal and unitary groups that contain p(G).
These methods are then applied to compute the orthogonal discriminants of
the even degree indicator + irreducible characters and the unitary discrim-
inants of the even degree indicator 'o’ characters of a large portion of the
groups in the ATLAS of finite groups [3].
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The ATLAS of finite groups contains the character tables of small finite
simple groups, including all sporadic simple groups. Most of the non-abelian
simple groups are finite groups of Lie Type. They fall in infinite series for
which there are so called generic character tables parameterising the represen-
tations. For these infinite series, it is necessary to compute the corresponding
generic orthogonal and unitary discriminants.

The first formula in the literature for such generic discriminants is the one
by Jantzen and Schaper (see for instance [5]) giving the module structure of
the discriminant groups of the Specht modules for all symmetric groups.
The first generic orthogonal character tables have been obtained in [2] for
the groups SLy(¢) and all prime powers g. Later the authors of this paper
computed the generic orthogonal discriminants of the groups SLj(g) and
SUs(q) 4], again for all prime powers g.

This paper continues this investigation by determining the unitary dis-
criminants of the groups SL3(q) for all prime powers ¢. In this case Harish-
Chandra induction from the parabolic subgroup GLa(q) X IFg is enough to
obtain all unitary discriminants (Theorem 3.4 and 3.5).

This paper is a contribution to Project-ID 286237555 — TRR 195 — by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation).

2 Methods

2.1 Quadratic and Hermitian forms

Let L be a field and o € Aut(L) an automorphism of order 1 or 2. Put
K := Fix,(L) to denote the fixed field of 0. An L/K Hermitian space is
a finite dimensional L-vector space V' together with a non-degenerate L/K-
Hermitian form H : V x V — L, i.e. a K-bilinear map such that H (av,w) =
aH(v,w) and H(v,w) = o(H(w,v)) for all v,w € V and a € L. Let N :=
Nk (L*) denote the norm subgroup of K*. Then

(KX)Q SNSKX

and N = (K*)? if o = id. In the latter case, L = K and H is usually called
a symmetric bilinear form.

Definition 2.1. The discriminant of H is the class

disc(H) := (1)) det(Hz)N € K*/N,
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where n = dim(V') and Hp := (H(b;,b;))?,_, € L™ is the Gram matrix of

ij=1
H with respect to any basis B = (by,...,b,) of V.

It is a general principle that odd degree extensions are not relevant for
isometry of quadratic or Hermitian forms.

Lemma 2.2. (see [6, Corollary 6.16]) Let F' be an odd degree extension of
K. Put F := FL and extend o to a field automorphism o of E with fized
field F'. Let (V,H) and (W, H') be two L/K Hermitian spaces. If the E/F
Hermitian spaces (V ®@p E, Hg) and (W ®p, E, H};) are isometric, then also
(V, H) = (W, H'),

2.2 Unitary stable characters

For a finite group G let Irr(G) denote the absolutely irreducible complex
characters of G. The Frobenius-Schur indicator ind(x) of x € Irr(G) takes
values in {4, —,’0’}. We have ind(x) = o’ if and only if the character field
Q(x) is not real, ind(x) = + if there is a real representation affording the
character y, and ind(y) = — for real characters y that are not afforded by a
real representation. We denote by

I (G) == {x € Ir(G) | ind(x) = +, x(1) even }
the even degree indicator + characters of G and by

(@) = {x € Irr(G) | ind(x) = "0’, x(1) even }
the even degree indicator o’ characters of G.

Definition 2.3. A character x of a finite group G is called orthogonal if there
is a representation p affording the character y and fixing a non-degenerate
quadratic form. An orthogonal character is called orthogonally stable if and
only if all its indicator + constituents have even degree.

Then [9, Theorem 5.15| shows that the orthogonally stable characters are
exactly those orthogonal characters that have a well defined discriminant:

Definition 2.4. Let x be an orthogonally stable character of a finite group GG
with character field K := Q(x). Then the orthogonal discriminant disc(x) €
K> /(K*)? is the unique square class of the character field such that for any
orthogonal representation p : G — GL,(L) and any non-degenerate p(G)-
invariant quadratic form @ we have that disc(Q) = disc(x)(L*)?.
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The paper 8| transfers the notion of orthogonal stability to the Hermitian
case:

Definition 2.5. An ordinary character x of a finite group G is called unitary
stable if all absolutely irreducible constituents of x have even degree.

Note that a unitary stable orthogonal character is orthogonally stable,
but the converse is not always the case. Similarly as in the orthogonal case
we get that a unitary stable character has a well defined unitary discriminant:

Definition 2.6. Let y be a unitary stable character of the finite group G
and let L be a totally complex number field with real subfield L*. Assume
that there is an L-representation p of G affording the character x. Then all
p(G)-invariant non-degenerate Hermitian forms H have the same discrimi-
nant disc(H) =: dNp,p+(L*). Then discy(x) := dNp/p+(L*) is called the
L-discriminant of x. If L = Q(x) is the character field of x then we usually
omit the index L and denote by disc(x) := discgy)(x) the unitary discrimi-
nant of x.

2.3 Induced representations

Many irreducible characters x of finite groups G are imprimitive, i.e. induced
from a character ¢ of a proper subgroup U. Then a G-invariant form in the
induced representation is just the orthogonal sum of [G : U] copies of a
U-invariant form. However, the character field of ¥ might be larger than
the one of x, and we only get the discriminant over the character field of
¥ (see [8, Remark 5.11]). In view of Lemma 2.2 it is helpful to know when

[Q(¥) : Q(x)] is odd:

Lemma 2.7. Let G be a finite group, U < G, ¢ € Trr(U) such that x =
Y € Tir(G). Then Q(x) < Q). Let W := {4y,..., ¢} be the set of
constituents of the restriction xju of x to U of degree ¥;(1) = 9(1) and
assume that the cardinality, h, of ¥ is odd. Then there is iy € {1,...,h}

such that [Q(1y,) : Q(x)] is odd.

Proof. By Frobenius reciprocity ¥ = {1; € Irr(U) | x = ¥¢}. For ¢; € ¥ a
full regular orbit under the Galois group Gal(Q(v;)/Q(x)) is contained in ¥
and V¥ is a disjoint union of such Galois orbits. As |U| is odd at least one of
these orbits has odd length. O]



2.4 A generalisation of the (s-trick

Sometimes subgroups help us to predict all unitary discriminants of faithful
characters. The following result is a generalisation of the Qg-trick [8, Section
6.1]. A variant is later used in Theorem 3.1.

Theorem 2.8. Let d > 2 and m := 2% for some a € N. Let p,{ be not
necessarily distinct odd primes and let ¢ := p/ be some power of p. Let
G be some subgroup of GL,,(q) containing SO/ (p) (e.g. SLn(q) < G <
GLn(9),8Un(q) < G < GUn(q),SO4(q) < G < GO, (q)). Let x be an
absolutely irreducible faithful ordinary or ¢-Brauer character of G. Then

(a) The character degree x(1) is a multiple of 2¢.
(b) If the indicator of x is +, then its orthogonal discriminant is 1.

(¢) If x is an ordinary character of indicator ’o’, then its unitary discrim-
mant is 1.

Proof. Consider the group U := 2f2d ~ @%Dg. Then U has a unique abso-
lutely irreducible character ¢ that restricts non-trivially to the center Z(U) =
(5. This character has degree ¢(1) = 2¢, indicator +, and is the character
of an integral absolutely irreducible representation A : U — SLga(Z). More-
over, 1) is orthogonally stable of orthogonal discriminant 1. Reducing A mod
p hence shows that U < SO/ (p) < SLy,.(p), so U < G.

As yx is a faithful character of G, its restriction to U is a multiple of ¢». [

3 The special linear group

Let p be a prime and let ¢ be a power of p. Put F;*" to denote the ring of
n x n matrices over the finite field F,. The group SLj(q) is

SLs(q) = {g € F¥*|det(g) = 1}.

It contains a maximal parabolic subgroup

P = € SL3(q)

o O Q2
~ L o
Q o o



Note that P is the semidirect product P = GLy(q) Fg where the action of
GL2(q) on ]FZ is given by

g-h =det(g)(gh) for g € GLy(q),h € Iﬁ‘z.

The center of P is the center Z of SL3(¢), hence isomorphic to C3 if ¢ — 1 is
a multiple of 3 and trivial otherwise. Let

o
d:=|Z| =ged(3,g— 1) and w := exp (%) :

3.1 The characters of GLy(q)

As we use Harish-Chandra induction from the Levi factor GLy(q) of the
subgroup P, we first deal with this group.

Theorem 3.1. Assume that q is a power of some odd prime p. Then all
characters ¢ € Trr®°(GLy(q)) have unitary discriminant disc(¢y) = (—1)¥(M/2,

Proof. If 1 is not faithful, then the character field of 1 is real (see [11]). So
¥ is a faithful irreducible character of GLy(q). Then the restriction of ¥ to
the subgroup Dg < GLa(q) is a multiple of the unique character of Dg that
restricts non-trivially to the center of Dg. This character has degree 2, indica-
tor +, trivial Schur indices and orthogonal discriminant —1. As in Theorem
2.8 we conclude that the unitary discriminant is disc(v) = (—1)¥™1)/2, O

Remark 3.2. Assume that ¢ is a power of 2. Then GLy(¢) has ¢ — 1 irre-
ducible characters of degree g. All these characters restrict to the Steinberg
character of degree ¢ of SLy(¢) and hence have unitary/orthogonal discrimi-
nant (—1)%2(q + 1) (see |2, Theorem 6.2]).

3.2 The characters of P

Now let x € Irr(P) be an irreducible character of P = IF; x GLy(qg) restricting
non-trivially to the abelian normal subgroup A :=F; of order ¢*. As P acts
transitively on A\ {1}, the restriction of x to A is a multiple of the sum of
all non-trivial linear characters 1) of A. By Clifford theory, the character x
is induced up from a character of the inertia subgroup T, = H x A of any of
these characters 1, where

a b -~
H:{(O GQ)]aeIF;,bqu}—(F;xFq)
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with center Z. The index of Ty in P is ¢* — 1. The irreducible characters ¢
of H consist of (¢— 1) linear characters and d? characters of degree (¢ —1)/d.
Inducing the characters ¢ ® ¢ with ¢ € Irr(H) from H x A to P we obtain
(¢ — 1) irreducible characters of degree (¢> — 1) and d? characters of degree

(¢ = 1)*(q+1)/d.

Remark 3.3. The irreducible characters y € Irr(P) for which the restriction
of x to a Sylow p-subgroup of P does not contain the trivial character are
exactly the d® characters of degree x(1) = (¢ — 1)*(¢ + 1)/d. By Benard’s
theorem [1] all these characters have trivial Schur index. The d characters x
that restrict trivially to the center are rational, the other d? — d characters
X have character field Q(w). All these characters have trivial unitary, resp.
orthogonal, discriminant.

Proof. Write ¢ — 1 = ab such that a is a power of 3 and b is not a multiple
of 3 and put
U:=(P,g"|geP)

to be the normal subgroup of index ain P (so U = P if ¢ # 1 (mod 3)). Let
X € Irr(P) be one of the irreducible characters of degree (¢ — 1)*(q + 1)/d
from Remark 3.3. By Clifford theory the restriction x| of x to U is a sum of
a 3-power number of conjugate characters of the same degree, in particular
the degrees of the constituents of x| are even. Moreover these constituents
are rational and hence x|y is an orthogonally stable rational character that
restricts orthogonally stably to a Sylow p-subgroup of U. Now [7, Theorem
4.3 and Corollary 4.4] yields

disc(xjv) = (—=1)XW/2pxM/=1(Q*)? = 1

and hence also the unitary discriminant of y is 1. ]

3.3 The characters of SL3(q)

Theorem 3.4. If q is odd then all characters x € Irr°(SL3(q)) have unitary
discriminant (—1)X(V/2,

Proof. We use the description in [11] of the characters of SL3(¢q). The charac-
ters x of degree (¢+1)(¢*+¢q+1) and (¢—1)(¢> + ¢+ 1) are Harish-Chandra
induced from the maximal parabolic subgroup P from a a character ¢ of
degree (¢ + 1) resp. (¢ — 1) of the Levi complement GLy(q).
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If x(1) = (¢ — 1)(¢*> + ¢ + 1), then there is a unique such character 1
with x = ¥%. In particular Q(x) = Q(¢). So if Q(/¢) is not real, then also
¢ € Irr°(GL2y(q)) and Theorem 3.1 shows that the unitary discriminant of
and hence the one of x = % is (—1)¢=1/2,

If x(1) = (¢ + 1)(¢*> + g + 1), then there are three such characters 1
inducing to the same character y. As the Galois group of Q(v))/Q(x) acts on
the constituents of degree ¢ + 1 of x|p it has at least one orbit of odd length.
So one of these characters v satisfies [Q(¢)) : Q(x)] is odd. By Lemma 2.2,
this again allows to conclude that the unitary discriminant of y is the same
as the one of 1.

It remains to consider the characters y of degree (¢ — 1)*(¢ + 1) and
(¢ —1)*qg+1)/3 (if g =1 (mod 3)).

For both degrees, the character xy does not appear in the permutation
character of G on the (¢ — 1)%(q¢ + 1) cosets of a Sylow p-subgroup S of G:
This is clear if x(1) = (¢ —1)*(¢+1) = [G : S] because all constituents of 1§
have degree < [G : S]—1. If x(1) = (¢—1)*(¢+1)/3, we note that the center
Z = (z) of G has order 3 and orbits of length 3 on the cosets of G/S. So if x
occurs in 1§, then this permutation character has three distinct constituents
of degree (¢ — 1)?(q + 1)/3 leading to the same contradiction as before.

In particular, the restriction of y to P is a sum of the characters from
Remark 3.3, showing again that the unitary discriminant of y is trivial.

From the tables in [10], we see that the characters of degree ¢(¢+ 1) and
(¢+1)(¢*+ q+1)/3 are rational. Their orthogonal discriminant can be read
off from [4, Theorem 4.7]. O

Theorem 3.5. If q is even then all characters x € Irr°(SLs(q)) have degree
q(¢* + q+ 1) and unitary discriminant (—1)72(q + 1).

Proof. Now assume that ¢ is a power of 2. Then the even degree irreducible
characters of SL3(q) are as follows:

(i) one character of degree ¢*> + ¢ and Frobenius-Schur indicator +,
(ii) the Steinberg character of degree ¢* and Frobenius-Schur indicator +,

(iii) g — 1 characters of degree q(q® + ¢ + 1), one of which is rational and of
indicator +, while the others have indicator ’o’ (see [11], [10]).

From [11, Table VI| and the arguments given just before we conclude that
the ¢ — 1 characters x € Irr(SL3(q)) of degree x(1) = q(¢* + ¢ + 1) are
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Harish-Chandra induced from the ¢ — 1 irreducible characters ¢ of degree q
of the Levi factor GLa(g) of P. It follows that they have the same character
field Q(x) = Q(¢) and discriminant. From Remark 3.2 we get disc(¢)) =
(=1)?2(q+1). As the index of P in SL3(q) is odd, also the discriminant of
x is (—=1)9%(q +1). O
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