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Abstract. Using computational methods, we determine the ir-
reducible Brauer characters of the automorphism group of the
Chevalley group F4(2), up to one parameter and one consistency
issue.

1. Introduction and results

The purpose of this work, envisaged as a series of two articles, is
to compute the decomposition matrices of the groups of the form
2.F4(2).2, i.e. of the covering groups of the automorphism group F4(2).2
of the simple Chevalley group F4(2). In this first part we concentrate
on the group F4(2).2. In the second part we will consider the covering
groups of F4(2).2 and settle the questions left over here. Since the de-
composition matrices of the covering group 2.F4(2) of F4(2) are known,
our objective falls into the following general problem.

1.1. The problem. Let H̃ be a finite group containing the normal
subgroup H ⊴ H̃ of index 2. Choose x ∈ H̃ \ H, and let σ denote
the automorphism of H induced by conjugation with x. Further, let ε
denote the irreducible character of H̃ with kernel H.

Let p be an odd prime and let B̃ be a p-block of H̃. The task is to
compute the decomposition matrix of B̃, provided the decomposition
matrices of H are known. For this purpose, let B be a p-block of H
covered by B̃. Then there are three situations, for which we summarize
some well known results.
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1.1.1. The block B is not σ-invariant. Then B and B̃ are Morita equiv-
alent; see [11, Theorem 6.8.3]. In particular, the decomposition matri-
ces of B and B̃ can be identified via restrictions of characters.

1.1.2. The block B is σ-invariant, and there is a block B̃′ ̸= B̃ cov-
ering B. Then multiplication by ε provides a Morita equivalence be-
tween B̃ and B̃′. Moreover, restriction of characters induces a Morita
equivalence between B̃ and B. The first assertion is clear, for the
second use [4, Théorème 2.4].

1.1.3. The block B is σ-invariant, and B̃ is the unique block of H̃ cov-
ering B. By assumption, we know the PIMs of B. Let Φ be one of
these. If Φ ̸= Φσ, then IndH̃

H(Φ) is indecomposable. Suppose then that
Φ = Φσ. Then

IndH̃
H(Φ) = Φ̃+ + Φ̃−,

with Φ̃− = ε⊗ Φ̃+ ̸= Φ̃+. Let χ, ψ be irreducible constituents of Φ oc-
curring with multiplicity a and b, respectively. Assume that χσ ̸= χ and
that ψσ = ψ. Then IndH̃

H(χ) =: χ̃ is irreducible and IndH̃
H(ψ) = ψ̃++ψ̃−

with distinct irreducible constituents ψ̃− = ε ⊗ ψ̃+ ̸= ψ̃+. These con-
stituents occur in Φ̃+ and Φ̃− according to the following scheme.

Φ̃+ Φ̃−

χ̃ a a

ψ̃+ c c̃

ψ̃− c̃ c

where c + c̃ = b. The assertions outlined above follow from Clifford
theory; for details see [5, Subsection 2.2].

1.2. The results. In the present first part of our paper, we investi-
gate the above problem for the group H̃ = Aut(F4(2)). Let us write
G = F4(2) for the simple Chevalley group of type F4 over the field
with two elements. Then G is a normal subgroup of Aut(G) of in-
dex 2, if we identify Inn(G) with G. Adopting Atlas notation, we
write Aut(F4(2)) = G.2. The decomposition matrices for G are known;
see [9, 3].

With this notation, we prove the following results, where the tables
we refer to are collected in the appendix.

Theorem 1.1. The decomposition matrix of the principal 3-block B1

of G.2 can be determined from Tables 2 and 1, where the parameters
in Table 2 are a = 3 and ã = 1.
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Some comments on the statement of Theorem 1.1 are appropriate.
Firstly, the body X of Table 2 gives the decomposition numbers for
the characters of a special basic set BS1 of B1. Secondly, the body Y
of Table 1 contains the expansions of the other irreducible characters
of B1 in terms of the basic set characters, on restriction to the 3-regular
classes. The decomposition matrix of the irreducible characters of B1

not in the basic set equals Y tX.

Theorem 1.2. The decomposition matrices of the 3-blocks B2 and B9

of G.2 are as given in Tables 4 and 5, with the unknown parameters
b, b̃ ∈ {0, 1} and b+ b̃ = 1.

Theorem 1.3. There are two distinct blocks of G.2 covering the prin-
cipal 5-block of G. The decomposition matrices of these two blocks thus
agree with the decomposition matrix of the principal 5-block of G; see
1.1.2.

Theorem 1.4. The decomposition matrix of the principal 7-block of G.2
is given in Table 6, where the parameters take the values a = d̃ ∈ {0, 1}
and b = c = 1. For x ∈ {a, b, c, d}, we have x̃ = 1− x.

The proofs of Theorems 1.1–1.4 are given in Sections 3–5 below.
Our investigations are based on ideas and concepts devised by Richard
Parker. The results of Sections 3, 4 have been obtained with the
GAP-package MOC [12]. This is built upon the original MOC sys-
tem developed by Richard Parker, Klaus Lux and the first author in
the 1980s, see [10]. Section 5 describes our application of the conden-
sation techniques, which go back to Richard Parker and Jon Thackray
[16], and the MeatAxe64 due to Richard Parker [14, 15].

Remark 1.5. (a) As [G.2:G] = 2, the irreducible 2-modular char-
acters of G.2 agree with those of G.

(b) The parameter b in Theorem 1.2 remains undetermined for the
time being. The irreducible Brauer characters 5262894± in the
two cases differ by their values at class 4P, which equal 0, if b = 1,
and +/−28, if b = 0. By condensing a suitable tensor product
or an induced representation, and computing the trace at a 4P-
element, one can determine b. We postpone this computation to
the second paper of our series.

(c) The two cases a = 1, respectively a = 0 in Theorem 1.4 result
in two pairs of PIMs for 1377±, which only differ at the classes
32A, 32B (in Atlas notation). By swapping these classes in the
character table of G.2 and leaving the order of the irreducible
characters fixed, the two cases are transformed into one another.
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In fact there is an automorphism (32A, 32B) of the character table
of G.2, which swaps the two ordinary characters χ±

44 = 947700±,
and fixes all other irreducible characters. With regard to the p-
modular characters for p = 7, we may thus assume that a = 1.
This specification may lead to consistency issues, whenever the
classes 32A, 32B are involved in a similar way in Brauer character
tables of G.2 for other primes. This is indeed the case for p = 17;
see [17, Theorem 2.5]. In order to solve this problem, one has
to fix a representative y for class 32A, say, in terms of a specific
word in a standard generating system for G.2. Then, the trace
on y of the irreducible Brauer characters 5951582+ will decide the
question. Again, this computation is deferred to our next paper.

(d) The blocks considered in Theorems 1.1–1.4 account for all blocks
of G.2 with non-cyclic defect groups. The decomposition matrices
of G.2 for blocks with cyclic defect groups have been computed
by Donald White in [17].

As a preparation for this work, Thomas Breuer computed the char-
acter tables of all maximal subgroups of G.2, using Magma [1] and the
permutation representation of G.2 of degree 139776, provided by the
Atlas of Finite Group Representations [18], now part of the AtlasRep
package of GAP [19].

2. Notation and preliminaries

Recall the notation introduced at the beginning of Subsection 1.2.
Thus G denotes the simple Chevalley group F4(2). The ordinary char-
acter table of G is contained in the Atlas [6, Pages 167–169]. This table
is also available in GAP [7], and serves as a basis for our computations.

We use the numbering of the irreducible characters of G given in
the Atlas; this agrees with the numbering in GAP. Thus Irr(G) =
{χ1, . . . , χ95}. As usual, an irreducible character of G is sometimes
denoted by its degree.

The group G is contained, as an index 2 subgroup, in the automor-
phism group Aut(F4(2)) of F4(2), and we write G.2 = Aut(F4(2)). Let
x ∈ G.2 denote the exceptional automorphism of F4(2) of order 2.

2.1. Labelling the blocks. We label the blocks of G and G.2 as in
GAP; this labelling is also used in the database of decomposition ma-
trices of the Modular Atlas home page [2]. We write Bi for the p-block
of G which is the block with number i in GAP.
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2.2. Labelling the ordinary irreducible characters of G.2. Let σ
denote the automorphism of G induced by conjugation with x, and
let ε be the unique irreducible character of G.2 with kernel G.

Let χ := χi ∈ Irr(G). If χσ ̸= χ, then IndG.2
G (χ) ∈ Irr(G.2), and we

write
χ0
i := IndG.2

G (χ),

so that χ0
i = χ0

j if χσ
i = χj.

Otherwise IndG.2
G (χ) is the sum of two distinct irreducible extensions

of χ to G.2, and we write

IndĜ
G(χ) = χ+

i + χ−
i .

Then χ−
i = ε ⊗ χ+

i . In particular, χ−
i (x) = −χ+

i (x). If these num-
bers are real and non-zero, we choose the notation such that χ+

i (x) >
0. This condition is not satisfied exactly for the two characters χ13

and χ44. In these cases, we choose χ+
i as one of the two extension

of χi, at random. The symbol χ±
i denotes the pair (χ+

i , χ
−
i ).

The above conventions are expanded analogously to the case when
χ ∈ Irr(G) is denoted by its degree.

2.3. Character table automorphisms. In the course of our proofs
we induce projective characters from the maximal subgroups [220] :A6.2

2

and [222] :(S3 × S3) : 2 of G.2. In each case, there is one orbit of class
fusions under the character table automorphisms of the subgroup and
those of G.2, and we choose one fusion out of its orbit. We have to
make sure that our arguments are independent of the chosen fusion
map. For this we check that the projective characters of the subgroups
we induce are invariant under all table automorphisms of the subgroup.
In turn we check that the induced characters are invariant under table
automorphisms of G.2. Hence any other possible fusion will yield the
same projective characters.

3. The prime 3

Here, we prove the elementary parts of Theorems 1.1 and 1.2.

3.1. The principal block. Let B1 denote the principal 3-block of G.2.
Then k(B1) = 56 and ℓ(B1) = 31. The restrictions to the 3-regular
classes of the following characters yields a special basic set BS1 of B1:
χ±
1 , χ±

2 , χ0
3, χ

±
5 , χ±

7 , χ±
8 , χ0

9, χ
±
13, χ0

14, χ
±
20, χ0

22, χ
±
24, χ

±
26, χ0

33, χ
±
45, χ0

46,
χ0
50, χ

±
58, χ

±
94. The relations displayed in Table 1 prove this assertion.

Table 3 gives some projective characters of B1, restricted to BS1.
These either arise as induced PIMs of the subgroup [222] :(S3 × S3) :2
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of G.2 or as products of defect 0 characters of G.2 with ordinary char-
acters. The list below gives more details; in the latter case, the defect 0
character is the first factor in the displayed product, in the former case
the PIMs of [222] :(S3 × S3) : 2 are given as sums of the ordinary irre-
ducible characters θi, i = 1, . . . , 384, of [222] :(S3×S3) : 2 in the ordering
of the GAP-character table. The superscript in square brackets refers
to the fact that we are inducing characters from the fourth maximal
subgroup.

Φ Origin
32 θ

[4]
1 + θ

[4]
6 + θ

[4]
7

33 χ+
27 ⊗ 833+

34 θ
[4]
11 + θ

[4]
31

35 θ
[4]
41

36 θ
[4]
4 + θ

[4]
7 + θ

[4]
9

37 θ
[4]
92 + θ

[4]
98 + θ

[4]
100

38 θ
[4]
15 + θ

[4]
32

39 χ+
27 ⊗ 1326+

40 χ+
16 ⊗ 1326+

We now derive the parametrized decomposition matrix given in Ta-
ble 2, up to the parameters a and ã. These are non-negative integers
such that a + ã = 4. The PIMs of B1 are denoted by Φ1, . . . ,Φ31.
First, we induce the PIMs of the principal block of G to G.2. The non-
invariant PIMs of this block yield the PIMs Φ5,Φ12,Φ15, Φ18, Φ23, Φ26

and Φ27 of B1. The invariant PIMs of the principal block of G induce
to pairs of splitting PIMs, i.e. the two elements of such a pair differ by
multiplication with ε. The splitting follows the rules noted in 1.1.3.

Observe that Φ40 is a PIM, which is one member of a pair of splitting
PIMs, thus yielding Φ28 and Φ29. Similarly, Φ39 and Φ38 determine the
splitting of Φ24 and Φ25, respectively Φ19 and Φ20. Also, Φ37 yields the
given form of Φ16 and Φ17. The splitting of Φ13 and Φ14 follows from the
fact that the two liftable Brauer characters of degree 63700 are complex
conjugates, whereas all other constituents in the corresponding PIMs
are real valued. Since Φ36 contains the PIM Φ21, the former projective
character determines the splitting of Φ10 and Φ11, as well as that of
Φ21 and Φ22. The form of Φ8 and Φ9 is proved with the help of Φ35

and Φ29. Similarly, Φ34 and Φ33 determine the splitting of Φ6 and Φ7,
respectively Φ3 and Φ4. Finally, Φ1 = Φ32 − 2Φ5 − 3Φ10 − 2Φ11, where
the multiplicities of the PIMs to be subtracted from Φ32 are implied by
the triangular shape of the decomposition matrix, already proved. This



THE PRIME 7 7

completes the proof for the parametrized decomposition matrix for the
principal 3-block of G.2. It remains to determine the parameter a. This
will be achieved in Section 5.

3.2. The non-principal blocks of non-cyclic defect. These are the
two blocks B2 and B9 in the numbering of GAP. Let B be one of the
blocks B2 or B9. Then k(B) = 9 and ℓ(B) = 7, and we number the
PIMs of B by Φ1, . . . ,Φ7. There is a unique block of G covered by B,
whose decomposition matrix is given in [9]. The PIM Φ5 is obtained
by inducing a non-invariant PIM of G.

Further PIMs of B are obtained according to the following lists.

B2

Φ Origin

1 θ
[2]
6

2 θ
[2]
8

3 θ
[4]
66

4 θ
[4]
62

6 χ+
16 ⊗ 833+

7 χ−
16 ⊗ 833+

B9

Φ Origin

3 θ
[4]
18

4 θ
[4]
28

6 θ
[4]
26

7 θ
[4]
22

Here, the irreducible characters of the maximal subgroup [220] :A6.2
2

are denoted by θ[2]i , i = 1, . . . , 331, and those of the maximal subgroup
[222] :(S3 × S3) :2 by θ[4]i , i = 1, . . . , 384. The characters induced are all
of 3-defect 0. The splitting of the PIMs Φ1, Φ2 of block B9 follows the
rules formulated in 1.1.3.

4. The prime 7

The columns labelled by Φ1, . . . ,Φ24 of Table 6 constitute the para-
metrized decomposition matrix of the principal 7-block of G.2. The
parameters a, b, c, d take the values 0 or 1, and x̃ = 1 − x for x ∈
{a, b, c, d}. The PIMs Φ3,Φ8,Φ9, Φ16, Φ19 and Φ20 are induced from
PIMs of G. There are PIMs of the form

Φi := (833+ ⊗ χ±
j )B1 ,

with i, j and ± as in the following list.

i 1 2 4 5 14 15 21 22 23 24
j 2 2 7 7 24 24 16 16 26 26
± + − + − + − + − + −
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The parametrized PIMs are pairs of splitting PIMs, i.e. the two el-
ements of such a pair differ by multiplication with ε. There are two
pairs of complex conjugate PIMs, (Φ10,Φ12) and (Φ11,Φ13). All other
PIMs are real.

Finally, there are two projective characters
Φ25 := (χ+

8 ⊗ χ+
6 )B1

and
Φ26 := (χ+

7 ⊗ χ+
20)B1 .

Notice that
Φ25 = Φ6 + ãΦ17 + aΦ18.

Since 5640192− is not a constituent of Φ25, we get ãd̃+ ad = 0, which
implies that d = ã. Also,

Φ26 = Φ10+Φ12+Φ19+4Φ20+(3− 2b)Φ21+(1− 2b̃)Φ22+xΦ23+ yΦ24

for some non-negative integers x, y. This implies 1 − 2b̃ ≥ 0 and thus
b = 1.

It remains to determine the parameter c. This is achieved in Section 5
below.

5. Condensation

To determine the parameters a in Theorem 1.1 and c in Theorem 1.4,
we use condensation techniques. Let F be one of F3 or F7 and let p
denote the characteristic of F. For χ ∈ Irr(G.2) we write χ◦ for the
restriction of χ to the p-regular classes.

5.1. The setup. Assume that (B,N) is a split BN -pair for G. Then
U := B is a Sylow 2-subgroup of G and W := N is the Weyl group
of G. The corresponding Dynkin diagram of G equals

f f f f>
s1 s2 s3 s4

where s1, . . . , s4 denote the Coxeter generators of W . The standard
graph automorphism σ of G (see [8, Theorem 1.15.2(a), Definition
1.15.5(e)]) fixes U and W , and swaps s1 with s4 and s2 with s3. Recall
that x ∈ G.2 is an involution which induces σ by conjugation. Thus x
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normalizes U and W and sx1 = s4, sx2 = s3. In particular, x preserves
the length of the elements of W . As in [3], let

e :=

(∑
u∈U

u

)(∑
w∈W

(−1)ℓ(w)w

)
∈ FG

denote the Steinberg element. Then x centralizes e.
Put St := eFG. Then St is an FG-module with character χ94, the

Steinberg character of G. Also, St has F-basis {eu | u ∈ U}. Now
G.2 = ⟨G, x⟩, and x centralizes e, so St is an FG.2-module, denoted
by St+. As x permutes the basis {eu | u ∈ U} with exactly 4096 fixed
points, the character of St+ equals χ+

94.
Now a, respectively c is the multiplicity of the irreducible Brauer

character χ+,◦
20 in χ+,◦

94 . To determine this multiplicity, we condense St+,
using the same condensation subgroup V as in [3]; that is, V is the cen-
ter of the unipotent radical of the standard parabolic subgroup P of
type C3 of G. In particular, V ≤ G. The condensation idempotent is
ι := 1/|V |

∑
v∈V v. In this setup, simple FG.2-modules with charac-

ters χ±,◦
20 and χ±,◦

21 condense to characters of degree 720, and no other
constituent of St+ condenses to a character of this degree.

Condensing the same elements of G as in [3, Subsection 2.4], we can
use the formulas given in [3, Subsections 2.2, 2.3], with F3 replaced
by F. As remarked in [3, Subsection 2.4], these condensed elements are
algebra generators of ιFGι. In addition, we condense

y1 := xs4s3s2s1 ∈ G.2 \G
and

y2 := xs1s2s3s4 ∈ G.2 \G.
The action of x on the basis {eu | u ∈ U} of St+ is given by apply-
ing σ to these basis elements, that is we need to know how σ permutes
the elements of U . We first determine how σ permutes the root sub-
groups Uα for positive roots α (and so the non-trivial elements in these
subgroups). We write the reflection wα along a root α as word in the
Coxeter generators si, i = 1, 2, 3, 4, of W . We know how x permutes
the si and so we find the positive root β such that wβ = wx

α. Then σ
maps Uα to Uβ.

Using this map, symbolic descriptions of the elements of U as prod-
ucts of root elements in some fixed ordering of the roots and the com-
mutator relations in U , we obtain a symbolic description of the permu-
tation σ on U .

Thus the matrix coefficients for the action of ιyiι on St+ι for i = 1, 2
can be computed as in the remarks of [3, Subsection 2.4].
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5.2. Applying the trace formula. In order to determine the multi-
plicity of the composition factor M+ of St+ with Brauer character χ+,◦

20 ,
we need to find a suitable element y ∈ G.2, such that the trace of ιyι on
ιM+ι is non-zero. Let y1, y2 be the elements defined in Subsection 5.1.

Lemma 5.3. (a) The set Zi := {yiv | v ∈ V } distributes among the
conjugacy classes of G.2 according to the following tables, where we use
Atlas notation for the conjugacy classes.

Z1:
Class 2E 4P 4Q 8L/M 8R

No. 1 3 28 48 48

Z2:
Class 2E 4P 4Q 8L/M

No. 2 22 40 64

(b) Let χ+ be one of χ+
20 or χ+

21. Then
∑

v∈V χ
+(y1v) = 128 and∑

v∈V χ
+(y2v) = 0.

(c) Let M be a composition factor of St+ with φM ∈ {χ+,◦
20 , χ

+,◦
21 }.

Denote the ιFG.2ι-character of Mι by φι
Mι. Then φι

Mι(ιy1ι) = 1 and
φι
Mι(ιy2ι) = 0.

Proof. (a) This is computed with GAP, using the permutation repre-
sentation of G.2 on 139776 points, provided by the AtlasRep-package;
see [19]. The first generator of G.2 in this representation is an involu-
tion in G.2 \ G. As all these involutions are conjugate by an element
of G, we may set x equal to this first generator. The task now is
to identify the elements s1, . . . , s4; in other words, we have to solve a
constructive recognition problem.

In a first step, we construct an x-invariant Sylow 2-subgroup U ′ of G.
As all x-invariant Sylow 2-subgroups of G are conjugate by an element
of CG(x), we may assume that U ′ = U = B is the first component
of the BN -pair of G we are looking for. In our situation, N = W
is the corresponding x-invariant Weyl group, generated by the Coxeter
generators s1, . . . , s4, with s1 = sx4 and s2 = sx3 . The standard parabolic
subgroup P of type C3 corresponding to s2, s3, s4 is the centralizer of a
central element of U . We may thus construct P . Now P = L⋉UP with
L ∼= Sp6(2). It is easily checked that |CL(s4)| = 4608. The character
tables of P and G and the corresponding class fusions are available in
GAP. Using these, we conclude that s4 lies in the unique conjugacy
class C of P of length 5040, which fuses into a conjugacy class of G
with centralizer order 47563407360. The class C is easily located in P .
Also, s3 ∈ C, since s4 and s3 are conjugate in ⟨s3, s4⟩ ≤ P . Thus
(s4, s3) ∈ C with C the set of all elements (s, t) ∈ C × C satisfying the
following conditions:
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• |st| = 3;
• |ssx| = 2;
• |stx| = 2;
• |ttx| = 4;
• |U ∩ U s| = 223;
• |U ∩ U t| = 223;
• CCU (x)(⟨s, t⟩) = {1}.
The first four conditions arise from the presentation of W , the next
two conditions from the BN -axioms. The last condition follows from
CU(W ) = {1}. Using GAP, we find that |C| = 4096. As CU(x), a group
of order 4096, acts on C × C and preserves the above conditions, C is
a regular CU(x)-orbit on C × C.

For (s, t) ∈ C, put
(1) Zs,t := {xsttxsxv | v ∈ V }
and
(2) Z ′

s,t := {xsxtxtsv | v ∈ V }
As V is a normal subgroup of U , the sets Zs,t are conjugate by elements
of CU(x) as (s, t) varies over C, and an analogous remark applies to the
sets Z ′

s,t. By the order distribution of a subset of G.2, we understand
the multiset of orders of the elements of this set. By what we have
already said, the order distributions of the sets Zs,t are the same for all
(s, t) ∈ C, and likewise for the sets Z ′

s,t.
We find the order distribution

{21, 431, 896}
for the sets Zs,t and

{22, 462, 864}
for the sets Z ′

s,t, where the multiplicity of an element is indicated by a
superscript.

The elements of order 4 of G.2 \G are distinguished by the orders of
their centralizer in G. The same is true for the elements of order 8, ex-
cept if the centralizer has order 1280 or 128, respectively. In the former
case, the elements lie in one of the classes 8L or 8M. In the latter case,
in one of the classes 8Q or 8R, which are, however, distinguished by the
centralizer order of their squares. We find the multiset of centralizer
orders

{359424001, 204803, 307228, 128048, 12848}
for Zs,t, respectively

{359424002, 2048022, 307240, 128064}
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for Z ′
s,t. In the former case, all elements with centralizer order 128

square to elements with centralizer order 16384, so lie in the class 8R.
A look into the Atlas completes the proof.

(b) This follows from (a) and the character values of χ+ on the
respective elements.

(c) This follows from (b) and the trace formula

φι
Mι(ιyiι) =

1

|V |
∑
v∈V

φM(yiv)

given in [13, Subsection 3.6]. □

5.4. Results of the condensation. We apply the MeatAxe with gen-
erators of the algebra ⟨ιFGι, ιy1ι, ιy2ι⟩. Although the latter might be
strictly contained in ιFG.2ι, this suffices for our purposes. Indeed, the
720-dimensional ιFG.2ι-composition factors of St+ι are irreducible as
ιFGι-modules, and we can compute the traces of ιy1ι and ιy2ι on them.

Suppose first that p = 3. Then the module St+ι has four composition
factors of degrees 720, which come in two isomorphism types 720a and
720b and multiplicities 1 and 3, respectively. Moreover, the traces of
ιy1ι on 720a and 720b are −1 and 1, respectively. By Lemma 5.3(b)
and Table 2, we obtain a = 3.

Now suppose that p = 7, Then St+ι has composition factors of de-
grees

720, 720, 3711, 18555, 39900, 67466,

where the two composition factors of degree 720 are not isomorphic. In
fact, these correspond to the composition factors of St+ with Brauer
characters χ+,◦

20 and χ+,◦
21 , if c = 1, respectively χ−,◦

20 and χ−,◦
21 , if c = 0.

The trace of ιy1ι on each of these two composition factors equals 1. By
Lemma 5.3(b) and Table 6, we obtain c = 1.
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Appendix A. Tables

The notation in the following tables is introduced in Subsections 2.1
and 2.2. The parameters in Tables 2, 5 and 6 are discussed in Subsec-
tion 1.2.

Table 1. The relations in the principal 3-block with
respect to the basic set BS1

χ χ0
11 χ0

18 χ−
21 χ−

22 χ0
28 χ+

32 χ−
32 χ0

35 χ+
37 χ−

37 χ0
40 χ0

52 χ0
54

1+ 1 −1 . . −2 . 1 −1 1 . −1 1 −1
1− 1 −1 . . −2 1 . −1 . 1 −1 1 −1

833+ −1 1 . . 1 −1 −1 . −1 −1 1 −2 .
833− −1 1 . . 1 −1 −1 . −1 −1 1 −2 .
22100 −1 . . . 2 −1 −1 . −1 −1 . −2 .
1326+ . . . . 1 . . 1 . −1 . 1 .
1326− . . . . 1 . . 1 −1 . . 1 .
21658+ . 1 . . . . . . . . . . 1
21658− . 1 . . . . . . . . . . 1
22932+ 1 . . . −1 1 . . . 1 −1 2 .
22932− 1 . . . −1 . 1 . 1 . −1 2 .
464100 1 −1 . . −2 1 1 −1 1 1 −1 2 .
63700+ . 1 . . 1 . . 1 . . . 1 1
63700− . 1 . . 1 . . 1 . . . 1 1
1989000 . 1 . . 1 . . 1 . . 1 . 1
183600+ . . 1 . . 1 . 1 . . . 2 .
183600− . . . 1 . . 1 1 . . . 2 .
4331600 . . . . . . . 1 . . 1 1 .
249900+ . . . . 1 . . . 1 . . −1 .
249900− . . . . 1 . . . . 1 . −1 .
270725+ . . . . . . 1 . 1 . . 1 1
270725− . . . . . 1 . . . 1 . 1 1
10829000 . . . . . . . . . . 1 −1 .
1082900+ . . . . . . . . . . . . −1
1082900− . . . . . . . . . . . . −1
25989600 . . . . . . . . . . . . .
38984400 . . . . . . . . . . . 1 .
3411968+ . . . . . . . . . . . . 1
3411968− . . . . . . . . . . . . 1
16777216+ . . . . . . . . . . . . .
16777216− . . . . . . . . . . . . .



CONDENSATION 15

Table 1. (cont.) The relations in the principal 3-block
with respect to the basic set BS1

χ χ0
56 χ0

59 χ0
61 χ0

67 χ+
72 χ−

72 χ0
73 χ0

75 χ0
88 χ0

91 χ+
95 χ−

95

1+ . 1 . 1 . 1 1 1 . . 1 1
1− . 1 . 1 1 . 1 1 . . 1 1

833+ −1 −2 . −1 −1 −1 −2 −2 . . −1 −1
833− −1 −2 . −1 −1 −1 −2 −2 . . −1 −1
22100 −1 −2 . −1 −1 −1 −2 −2 . . −1 −1
1326+ 1 1 −1 . 1 . 1 . . −1 −1 .
1326− 1 1 −1 . . 1 1 . . −1 . −1
21658+ . −1 1 . −1 . . 1 −1 −1 . −1
21658− . −1 1 . . −1 . 1 −1 −1 −1 .
22932+ 1 1 . 1 1 1 2 2 . −1 1 .
22932− 1 1 . 1 1 1 2 2 . −1 . 1
464100 1 2 . 1 1 1 2 2 . −1 1 1
63700+ 1 . . . . . 1 1 −1 −2 −1 −1
63700− 1 . . . . . 1 1 −1 −2 −1 −1
1989000 1 . . . . . . . −1 −1 −1 −1
183600+ 1 2 −1 1 2 . 2 1 . −1 −1 1
183600− 1 2 −1 1 . 2 2 1 . −1 1 −1
4331600 1 2 −1 1 1 1 1 . . . . .
249900+ . −1 . −1 . −1 −1 −1 . . −1 .
249900− . −1 . −1 −1 . −1 −1 . . . −1
270725+ 1 1 . . . 1 1 . . −1 . .
270725− 1 1 . . 1 . 1 . . −1 . .
10829000 . . . . . . −1 −1 . 1 . .
1082900+ . 1 . 1 1 . 1 1 . . . 1
1082900− . 1 . 1 . 1 1 1 . . 1 .
25989600 . . 1 1 . . 1 1 −1 . . .
38984400 1 1 . 1 1 1 2 1 . −1 . .
3411968+ . . 1 . . . . 1 −1 . . .
3411968− . . 1 . . . . 1 −1 . . .
16777216+ . . . . . . . . 1 1 1 .
16777216− . . . . . . . . 1 1 . 1
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Table 2. The parametrized basic set decomposition
matrix of the principal 3-block

Φ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1+ 1 . . . . . . . . . . . . . .
1− . 1 . . . . . . . . . . . . .

833+ . . 1 . . . . . . . . . . . .
833− . . . 1 . . . . . . . . . . .
22100 . . . . 1 . . . . . . . . . .
1326+ . . . . . 1 . . . . . . . . .
1326− . . . . . . 1 . . . . . . . .
21658+ . . . . . . . 1 . . . . . . .
21658− . . . . . . . . 1 . . . . . .
22932+ . . . . 1 . . . . 1 . . . . .
22932− . . . . 1 . . . . . 1 . . . .
464100 . . 1 1 . . . . . . . 1 . . .
63700+ . . . . . . . . . . . . 1 . .
63700− . . . . . . . . . . . . . 1 .
1989000 1 1 . . . . . . . . . 1 . . 1
183600+ . . . . . . . . . . . . . . .
183600− . . . . . . . . . . . . . . .
4331600 . . 1 1 . . . . . . . . . . .
249900+ 1 . 1 . . . 1 . . 1 . 1 . . .
249900− . 1 . 1 . 1 . . . . 1 1 . . .
270725+ . . . . . . . . . . . . . . .
270725− . . . . . . . . . . . . . . .
10829000 . . . . 2 . . . . 1 1 1 . . .
1082900+ . . . . . . . 1 . . . . . . .
1082900− . . . . . . . . 1 . . . . . .
25989600 . . . . . 1 1 . . . . . 1 1 1
38984400 . . . . . . . . . . . 1 . . .
3411968+ . . 1 . . . . . . . . . . . .
3411968− . . . 1 . . . . . . . . . . .
16777216+ 1 . 1 . . 1 1 1 . . . 1 2 2 1
16777216− . 1 . 1 . 1 1 . 1 . . 1 2 2 1
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Table 2. (cont.) The parametrized basic set decom-
position matrix of the principal 3-block

Φ 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
1+ . . . . . . . . . . . . . . . .
1− . . . . . . . . . . . . . . . .

833+ . . . . . . . . . . . . . . . .
833− . . . . . . . . . . . . . . . .
22100 . . . . . . . . . . . . . . . .
1326+ . . . . . . . . . . . . . . . .
1326− . . . . . . . . . . . . . . . .
21658+ . . . . . . . . . . . . . . . .
21658− . . . . . . . . . . . . . . . .
22932+ . . . . . . . . . . . . . . . .
22932− . . . . . . . . . . . . . . . .
464100 . . . . . . . . . . . . . . . .
63700+ . . . . . . . . . . . . . . . .
63700− . . . . . . . . . . . . . . . .
1989000 . . . . . . . . . . . . . . . .
183600+ 1 . . . . . . . . . . . . . . .
183600− . 1 . . . . . . . . . . . . . .
4331600 . . 1 . . . . . . . . . . . . .
249900+ . . . 1 . . . . . . . . . . . .
249900− . . . . 1 . . . . . . . . . . .
270725+ . . . . . 1 . . . . . . . . . .
270725− . . . . . . 1 . . . . . . . . .
10829000 . . . . . . . 1 . . . . . . . .
1082900+ . . . . . . . . 1 . . . . . . .
1082900− . . . . . . . . . 1 . . . . . .
25989600 . . . . . . . . . . 1 . . . . .
38984400 . . . 1 1 . . 1 . . . 1 . . . .
3411968+ 2 . 1 . . . . . 1 . . . 1 . . .
3411968− . 2 1 . . . . . . 1 . . . 1 . .
16777216+ a ã 1 1 . 1 . . 2 . 1 1 1 . 1 .
16777216− ã a 1 . 1 . 1 . . 2 1 1 . 1 . 1
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Table 3. Some projective characters of the principal 3-block

Φ 32 33 34 35 36 37 38 39 40
1+ 1 . . . . . . . .
1− . . . . . . . . .

833+ . 1 . . . . . . .
833− . . . . . . . . .
22100 2 . . . . . . . .
1326+ . . 1 . . . . . .
1326− . . . . . . . . .
21658+ . . . 1 . . . . .
21658− . . . . . . . . .
22932+ 5 . . . 1 . . . .
22932− 4 . . . . . . . .
464100 . 1 . . . . . . .
63700+ . . . . . . . . .
63700− . . . . . . . . .
1989000 1 . . . . . . . .
183600+ . . . . . 1 . . .
183600− . . . . . . . . .
4331600 . 1 . . . . . . .
249900+ 4 1 . . 1 . 1 . .
249900− 2 . 1 . . . . . .
270725+ . . . . 1 . . . .
270725− . . . . . . . . .
10829000 9 . . . 2 . . . .
1082900+ . . . 1 . . . 1 .
1082900− . . . . . . . . .
25989600 . . 1 . . 1 . . .
38984400 . . . . 1 1 1 . .
3411968+ . 2 . . . 3 . 1 1
3411968− . . . 1 . . . . .
16777216+ 1 2 1 1 1 10 2 2 1
16777216− . . 1 1 . 6 . . .
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Table 4. The decomposition matrix of the 3-block B2

Φ 1 2 3 4 5 6 7
1377+ 1 . . . . . .
1377− . 1 . . . . .

269892+ . . 1 . . . .
269892− . . . 1 . . .
7160400 1 1 . . 1 . .
12530700 . . 1 1 1 . .
100245600 . . . . 1 1 1
5640192+ 1 . 1 . 1 1 .
5640192− . 1 . 1 1 . 1

Table 5. The parametrized decomposition matrix of
the 3-block B9

Φ 1 2 3 4 5 6 7
877149+ 1 . . . . . .
877149− . 1 . . . . .
877149+ . . 1 . . . .
877149− . . . 1 . . .
87714900 1 1 . . 1 . .
87714900 . . 1 1 1 . .
175429800 . . . . 1 1 1

14034384+ b b̃ 1 . 1 1 .

14034384− b̃ b . 1 1 . 1
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Table 6. The parametrized decomposition matrix of
the principal 7-block

Φ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1+ 1 . . . . . . . . . . . . . . .
1− . 1 . . . . . . . . . . . . . .

22100 1 1 1 . . . . . . . . . . . . .
1326+ . . . 1 . . . . . . . . . . . .
1326− . . . . 1 . . . . . . . . . . .
1377+ . . . . . 1 . . . . . . . . . .
1377− . . . . . . 1 . . . . . . . . .
884000 . . . . . 1 1 1 . . . . . . . .
1989000 . . 1 . . . . . 1 . . . . . . .
183600+ . . . . . . . . . 1 . . . . . .
183600− . . . . . . . . . . 1 . . . . .
183600+ . . . . . . . . . . . 1 . . . .
183600− . . . . . . . . . . . . 1 . . .
322218+ 1 . 1 . . . . . . . . . . 1 . .
322218− . 1 1 . . . . . . . . . . . 1 .
7160400 . . . . . . . 1 . . . . . . . 1
947700+ . . . . . a ã 1 . . . . . . . .
947700− . . . . . ã a 1 . . . . . . . .
26851500 . . . 1 1 . . . 1 . . . . . . .
56576000 . . . . . . . 1 . 1 1 1 1 . . 1
90521600 . . 1 . . . . . 1 . . . . 1 1 .

5640192+ . . . 1 . . . . . b b̃ b b̃ . . .

5640192− . . . . 1 . . . . b̃ b b̃ b . . .
161109000 . . . . . . . . 1 1 1 1 1 . . 1
214812000 . . . . . . . . . 1 1 1 1 . . 1
16777216+ . . . . . . . . . c c̃ c c̃ 1 . .
16777216− . . . . . . . . . c̃ c c̃ c . 1 .
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Table 6. (cont.) The parametrized decomposition ma-
trix of the principal 7-block

Φ 17 18 19 20 21 22 23 24 25 26
1+ . . . . . . . . . .
1− . . . . . . . . . .

22100 . . . . . . . . . .
1326+ . . . . . . . . . .
1326− . . . . . . . . . .
1377+ . . . . . . . . 1 .
1377− . . . . . . . . . .
884000 . . . . . . . . 1 .
1989000 . . . . . . . . . .
183600+ . . . . . . . . . 1
183600− . . . . . . . . . .
183600+ . . . . . . . . . 1
183600− . . . . . . . . . .
322218+ . . . . . . . . . .
322218− . . . . . . . . . .
7160400 . . . . . . . . . .
947700+ 1 . . . . . . . 1 .
947700− . 1 . . . . . . 1 .
26851500 . . 1 . . . . . . 1
56576000 1 1 1 . . . . . 1 3
90521600 . . . 1 . . . . . 4

5640192+ d d̃ 1 . 1 . . . 1 4

5640192− d̃ d 1 . . 1 . . . 2
161109000 . . 1 1 1 1 . . . 9
214812000 . . . 1 . . 1 1 . 14
16777216+ . . . 1 1 . 1 . . 11
16777216− . . . 1 . 1 . 1 . 9


