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ABSTRACT. We verify the inductive blockwise Alperin weight con-
dition in odd characteristic ¢ for the finite exceptional Chevalley
groups Fy(q) for ¢ not divisible by £.
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1. INTRODUCTION

Alperin’s weight conjecture, published in [1] in 1987, is one of the
famous intriguing conjectures in the representation theory of finite
groups. It postulates the coincidence of two invariants of a finite group,
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which are defined from global, respectively local data, and which seem
unrelated at first sight. Given a prime ¢ and a finite group G, the
global invariant in Alperin’s weight conjecture is the number of conju-
gacy classes of G of elements of order prime to ¢. This is the same as
the number of absolutely irreducible ¢-modular characters of G. The
local invariant is the number of conjugacy classes of /-weights of G. An
(-weight is a pair (@, x), where @ is a finite ¢-subgroup of G, and x
is an irreducible character of Ng(Q)/Q with the property that ¢ does
not divide |Ng(Q)/Q|/x(1). If (@, x) is an ¢-weight, we also call Q a
weight subgroup. In his original paper [1], Alperin proved the truth of
his conjecture in many instances, for example in case G is a finite group
of Lie type of characteristic /. Soon after its appearance, the Alperin
weight conjecture has been verified for various series of finite groups,
in particular the alternating and symmetric groups and their Schur
covering groups, as well as the general linear groups; see [3| and [65].

Beginning with a paper by Knorr and Robinson [52], the Alperin
weight conjecture has generated a huge new field of research, including
various reformulations, generalizations and reductions. The number of
contributions in this direction is too large to be listed here.

Since the classification of the finite simple groups, it has become a
common approach to reduce questions on general finite groups to re-
lated, often more complex questions on finite simple groups or their
universal covering groups. A reduction theorem to Alperin’s weight
conjecture in this spirit has been established by Navarro and Tiep [67].
The authors formulated a set of conditions on a non-abelian finite sim-
ple group and all of its perfect covering groups. If this set of conditions
is satisfied, the corresponding finite simple group is called AWC-good.
The main theorem of [67] states that if all non-abelian finite simple
groups are AWC-good, then the Alperin weight conjecture holds for all
finite groups.

There is a blockwise version of Alperin’s weight conjecture, already
present in [1|, and a reduction theorem for this blockwise version was
proved by Spéth in [75]. Refining the conditions for AWC-goodness,
Spéath introduced a collection of properties for a non-abelian finite sim-
ple group, called the inductive blockwise Alperin weight condition (in-
ductive BAW condition for short). Naturally, this set of conditions,
which is formulated for a fixed prime ¢ and a fixed ¢-block, is even
more intricate than the one of [67]. If the condition is satisfied for a
prime ¢ and all ¢-blocks of a non-abelian finite simple group G and
its covering groups, we say the inductive BAW condition holds for G
at the prime ¢. According to the main theorem of |75], the blockwise
Alperin weight conjecture for the prime ¢ holds for all finite groups if
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the inductive BAW condition is satisfied for all non-abelian finite sim-
ple groups at the prime ¢. A simplified version of the inductive BAW
conditions, adapted to our purposes, is presented in Hypothesis 2.13
below.

The inductive BAW condition has been verified for various series
of simple groups, for example some groups of Lie type of small rank
already by Spéth in [75]. Schulte shows in [70] that the inductive BAW
condition holds for the exceptional Chevalley groups Gs(q) and the
Steinberg triality groups. Malle verified the inductive BAW condition
for the Suzuki and Ree groups in |62, Theorem 5.1|. For blocks with
cyclic defect groups the inductive Alperin Weight condition holds by a
theorem of Koshitani and Spéth; see [54, Theorem 1.1]. Also, if G is
a finite simple group of Lie type of characteristic ¢, then the inductive
BAW condition for G holds at the prime ¢ by a result of Spéth; see |75,
Theorem C|. Our article is a contribution to the programme of verifying
the inductive BAW condition for the non-abelian finite simple groups.

Main Theorem. Let ¢ be an odd prime and let G = Fy(q) for a prime
power q coprime to £. Then the inductive blockwise Alperin weight
condition holds for every (-block of G.

Let G and ¢ be as in the main theorem. The proof of this relies on
a careful analysis of the /-blocks of G and their invariants, as well as
the candidates for the weight subgroups. The major part of our paper
is devoted to the case ¢ = 3. If £ > 3, the Sylow /-subgroups of GG are
abelian, and substantial results towards the main theorem are already
contained in [62] by exhibiting natural bijections between weights and
absolutely irreducible /-modular characters, and it remains to establish
equivariance of these bijections with respect to outer automorphisms
of GG. The classification of the ¢-blocks follows the route laid out by
the paper [14] by Broué¢ and Michel, i.e. it is based on the classification
of the semisimple conjugacy classes of elements of order prime to /.
The semisimple conjugacy classes are grouped into finitely many class
types, and our results can be proved uniformly for all elements inside
each class type. The class types and properties of the corresponding el-
ements, in particular their centralizers are determined and enumerated
in [58].

Our task is simplified to some extent as the Schur multiplier of G,
with one exception, is trivial, as the outer automorphism group of G
is cyclic and as all proper Levi subgroups of GG are of classical type.
The case ¢ = 3 presents an interesting example for the verification
of the inductive BAW condition, as the Sylow 3-subgroups of G are
non-abelian. The results for the principal 3-block reveal a distinctive
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different behavior in the cases when 9 divides or does not divide ¢? — 1.
Our investigations for ¢ = 3 are largely supported by the fact that 3
is good for all proper Levi subgroups of GG, and that the radical 3-
subgroups of G, which are the candidates for the weight subgroups
have been classified in [6] and [4]. The missing classification of the
radical 2-subgroups of G prevents us from extending our results to the
case / = 2. Many of our investigations are highly assisted by deep
results of Bonnafé, Dat and Rouquier [9], as well as by recent work of
Boltje and Perepelitsky [7].

Let us now comment on the contents of the individual sections of our
article. Section 2 is devoted to the introduction of notation and back-
ground material on groups and representations, occasionally refined
and extended for our purpose. Subsection 2.12 contains the version of
the inductive BAW condition relevant to our investigations. In Sec-
tion 3 we recall the principal concepts and results on finite groups of
Lie type needed later on. In particular, we summarize the above men-
tioned theorems of Bonnafé, Dat and Rouquier and various others in
Theorem 3.9 to have a convenient reference. Some consequences of
this major theorem are derived. We also collect some auxiliary results
useful in our later study. Section 4 introduces the group Fjy(q) as the
group of fixed points under a Steinberg morphism of a simple alge-
braic group G of type F}, over the algebraic closure of the field with ¢
elements. We establish our notation for the corresponding root sys-
tem and the Weyl group. We also introduce class types, and a duality
of Levi subgroups of G arising from the fact that G is isomorphic to
its dual group. We then investigate in great detail the structure of
some Levi subgroups of G. This yields a first new result in our paper,
Corollary 4.20, which states that the e-split Levi subgroups of G sat-
isfy the maximal extendibility condition. This is a crucial ingredient
in the proof of our main theorem and might be of independent inter-
est. Section 5 is devoted to the description of the ¢-blocks of G and
some of their invariants for primes ¢ not dividing q. The description
for the primes ¢ > 3 was known before and is due to Broué¢, Malle and
Michel [13], as well as Broué¢ and Michel [14]; see also [62]. The main
effort here is spent to handle the prime ¢ = 3 for the non-unipotent
blocks. The unipotent blocks have been treated by Enguehard in [27].
Although not pursued furthermore, we also include a subsection for the
prime ¢ = 2. The results are presented in form of tables in the Appen-
dix; see Tables 1-19 and 21. The action of the outer automorphisms
of G on the set of absolutely irreducible ¢-modular characters of an
invariant block is determined in Proposition 5.13.
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Section 6 is dedicated solely to the prime 3. We recall the con-
struction of the radical 3-subgroups of G established in [4] and [6] to
some detail, as this will be important later on. The defect groups of
the 3-blocks of G are, in particular, radical 3-subgroups. We describe
these defect groups by identifying the corresponding conjugacy class
of radical 3-subgroups. A preliminary result states that the Sylow
3-subgroups of the centralizers of semisimple elements are all radical
3-subgroups. It would be interesting to find an a priori reason for
this observation, which might extend to other groups of Lie type. The
weight subgroups are radical 3-subgroups, and we determine the can-
didates for the weight subgroups among the radical 3-subgroups.

Section 7 contains a proof of one half of the inductive BAW condi-
tion by giving a bijection between the absolutely irreducible ¢-modular
characters of a block and the conjugacy classes of weights associated to
the block; see Theorem 7.1. It is worth remarking that the blocks in G
are split in the sense that the associated canonical characters extend
to their inertia subgroups.

Finally, Section 8 proves the equivariance of the bijections established
in Theorem 7.1 with respect to outer automorphisms. This equivari-
ance is established in Theorem 8.24 after a long series of rather technical
and involved preparations. It is unfortunate that we were not able to
find a uniform approach to these results. Instead, we develop numerous
ad hoc methods for specific situations. On the other hand, the variety
of the methods introduced here might facilitate analogous investigation
for other exceptional groups of Lie type.

The referee of the first version of this article has pointed us to the
preprint [30]. This reduces the proof of the equivariance condition for
the non-quasi-isolated blocks of G to the verification of the inductive
blockwise Alperin weight condition for quasi-isolated blocks of simple
groups involved in G. At this time, to the best of our knowledge, this
verification has not been established completely for all the cases rele-
vant to our work, which includes groups such as Spg(g) or Spin,(q). We
have therefore decided to retain the original presentation of Section 8§,
as this is comprehensive and self-contained.

2. NOTATION AND PRELIMINARIES

Throughout this section G denotes a group, which is assumed to be
finite, except in Subsection 2.1 below.

2.1. Groups. Most of our notation for groups is standard. If g,z € G
we write g% := x~ g for the right conjugation of g by . This notation
is extended to subsets of G. If K, H < @, then we write K <g H
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whenever there exists x € G with K* < H. Analogously, we define
H = K. For H < G, we write

Outg<H) = Ng<H)/HCG(H)

Notice that if H < M < @, then Outy(H) naturally embeds into
Outg(H). The commutator subgroup of G is denoted by [G, G].

If p is a prime and G is a finite abelian p-group, we write €, (G) for
the subgroup of G generated by the elements of order p. Then Q;(G)
is an elementary abelian p-group.

If n, m are positive integers, then [n] denotes a cyclic group of order
n, and [n]™ the direct product of m copies of [n]. If n € {2,3,6}, we
also omit the outer brackets for simplicity of notation.

Our notation for simple groups and related groups follows one of the
standard conventions from the literature.

Recall the notation SL(¢) and GL:(q) for ¢ € {1,—1}: if ¢ = 1,
then these are the special linear and general linear groups of degree n
over the field F,; if ¢ = —1, then these are the corresponding special
unitary and unitary groups, respectively, defined over F .. Recall that
SLa(q) = SLy ' (q) = Spa(a).

The notation for group extensions follows the Atlas [23] convention,
i.e. A.B is a group with a normal subgroup isomorphic to A and cor-
responding factor group isomorphic to B; see [23, Page xx|. If not
indicated by brackets, we read group extensions A.B.C' from left to
right, that is, A.B.C' = (A.B).C.

2.2. Characters and modular systems. Let ¢ be a prime. Fix an
(-modular system (IC, O, O) for G, where O is a complete discrete valu-
ation ring of characteristic 0 with residue class field O of characteristic £
and field of fractions K, which is large enough for G, i.e. K contains a
|G|th root of unity. In the following, the term ¢-block refers to a block
of OG or its lift to OG. If 6 is a K-valued class function of G, we write
6 for the restriction of # to the set of f-regular elements of G. The set
of ordinary irreducible characters (i.e. irreducible C-characters) of G is
denoted by Irr(G), and the subset of Irr(G) of ¢-defect zero characters
by Irr’(G). We also write IBry(G) for the set of irreducible Brauer
characters of G (with respect to (K, 0, 0)). If B is a union of ¢-blocks,
we use the notation Irr(B) and IBr(B) for the sets of irreducible or-
dinary, respectively Brauer characters of B, and we write Z[lrr(B)],
respectively Z[IBr(B)] for the corresponding sets of generalized char-
acters.

Let H < G, and let x and 1 denote K-valued class functions on G,
respectively H. Then Res%(x) and Ind% (1) denote the restriction of
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to H, respectively the class function of GG obtained by inducing ¢ to G.
If H is a finite group and x and ¢ class function of G, respectively H,
with values in K, we write x X ¢ for the outer product of y and .
This is a IC-valued class function of G x H.

2.3. Actions of automorphisms. We collect some miscellaneous re-
sults on the action of automorphisms on characters.

Lemma 2.4. Let N <G and let 0 € Aut(G) stabilize N. Assume that
every coset of N in G contains a o-stable element.

Let A € Irr(G) with M(1) = 1 such that Res$(\) is o-stable. Then A
1s o-stable.

PRrROOF. This is a straightforward computation using the fact that A
is a homomorphism. O

Lemma 2.5. Let N <G with G/N a group of prime order. Further,
let o € Aut(G) stabilize N and let x € Trr(G). Suppose that Res$(x)
is o-stable. If Res$(x) is irreducible, assume that 0 # x(g) = “x(g) for
some g € G\ N. Then o fizes x.

PROOF. Suppose first that Res% () is reducible, and let ¢ € Irr(N)
be an irreducible constituent of Resg()(). By our assumption, xy =
Ind$(v), and %y = Ind§ (%)) = x, as % is an irreducible constituent of
Res (x)-

Suppose next that Res§(x) is irreducible. Then % is an extension
of Res$(x) to G. All such extensions are of the form y\, where X is
an irreducible character of G/N. Hence x(g9) = 7x(g9) = x(9)\(g) for
some A € Irt(G/N). As x(g) # 0, this implies A(g) = 1 and hence A is
the trivial character, as G/N has prime order. a

Let us record a corollary, which is relevant in our applications.

Corollary 2.6. Let M, N < G such that G/N is a group of prime
order and such that G = MN. Let o € Aut(G) stabilize M, N and
let x € Irr(G). Assume that ResS(x) is reducible or that ResS;n(X)
is irreducible. Assume finally that Res$ (x) and Res$(x) are o-stable.
Then x is o-stable.

PROOF. By Lemma 2.5 we may assume that Res$,y(x) is irre-
ducible. As G/N = M/(MNN), there is g € M\ N such that x(g) # 0.
Since Res{;(x) is o-invariant, the claim follows from Lemma 2.5. O

We will need the following variant of Brauer’s permutation lemma.

Lemma 2.7. Let m < n be positive integers, U € K™*" of full rank,
M € GL,(K). Suppose that there are permutation matrices P, P',Q of
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the appropriate sizes such that UQ = PU and MUQ = P'MU. Then
P'= MPM~*, and thus P and P' have the same trace.

PrROOF. We have PPMU = MUQ = M PU, and hence P’M = MP,
as U has full rank. O

We indicate an application of this lemma.

Lemma 2.8. Let o be an automorphism of G and let B be a o-stable
union of {-blocks of G. Suppose that U is a o-stable set of K-valued
class functions of G with [U| = [IBr(B)|, such that U :== {0 | 0 € U} is
a KC-basis of K ®z Z[IBr(B)]. Then the number of o-stable elements of
IBr(B) equals the number of o-stable elements of U.

PROOF. Write m and n for the number of irreducible Brauer char-
acters in B and the number of /-regular classes of GG, respectively.
Let U € K™ denote the character table of ¢/ and let @) denote the
(n x n)-permutation matrix arising from the permutation of o on the
set of (-regular classes. As ¢ fixes U, hence U, there is a permutation
matrix P such that PU = UQ. By assumption, there is M € GL,,(K)
such that MU is the Brauer character table of B. In particular, U
has full rank. As o fixes B, it stabilizes IBr(B), and thus there is a
permutation matrix P’ such that P’MU = MU(Q. By Lemma 2.7, the
permutation matrices P and P’ have the same trace, and hence o has
the same number of fixed points on U and on IBr(B). As U has full
rank, it does not contain duplicate rows. Hence 6 € U is fixed by o, if
and only if § is fixed by o. This proves our claim. O

2.9. Central products. Let Hy, H, < G with [Hy, Ho] = 1, put Z :=
HyN Hy and H := H{H,. Then Z < Z(H) and H is a central product
of Hy and H, over Z, written as H = H; oz Hy. Let U; < H; with
Z < U; fori =1,2. Then U := UyUy = Uy oz Uy and Ny (U) =
Ny, (U1)Ny,(Uy) = Ny, (Uy) oz Ny, (Us). If Hy is abelian, we also
have CH(U) = chHQ(Ug) = H1 Oz CHZ(UQ) and thus OutH(U) =
OutH2(U2).

Every x € Irr(H) can uniquely be written as x = xi1x2 for x; €
Irr(H;), i = 1,2 with xo(1)Res2' (x1) = x1(1)ResS?(x2). (Under the
latter assumption, the product x1x2 : H — K, h1ha — x1(h1)x2(h2) is
well defined.) If U; < H; with Z < U, for i = 1,2, and ¢; € Irr(U;) for
i = 1,2 such that ¢ := V19 € Irr(Uy0,Us) is invariant in H = Hyoyz Ho,
then each ¢; is invariant in H; for ¢« = 1, 2; moreover, 1 extends to H,
if and only if ¥; extends to H; for i = 1, 2.
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2.10. Blocks and weights. For easier reference we summarize a few
well known results from modular representation theory of finite groups,
thereby introducing our notation.

An (-subgroup R of G is radical if Oy(Ng(R)) = R. We denote
by R¢(G) the set of all radical ¢-subgroups of G, and by R.(G)/G the
set of G-conjugacy classes of Ry(G).

Let b be an ¢-block of G. We write D(b) for the set of defect groups
of b. We will use the concept of Brauer pairs in the following. An
excellent reference for this notion, originally introduced by Alperin and
Broué under the name of subpairs in [2], is [50, Sections 2, 3]. We will
always implicitly assume that the Brauer pairs are defined with respect
to £, or, more precisely, with respect to the field O. Let (R, bg) be a
Brauer pair, i.e. R is an (-subgroup of G and b, is an ¢-block of C(R).
For every subgroup () < R, there is a unique Brauer pair (Q, bg) with
(@Q,bg) < (R,br). Recall that (R,bg) is called a b-Brauer pair, if
({1},0) < (R,bgr). Let (D,bp) denote a maximal b-Brauer pair. Then
Z(D) € D(bp) and D € D(b). We call (R, bg) centric, if Z(R) € D(bg).

Let (@, ¢) be a weight of G, i.e. @) is an f-subgroup of G and ¢ is an
(-defect 0 character of N¢(Q)/Q. Let bg be a block of C(@Q)) covered
by the block of Ng(Q) containing (the inflation of) ¢. Then (@, bg) is
a centric Brauer pair and @) € R,(G). If (@, bg) is a b-Brauer pair, we
say that (@, ¢) is a b-weight. In this case, we also have

(1) Z(D) < Z(R)<R<D

for some conjugate R of Q); see, e.g. [66, Chapter 5, Theorem 5.21]. This
fact will be used frequently in the following. If ) is an /-subgroup such
that there exists a (b-)weight (Q, ¢), we call @ a (b-)weight subgroup.

Let R € Ry(G) and let br be an ¢-block of Cg(R). We write
Ne(R,bg) for the stabilizer of bg in Ng(R) and put

Outg(R7 bR) = NG(R, bR)/Cg(R)R

Recall that Outg(D, bp) is an ¢'-group if, as above, D is a defect group
of the ¢-block b of G and (D, bp) is a maximal b-Brauer pair.

Now assume that (R, bg) is centric. In this case, we denote by 0 €
Irr(Cg(R)) the canonical character of bg, i.e. the unique ordinary irre-
ducible character in bg with Z(R) in its kernel. We may and will also
view O as a character of C(R) R via inflation over R. Write Ng(R, 0r)
for the stabilizer of g in Ng(R). This notion is independent of whether
we view 0r as a character of Cg(R) or as one of Cg(R)R. Clearly,
NG(R, QR) = Ng(R, bR> and thus Outg(R, bR) = Ng(R, 93>/CG(R)R
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Put

1" (No (R, 0r) | ) :=

{C € Irr(Ng(R,0r)) | C(1)¢ = |Ng(R,0r):R|e, and ¢ covers Or},
and
(2) W(R, bg) := |Iit’(Na(R, 0r) | 0r)|.

By Schur’s theory of projective characters, the fact that 0g is in-
variant under Ng(R,0r) yields an element o € H?(Outg(R, 0r), K*),
called the Kiilshammer-Puig class associated to the centric Brauer pair
(R,br). If Ko(Outg(R,0r)) denotes the corresponding twisted group
algebra, we have

W(R, bg) = |Irt° (K, Outg (R, 0r))|.

In particular, if fg, viewed as a character of Cg(R)R, extends to
N¢(R,0R), then

(3) W(R,bg) = [Irt’(Outg (R, br))|

by Clifford theory.

If (R,bg) is a b-Brauer pair and ¢ € Irt°(Ng(R,0z) | 0r), then
Indxggg?em({) is a b-weight. By choosing a maximal b-Brauer pair
(D,bp) and applying this construction to all centric b-Brauer pairs
(R,br) with (R,br) < (D,bp), we obtain a set of representatives for

the G-conjugacy classes of b-weights, the number of which is denoted
by W(b) in the following.

Proposition 2.11. Fix an ¢-block b of G and a mazximal b-Brauer pair
(D,bp). Then

(4) W(b) =Y W(R,bg),

where R € Ry(G) runs through a set of G-conjugacy class represen-
tatives satisfying R < D and the unique Brauer pair (R,bg) with
(R,br) < (D,bp) is centric.

Suppose that D is abelian. Then the only summand in Equation (4)
is the one for R = D, and thus W(b) = W(D,bp).

PROOF. The first statement is due to Alperin and Fong; see the
discussion in [3, Page 3|. If D is abelian, then R = D by Equation (1),
and the second statement follows. O

Assume the situation and notation of Proposition 2.11 and that D is
abelian. Then 6p extends to Ng(D,0p) if Oute(D,bp) is cyclic, or
if fp is linear and Cg (D) has a complement in Ng(D, 6p).
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Alperin’s weight conjecture for b postulates the equality W(b) =
[IBr(b)].

2.12. The inductive blockwise Alperin weight condition. The
following hypotheses constitute a simplified version of Conditions (i)
and (ii) of [54, Definition 3.2|, adapted to our purpose. The latter, in
turn, is a specialization of |75, Definitions 4.1, 5.17].

Hypothesis 2.13. Let ¢ be a prime, G a finite non-abelian simple
group with trivial Schur multiplier, and let b be an ¢-block of G. Write
Naut(e) (D) for the stabilizer in Aut(G) of b. Assume that the following
ondltlons are satisfied.
(i) For every @ € Ry(G), there exists a subset IBr(b | @) of IBr(b)
satisfying the following conditions.
(1) If o € Naug()(b), then IBr(b | Q)* = IBr(b | Q%).
(2) IBr(b) is the disjoint union of all IBr(b | @), where @ runs
through some set of representatives of R,(G)/G.

(ii) For every @ € Ry(G), there is a bijection
Qg: IBr(b | Q) — I’ (Ne(Q)/Q, b),

such that for all & € Nawyg)(b) and ¢ € IBr(b | Q) we have that
QG () = QG (™). Here, Irr’(Ng(Q)/Q, b) consists of all characters
¢ € I’(Ng(Q)/Q) such that (Q, ) is a b-weight.

Remark 2.14. Let G and ¢ be as in Hypothesis 2.13. Suppose in
addition that Out(G) cyclic. If Hypothesis 2.13 is satisfied for every
(-block b of G, then G satisfies the inductive blockwise Alperin weight
condition at the prime £. This is proved in |75, Lemma 6.1] under the
stronger condition that G is AWC-good, but the proof of this lemma
only uses Hypothesis 2.13. We are grateful to Britta Spéath for point-
ing out the relevance of [75, Lemma 6.1] for this reduction, and for
clarifying remarks regarding this issue. O

We formulate a set of conditions which simplifies the verification of
Hypothesis 2.13.

Hypothesis 2.15. Let G, ¢ and b be as in Hypothesis 2.13. Put
A= Npue(e)(b). Let Q1,...,Q, denote a set of representatives for the
G-conjugacy classes in the set {Q € Ry(G) | Irt’(Na(Q)/Q, b) # 0}.

(1) There are pairwise disjoint subsets IBr(b | @;), 1 < i < n of
IBr(b) such that

UIBr (b| Qi) = IBr(b),
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and there are bijections

Q; 1 IBr(b | Qi) — It (Ne(Q:)/ Qs b)
for 1 <i<n.
(2) Suppose that (1) holds and, in addition, that

IBr(b | Q)" =1IBr(b | Q;) and €;(¢) = Qi(p)*
forall 1 <i,j <n,allae Awith QF =@, and all p € IBr(b| Q;). O

Remark 2.16. Let G, ¢ and b be as in Hypothesis 2.13, and put
A= NAut(G)(b)-

(a) Assume that both conditions of Hypothesis 2.15 hold. Let @ €
R¢(G) be G-conjugate to @; for some 1 <i < n, say Q = QY for some
g € G. Define IBr(b | Q) := IBr(b | @Q;)?, and QF : IBr(b | Q) —
I (Ng(Q)/Q, b), @7 +— Qi(p)? for ¢ € IBr(b | Q;). Then IBr(b | Q)
and Qg are well-defined, and the collection of theses sets and maps
satisfies Hypothesis 2.13.

(b) Condition (1) of 2.15 is satisfied if and only if the Alperin weight
conjecture holds for b. Suppose this is the case. If the G-orbit of
some (Q; equals its A-orbit, e.g. if n = 1 which occurs if b has abelian
defect, then Condition (2) amounts to an equivariance condition with
respect to the action of N4(Q;). O

In the case of our interest, G = Fy(q), every G-orbit of every Q; is A-
invariant, except for one instance where the A-orbit of some @); splits
into two G-orbits.

3. FINITE REDUCTIVE GROUPS

We continue by recalling some basic concepts and results from the
theory of finite reductive groups and their representations, to the extent
needed later on.

3.1. Notation. Let p be a prime number and let F denote an alge-
braic closure of the finite field with p elements. Let G be a connected
reductive algebraic group over F. We also let I’ denote a Steinberg en-
domorphism of G. Let H be a closed subgroup of G. We then write H®
for the connected component of H containing 1, and if H is F-stable
we write H := HY for the finite group of F-fixed points of H. Thus
G = GY is a finite reductive group. We also let G* denote a group
dual to G (with respect to a fixed F-stable maximally split torus of G),
endowed with a dual Steinberg endomorphism F™.
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We say that G is of classical type, if every minimal F-stable semisim-
ple component H of [G, G] is of Dynkin type A, B, C or D, and if HY
is not isomorphic to 3D4(q) for some power ¢ of p.

Finally, let ¢ be a prime different from p.

3.2. Recollections and preliminary results. If G has connected
center, the centralizers of semisimple elements in G* are connected. In
this case, two semisimple elements of G* are conjugate in G*, if and
only if they are conjugate in G*.

An F-stable Levi subgroup of G is called a reqular subgroup of G.
The regular subgroups of G are exactly the centralizers of F-stable
tori. If G has connected center, so has any regular subgroup of G; see
[22, Proposition 8.1.4]. If L < G is regular in G, and M < L is regular
in L, then M is regular in G. If M < G is a regular subgroup, we
write Wg(M) := Ng(M)/M for the relative Weyl group of M in G.
Then Wg(M)F = Ng(M)/M

The following lemma will be used to identify centralizers of 3-elements
in Fy(q).

Lemma 3.3. Assume that Z(G) is connected. Let H be an F-stable
closed subgroup of G such that H is reductive and Z(H) is not con-
nected. Let s € Z(H)Y be of order coprime to |(Z(H)/Z(H)°)¥|. Then
H § Cg(s).

PROOF. Our assumption implies that s € (Z(H)°)" < Z(H)°. As
H° is reductive, Z(H)® is a torus, and thus Cg(Z(H)°) is a regu-
lar subgroup of G, hence has connected center. It follows that H <
Ca(Z(H)°) < Cg(s), proving our claim. O

We will also need the following slight generalization of |39, Proposi-
tion 4.2].

Proposition 3.4. Let S;(G) and S;(G*) denote sets of representatives
for the conjugacy classes of (-elements of G, respectively G*. Suppose
that ¢ does not divide the determinant of the Cartan matrixz of the
root system of G and that centralizers of {-elements in G and G* are
connected.

Then there is a bijection Sy(G) — Se(G*), t — t' such that the
following holds. If Cq(t) is a regular subgroup of G, then Cg«(t') is
a reqular subgroup of G*, and there is an F-equivariant isomorphism

Ca(t) = Ca«(t)*.

PROOF. This is contained in the proof of [39, Proposition 4.2]. O



INDUCTIVE BLOCKWISE ALPERIN WEIGHT CONDITION FOR Fj4(q) 15

Assume the hypotheses and the notation of the above proposition.
If Ca(t) is not a regular subgroup of G, its dual group is not neces-
sarily the centralizer of a semisimple element. An example is provided
by G = G2(F), the simple group of type G5 over F when p # 3. Then
G = G*, and the hypotheses of Proposition 3.4 are satisfied. There is
an element s of order 3 whose centralizer is isomorphic to SL3(F); see
[43, Table 4.7.1]. If F is such that G = G = Gy(q) with 3 | ¢ — 1,
then GG contains a representative ¢ of the G-conjugacy class of s, so
that Cg(t) = SL3(q). However, Cg(t)* = PGL;3(F) has trivial center.

3.5. Character groups and cocharacter groups of maximal tori.
Let T be an F-stable maximal torus of G. Then X (T) := Hom(T, F*)
and Y(T) := Hom(FF*, T) denote the character group and the cochar-
acter group of T, respectively. By (, ) we denote the natural pairing
between X (T) and Y (T). We choose an isomorphism

(5) L — Q)T

(see |22, Proposition 3.1.3]). This gives rise to an isomorphism of
abelian groups Y (T)®F* = Y(T) ® Q,/Z, and, in turn, to an isomor-
phism

(6) Y(T)®Qy/Z — T

(see [22, Proposition 3.1.2]). Under this isomorphism, T" corresponds to
the kernel of F'—1 on Y/(T)®Q,,/Z. This yields a further isomorphism
(7) Y(T)/(F-1)Y(T)—>T

(see |22, Proposition 3.2.2] or |25, Proposition 11.1.7(ii)]). Similarly,
there is an isomorphism

(8) (kernel of ' —1 on X(T)) ® Qy/Z — Irr(T)

(see [22, Proposition 3.2.4]). Now let x € X(T) and a € Qy/Z such
that y®a € X(T)®Q,/ /Z lies in the kernel of F'—1, and let A € Irr(T)
correspond to y ® a under the isomorphism (8). Next, let v € Y(T),
and let t € T correspond to v+ (F — 1)Y(T) € Y(T)/(F — 1)Y(T)
under the isomorphism (7). Then

(9) At) = exp(2rv/ =1(x, 1)a),

where exp is the exponential function of C, and where the |G|th roots of
unity of C are identified with the |G|th roots of unity of IC (recall that

IC is our large enough field of characteristic 0 containing the character
values).
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3.6. Lusztig induction. If M is a regular subgroup of G, we write
RS, for the Lusztig induction map from the class functions of M to the
class functions of G. Strictly speaking, this map also depends upon a
parabolic subgroup P containing M as a Levi complement, so that we
should write R$;.p. We will always implicitly assume that the Mackey
formula holds for G, in which case R$.p is independent of such P;
see [42, Theorem 3.3.8]. We therefore omit the P from the notation.
By [10], the Mackey formula holds for all connected reductive groups
relevant to this work. Let T be an F-stable maximal torus of G and
6 € Irr(T). Suppose that the pair (T*,s), where T* is an F*-stable
maximal torus of G* and s € T* corresponds to (T, #) via duality; see
|25, Proposition 11.1.16]. We then also write RS.(s) for RE(6), as in
[25, p. 167] or [19, Remark 8.22(i)].

Lemma 3.7. Let s € G* be a semisimple V'-element, t an {-element
in Cg=(s) and put C* := Cg«(st). Suppose that one of the following
conditions is satisfied:

(a) The subgroup C* < G* is reqular.

(b) There is a regular subgroup M* < G* with C* < M* such that ¢
is good for M and ¢ 1 |Z(M)/Z(M)°|, where M is a regular subgroup
of G dual to M*.

(¢c) The center of G is connected and every unipotent character of C*
s uniform.

Then the class functions 6 for § € £(G, st) lie in the Z-span of {} | x €
E(G,s)} if (a) or (b) holds, and in the Q-span of this set, otherwise.

PROOF. (a) If C* is regular, the claim follows with exactly the same
proof as that of [39, Theorem 3.1] (with L’ replaced by C*).

(b) Lusztig induction RY; establishes a bijection, up to a sign, be-
tween E(M, st) and E(G, st); see [25, (11.4.3(ii))]. Let 6 € E(G, st).
Then there is u € +&(M, st) such that § = R$ (). Denote by ~y
the characteristic function on the set of (-regular elements of G (or
any subgroup of G). Then v -0 = ~v- RS (u) = RG(y - p); see
[25, Proposition 10.1.6]. As ¢ is good for M and does not divide
|Z(M)/Z(M)°|, we find elements v,...,1v; in £(M,s) and integers
21, ..., %24 such that v -y = Z?Zl zi(7y - 14); see |36, Theorem AJ. It fol-
lows that v -6 = 27:1 zi(y - RG(v)). As the irreducible constituents
of RGi(v;) lie in (G, s) for all 1 < i < d (see [19, Proposition 15.7]),
our claim follows.

(c) If every unipotent character of C* is uniform, the same is true
for the elements of £(G, st). Indeed, the assumption implies that the
matrix of scalar products between the elements of £(C*,1) and the
Deligne-Lusztig characters R$: (17.), where T* runs through a set of
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representatives of the C*-conjugacy classes of F*-stable maximal tori
of C*, is square and non-singular. By the compatibility of Lusztig’s Jor-
dan decomposition of characters with Deligne-Lusztig induction (see,
e.g. [19, Theorem 15.8]), this implies that every element of (G, st) is
a Q-linear combination of Deligne-Lusztig characters RS.(st) for F-
stable maximal tori T of G such that st is contained in a dual T* of T.
It follows from |25, Proposition 10.1.6] that RS.(st) and R$.(s) agree
on (-regular elements of GG, yielding our assertion. O

Notice that the second condition on ¢ in (b) above is satisfied if Z(QG)
is connected.

3.8. Some major results and their consequences. We will also use
the following combination of major results of Bonnafé-Dat-Rouquier,
Boltje-Perepelitsky, Cabanes-Enguehard and Puig. The first of these
papers generalizes results of Bonnafé-Rouquier [11| and Kessar-Malle

51].

Theorem 3.9. Let s € G* be a semisimple ¢'-element and assume that
Ca+(s) is connected. Put M* := Cg+(Z(Cg+(5))°). Then M* is a
reqular subgroup of G* minimal with the property that Cg«(s) < M*,
Let M be a reqular subgroup of G dual to M*.

(a) (Bonnafé, Dat, Rouquier |9, Theorems 1.1, 7.7|) There is a bi-
jection b — b between the (-blocks contained in (G, s) and those in
E(M, s) such that b and b’ are Morita equivalent and have a common
defect group D < M.

(b) (Bonnafé, Dat, Rouquier |9, Theorems 1.1, 7.7]), Puig, [69, The-
orem 19.7|, Boltje, Perepelitsky [7, Theorems 11.2, 13.4]). Let b and VY
be blocks corresponding as in (a) and let D < M be a common defect
group of b and VY. Then there is a maximal b-Brauer pair (D,bp) and
a maximal b'-Brauer pair (D,V}), such that the following statements
hold.

There is a bijection (R,br) — (R,Vy) between the b-Brauer pairs
(R,br) < (D,bp) and the V' -Brauer pairs (R,by) < (D,b},) such that
Outg(R,br) = Outy (R, V). Moreover, (R,bg) is centric if and only
if (R,bR) is. In the latter case, the Kiilshammer-Puig classes o and
o' associated to (R,br) and (R,by), respectively, correspond to each
other under the isomorphism of cohomology groups induced by the iso-
morphism Outg(R,bg) = Outy (R, Vy). In particular, We(R,br) =
Wi (R, by).

(c) (Cabanes, Enguchard [18]) If Cg+(s) < M*, assume that M has
connected center, is of classical type and that ¢ is odd. Then there
is a bijection between the (-blocks contained in E(M,s) and those in
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E(Cg+(s),1). Moreover, corresponding blocks have the same number
of irreducible -modular characters and isomorphic defect groups.

PROOF. Part (a) is directly taken from the cited reference, so it
suffices to prove (b) and (c).

(b) The Morita equivalence in (a) is induced by a splendid tilting
complex C'; see the proof of [9, Theorem 7.7|. Let (D, bp) be a maximal
b-Brauer pair. By [69, Theorem 19.7|, there is a maximal '-Brauer pair
and an equivalence between the fusion systems associated to (D, bp)
and (D, V},). This yields all but the last statement of (b).

To obtain the last assertion, we follow [7] (which also yields the
other statements of (b)). The indecomposable direct summands of the
complex C' have vertices contained in the diagonal A(D) < G x M
by |9, Corollary 3.8]. Hence C' yields an f-permutation equivalence
between b and ' in the sense of |7, Definition 9.8]. The existence of
(D,bp) and (D, b)) follows from [7, Theorem 10.11|. The equivalence
between the fusion systems associated to (D, bp) and (D, b},) follows
from [7, Theorem 11.2]. The correspondence of the Kiilshammer-Puig
classes @ and o' associated to (R,bg) and (R, b%), respectively, follows
from [7, Theorem 13.4]. This implies that the twisted group algebras
KoOute(R, br) and K, Outy (R, V) are isomorphic. As Wg(R,bg) =
Trr? (IC,Out (R, br))|, the last claim follows.

(c) If Cg+(s) = M*, the result follows from (a), as the blocks of
E(Ca+(s),s) and &(Cg«(s),1) are Morita equivalent. The Morita
equivalence is given by tensoring with a linear character (see, e.g. [25,
Proposition 11.4.8(ii)|) and preserves defect groups.

Now assume that Cg+(s) < M*. Then M* is of classical type and ¢ is
odd by assumption. As the Mackey formula holds for regular subgroups
of M by [10], the Jordan decomposition of characters for M is compat-
ible with Lusztig induction by [28, Proposition 5.3|; see also [42, Theo-
rem 4.7.2]. The classification of ¢-blocks of M by Cabanes and Engue-
hard in [18, Theorem 3.3] then implies that there is a bijection B + b
between the ¢-blocks B in (M, s) and the ¢-blocks bin E(Cy+(s),1) =
E(C+(s),1) such that |Irr(B)NE(M, s)| = |Irr(b)NE(Car+(s),1)|. By
[39, Theorem 5.1], this implies that B and b have the same number of
irreducible /-modular characters, as M has connected center. Finally,
by [18, Remark 3.6], the bijection B + b preserves isomorphism types
of defect groups. O

The following generalizations of a result of Broué and Michel |14, Théo-
réme 3.2] are extremely useful in identifying canonical characters of
blocks. It holds under much weaker hypotheses, but its derivation from
[9, Theorem 4.14] is simplified under the stronger conditions given.
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Lemma 3.10 (Bonnafé, Dat, Rouquier [9]). Let s € G* be a semisimple
U'-element such that Cg«(s) is connected and let b C &(G,s) be an
(-block of G. Let (R,bg) be a b-Brauer pair with R abelian such that
Ca(R) and Cg(y) are regular subgroups of G for ally € R. Let Cg(R)*
denote a reqular subgroup of G* dual to Cg(R).

Let 6 € Irr(bgr) and suppose that 0 € E(Cq(R),t) for some semisim-
ple O'-element t € (Cq(R)*)F". Then t is conjugate to s in G*. If
Ca(R)* = Cg+(R®) for some subgroup R® < G*, there is a G* conju-
gate RY < G* such that RT < Cg(s).

PROOF. This follows from |9, Theorem 4.14]. O

Lemma 3.10 shows the relevance of regular centralizers of /-subgroups.
We give a criterion for this property to hold.

Lemma 3.11. Assume that ( 1 |Z(G*)/Z(G*)°|. Let R < G be an
abelian (-subgroup. Suppose that there is z € R such that L := Cg(z)
is a reqular subgroup of G and such that ¢ is good for L. Then Cg(R)
s reqular in G.

PROOF. As R is abelian, we have R < Cg(z). Moreover, Cg(R) <
L, and thus Cg(R) = CL(R). If L* denotes a regular subgroup of G*
dual to L, we have ¢ 1 |Z(L*)/Z(L*)°|; see, e.g. |8, Proposition 4.2|. By
replacing G with L, we may thus assume that ¢ is good for G. In this
case we prove the assertion by induction on |G|.

If R < Z(G), there is nothing to prove. Thus assume that there is
y € R\ Z(G), and put M := Cg(y). Then M is a regular subgroup
of G, as y is an l-element, ¢ { |Z(G*)/Z(G*)°|, and ¢ is good for G;
see |39, Corollary 2.6]. It follows that ¢t |Z(M*)/Z(M*)°|, and that ¢
is good for M. Since y ¢ Z(G), we have |M| < |G|. Hence Cm(R) is
a regular subgroup of M by induction. As Cg(R) = Cm(R), we are
done. O

By letting z = 1, the conclusion of the above lemma holds in particular
if Z(G*) is connected and ¢ is good for G.
We record a further useful consequence of Theorem 3.9.

Lemma 3.12. Let s € G* be semisimple such that L* := Cg«(s) is a
reqular subgroup of G*. Choose a reqular subgroup L < G dual to L*.

Letb C &G, s) be an L-block of G and b’ C &,(L, s) the corresponding
block according to Theorem 3.9(a). Assume that b/ = s®by, where by is
the principal block of L and § is a linear character of L corresponding
to s via duality; see [19, (8.19)]. Let D < L be a common defect group
of band ¥'. Let (R,bg) < (D,bp) be a centric b-Brauer pair. Then the
following statements hold.
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(a) We have Outg(R,br) = Outy(R). If W(R,bgr) # 0, then R is a
radical subgroup of L. (For the definition of W(R,bg) see (2)).

(b) The canonical character Or of bg extends to Ng(R,br).

(c) If NL(R) fizes bg, then the homomorphism

NL(R) — Ng(R, bR)/Rog(R) = Outg(R, bR>

is surjective with kernel RCL(R).
(d) If R is abelian and K := CL(R) is a regular subgroup of L, then
Outg(R, bR) == WL(K)F

PROOF. By our hypothesis, the group M* of Theorem 3.9 is equal
to L* = Cg+(s), and M may be chosen to be equal to L.
(a) By Theorem 3.9(b), there is a centric b'-Brauer pair (R, b}) of
L such that Outg(R,br) = Outy(R,b). By our assumption on ¥,
the canonical character ¢} of b, equals ReséL( r)(8). In particular,
NL(R,0%) = NL(R) and 6% extends to Ni(R,0%). We obtain
Outg(R, bR) = OUtL(R, b;%)
= Ny (R,bR)/RCL(R)
= Ni(R)/RCL(R)
= OutL(R),

giving our first claim.

To prove the second, let @ := Oy(Np(R)), so that R < @ and @ N
RCL(R) = R as by is centric. Now Oy(Out(R)) = Oy(Outg(R, br)) =
{1}, the first isomorphism arising from the first claim, and the second
one from (3) and our hypothesis W(R, bg) # 0. This implies that the
image of ) in Outy(R) is trivial. Hence ) = R and R is a radical
(-subgroup of L.

(b) As ReséL(R)(§) extends to Np(R), the Kiilshammer-Puig class
associated to (R,VY) is trivial. By Theorem 3.9(b), the Kiilshammer-
Puig class associated to (R,bg) is trivial as well, hence g extends
to Ng(R, bR)

(c) If Np(R) fixes bg, the map Np(R) — Ng(R,br)/RCq(R) is well
defined and has kernel RC(R), hence is surjective by (a).

(d) Now suppose that R is abelian and that K = CL(R) is a reg-
ular subgroup of L. As R < Z(K) is a defect group of b, we have
Np(K). In particular, N, (K) = Ny (K) and thus

Outz(R) = Np(R)/CL(R) = Np(K)* /K = W,(K)*¥.

This completes our proof. O
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3.13. Non-regular centralizers. We now work towards a variant of
Lemma 3.12 in the case when Cg-(s) is not regular, so that Cg«(s)*
cannot be embedded into G.

Lemma 3.14. Let M and M* be a pair of dual regular subgroups of G
and G*, respectively. Then there is an F'-F*-equivariant group isomor-
phism

Wa(M) 2 We-(M*),  w— w*,
satisfying the following condition.

Let S and S* be F'-stable, respectively F*-stable, mazimal tori of M,
respectively M*, let 0 € Irr(S) and s € S*, such that the M-conjugacy
class of the pair (S,0) corresponds to the M*-conjugacy class of the
pair (S*,s) under the duality of M and M*; see, e.g. [25, Proposi-
tion 11.1.16]. Further, let w € Wa(M) and let x € Ng(M) and
y € Ng«(M*) denote inverse images of w and w*, respectively. Then

R (s)" = R?g*)y (sY).

PROOF. For the first assertion see the concluding remarks of |19,
Section 8.2|. The displayed equation is [26, (4.3) Lemmal. O

Lemma 3.15. Let M and M* be a pair of dual reqular subgroups of G
and G*, respectively, and let s € M* be semisimple. Let x € Ng(M)
and y € Ng-(M*) be such that the images of x and y in Wg(M)F
respectively Wa-(M*)!" correspond under the isomorphism given in
Lemma 3.14.

Then E(M,s)* = E(M,sY). In particular, if y € Cg«(s), then x
stabilizes E(M, s).

PROOF. Let S* < M* be an F™*-stable maximal torus with s €
S*. By Lemma 3.14 we have RY (s)® = R?g*)y (s¥). As all irreducible

constituents of R?g*)y(sy) lie in £(M, s¥), the claim follows. O
Part (a) of the next proposition is a corollary to Lemma 3.15.

Proposition 3.16. Let R < G and R < G* be abelian radical (-
subgroups such that M := Cg(R) is a reqular subgroup of G and M* :=
Cg+(R") is dual to M. Then Outg(R) = Wg(M)F and Outg(R') =
Wa-(M*)F".

Let s € M* be a semisimple {'-element and put L* := Cg+(s) < G*.
Assume that L* is connected.

(a) Let b C &(Ca(R),s) be an L-block of Ca(R) and assume that
Ng(R,bg) = {z € Ng(R) | = stabilizes E(Cs(R),s)}. Then the iso-
morphism

We(M)F 25 Wa.(M*)F
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arising from Lemma 3.14 maps Outg(R,bg) to Outp-(R'), i.e. it in-
duces an isomorphism

Outg(R, bR) = OlltL* (RT)

(b) Suppose that (R,br) is centric and that K* := Cp-(R') is a
reqular subgroup of L* and of M*. Suppose further that

C11Z2(M7)/Z2(M7)°[|Z2(M)/Z(M)°].

Then
Outp-(R") = Wy (K*).

PROOF. As R is an abelian radical subgroup of GG, we have R =
Og(Cg(R)) and thus Ng(R) = Ng(Cg(R)> = Ng(M) and Ng(R) =
Ng(M). Analogously, Ng-(R") = Ng-(M*) = Ng-(M*), giving our
first assertion.

(a) We show that a maps Ng(R,br)/M < Ng(M)/M = Wg(M)¥
to Outz«(R"), naturally embedded into Outg:(R") = Wg-(M*)F".

Let x € Ng(M) and y € Ng«(M*) be such a(Mz) = M*y. Sup-
pose first that * € Ng(R,bgr). Then z stabilizes &(Cs(R),s) and
thus &(Cg(R),s) = E(Ca(R),s)” = E(Ce(R),sY) by Lemma 3.15.
Hence sY is conjugate to s in M*, i.e. ty € L* for some t € M*.
Hence o maps Ng (R, br)/M into Outz«(R').

Now assume that M*y € Outy-(R"). By multiplying y with a suit-
able element of M*, we may assume that y € L*. With Lemma 3.15 we
conclude that z stabilizes £(Cg(R),s). Our assumption now implies
that © € Ng(R, bg).

(b) This is very similar to the last part of the proof of Lemma 3.12.
We claim that RT = Oy(Z(C-(R"))). Once this claim is proved, we
can conclude Np:(Cp«(R")) = Np«(R") = Np-(Cp+(R')), yielding our
assertion.

To prove the claim, first notice that K* = L* N M* = Cp+(s). As
(R, bg) is centric, the defect group of by equals R, and as R is contained
in Z (M), we must have R = O,(Z(M)). By [22, Proposition 4.4.5] and
our assumption on ¢, we conclude that RT = O,(Z(M*)). If s € Z(M*),
then M* = Cp-(R") and our claim follows. Otherwise, Cpi-(s) is a
proper regular subgroup of M*. Let M, denote a regular subgroup
of M dual to Cp+(s). By Theorem 3.9(a), the block bp C &(M,s)
corresponds to a block of & (Mj, s) with a defect group R conjugate
to Rin M. As Z(M) < Z(My), we get R = Oy(Z(My)). The as-
sumption on ¢ descends to the regular subgroups M, and Cy-(s) of M
and M*, respectively; see, e.g. |8, Proposition 4.2]. We thus obtain
RY = Oy(Z(Cp+(8))). As Cy=(s) = Cp-(RT), this yields our claim. O
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4. THE GROUP Fj(q) AND SOME OF ITS LEVI SUBGROUPS

In this section we introduce the group Fy(q) and investigate some of
its subgroups. The main new result is contained in Corollary 4.20: Let
e be a positive integer. Then every irreducible character of an e-split
Levi subgroup of F(q) extends to its inertia subgroup. This generalizes
the result of Spéth in [74, Theorem 1.1] in case of the group Fy(q). For
the definition of e-split Levi subgroups see, e.g. [42, 3.5.1].

4.1. Setup, notation and preliminaries. Let p be a prime, f a
positive integer and ¢ = p/. Further, let G denote a simple algebraic
group of type Fjy over an algebraic closure F of ), such that G has a
standard Frobenius morphism Fy with Gt = F(p). We put F := Fy
so that G = GI' = Fy(q). We have

|G] = ¢*'®1(q)" @2(q)" ®5(q)*Pa(q)*Ps(q)* Ps(q) P12(q),
where ®; denotes the ith cyclotomic polynomial.

We choose an F-stable maximal torus Ty of G contained in an F-
stable Borel subgroup B of G, so that Ty is maximally split and F(t) =
t? for all t € Tg. Write W := Wg(Ty) := Ng(To)/ Ty for the Weyl
group of G (with respect to Ty). Let U denote the unipotent radical
of B. The root system of G is denoted by 32, the root subgroup giving
rise to a € X by U,, and u, : F — U, the corresponding isomorphism
of algebraic groups. The choice of B determines the set X% of positive
roots and the corresponding base «;, ¢ = 1,...,4, numbered as in the
following Dynkin diagram:

a (%) a3 Qy
O———(O0——0O—=O

Thus «q, s are the long simple roots, and a3, ay the short ones.

As (G, F) is split, F acts trivially on W, so that W = Wt =
N¢(To)/To. Moreover, for each a € ¥, the root subgroup U, is F-
stable, and F(uq(t)) = u,(t?) for all ¢ € F; in particular, U, = UL =
{ua(t) | t € F }. For a € X, write ny = ua(1)u_a(—1)us(1l). Then
ne € Ng(To)", and we write s, for the image of n, in W. Let wy de-
note the longest element of W. Then wy € Z(W). If wg € Ng(Ty) is an
inverse image of wy, then wy inverts the elements of Ty and U% = U_,,
for all a € . In the following, we will refer to some computations in X
using CHEVIE [41]. For easier reference, Table I gives the numbering
of the roots of ¥ as in CHEVIE. In the column headed o we list the
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TABLE I. The positive roots of X
«Q Root of o« Root o« Root af
1 [1,0,0,0] 4 9 [0,1,2,0] 6 17 [1,2,2,1] 22
2 [0,1,0,0] 3 10 [0,1,1,1] 11 18 [1,1,2,2] 12
3 10,0,1,0] 2 11 [1,1,2,0] 10 19 [1,2,3,1] 23
4 10,0,0,1 1 12 [1,1,1,1] 18 20 [1,2,2,2] 15
5 [1,1,0,0] 7 13 [0,1,2,1] 14 21 [1,2,3,2] 24
6 [0,1,1,0] 9 14 [1,2,2,0] 13 22 [1,2,4,2] 17
7 10,0,1,1] 5 15 [1,1,2,1] 20 23 [1,3,4,2] 19
8 [1,1,1,0] 16 16 [0,1,2,2] 8 24 [2,3,4,2] 21

CHEVIE number of o € X7, and in the column headed “Root” the ex-
pansion of « in the base {a,...,as}. The significance of the column
headed af will be explained in Subsection 4.10 below. The negative
roots are numbered as awoyqy; 1= —ay for 1 < ¢ < 24. If o = a; for some
1 <7 <48, we write n; 1= ng,, Si = Sq; and U; 1= U,

As already introduced in Subsection 3.5, we write X = X(Ty) =
Hom(Ty,F*) and Y := Y (Ty) = Hom(FF*, T) for the character group
and the cocharacter group of Ty, respectively. Then X =Y = Z* as
abelian groups. The homomorphism A, : F* — T in Y associated to
a € ¥ as in |21, Theorem 12.1.1] is called the coroot corresponding to «,
and will be denoted by . For every subset I' C 3 write TV := {a" |
a € T}. Then {ay,...,a4} € X and {of,...ay} C Y are Z-bases
of X and Y respectively. The root datum of G is (X, %, Y, XVY).

Let ' € ¥. By I' we denote the smallest closed subsystem of ¥
containing I'. We put Lr := (Ty,U, | a € T) and K := (U, |
a € T'). Then Ly and Kr are connected reductive algebraic groups,
Kr is semisimple and Kr = [Lp, Lr|; see, e.g. [63, Theorem 13.6].
It follows from [63, Proposition 12.14] that Kr is simply connected
if ' C {ai,...,ay4}, ie. if [ is a parabolic subsystem. Notice that
ne € Kr = KE if a € . Moreover, Ly and Ky are F-stable and Ty,
respectively Ty N K, are maximally split maximal tori of Lr and Kr,
respectively; the corresponding root system is I' and we have ['t =
['NY*. The root datum of L with respect to T equals (X,T,Y,TV).
Let us also put Wr := (s, | @« € I'). Then the Weyl group of L with
respect to Ty equals Wg. If T is a base of T', then Wy = W5, but, in
general, Wr < Wk.

If ') A C ¥ are disjoint, closed subsystems of ¥ such that A U T
is closed, then [Ka,Kr] = 1 by the commutator relations for root
subgroups.
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Lemma 4.2. Suppose that (1,..., B, are m distinct roots of ¥ con-
tained in some base (in particular, m < 4). Then for any ay,...,a, €
F*, there is t € Ty with p;(t) = a; for 1 <i < m. Moreover, t may be
chosen in Ty if ai, ..., an € Fy.

PROOF. As G is adjoint, a base of ¥ is a Z-basis of X. The result
follows from Ty = Hom(X,F*); see [22, Proposition 3.1.2(i)]. As the
latter isomorphism is F-equivariant, the final statement also follows.
O

Of particular importance is the following construction, a special case
of twisting; see Subsection 4.6 below. If ¢ € G such that F(g)g~*
normalizes Ty and maps to wy under the natural epimorphism, then
TJ, LY and K{ are F-stable for every I' C ¥, and F acts trivially
on Ng(TP)/T]. As wy acts as —id on X, we have F(t) = ¢t~ for all
t € T{. A torus which is G-conjugate to Ty, respectively to T is called
1-F-split, respectively 2-F-split, where we omit the F' if clear from the
context.

4.3. A lift of the longest element. The existence of a lift of wy of
order 2 is indicated in [44, Definition (2.23)]. We will make use of a
particular such lift with further properties.

Lemma 4.4. Let wy denote the longest element of W. Then there is
a lift v € Ng(Ty) of wy such that

Ua () = u_q(—t)

for all « € {Fay,...,+as} and all t € F. In particular, v* = 1.
Moreover, ny,...,ng commute with ~.

PrROOF. We start with a particular reduced word for wy, and let ~
denote the corresponding product of the n,. We then use CHEVIE
and |21, Lemma 7.2.1(i)] to verify that yu,(t)y™' = u_n(—t) for all
a € {ai,...,ay} and all t € F. The corresponding relation for the
negative roots then follows from [21, Proposition 6.4.3]. Now ~? fixes
+ay(t),...,Tay(t) for all t € F, as well as the elements of Ty, and, as
G = (To, tay(t),...,tay(t) |t € F), we get v* € Z(G) = {1}.

Finally, v acts as inverse-transpose automorphism on L,y = SLy(F)
in the natural representation of SLy(F), for j = 1,...,4. Thus ~ fixes
n; for j=1,...,4. O
The above proof provides an example of a computation in the extended
Weyl group of G. This is a group associated to a Coxeter system,

introduced and investigated by Tits in [79]. Let W < Ng(T,) denote
the subgroup generated by n;, 1 < j < 24; for the definition of these
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elements see Subsection 4.1. We constructed the n; as matrices in the
adjoint representation of G, as described in |21, Lemma 4.3.1]. One
checks that the elements ny, . .., n4 satisfy the relations exhibited in |79,
4.6, Equations (1)-(4)], and that T has order 2*|W| if p is odd. Thus
in this case, W is indeed the extended Weyl group as defined in [79,
Définition 2.2]. If p = 2, we have W = W. If p is odd, the map
W — W defined by sending n; to s; for j =1,...,4, is surjective with
kernel of order 2%, generated by n3, j =1,...,4.

4.5. Automorphisms. Recall from Subsection 4.1 that F} is the Stein-
berg endomorphism of G such that Gt = Fy(p). If p is odd, let
o1 := Fy. If p =2, let 07 denote the endomorphism of G constructed
in |78, Theorem 28|, such that ¢} = F;. Then oy is an automorphism
of abstract groups. Following [43, Definition 1.15.1], we write Aut;(G)
for the set of automorphisms 1 of the abstract group G, such that v
or ¥~ ! is an endomorphism of the algebraic group G. By the results
summarized in [43, Subsection 1.15|, we find Aut,(G) = Inn(G) x (07).
As Z(G) is trivial we may identify Inn(G) with G and Aut;(G) with
G X <0'1>.

4.6. Twisting. For g € G let ad, : G = G, z — ¢ 'zg denote
conjugation by g. Let n € G. As usual, we write F'n for the Steinberg
morphism of G defined by F'n :=ad, o F|, i.e.

Fn:G — G,z n 'F(z)n.

(Notice that, although we compose endomorphisms of G from right
to left, as indicated by the symbol o, conjugation by ¢ is “conjugation
from the right”. The reason is that in GAP [34], which we use for
numerous computations in the Weyl group of G, this is the default
way of conjugating in groups. As a consequence of this convention,
ad, o ady, = adp, for g,h € G) .

Let No<IMj denote closed F-stable subgroups of G normalized by n,
so that Ny and M, are F'n-stable. By the Lang-Steinberg theorem,
there is ¢ € G with F(g)g~! = n; choose one such g and put N := NJ
and M := MJ. We say that M is obtained from My by (F-)twisting
with n. Notice that M is F'-stable and

ad, : M{™ — M”

is an isomorphism mapping N&™ to N, Let w € Aut;(G) such that w
stabilizes N and M. Then ad;1 o w o ady stabilizes Ny and My and
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we obtain the following commutative diagram of groups and automor-
phisms

M/N & M/N

adgT ]adg

M,/No M,/Noy

—1
ad “owoadg

where we use w and ad, to also denote the induced maps on the factor
groups.

Now assume in addition that w commutes with F. Observe that this
is the case, if and only if adg_l ow oady commutes with F'n. We obtain
an analogous diagram for the groups of F-fixed points.

(M/N)* = (M/N)*
adgT Tadg
(Mo/No)" — (Mo/No)"

ady “owoadg

4.7. Subgroups of maximal rank. Centralizers of semisimple ele-
ments in G are connected, reductive and contain a maximal torus; see,
e.g. [22, Theorems 3.5.6, 3.5.4, 3.5.3(1)]. Subgroups with these prop-
erties are called connected reductive subgroups of maximal rank of G.
In particular, the G-conjugates of the groups L, where I' C ¥ is a
closed subsystem, are subgroups of maximal rank. Once more by [22,
Theorem 3.5.3(i)], centralizers of semisimple elements in G are of this
latter form. We will, therefore, restrict the following considerations to
subgroups conjugate to L for closed subsystems I'.

Let ' C X be a closed subsystem and put L = Lr. As Ng(L) =
(Ng(Ty) N Ng(L))L, we have

Wa(L) = (Na(To)N Ne(L)L/L
(Na(To) N Ng(L))/NL(To)

[(Na(To) N Na(L))/To] / [NL(To)/To)
Let I'y denote a base of I Then Wg(L) = Staby (I'g). Moreover,
N.(Ty)/To = Wr, and thus the image of Ng(Ty) N Ng(L) in W is the
split extension Wr.Staby (I'g). As all bases of I' are conjugate in Wr,
we also have Wr.Staby, (I'g) = Staby (I').

The G-conjugacy classes of F-stable subgroups of G which are G-
conjugate to L are in bijection with the conjugacy classes of Wg(L) =

Staby (I'g). (Recall that F' acts trivially on W.) This bijection is de-
termined as follows. Let C' be a conjugacy class of Staby, (I'g). Choose

el

I
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an element v € Wr.Staby (I'g), whose image in Staby (I'g) lies in C.
Next, choose an inverse image v € Ng(Ty) N Ng(L) of v, and an
element g € G such that F(g)g~' = ©. Then C is mapped to the
G-conjugacy class of the group LY. If M is an F-stable G-conjugate
of L that corresponds to v € Wr.Staby (I'g) in the above sense, we
call (T, [v]) the F-type of M, where [v] denotes the conjugacy class in
Staby (I'g) of the coset Wrv. We omit the F' from the notation if it is
clear from the context. Notice that M is a regular subgroup of G, if
and only if I' is a parabolic subsystem of >, and that M is a maximal
torus, if and only if I" is the empty set.

Lemma 4.8. Let M denote an F'-stable connected reductive subgroup
of G of mazximal rank which is G-conjugate to Ly for some closed
subsystem T' C . Suppose that the F-type of M equals (T, [v]).

Then, for any positive integer m, the F™-type of M equals (T, [v™]).

PROOF. We have M = L, for some g € G such that v := F(g)g~! €
Na(To)NNg(Lr) maps to v under the natural homomorphism. Clearly,
TY and M are F™-stable and thus F™(g)g~' € Ng(Ty) N Ng(Lr).
Using the fact that F'(0) € Ty0, one shows by induction on m that
F™(g)g~! = 9™t for some t € Ty, which proves our assertion. O

4.9. Class types. Our description of the blocks is based upon a clas-
sification of the semisimple conjugacy classes of G. These were first
parameterized in |71], but we need more precise information on cen-
tralizers of semisimple elements, as given in [58|. Let s and s’ be two
semisimple elements of G. We say that s and s’ belong to the same
G-class type, respectively G-class type, if and only if Cg(s) and Cg(s')
are conjugate in G, respectively G. In the tables of [58| corresponding
to Fy(q), the G-class types are labeled by triples (4, j, k), where the first
index, ¢, distinguishes the G-class types, and the second index, j, al-
ways takes the value 1, owing to the fact that centralizers of semisimple
elements in G are connected. In the following, we will omit the index 7,
and talk of the G-class type (i, k) instead of (i, 1, k).

The first index ¢ runs from 1 to 20, and the second index k& depends
on i. Not every pair (i,k) of indices occurring in the tables in [58|
corresponds to a semisimple element of G of class type (i,k). For
example, if ¢ is even, there are no elements of class type (i,k) for
i€42,3,5,8,11,12,16}. On the other hand, for each (i, k), there is a
power ¢ of a prime p/, possibly p’ # p, such that Fy(¢’) has a semisimple
element of class type (i, k).
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This indicates that there is a generic description of the class types.
Indeed, first notice the root datum (X, Y, Y1) is generic, i.e. inde-
pendent of p, up to isomorphism of root data. (In fact, (X,%,Y,%4)
is part of the generic finite reductive group (X,%,Y, %4, Wid) as de-
fined in [13, Definition in 1.A|; see also [42, Definition 1.6.10]). Up
to conjugation in W, there are 19 subsets I'; < X, 2 < ¢ < 20 such
that I # 0, where T} = {y € Y | {a,7) = 0 for all « € T}, and
such that T'; is a base of I';, We choose notation such that Iy = ()
and put I'y = {a1,...,4}. After the choice of a prime p, i.e. the
group G = F4(F,), and a maximal torus Ty < G giving rise to the
root datum (X,Y,Y,¥1), one can construct the subgroups Ly, < G
as in Subsection 4.1. Then Cg(s) is G-conjugate to one of the Ly, for
every semisimple element s € G. However, depending on p, the group
Lr, can have trivial center.

Given i € {1,...,20}, the index k numbers the conjugacy classes of
Staby (I';). After the choice of a power ¢ of p, there is a Frobenius mor-
phism F' of G such that T is contained in an F'-stable Borel subgroup,
and G = G = Fy(q). By the results summarized in Subsection 4.7,
the G-conjugacy classes of the F-stable G-conjugates of the groups Lr,
are labeled by the pairs (i, k). Let us write M, for a representative of
the corresponding G-conjugacy class of connected reductive subgroups
of G of maximal rank, adopting the convention that M, ; := Lp,. Then
Ca(s) is G-conjugate to one of the M, . for every semisimple element
s € G, in which case we say that s has class type (i, k). However, de-
pending on ¢, the group Z(M, ;) does not necessarily contain elements
of G with centralizer M, ;. Notice that, unless & = 1, the group M, ;
depends on F, although the index (i,%k) does not. Notice also that
a semisimple element s € G of class type (i,k) can have a different
class type when viewed as element of GI™™ for a positive integer m; see
Lemma 4.8. We therefore sometimes speak of the G-class type of s,
respectively the GI"-class type of s to be precise.

The quasi-isolated semisimple elements of G are exactly those cor-
responding to ¢ = 1,...,5. The centralizers of the other F-stable
semisimple elements are regular, unless ¢ € {8,11,12,16}. The trivial
element is of class type 1, and the regular semisimple elements are of
G-class type 20.

In the first column of Table 23 we list the sets I'; for 2 < i < 19; these
sets are the same as in [58], up to two modifications for i = 14,15. For
each pair (7, k), we also give representatives v € Wr .Staby, (I';) for the
conjugacy class of Staby (I';) = Wg,.Staby (I';)/Wr, with label (7, k).

This labeling is the same as in [58]. We usually give several values of
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v € Wg,.Staby (I';) for a given (i,k), to have more flexibility in the
proofs of Section 8. We take one of the groups thus constructed (after
a choice of a lift v and an element ¢ € G with F(g)g~" = v) as our
representative M, ;. The W-conjugacy classes of the elements in the
coset Wr. v determine the G-conjugacy classes of the ["-stable maximal
tori which have some representative in M, 4.

4.10. Duality. We will identify the dual group G* with G, and thus G*
with . For later purposes, we will choose a specific identification.
The dual root datum (Y, XY, X, ¥) is isomorphic to (X, %Y, 2Y) via
an isomorphism § : X — Y satisfying 6(a;) = o), for i = 1,...,4.
As § maps ¥ to XV, this yields a permutation a +— af of ¥ such that
§(af) = " for all @ € ¥. This permutation, in fact an involution, is
easily determined with CHEVIE. The CHEVIE number of the image of
a positive root a under this permutation is given in Table I under the
heading of. The map s, + s,: extends to an automorphism w — w'
of W. By the isomorphism theorem [76, Theorem 9.6.2|, there is an
F-equivariant isomorphism G — G* inducing the isomorphism § of
root data as in |76, 9.6.1], which we use to identify G with G*.

In view of (5), (7) and (8), the isomorphism § : X — Y gives rise to
a W-equivariant isomorphism 7y — Irr(7p), s +— 8.

Lemma 4.11. Let s € Ty, and let § € Irr(Ty) denote the irreducible

character arising from duality. Further, let o € 3 such that of(s) = 1.
Then a¥(t) € ker(8) for all t € .

PROOF. Let v € Y such that s corresponds to y+(F—1)Y under (7).
Then af(s) = exp(2mv/=1.71({af,7))) by (9), and thus {(af,v) € Z by
assumption.

Let x € X with §(x) = 7. Then x ® 1 is in the kernel of F — 1
on X ® Qy/Z as s is F-stable. By definition, § is the character of Tj
which corresponds to x ® 1 under the isomorphism (8). The inverse
image of @V (t) under (7) is an element of the form ma” + (F —1)Y €
Y/(F —1)Y for some m € Z. The claim now follows from Equation (9)
as {x,ma") = m{af,é(x)) € Z. O

4.12. Twisting and duality. We record a basic fact about duality.
Let g,g* € G such that W := F(g)g~" and v* := F(g*)g* "' normal-
ize Ty, and write w, w* for the images of w and w* in W. Put T := T}
and T* := TY . Let 0 : X(Ty) — Y(T,) denote the duality iso-
morphism introduced in Subsection 4.10. We then have the following
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commutative diagram

(10) X(T) V(T
X(Ty) Y (To)

with dg« g = adg-0d 0 adg_l, where the maps on the vertical arrows are
induced by the conjugation maps ad, : To — T and adg- : Ty — T™.
Suppose further that w! = w*~'. Then §,+, is an isomorphism be-
tween X (T) and Y (T*), and F'ody g = 64« o F, i.e. (T, F) and (T*, F)
are in duality; see |22, Proposition 4.3.4].
Assume in addition that w and w* are F-stable. Then

w* :=adg o F o aud;*1
and

w:=adgo Fo ad;1
are Steinberg morphisms of G which commute with F'. Moreover, the
following diagram commutes

X(T) —2 .y (T%)
X(T) —5—Y(T)

where w and w* denote the induced maps on X (T) and Y (T*), respec-
tively. In other words, (T,w) and (T*,w*) are in duality.

We now generalize the above considerations to regular subgroups
of G. Let I' denote a parabolic subsystem of ¥. Then I'! also is
a parabolic subsystem, and Lr and L+ are dual regular subgroups
of G. Let M denote a regular subgroup of G of type (T, [v]) for some
v € Staby (I'g), where I'y is a base of I'; see Subsection 4.7. If M*
is a regular subgroup of G of type (I'T, [v*]) with vT = v*~! then the
pairs (M, F') and (M*, F') are in duality in the sense of [42, Defini-
tion 1.5.17]. Indeed, by replacing v with a suitable element w € Wrw,
putting w* = wT_l, and choosing g and g* as above, we may as-
sume that T and T* are maximally split tori of M := L{., respectively
M* = Lfl?. The duality of (M, F') and (M*, F') follows from this and
the diagram (10). To indicate that M* is a subgroup of G, we usually
write M instead of M* for a group dual to M constructed in this way.
Thus the identification of G with its dual G* induces an involutive
bijection M — M between G-conjugacy classes of regular subgroups
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of G, where M is a regular subgroup of G dual to M. Notice that
T} = Ly = Ly = T,

4.13. Some split Levi subgroups. In this subsection, we describe
some split Levi subgroups of G and their normalizers. We begin by
introducing two closed subgroups of G of maximal rank.

Below, v denotes the lift of wy constructed in Lemma 4.4. We choose
h € G with F(h)h™ = ~, let g € {1,h} and put T := T. We define
the parameter ¢, by € := 1 if ¢ = 1, and € := —1, otherwise. We adopt
the notation that SL5(¢) denotes SL3(q) if € = 1 and SU3(q) if e = —1.

Proposition 4.14. Let J; = {oq, 03}, Jo := {ag, a4} and J =
J1U Jy, and put Ly := Ly and Ly :== K, i = 1,2. Let L := L}
and L' := (L)Y fori=1,2.

(a) Let d = ged(3,¢* —1). Then L = L' oy L? with L' = SL3(TF),
i = 1,2. Moreover, Ng(L) = (L,v), where v normalizes L', inducing
the inverse-transpose automorphism in the isomorphic copy SL3(F),
i=1,2,

(b) Let d = ged(3,q —¢). Then L' = SL3(q) fori = 1,2 and L =
(L'oyL? x) for some x € T satisfying the following properties. Ifd = 1,
thenx = 1. Ifd = 3, then x® € L' oy L? and x normalizes L, inducing
a diagonal automorphism in the isomorphic copy SL5(q), i = 1,2.

Finally, Ng(L) = (L,~). If d = 3, the element ~y inverts x, and thus
Ng(L)/(LYo3 L?) is isomorphic to the symmetric group on three letters.

PROOF. We only give the proof for ¢ = 1. The case g # 1 can be
treated by conjugating all relevant structures established for Ly with g.
Alternatively, one can replace the pair (L, F') by (Lg, F).

(a) We employ the notation and results summarized in 4.1. Observe
that J, and J, are closed, disjoint and of type A,, respectively A,.
(We use the common notational convention to indicate the irreducible
closed subsystems of ¥ of type A consisting of short roots by a tilde.)
Moreover, J; U J, = J is closed and thus [L', L% = {1}. As J, U J,
has rank 4, we also have L = L'L%. Finally, L' = SL3(F) for i = 1,2.
If d = 3, then L' and L? intersect in a group of order 3, as |Z(L)| = 3
(the latter assertion can be verified by a computation with CHEVIE
using |76, 8.1.8]). Hence L = L' oy L? as claimed. As Staby (J) =
(wg), we obtain Ng(L) = (L,7). As ay and s are long, whereas
a3 and ay are short, Ng(L) stabilizes L* for i = 1,2. It follows from
Lemma 4.4, that v acts on each L’ as inverse-transpose automorphism
(in the natural 3-dimensional representation of L), ¢ = 1,2. (The
corresponding relation for tawj is easily verified with CHEVIE.)
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(b) Clearly, L' = SLs(q), i = 1,2. Moreover, L = L' x L?if d = 1.
Suppose that d = 3, and let z € Z(L) be an element of order 3.
Let z; € TNLY i = 1,2, such that F(z;)'o; = 2z = F(xy)z;".
Then z := z,75 is F-stable and L = (L' o3 L?, z). By construction, x
normalizes L' and L2. Moreover, = acts as a diagonal automorphism
on each of L', i = 1,2; see Remark 4.15 below. As 23 € L' for i = 1,2,
we have 22 € L' o3 L2. As v inverts the elements of T, it inverts z.
As 22 € L' o3 L2, the group (L,~)/(L* o3 L?) is not abelian and hence
isomorphic to the symmetric group of order 6.

From (a) we get Ng(L) = (L,~). As the latter is a maximal subgroup
of G by [55], we obtain Ng(L) = Ng(L). O

We can be more specific in the choice of the element z in Proposi-
tion 4.14 in case 3 | ¢> — 1. This shows in particular, that = acts as
diagonal automorphism on each of L' and L?.

Remark 4.15. Keep the notation and assumptions of Proposition 4.14
and assume that 3 { ¢, i.e. 3 | ¢> — 1. Let e be the minimal positive
integer such that SL5(¢) < GL3(¢?). Then e € {1,2}. We may think
of L! in its natural representation and of F acting on L' as standard
Frobenius endomorphism, if ¢ = 1, and as standard Frobenius endo-
morphism followed by the inverse-transpose automorphism if ¢ = —1.
We have z = diag(¢, (, () for ¢ € Fy a third root of 1. Let £ € F be
of 3-power order with £7°7 = (. Then z; := diag(£71, €71, £2) satisfies
F(z1) 'z; = 2. Also, & € Fy, and z; acts on SL5(q) as conjugation
by diag(1,1,£3) € GL3(¢%), i.e. as a diagonal automorphism. If 3% is
the 3-part of ¢ — ¢, then |£3| = 3% An analogous choice can be made
for x.

Recall that 3 € TN L for i = 1,2. Hence 23 = 2, € (L', z) N
(T N L2) Now L{2’23} = <L1, TN L2, ZL’> and Z(L{2723}) =T1nN L2. Thus
Lo o3y = (L', ) op3a) Z(Ly2231). (See also Proposition 4.17 below.) O

We also note that the group L defined in Proposition 4.14 is selfdual.

Remark 4.16. Let J and L = L; be as in Proposition 4.14. Then L
is self dual. Indeed, the Q-linear isomorphism X ® Q — Y ® Q, de-
termined by mapping the four-tuple (o, g3, a3, ay) of roots to the
four-tuple (asy, o, o, ) of coroots, restricts to a Z-linear isomor-
phism X — Y, which defines an isomorphism of the root data of L and
its dual group. O

In the following, if M < G and x € Irr(M), we write Ng(M, x) for the
stabilizer of x in Ng(M).
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Proposition 4.17. Let J, := {ay, aa3}, Jo := {ag, au}, and let My :=
L, with J € {J;, Jo}. Put M := M and M’ := [M, M].

(a) Let d = ged(3,¢*—1). Then M = Z(M)ogM', with M = SL3(TF).
Moreover,

Ng(M) = (N oy M',~) = NM/,

with Z(M) < N' < N < Ng(T), where N = (N',~). Furthermore,
N'AM=NNM = Z(M) and N'/Z(M) = Sy and N/Z(M) 2 D5,
Finally, N' = Cyg oy (M) In particular, N is normal in Ng(M).

(b) Let d = ged(3,q —¢). Then M = (Z(M)oq M', x) with x =1, if
d=1, and x € T as in Proposition 4.14, if d = 3. Moreover,

Ne(M) = (N"oq M’ z,v) = NM

(c) If Na(M) = Ng(M), every x € Irr(M) extends to Ng(M, x).

PrROOF. We only consider the case J = Jy; the other case is proved
analogously. We also assume g = 1. The case g # 1 can be treated by
conjugating all relevant structures established for My with g. Alterna-
tively, one can replace the pair (M, F') by (M, Fy).

(a) We use the notation of Proposition 4.14. Let M = L, and
put K := Kj;. Then Z(M) = T N K. The assertion about the
structure of M follows from Proposition 4.14. To establish the claim
about Ng(M), write N’ := Ng(Z(M)). As N’ normalizes Z(M),
it also normalizes M = Cg(Z(M)). Moreover, N’ centralizes M’
as [M,M] = K, and [K,K ] = 1. Also, NN M = Z(M) and
N'/Z(M) = W,, =2 S;. Now Wy, is a subgroup of Staby,(J2), which is
a dihedral group of order 12; see [48, p. 74]. In particular, N’ o, M’ is
a subgroup of Ng(M) of index 2. As v € Ng(M) \ N’ oy M, and ~
does not centralize M’, we obtain all our claims.

(b) The structure of M follows from Proposition 4.14. Now z € T
normalizes K and Z(M), hence N'. In particular, (N'ogM' z) = N'M,
and N' and M are invariant under -, giving the structure of Ng(M). As
F acts trivially on W, we get the assertions on N'/Z(M) and N/Z(M).

(c) Let x € Irr(M). In the considerations to follow, we will make
use of the facts summarized in 2.9 for characters of central products.
As M is a central product Z(M) o (M’ ), we have y = A\ for \ €
Irr(Z(M)) and ¢ € Irr((M’,z)). Let x’ and ¢’ denote the restrictions
of x to Z(M) oq M’ and of ¢ to M’, respectively. Then y' = A¢'.
Put H := (N'oq M',v) = NM'. Then H M = Z(M) oq M’ and
HM = Ne(M).

Let I := NN Ng(M, x) and I’ := N'NNg(M, x). Then Ng(M, x) =
IM and Ng(M,x)/M = 1/Z(M). We may assume that 4 | |I/Z(M)],
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as otherwise the Schur multiplier of I/Z(M) is trivial. Clearly,
stabilizes A\. To determine the action of N on Z(M), notice that
Z(M) is a maximal 1-F-split torus of K = SL3(F), that N'/Z(M) =
Nk (Z(M))/Z (M), and that v acts as inverse-transpose automorphism
on K. In particular, N only fixes the trivial element of Z(M). By
Brauer’s permutation lemma, N only fixes the trivial character of Z(M).
Thus X is the trivial character if I = N. In this case, we define
X € Irir(N'M) by x(n'm) = x(m) for " € N’ m € M; it follows
from (a) that M normalizes N', so that y is well defined. Then y is an
extension of x to N'M. Moreover, y is invariant in Ng(M) = (N'M, )
as 7y stabilizes N’ and x, and so x extends to Ng(M).

Now suppose that |[/Z(M)| = 4. Then I/Z(M) = (s,7v), with
s € {s1, 593,555} We only treat the case s = s1; the other cases are
handled in an analogous way (or by symmetry). As s; stabilizes A,
we conclude that ay(z) € ker()) for all z € F;. In particular, ni =
ay(—=1) € ker(\). Let X' denote an extension of A to I'. Now n; € I’,
asny € N’; and thus X' (n;) = +1. Since ~ inverts ny, it follows that A’
is invariant under . As [ stabilizes ¢/, and either ¢’ is irreducible or
has exactly three irreducible constituents, we may choose an irreducible
constituent ¥ of 1" which is invariant under /. Hence A9 € Irr(I'os M")
is invariant in /M’ and thus extends to M.

If ¥ =4/, i.e. if X’ is irreducible; then x extends to Ng(M, x) by [74,
Lemma 4.1(a)|, as A\’ extends to its inertia group IM’ in H. Suppose
now that ¥ # ¢'. Then d = 3 and H has index 3 in Ng(M). Now N9
is not invariant under x, and thus induces to an irreducible character
X' of I'M which extends x (notice that x fixes A and normalizes N’,
so that z also normalizes I’). As N'¢ is invariant under ~, the same is
true for x’, which thus extends to I M. O

Notice that {a1, as} is conjugate in W to {ay, ags}, so that the results
established in Proposition 4.17 hold likewise for Ly, ay}-

Proposition 4.18. Let My := L, with J = {ay,a4} and put M :=
M.

(a) Let d := ged(2,q — 1). Then M = M; oy My with connected,
reductive, F-stable subgroups M;, i = 1,2. Putting M, := [M;, M;],
we have M} = SLy(F), and Z(M;)° is a torus of rank 1, fori =1,2.
Moreover, My = Z(M;)° x M} and My = GLy(F). In particular,
Z(My) is connected and My = Z(My) oy M.

Furthermore, there are lifts my,my € W9 of s, and s7, (see Sub-
section 4.3), respectively, such that m; normalizes M; for i =1,2, and
such that my centralizes MMy and mqy centralizes M{M},. For any
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such pair of elements we have
Nc;(M) = M12 Oq M2.2,

with M;.2 = (M;, m;) fori=1,2.

(b) With the notation of (a), we have M = (MyoqMs, z), where x = 1
ifd =1, and x*> € M, 0y My, otherwise. In the latter case, x centralizes
Z(My) and My, and normalizes My, inducing a diagonal automorphism
on M. Moreover, My = Z (M) og M| and My = (Z (M) og My, y)
withy = 1 ifd = 1, and y*> € Z(My) og M}, otherwise. In the latter
case, y centralizes Z(Ms) and induces a diagonal automorphism on M},
Furthermore,

Ng(M) = (M;.2 04 M5.2, ).
with M;.2 = (M;,m;), i = 1,2. Finally, x and y normalize (Z(M;), m;)
and (M;,m;) fori=1,2.

(¢) If N¢(M) = Ng(M), every x € Irr(M) extends to Ng(M, x).
Suppose that d = 2 and that Ng(M,x) = Ne(M). If Res)y o (X)
is rreducible, there is an extension x € Irr(Ng(M)) of x such that

Resﬁ?.(ﬁ)Mﬁ()%) is irreducible. If Res)y o,y (X) is reducible, there is an
extension Y € Irt(Ng(M)) of x such that Resj\]\;‘f.(zj\/[%)MQ.Q()%) is reducible.

PROOF. Again, we only prove the assertions for g = 1.

(a) Use the notation and results summarized in 4.1. By [48, p. 74|, we
have Staby(.J) = 22. In fact, a computation with CHEVIE [41] shows
that Stabw(J) = <822,517>. Let J1 = {061,0622} and J2 = {064,0414}.
Then ay7 € Jo, and J; and J, are of type A;A; and Cs, respectively.
Moreover, J; N Jo = @ and T' := J; U J; is closed. Put K; := K, for
i = 1,2. Then [K;i,Ks] = 1 by the remark preceding Lemma 4.2. A
calculation with CHEVIE, using [76, 8.1.8, 8.1.9] shows that K; has a
center of order d?, and that each of Ky and K;K, = K has a center
of order d; thus K; NKs is a group of order d. Moreover, K; is a direct
product of two copies of SLy(F), and Ky = Sp,(F). Let M; denote the
Levi subgroup of K; corresponding to «; if i« = 1, and to ay if 7 = 2.
Then M; = Z(M;)° x M| and My = GLy(F). Moreover, [M;, Ms] =1
and M = M;M,. Also, M; and Mj intersect in a group of order d.
This implies the structure of M asserted in (a).

We now prove the claims on Ng(M). Put my := ng and my :=
niniy. Then m; € K; and m; centralizes MM, for i = 1,2. Moreover,
Nk, (M;) = (M;,m;) =: M;.2 for i = 1,2. This yields the claims on
the structure of Ng(M).

(b) Notice that M; oy My has index d in M. In case ¢ is odd, we
choose a particular F-stable element x of M\ (M; 09 M,) as follows. Let
r1 € TNM,; and 7, € Z(My) be such that F(x;) 'z = F(xg)z, " is
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the unique element of order 2 in M; "My = M; N Ms. Then x := 129
is F-stable and « ¢ M, oy My so that M = (M, 0y My, x). Notice that x
centralizes My and normalizes M, inducing a diagonal automorhism
on Mj. Also, x centralizes Z (M), as x = x1x9 with x; € TNM;. With
an analogous argument we can find y = yys € My with y; € Z(My)
and yo € M, such that My = (Z(Msy) oy M), y). In particular, y
centralizes Z(M,) and induces a diagonal automorphism on M, if d = 2.
This gives the structure of M, as claimed. The structure of M; is clear
from (a). Moreover, z~'m;'zm; € Z(M;) for i = 1,2 and 2 € {z,y},
so that = and y normalize (Z(M;), m;) and (M;,m;) for i = 1,2. As
(Nag(M)/M)¥ = Ng(M)/M, the claims on the structure of Ng(M)
in (b) are established.

(c) We use the structure of Ng(M) established in (b) to prove the
claim. Let y € Irr(M). If the inertia subgroup of y is strictly smaller
than Ng(M), the inertia quotient is cyclic, and y extends. If ¢ is even,
then x clearly extends. We may thus assume that x is invariant in
Ng(M) and that ¢ is odd. In the following, we will frequently use the
remarks in 2.9. Let y’ denote the restriction of x to Moy Ms, and let
be an irreducible constituent of x’. Then ¢ = ¥y with ¢); € Irr(M;),
i = 1,2. If x' is irreducible, i.e., X' = 1, then 1; is invariant in
M;.2 and thus extends to M;.2, i = 1,2. Hence x' = 9 extends to
¢ € Irr(M;.2 0y My.2). By [74, Lemma 4.1(a)], there is an extension
X € Irr(Ng(M)) such that Resﬁf.(zﬂi)Mz.Q — 9. If ¥ is reducible, we
have x/ = Y11y + YU, as x° € M, oy My. Moreover, 9 = 1)y as x
centralizes M, and hence ] # 1. Now Ng(M,) has index 2 in
N¢g(M). Notice that mox & Ng(M, 1)), as ™" = ] # 1. Suppose
that mix € Ng(M, ). Then "™ = 7. As My = Z(M;)oy M7, we can
write ¢ = \j) with Ay € Irr(Z(M;)) and ¢ € Irr(M7). However, as
centralizes Z(M;) and m; centralizes M|, we cannot have " = 9}
unless 7 = 1. This contradiction shows that mix & Ng(M, ). It
follows that Ng(M, 1) = M;.2 oo M,.2. Hence 1) = 1115 extends to

= Irr(Ng (M, v)), and % # 1. Then { := Ind%ggﬁ)w)(zﬁ) is an

extension of y. O

Proposition 4.19. Let My := L, where J is one of the sets {a},
{au} or {ag,as} of simple roots of ¥. Put M := MJ and M’ :=
M, M]. Let d:= gcd(2,q —1).

(a) We have M = Z(M) oy M" with M’ = SLy(F) in the first two
cases, and M' = Sp,(IF) in the last case. Furthermore,

Ng(M) = N/ Oq M/
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with Z(M) < N’ < Ng(Ty) and NN M = Z(M). Furthermore,
N'/Z(M) = Staby,(J), where StabW(J) W (Cs) = 23.S3 in the first
two cases, and Staby (J) = W(Cy) = Dy in the last case. Finally,
N’ = CNG(M)(M/)'

(b) We have M = (Z(M) oqg M',z), with x = 1 if q is even, and
22 € Z(M) oy M' if q is odd; in the latter case, x induces a diagonal
automorphism on M'. Moreover,

Ng(M) = (N' oy M’ z).
(¢) If N¢(M) = Ng(M), then every x € Irr(M) extends to Ng (M, x).

PROOF. Once more, we only prove the case g = 1.

(a) We have M = Z(M)M' and M’ is a simple, simply connected
algebraic group of type A; and C5, respectively. Hence M’ is isomorphic
to SLo(IF), respectively Sp,(F). If ¢ is even, Z(M’) is trivial and thus
M =Z(M)xM'. If ¢ is odd, Z(M’) has order 2 and lies in Z(M), and
thus M = Z(M) oo, M. This proves our first assertion on the structure
of M.

To investigate the structure of Ng(M), we will choose a closed sub-
system A C ¥ with the following properties: AN, = 0, rk(A)+|J| =
4, Wa = Staby(J) and W stabilizes each element of J. Moreover, A
will denote a closed subsystem of A (hence of X) with rk(A) = rk(A)
and such that AUY; is closed in . Put K := Ka, K : = Kj, and
S:=TyNK = TyNK. Then S = Z(M). Write N := Nk(S)
and N := Ng(S). As N normalizes S = Z(M), it also normalizes
M = C’G( (M)) and M'. Furthermore, NNM = Z(M) = S and
N/S = = Stabw (/). Thus Ng(M) = NM = NM'. Moreover,
S<N< N and N centralizes M/ as M’ = K; and [K, K, =1

We now choose A and A in the respective cases. Suppose first that
J = {a;}. Here, we let A = A to be the closed subsystem of ¥ gener-
ated by {as, a4, a14}. Then A is of type Cs. If J = {ay}, we choose A
and A to be the closed subsystems of ¥ generated by {a1, s, 13} and
{a1, ag, ag}, respectively. Then A is of type Bz and A of type As. If
J = {ay, a3}, we choose A and A to be the closed subsystems of 3.
generated by {asg, a6}, and {16, ang}, respectively. Then A is of type
C, and A of type A A;.

If J = {ay}, we put N’ := N. Notice that in this case, N’ =
N = N centralizes M’. Suppose that N < N. Then [N:NJ] = 2, as
N/S = W5, and thus NM’ has index 2 in Ng(M). If J = {ay, as},
let n := ng, and if J = {ay}, let n := ny3. Then N = (N,n). As
the image of n in W lies in W, which fixes the elements of J, we find
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that n ™ uy(s)n = ua(+£s) for all @ € JU (—J) and all s € F; see |21,
Lemma 7.2.1(i)]. In particular, n centralizes M’ if ¢ is even, in which
case we set N’ := N. Assume now that ¢ is odd. By Lemma 4.2, we
may replace n by n’ = tn for a suitable t € Tj in such a way that
n' centralizes M'. Putting N’ := (N,n'), we obtain Ng(M) = N'M’
and [N’ M'] = 1, i.e., NM' = N’ oy M'. As N’ normalizes Z(M)
and centralizes M, it normalizes Ty = Z(M)(M'NTy). Finally, N’ =
Ca(M') N Na(M) = Crgan (M)

(b) If ¢ is even, our claims are obvious from (a). Let ¢ be odd. Then
there are 71 € Z(M) and x, € TNM’ such that F(z,) 'z, = F(zy)x;"
is the unique element of order 2 in Z(M) N M'. Hence x := 25 is
F-stable and M = (Z(M) o4 M’ z). Notice that x normalizes M,
inducing a diagonal automorphism on M’. This gives our claim for the
structure of M. The claim for Ng(M) follows from this and (a).

(c) By (b) we have M = (Z(M)osM', x) and Ng(M) = (N'ogM’, z);
moreover, Z(M) = [¢—1]¢, with ¢ = 3 or 2. Notice that the groups S, K
and K introduced in the proof of (a) are F-invariant. Notice also that
F acts trivially on N/Z (M), and we implicitly assume that the inverse
images of elements of this group used below are F’-stable.

Let x € Irr(M). In the considerations to follow, we will make use
of the facts summarized in 2.9 for characters of central products. As
M = Z(M) o (M' x) is a central product, we have x = A\ for A €
Irr(Z(M)) and ¢ € Irr((M’,z)). Let x’ and ¢ denote the restrictions
of x to Z(M) oy M'" and of ¥ to M’, respectively. Then y' = A¢'.

Recall from the proof of (a) that Ng(M) = NM with M NN =
Z(M), and that N is a subgroup of N of index 2, containing Z(M)
and centralizing M. Put I := Ng(M,x) "N and [ := INN. Then
Ne(M, x) = IM and thus Ng(M, x)/M = I/Z(M). Also, I has index
at most 2 in I. Clearly, I stabilizes A and ¢’. It follows from |74, The-
orem 1.1], applied to Nk(S), that A extends to an irreducible character
A of I. (Notice that A is conjugate in W to a parabolic subsystem
of 3, so that K is simply connected.) Thus there is an extension X of A
to I which is invariant under I.

To continue, suppose first that x’ = A\’ is irreducible. Then the in-
ertia group of " in N M’ equals I M’ which contains /M as a subgroup
of index at most 2. By construction, Ay’ € Irr(IM’) is invariant under
IM’, as ¢ is invariant under I and ) is invariant under I and M’, the
latter as M’ centralizes N. Thus \¢/ extends to an irreducible charac-
ter of IM’', which is an extension of A¢’. The claim follows from |74,
Lemma 4.1(a)], applied to the subgroup NM' of NM = Ng(M).
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Suppose now that ¢’ = ¢ + 9* for some ¢ € Irr(M’) and write
Na(M;AJ) for the inertia subgroups of AJ € Irr(Z(M) og M’) in
Ng(M). Then IM" < Ng(M,\J) < IM, where the latter inclusion
has index 2. If Ng(M, /\19) € {IM’',IM'}, there is an extensnon XD of
A to Ng(M, \J). Now A0 is not invariant under x, as X is an exten-
sion of AMJ*. Thus IndNG %3\% ()\19) is an extension of x to Ng(M, x).

We may thus assume that IM' < Ne(M,\9) < IM, so that in par-
ticular I < I. Now IM /1 IM' is generated by the images of z and n.
Moreover, Ng(M M) # IM as x does not stabilize M. Thus there is
i € N such that Ng(M, ) = <IM’ axnn). In particular, nn stabi-
lizes )\, and znn stabilizes ¥. As N centralizes M’, and n? induces an
inner automorphism of M’, the latter condition can also be written as
¥* = 9", In particular, this case does not occur if J = {ay }, as then N
centralizes M’. We claim that there is an znfi-stable extension A of A
to I. Provided this claim holds, then A € Irr(IM’) is zna-invariant
and thus extends to \J € Irr((IM’, zn#)), which is not z-invariant.
We conclude as in the previous case.

It remains to prove the claim. Suppose first that J = {9, a3}. In
this case n = ng, and sg swaps the two roots a4 and agy. Thus there
are decompositions Z(M) = [¢ — 1]2 and N = ([g — 1].2)? such that n
permutes the two direct factors of the latter group. Let A = A\ K Ao,
where \; € Irr([q — 1]), for ¢ = 1,2. As nn stabilizes A, we conclude
that )\2 = )] Or \y = )\1_1. If \y # )\1_1, we also have Ay #£ )\2_1, and
then I = Z(M). In this case, the claim is trivially true. Otherwise,
I = N and thus (IM’, znit) = (NM’',zn). Let A, denote an extension
of A1 to [¢ — 1].2, the first factor of the above decomposition of N.
Define )\2 by ()\1 X 1)””" =1K )\2 Then \ = /\1 X )\2 is an znn-stable
extension of A to [ = N , since (zn)? acts as an inner automorphism on
N. Suppose finally that J = {a4}, in which case n = ny3. As 9* = J"
and as x induces a diagonal automorphism on M’, the same must be
true for n. Now n'us(t)n = uy(—t) for all ¢ € F. As n induces a
non-inner automorphism on M’, we must have 4 | ¢ + 1. It follows
that x; may be chosen as an element of order 4 in Z(K). (Recall that
K = SL4(F).) Hence & = x,25 centralizes N, and thus z stabilizes any
extension of A to I. As there is an nf-invariant such extension, our
claim follows. O
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Corollary 4.20. Let M denote an e-split Levi subgroup of G for some
ee€{1,2,3,4,6,8,12}. Suppose that No(M) = Ng(M). Then M satis-
fies the mazimal extendibility condition, i.e. every irreducible character
of M extends to its inertia subgroup in Ng(M).

PROOF. If M is a maximal torus, the result follows from [74, The-
orem 1.1]. If the semisimple rank of M equals 3, then Ng(M)/M is
cyclic, and thus the claim also holds. The remaining cases are exactly
those treated in Propositions 4.17, 4.18 and 4.19, as every parabolic
subsystem of ¥ of rank 2 is conjugate in W to one with base {a1, as},
{ai’n 054}, {ala 054} or {a27 053}. o

We end this section by clarifying the condition in Corollary 4.20.

Lemma 4.21. Let M denote an e-split Levi subgroup of G for some
e€{1,2,3,4,6,8,12}. Then Ng(M) = Ng(M) unless (e,q) = (1,2).

PROOF. First assume that e = 1, and let T = T, denote the
standard 1-F-split maximal torus of M. Thus T is a complement to
the Sylow p-subgroup Uy, in a Borel subgroup By, of M. By the Schur-
Zassenhaus theorem, any two such complements are conjugate in B);.
Now M is a finite group with a split BN-pair of characteristic p; see [22,
1.18]. The Bruhat decomposition implies in particular that Ny (Uys) =
Bys. Hence TY and T are conjugate in M for all y € Ng(M). It follows
that

Nea(M) = (Ne(T) N Neg(M))M.
Now let y € Ng(M). Then TY is a 1-F-split maximal torus of M, and
thus conjugate to T in M. Hence Ng(M) < (Ng(T) N Ng(M))M. In
fact,

Neg(M) = (Ng(T) N Ne(M))M.
(Although this is well known, we sketch a proof for the readers conve-
nience. We may assume that M = (T, U, | a € I') for some closed
subsystem I' C ¥. Then M = (T, UL | a € T'); see [22, 1.18]. Hence
an element n € Ng(T) N Ng(M) permutes the finite root subgroups
UL for a € I'. But then n also permutes the U, for a € ¥ and thus
n € Ng(M).)

It thus suffices to show that Ng(T) = Ng(T). Applying |22, Theo-
rem 3.5.3(1)], we find that Cq(7") = T unless ¢ = 2. Thus, apart from
q = 2, we have Cg(T") = T which implies that Ng(T) = T.W = Ng(T)
and hence our claim.

Now assume that e > 2. If M = Cg(Z(M)), then Ng(M) <
Ne(M) < Ng(Z(M)) < Ng(Ca(Z(M))) = Ng(M), and hence the
claim holds. If there is a semisimple element s € G with M = Cg(s),
then M < Cg(Z(M)) < Cg(s) = M, since Z(M) = Z(M)F < Z(M).



42 JIANBEI AN, GERHARD HISS, AND FRANK LUBECK

Going through the tables in [58|, we find that such an element exists
unless e = 2 and ¢ < 3 or (e,q) € {(3,2),(4,2),(6,3)}. In the former
two cases, we find Cg(Z(M)) = M by applying [22, Theorem 3.5.3(i)]
to the elements of order 3, respectively 4 of Z(M). In the latter three
cases, | Z(M)| is divisible by a prime larger than 3, and the claim follows
from |62, Proposition 2.3]. O

5. THE BLOCKS OF Fj(q)

We keep the notation introduced in Subsection 4.1. Our aim in this
section is to describe the ¢-blocks of G = Fy(q) for primes £ { ¢q. If b is
such a block, we write d(b) for the defect of b and [(b) for the number
of its irreducible Brauer characters.

5.1. The ¢-blocks for good primes. Let ¢ > 3 be a prime dividing
|G|. Then there is a unique e € {1,2,3,4,6,8,12} such that ¢ | ®.(q),
i.e. Condition (*) of [62] is satisfied. Notice that e = e4(q) is the order
of ¢ in the multiplicative group of the field F,.

We recall the description of the ¢-blocks and their defect groups as
summarized in [62, Theorem 3.6]. Let b be an ¢-block with defect
group D. Suppose that b C &(G,s) for some semisimple ¢'-element
s € G. Then there is an e-split Levi subgroup L of G such that
s € LT (recall the notion L' introduced in the last paragraph of Sub-
section 4.12), and D is the Sylow ¢-subgroup of Z(L). Moreover, there
is ¥ € £(L,s) which is e-cuspidal, has D in its kernel, is of defect 0
when viewed as a character of L/D, and Irr(b) N E(G, s) is the set of
constituents of RE (). This e-cuspidal pair (L,d) is determined by b
up to G-conjugacy. If D is non-cyclic, then e # 8,12, and L is a maxi-
mal torus of G, unless e = 1,2. If s is not quasi-isolated, then d(b) and
[(b) can be determined from the corresponding numbers in &(M, s),
where M is a regular subgroup of G minimal with the property that
it contains Cg(s); see Theorem 3.9. If s # 1 is quasi-isolated, the
corresponding blocks and their invariants are determined in [51, 47],
and for s = 1 in [13]. Conversely, every e-cuspidal pair (L, ) as above
gives rise to a corresponding ¢-block of G.

The ¢-blocks and their invariants in those cases, where Cg(s) does
not have a cyclic Sylow ¢-subgroup, are described in Tables 1-19. More-
over, Table 21 contains this information for ¢ € {5,7} for the blocks
of the exceptional double cover of Fy(2). The invariants [(b) in these
cases can be found in [45].

5.2. The 2-blocks. Let us assume that ¢ is odd in this subsection.
Let s be a semisimple 2'-element. Then the G-class type of s is one of
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{1,4,6,7,9,10,13-15,17-20}. In particular, s is quasi-isolated if and
only if s = 1 or of G-class type 4 (in which case 3 1 ¢).

Suppose that s is not quasi-isolated. Then Cg(s) is a proper reg-
ular subgroup of G, which is a classical group and thus has a unique
unipotent 2-block. It follows from Theorem 3.9(a), that &(G, s) is a
single block, whose defect groups are isomorphic to, but in general not
conjugate to a Sylow 2-subgroup of Cg(s).

The case s = 1 corresponds to the unipotent blocks of G. By [27,
THEOREME A and Table on p. 349], there are three unipotent 2-blocks
of G: the principal block and two blocks of defect 0, containing the
characters Fy[f] and Fy[0?], respectively. By [37, Table 1], we have
[(b) = 28 for the principal 2-block b of G.

Now assume that 3 1 ¢ and let s be of class type (4, 1), respectively
(4,2). The former case occurs if 3 | ¢ — 1, the latter if 3 | ¢ + 1.

Proposition 5.3. Let s be a quasi-isolated element of order 3 of G-
class type 4. Then E(G,s) is a basic set for E(G,s). In particular,
&G, s) has exactly 9 irreducible Brauer characters. Moreover, if 3 |
q — 1, the decomposition matriz of E5(G, s) is unitriangular.

PROOF. In this proof, by the unipotent decomposition matriz of H,
where H is a finite reductive group, we understand the matrix of scalar
products of the unipotent characters of H with the projective inde-
composable characters in E(H,1). This is a square matrix whenever
E(H,1) is a basic set for &(H, 1).

We may assume that Cg(s) = L, the group introduced in Propo-
sition 4.14, so that L = Cg(s) = (L' o3 L?).3 with L' = SLi(q) for
i = 1,2. By [17, Theorem 12|, the decomposition matrix of & (L, 1)
and &(L,1), i = 1,2, is the same as the decomposition matrix of
E(GL5(q), 1), respectively E(GLS(q) x GL5(¢),1). These facts will be
assumed tacitly in the following.

We first prove the assertions if 3 | ¢ — 1. Consider the split Levi
subgroup H := GL2(q)x[g—1] of GL3(g). The unipotent decomposition
matrices of GL3(¢) and H are given as follows, where we omit entries
equal to 0; see [49, Appendix 1]:

<:1)>> ey ) o

1

1 1 R

Following [49], we label the columns of these decomposition matrices
by partitions of 3, respectively 2. The unipotent part of the projective
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indecomposable character corresponding to a column labeled by A is
denoted by px. Put k) = p@i) + 2pe1) and Ko 1) = pe1) + pas)-
Observe that 3y and K(2,1) are obtained by Harish-Chandra induction
of p(2), respectively pn2y from H to GL3(q).

Harish-Chandra inducing the 12 projective indecomposable charac-
ters of &(GL3(q) x H, 1) and &(H x GLs(q), 1) to GL3(q) x GLs(q),
we obtain 12 projective characters in E(GL3(q) x GL3(¢), 1), whose
unipotent parts are py X r, and r, X py with A € {(3),(2,1),(1%)}
and p € {(3),(2,1)}. We can select 8 of these projective characters
of GL3(q) x GL3(g) such that the matrix of scalar products of the se-
lected characters with the unipotent characters of GL3(q) x GL3(q) is
unitriangular. Moreover, if we use this triangular shape to associate
a pair of partitions to each of the 8 projective characters thus con-
structed, then only ((1%), (1)) is not associated to any of these.

Now L contains the two split Levi subgroups M; := Ly; 234 and
M, := Ly 34y of G, and s is a central element in each of M; and M,. Tt
follows from [25, Proposition 11.4.8(ii)] that & (M}, s) is Morita equiv-
alent to &(M;, 1), i = 1,2. Moreover, Harish-Chandra induction from
Ey(My,1) to &E(L,1) corresponds to Harish-Chandra induction from
E(GLs(q) x H, 1) to £(GL3(q) x GL3(q), 1), and likewise for (Mo, 1).

Every irreducible character of M;, ¢ = 1,2 is uniform, as Z(M;)
is connected, each component of [M;, M;| is of type A, and Mj =
M, by the remarks in Subsection 4.12. Hence Harish-Chandra in-
duction & (M}, s) — &(G, s) is equal to the composition of Harish-
Chandra induction & (M;,1) — &(L,1) and Lusztig’s Jordan decom-
positions (M, s) — Eo(M;, 1) and E(L, 1) — E(G, s); see |19, The-
orem 15.8]. As Harish-Chandra induction preserves projective char-
acters, we obtain 8 projective characters of & (G, s), whose matrix of
scalar products with the elements of £(G, s) is lower unitriangular. If
we also consider the restriction of the Gelfand-Graev character of G
to &(G, s), we obtain 9 linearly independent projective characters of
& (G, s). By Lemma 3.7, there are at most 9 irreducible Brauer charac-
ters in & (G, s). The unitriangularity of the projective characters thus
constructed implies the unitriangularity of the decomposition matrix.
This concludes our proof in case 3 | ¢ — 1.

The proof in case 3 | ¢ + 1 uses an Ennola duality argument. We
replace L and M;, ¢ = 1,2, by their conjugates with g, where g is as
in Proposition 4.14. Then L = (SUs(q) o3 SU3(q)).3, and M;, i = 1,2,
is a 2-split Levi subgroup of L and of G. The 2-decomposition matrix
of the unipotent characters of SU3(q) is a lower unitriangular matrix,
which has been computed by Erdmann in [29] for the case 4 | ¢ — 1,
and by the second author in [46, Appendix| for the case 4 | ¢+ 1. The
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proof now proceeds as above, except that Harish-Chandra induction
E(M},s) — E(G,s) is replaced by Lusztig induction. As the latter
preserves generalized projective characters, we still obtain a set of 9
linearly independent generalized projective characters in &(G,s). O

5.4. The 3-blocks. Let us assume that 3 { ¢ in this subsection. The
3-blocks of GG and their relevant invariants are described in Tables 1-19
and 21 of the appendix, where the latter table contains the information
for the exceptional double cover of F;(2). The derivation of these results
is by far the most laborious part of this work. We are now going
to prove, in a series of lemmas, that the entries in Columns 5-7 of
Tables 1-19 are correct. That is, for a semisimple 3'-element s € G
and a block b C &3(G, s) of positive defect, we determine a label for b,
as well as d(b) and [(b). We define ¢ € {1,—1} by the condition that
3 | ¢ — e, and write e := e3(q) for the order of ¢ in F3. Thus e = 1 if
e =1, and e = 2, otherwise.

Lemma 5.5. Let s € G be a semisimple 3'-element. Then every irre-
ducible 3-modular character ¢ of E3(G, s) is a Z-linear combination of
elements of {x | x € £(G,s)}, unless s = 1, in which case ¢ is still a
Q-linear combination of this set.

In particular, the number of irreducible 3-modular characters con-
tained in E(G, s) is equal to the rank of the Z-span of {x | x € E(G, s)}.

PROOF. Let t € Cg(s) be a non-trivial 3-element. By the list of
semisimple class types of G in [58], we find that Cg(st) satisfies one
of the hypotheses (a) or (b) of Lemma 3.7, unless s = 1 and ¢ is a
quasi-isolated element of order 3 and class type 4. In the latter case,
Cq(st) = Cg(t) satisfies hypothesis (c¢) of the lemma, as all components
of [Ca(t),Cq(t)]" are of type A and thus all unipotent characters of
Cq(t) are uniform. The result follows. For s = 1 our assertion follows
from |37, Proposition 7.14] and the fact that decomposition numbers
are integers.

The final statement is a consequence of the fact that every y for
x € (G, s) is a Z-linear combination of irreducible Brauer characters
contained in &(G, s). O

We now prove our claims for the unipotent blocks. The unipotent 3-
blocks of G have been computed by Enguehard in [27, p. 349-351].
We follow Carter’s book [22, p. 478f| for the notation of the unipotent
characters of G.

Lemma 5.6. The unipotent characters of G of 3-defect 0 are Fyli,
F4[_Z.]; F4[[1]; F4[_1] ng = 1; and F4[Z]; F4[_Z]7 ¢478; ¢16,57 ng =—L
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PROOF. See |27, Table on Page 349]. O

Lemma 5.7. The invariants of the unipotent 3-blocks of G of positive
defect are as given in Columns 5-7 of Table 1.

PROOF. It is known that G has exactly 35 unipotent 3-modular
characters; see [40, Table in 6.6]. We sketch an alternative proof for
this fact. By a result of Shoji [72, 6.2.4(c) and Proposition 6.3] (see
also the remarks on [38, p. 42| for the fact that Shoji’s results are valid
without restrictions on p), the two almost characters corresponding to
the unipotent characters Fy[f] and F;[0?] (in the sense of [59, (4.24.1)])
have values 0 except on 3-singular classes. As G has exactly 37 ordinary
unipotent characters, and as the almost characters span the same space
as the unipotent characters; see [59, Corollary 4.25|, it follows that
{X | x € £(G,1)} spans a space of dimension at most 35. On the
other hand, the matrix of values of this set has rank at least 35, as can
be checked with the explicit unipotent character table of G' computed
by Koéhler [53|, and, independently, by the third author. For this, it
suffices to look at the set of unipotent classes and the mixed classes on
which the other unipotent almost characters have non-zero values, as
well as some classes of elements of the form su, where s is an involution
with centralizer of type B;. Lemma 5.5 now implies the result.

According to [27, THEOREME A and the table on Page 349|, there
is a unique non-principal block b of positive defect corresponding to
the e-cuspidal pair ([¢ —€]%.B2(q), .), where (. is the e-cuspidal unipo-
tent character of the semisimple component Bs(q) of [¢ — ¢]*.Ba(q).
Moreover, b contains exactly the unipotent characters of the e-Harish-
Chandra series defined by ([¢ — €]*>.Ba(q),¢.). These are the charac-
ters By1, Bae, By, Boo, Boer if € = 1, and @41, @413, Boy, Garr,
¢4, otherwise (for the elements in the 2-Harish-Chandra series see [13,
Table 2, case 1]). Using the explicit values of the unipotent characters
in b, we can check that their restrictions to the 3-regular elements are
linearly independent. In view of Lemma 5.5, this shows that [(b) = 5.
This, together with Lemma 5.6 implies [(B) = 26 for the principal
3-block B of G. O

We next show how to determine the number of irreducible 3-modular
characters for the non-unipotent blocks.

Proposition 5.8. Let 1 # s € G be a semisimple 3'-element. Then
E(G,s) is a basic set for E3(G,s). In particular, if b C &E(G,s) is a
3-block of G, then I(b) = |Irr(b) N E(G, s)].
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PrROOF. Clearly, the second statement follows from the first. To
prove the first statement, we refine the argument of [39, Proposi-
tion 4.1]. Let S3(G) denote a set of representatives for the G-conjugacy
classes of 3-elements of G. For each t € S3(G), let C3(Cq(t)) be a
set of representatives for the Cg(t)-conjugacy classes of 3'-elements of
Ci(t), and denote by S3(Cq(t)) the subset of C3(Cq(t)) consisting of
semisimple elements. Then {ts | t € S3(G),s € S3(Ci(t))} is a set of
representatives for the semisimple conjugacy classes of G.

By to we denote the element of S3(G) of class (4,1) if 3 | ¢ — 1,
respectively (4,2) if 3 | ¢ + 1. First, consider ¢ € S3(G) \ {1,t}. We
claim that in this case M := Cg(t) is a regular subgroup of G. If
not, [(Z(M)/Z(M)°)¥| is a 2-group; see the tables in [58]. As t is a 3-
element, Lemma 3.3 implies that M < Cg (), a contradiction. Thus M
is regular and there is a regular subgroup Mf of G in duality with M.
In particular, Z(MT) is connected and 3 is a good prime for M, so
that M satisfies the assumptions of [39, Theorem 5.1|. Putting MT :=
(M")F and identifying M with (IMT)*, we find that |£(MT, s)| equals
the number of irreducible 3-modular characters contained in (M7, s)
for every s € Ss(M), and hence

(11) Y EMT )| = [Ca(MT)].
s€S3 (M)

Now consider the case t = tg and put L := Cg(to). If 1 # s € S3/(L),
then M := CL(s) = Cg(tos) is a regular subgroup of G and hence of L.
It follows from the Bonnafé-Rouquier Morita equivalence theorem |11,
Théoréme 11.8] (see also Theorem 3.9(c)), that E3(L*, s) and E(M, 1)
have the same number of irreducible 3-modular characters. As M has
connected center and 3 is a good prime for M, the latter number equals
|E(M,1)| by [39, Theorem 5.1]. By the Jordan decomposition of char-
acters, we have |E(M,1)| = |E(L*, s)|. Thus the number of irreducible
3-modular characters in &(L*, s) equals |E(L*, s)|. Let us now compute
the number of irreducible 3-modular characters in E3(L*,1). We have
L = (SL;(q) o3 SL5(q)).3, where the outer automorphism of order 3
acts as a simultaneous diagonal automorphism on each of the factors
SL5(q) of L; see Subsection 6.1 below and Remark 4.15. Now SL3(q)
has exactly 5 unipotent 3-modular characters, three of which lie in
an orbit under the outer automorphism of order 3. (A reference for
the latter two statements in case of SU3(q) is [35, Theorem 4.5|; the
corresponding results for SL3(g) are proved in the same way.) Thus
SL5(g) o3 SL3(q) has 25 unipotent 3-modular characters, four of which
are fixed under the outer automorphism of order 3, and the other 21
lie in 7 orbits of length 3. It follows that L has exactly 11 unipotent
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3-modular characters. On the other hand, L has exactly 9 ordinary
unipotent characters. We conclude that

(12) > IE(L s) = =2+ [Cy(L7)].
s€Sy (L)
Let ¢ € Z be such that
(13) > EG, s) =+ [Cx(G).
SESS/(G)

Now we use the fact that |E(G,ts)| = |E(Cq(t)*,s)| for all t € S3(G)
and all s € S3(Cq(t)). This follows from the identification G = G*
and the Jordan decomposition of characters:

E(Ca(t)",8)] = [E(Ceq(s), 1]
= [€(Ca(ts),1)]
= [E(Ca-(1s),1)]
= |&(G,ts)].
We find, using (13), (12) and (11), that
Rk I Y

teS3(G) 8653/ (Ca(t)

= D> ) &Gy
t€85(G) s€S (Ca (1))
= em21 S Iy (Ca)]
te€S;3(G)

We claim that 3, s ) [Ca(Ca(t)")| equals the number of conjugacy
classes of G. First, ift = 1 or t = t¢, then Cq(t)* = Cg(t) and Cg(t)* =
Cq(t) by Remark 4.16. It follows from Proposition 3.4 that there is a
permutation ¢ — ' of S3(G)\ {1, o} such that Cq(t) = Cq(¢')*. Hence
> tess(a) [Co (Ca(t))] = Xiesy () [Co (Ca(t))], giving our claim.

We conclude that ¢ = 2. By Table 1, the number of unipotent 3-
modular characters is two less than |£(G,1)|. By Lemma 5.5, for all
s € S8y (G), the number of irreducible 3-modular characters in £(G, s)
is at most equal to |E(G, s)|. We conclude from (13) that equality holds
for all non-trivial such s. This implies our claim. O

Lemma 5.9. The invariants contained in Columns 5-7 of Tables 2, 3
and 5 are correct.

PROOF. The blocks and their labels are described in [51, Table 2].
The defects of these blocks can be derived from [51, Proposition 3.2].
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The numbers of the irreducible 3-modular characters in these blocks
can be determined with Proposition 5.8. O

Lemma 5.10. The invariants contained in Columns 5-7 of Tables 6—
19 and 21 are correct.

PROOF. Let s be a semisimple 3’-element of G such that Cg(s) =
Cg+(s) is contained in a proper regular subgroup M* of G* = G. We
choose M* as in Theorem 3.9. As every component of such an M*
is of classical type, we may apply Theorem 3.9. By appealing to [31]
and [32], we easily obtain all the entries of Tables 6-19.

For the invariants in Table 21 see [45]. O

5.11. The action of outer automorphisms. Recall that p is a prime
and that ¢ = p/ for some positive integer f. Recall also the definition
of o1 and Auty(G) = G x (o7) from Subsection 4.5. Let us put f':= f
if pis odd, and f' := 2f if p = 2. Then F = o' In particular, oy
commutes with F' and thus G is oj-invariant. We tacitly use the sym-
bol o1 to also denote the restriction of o7 to G. With this notation,
Aut(G) = G x (01) and Out(G) = (Goy) is cyclic of order f’; see [43,
Theorem 2.5.12(a),(e)]. In particular, every subgroup of (o7) < Aut(G)
is of the form (o}") for some integer m/ with m’ | f’. Notice also that
every automorphism of G extends to an element of Aut;(G) which
commutes with F'.

Let o := o7 for some positive integer m’ with m/ | f’. The restric-
tion of o to G, also denoted by o, has order f'/m’. We define m by
m :=m'/2 if m’ and p are even and by m := m/, otherwise. Then m | f
and F = (F/™)//™ in all cases; moreover o = FI" if either m’ and p are
even or if p is odd, and 0? = Fi™, otherwise. The field automorphism
of G of order f/m’ is induced by o if p is odd, and by o2 if p = 2.

As always, we identify G with its dual G* and G with G*. We let ¢
be an odd prime different from p (we do not assume ¢ = 3 here) and
write e = ey(q) for the order of ¢ in the multiplicative group of the
field Fy. We will need the following consequence of the Lang-Steinberg
theorem.

Lemma 5.12. Let s € G be semisimple such that o(s) is G-conjugate
to s. Then some G-conjugate t of s satisfies o(t) = t.

PROOF. Let C' denote the G-conjugacy classes of s. Our hypothesis
implies that C' is o-stable. An application of the Lang-Steinberg theo-
rem shows that C'N G is non-empty and that C'NG is a conjugacy class
of G; see, e.g. [42, Example 1.4.10]. If t € C NG, then t,s € CNG
yielding our claim. O
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We can now prove the main result of this subsection.

Proposition 5.13. Let s € G be a semisimple {'-element. Then

(14)  o(E(G,s)) = E(G,071(s)) and 0(&E(G, 5)) = E(G, 07 (s)).
Suppose that o(s) is conjugate to s in G. Then o stabilizes E(G, s) and
gg(G, S).

(a) Suppose that p = 2 and that m' is odd. Then either Cg(s) is a
mazximal torus, or the G-class type of s is one of (1,1), (4,1), (4,2),
(14,1), (14,4), (15,1), (15,3) or (15,5). In these cases, the non-trivial
a-orbits on E(G, s) have length 2, and the number of such orbits is as
given in the last column of the following table.

ik ‘ Ca(s) ‘ no.
1 1 G 8
4 1,2 (SL5(q) 3 SL3(q))-3 | 3
(15) ) )
14 1,4 [¢—¢€]* x SLa(q) 1
15 1,3 [g—el*xSpy(q) | 1
15 5 | [>+1xSpy(q) |1

Here, € € {—1,1}, and the two values for k in the second column, if
present, correspond to the cases € =1 and € = —1, respectively.

(b) Suppose that p is odd or that p = 2 and m’' is even, so that
o = F[". Then either o fizes every element of £(G,s), or the G-class
type of s is one of (12,1), (16,1) or (16,9). In these cases, the non-
trivial o-orbits on E(G, s) have length 2, and the number of such orbits
15 as given in the last column of the following table.

ik ‘ Ca(s) ‘ no.
(16) 12 1 | (Jg—1] o3 (SLa(q)? 05 SLa(q)).2).2 | 2
16 1,9 (Jg — €]? 02 SLa(q)?).2 1

Here, the same conventions regarding € are used as in the table displayed
in (15). Moreover, the following conditions hold. Let t be a o-stable
G-conjugate of s. If the G-class type of t is (12,1), then the G7-class
type of t is (12,2) or (12,4) and f/m is even. If the G-class type of t is
(16, 1), the G?-class type of t is (16, k) for k € {3,4,7,10} and f/m is
even, or the G?-class type of t is (16,8) and 4 | f/m. If the G-class type
of t is (16,9), the G7-class type of t is (16,8) and f/m = 2 (mod 4).

(c) Let b C &(G,s) be a o-stable (-block. Then o stabilizes E(G, s).
Moreover, the permutation actions of (o) on IBr(b) and on Irr(b) N
E(G, s) are equivalent, unless s =1 and ¢ = 3.
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(d) Suppose that s =1 and ¢ = 3. If p and m' are as in Case (i),
then o has exactly 7 orbits of length 2 on 1Br(b) if b is the principal
block, and ezxactly one orbit of length 2 on IBr(b) if b is the non-principal
unipotent block of positive defect. The other unipotent 3-modular char-
acters are fized by o. If p and m' are as in Case (ii), then o fizes every

element of 1Br(b).

PROOF. Notice that ¢ is a Steinberg morphism of G, and thus in
particular an isogeny. The equalities in (14) follow from [24, Corol-
lary 9.3(ii)]. Now suppose that o(s) is conjugate in G to s. By
Lemma 5.12 we may and will assume that o(s) = s. Then £(G,s)
and hence also &(G, s) are invariant under o by (14).

(a) Suppose that p is even and that m’ is odd. Since o(s) = s, we
have Cg(s) = 0(Cg(s)). We can also assume that C'g(s) is not a torus.
As oy interchanges the long root subgroups of G with its short root
subgroups, the tables in [58] only leave the possibilities (1,1), (4, k),
(14, k) or (15,k) for the G-class types of s. As o interchanges the
maximal tori of type (20,12) and (20,17), it also swaps the classes of
type (14,2) and (14,3) and the classes of type (15,2) and (15,4). Let
us now prove the remaining statements.

If s is of class type (4,k), k = 1,2, then ¢ > 3, as s is an element
of order 3. Moreover, ¢ interchanges the two components of Cg(s) of
type As, as one is a long root subgroup, and the other one a short root
subgroup. Thus o has three orbits of length 2 on the set of unipo-
tent characters of C(s) and fixes its other unipotent characters. The
unipotent characters of C(s) are uniform functions, hence there is a
bijection between £(Cg(s),1) and £(G, s) which commutes with o by
[24, Corollary 9.2]. It follows that the number of orbits of ¢ of length
two on £(G, s) equals 3 and that o fixes the other elements of £(G, s).
If s is of class type (14, k), k = 1,4, then o swaps the two components
of Cq(s) of type A1, as one is a short root subgroup and the other one a
long root subgroup. Thus ¢ interchanges the two unipotent characters
of C(s) of degree ¢ and fixes the other unipotent characters. If s is of
class type (15,k), k = 1,3, 5, the semisimple component of Cg(s) is of
type Cy, and o induces the exceptional graph automorphism of Sp,(q)
on Cg(s). It follows from |61, Theorem 2.5(c)], that o interchanges the
two unipotent principal series characters of Cg(s) of the same degree
and fixes the other unipotent characters. In theses cases, Cg(s) is a
regular subgroup of G, and the Lusztig induction map corresponding
to Cg(s) yields a bijection between £(Cg(s),1) and £(G,s). As this
map commutes with the action of o (see [24, Corollary 9.2|), this gives
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the entries of the table displayed in (15) in case s # 1. In case s = 1,
the entry is determined in [61, Theorem 2.5(e)].

(b) Suppose that p is odd or that p = 2 and m/ is even. Then o = FJ".
Consider the statement:

(17) o fixes every element of £(G, s).

We are going to determine the cases for which (17) holds. First of
all, (17) is true if s = 1 by [24, Proposition 6.6]. In the following,
we will need to compute the degrees of the unipotent characters of
the groups Cg(s). These are easily determined using Jean Michel’s
extension of CHEVIE; see [64]. Suppose the unipotent characters of
Cq(s) have pairwise distinct degrees. Then the same is true for the
elements of £(G, s) by the Jordan decomposition of characters. In this
case (17) trivially holds. Considering the tables in [58], it remains to
investigate the cases where the G-class type of s is one of (2,1), (11,1),
(11,2), (12,1), (12,3), (14,k), 1 < k < 4, (15,k), 1 < k < 5 or (16, k)
with & € {1,2,5,6,9}. If s is of G-class type (2,1), the elements of
E(G, s) are distinguished by their degrees, except for two characters
X, X € E(G,s) of equal degree, which correspond, via the Jordan de-
composition, to the unipotent characters of Cg(s) labeled by the bipar-
titions (212, —) and (—, 31), respectively. There is a o-stable split Levi
subgroup M of G such that s is contained in a o-stable dual M* < G
(in fact we may take M =go Lys34; and M* =go L1 24} in the no-
tation of Subsection 4.1), and a o-stable element ¢ € E£(M,s) such
that the Harish-Chandra induced character RSi(v)) contains x with
multiplicity 1 and x’ with multiplicity 0. This follows from the com-
patibility of Harish-Chandra induction and the Jordan decomposition
(see |24, Corollary 9.2|) with a computation of unipotent characters in
Cq(s) = Sping(q). Hence o fixes x and so also x'.

In the remaining cases, put M* := Cg(Z(Cg(s))°). Then M* is
a o-stable regular subgroup of G and we choose a o-stable regular
subgroup M < G dual to M*. In these cases, M and Cg(s) are
of classical type. Hence the elements of £(Cg(s),1) and of E(M, s)
are uniquely determined by their multiplicities in the Deligne-Lusztig
characters; see, e.g. [19, Theorem 15.8]. The latter theorem, together
with [24, Corollary 9.2| then implies that there is a o-equivariant bi-
jection £(Cq(s),1) — E(M,s). Also, Lusztig induction with respect
to M induces a bijection £(M, s) — E£(G, s), which is o-equivariant by
[24, Corollary 9.2]. To show that (17) is satisfied, it suffices therefore
to show that o fixes every element of £(Cq(s),1). If s is of G-class
type (11,1), (11,2), or (15,k), 1 < k < 5, then o fixes the unipotent
characters of Cg(s) by [61, Theorem 2.5(c)|. If s is of G-class type
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(14,k), 1 < k < 4, then o fixes every unipotent character of Cq(s),
as o stabilizes the two semisimple factors of type A; of Cg(s), one
being a short root subgroup, the other one a long root subgroup.

Suppose that the G-class type of s is (12,1) or (12,3) and that o
does not fix £(G, s) element-wise. Then o does not fix every element
of Ci(s), again by [24, Corollary 9.2]. This implies that o permutes the
two long root components of Cg(s) of type A;, which happens if the
G7-class type of s is one of (12,2) or (12,4). But then the G-class type
of s equals (12,1) by Lemma 4.8. We obtain two o-orbits of length 2
on £(G, s) in this case. The closed subsystem I' of ¥ which gives rise
to the centralizer of an element of G-class type 16 has stabilizer in W
isomorphic to 2 x Dg, as is easily computed with CHEVIE. This group
has ten conjugacy classes giving rise to the ten G-class types (16, k),
1 < k <10. Using Lemma 4.8 and Table 24, one finds that the class
types (16, 5) and (16, 8) correspond to the conjugacy classes of elements
of order 4, whereas the class type (16,9) corresponds to the squares of
these elements. This information is enough to prove the statements
for s of G-class type (16, k).

(c) Suppose that ¢ # 3 or that s # 1. Then Proposition 5.8 and
[39, Theorem 5.1] imply that Irr(b) N E(G, s) is a basic set for IBr(b).
By Lemma 2.8, the numbers of fixed points of o on IBr(b) and on
Irr(b) NE(G, s) are the same. The analogous statement holds for every
power of o, which gives our claim.

(d) Suppose that ¢ = 3 and s = 1. If we are in case (ii), o sat-
isfies (17) by (a), and Lemma 5.5 implies our claim. Hence assume
that we are in case (i). Let M denote the (37 x 37)-block diagonal
Fourier transform matrix for the unipotent characters of G; see [22,
Section 13.6]. Furthermore, let P denote the permutation matrix aris-
ing from the permutation of o on the set of unipotent characters of G
as given by [61, Theorem 2.5(e)|. One then checks that M P = PM,
i.e. 0 permutes the set of almost characters of G in the same way as it
permutes the unipotent characters. In particular, the number of fixed
points of o on the set of unipotent characters is the same as on the set of
almost characters. Consequently, o has exactly 8 orbits of length 2 on
the set of almost characters. The two almost characters corresponding
to Fy[f] and Fy[6?] are fixed by o and vanish on the 3-regular classes
of G; see |72, 6.2.4(c) and Proposition 6.3] and [38, p. 42|. If we de-
note by U the set of almost characters with the latter two characters
removed, then Lemma 5.5 implies that U satisfies the hypotheses of
Lemma 2.8 for ¢ = 3 and the union of unipotent blocks. Thus ¢ has 8
orbits of length 2 on the set of unipotent Brauer characters. We may
apply the same lemma to the unique non-principal unipotent 3-block
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of positive defect, to see that ¢ has exactly one orbit of length 2 on
this block. As o fixes the unipotent defect 0 characters, it follows that
o has exactly 7 orbits of length 2 on each of the set of irreducible or-
dinary and irreducible Brauer characters of the principal block. This
completes our proof. O

Corollary 5.14. Suppose that p = 2, that { > 3 and that the Sylow
(-subgroups of G are non-cyclic. Let b denote the principal £-block of G.
Then the number of non-trivial orbits of o1 on IBr(b) is as given in the
following table.

e (|1 2 3 46
no. (|7 7 6 0 6

(See Subsection 5.1 for the significance of e.)

(18)

PROOF. This follows from Proposition 5.13(a), in connection with
the action of o7 on the set of unipotent characters of G; see [61, Theo-
rem 2.5(e)]. O

We finally consider the case of the exceptional covering group of Fy(2).
Observe that the automorphism oy of Fy(2) lifts to an automorphism
of its double cover, also denoted by ;.

Proposition 5.15. Let G = 2.Fy(2) denote the exceptional double
cover of Fiy(2) and let ¢ € {3,5,7}. Let b be an (-block of G of non-
cyclic defect. Then oy fives b unless { = 3 and b is one of the two blocks
of defect 2, which are swapped by oy.

If o1 fizes b, the non-trivial orbits of o1 on IBr(b) have length 2, and
the number of such orbits is as given in the table below.

¢ 13 57

no. | 4

PrOOF. This follows by inspecting the character table of G in the
Atlas [23] and the decomposition matrices in [45], in connection with
Lemma 2.8. O

6. RADICAL 3-SUBGROUPS AND DEFECT GROUPS OF F}(q)

In this section, let G = Fy(q) with ¢ = p/ and p # 3. We keep the
notation introduced in Subsection 5.4. We let ¢ € {£1} be defined
by 3| g —¢, and put e = e3(q), ie. e = 1 if e = 1, and e = 2,
otherwise. Also, the positive integer a is defined by (¢ — €)3 = 3%. In
addition, we put d := ged(2,q — 1). The radical 3-subgroups of G are
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classified in [4, 6] and we state the main results here. We also derive
some consequences needed later on. For our notation for groups and
their extensions used below, see Subsection 2.1.

6.1. Elements of order 3 in G. By [43, Table 4.7.3|, the group G
contains exactly three conjugacy classes of elements of order 3, called
3A, 3B, and 3C, with representatives z,, 2zg, and z¢, such that for each
X € {A,B, C} the elements zy and Z)_(l are conjugate. Moreover, the
local structure is as follows:

Ca(2a) = ([qg — €] 0a Spg(q), 7a), Nc((2a)) = (Ca(2a),7a),
Ca(zs) = ([q — €] oa Spinz(q), x8),  Nea((z8)) = (Ca(2B), 18),
Ce(zc) = (SL3(q) o3 SL3(q), zc), Na((2c)) = (Ca(zc), ve),

where the actions of vx and zx are determined by:

vx = (¢:1): for X € {A,B}, the action of yx on [¢ — €] is by
z+— 27!, and trivial on O (Ca(zx));

Yo =(v:7): ¢ acts as the order 2 graph automorphism,
i.e. inverse-transpose, on each factor SL5(q) of
O% (Ca(z0));

zx = (1:d): for X € {A, B}, the action of zx on [¢—¢] is trivial;
on O (Cg(zx)) it is trivial, if d = 1, and by the
diagonal automorphism of order 2 if d = 2;

zc = (w1 :x9):  each x; acts on SL5(q) by the diagonal automor-

phism of order 3.

Notice that Cg(z¢) is conjugate in G to the group L introduced in
Proposition 4.14. Note also that x5 does not necessarily have order 2;
we only know that 23 € [g—¢]o4Spg(q); similarly for z, z¢ and vyx. For
example, as discussed in Remark 4.15, we have x?, € SL5(q) o3 SL5(q),
and there is a choice of x¢ such that each x; acts on SL3(¢) in the same
way as diag(1,1,&%) € GL3(¢) acts on SL3(¢q) by conjugation; here,
¢ € F* is an element of order 3*™!. Then z? acts as conjugation with
diag(1,1,£%) and thus as the inner automorphism diag(£2,£73,£9),
i=1,2.

6.2. Radical 3-subgroups of SL5(¢). We first recall the classification
of the radical 3-subgroups of L. := SL3(¢) and fix notation. We view L.
as a subgroup of GL3(q), where, in case of ¢ = —1, the latter group
is defined with respect to the standard diagonal hermitian form. In
particular, GL5(¢q) and L. are invariant under the inverse-transpose
automorphism.
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In order to simplify notation, we suppress the subscript ¢ from the
objects associated to L., although these may depend on e. In particu-
lar, we put L := L. = SL3(q). We begin by describing various elements
and subgroups of L. Let £ € F* have order 3**!, and put ¢ := &¥.
Next, let y := diag(1,¢, (™) € L. Further, let ¢,t € L be defined by

010 0 —1 0
c = 0 0 1 t .= —1 0 0
1 00 0 0 -1

Finally, let  denote the diagonal automorphism of L which acts on L
in the same way as diag(1, 1, £3). Notice that z centralizes ¢ and that x*
is an inner automorphism of L.

Put H := Cp(diag(1,1,¢)) = GL5(q), let Z denote the center of L,
and T the subgroup of diagonal matrices in L, i.e. T = [¢g—¢]?. We also
let D := (O5(T),c); then D € Syly(L). Finally, we put K = (y,c).
Notice that if a = 1, then K = D and K* = K.

The next lemma merges [4, Lemma 4.4] and [6, Lemma 3.1(2)].

Lemma 6.3. Let the notation be as above. Then representatives for
Rs(L)/L, the set of L-conjugacy classes of radical 3-subgroups of L is
given as follows.

Conditions Representatives for R3(L)/L
q=2 D
q=4 Z, D
q=S8 Z, Os(H), K, K*, K*, D
qg>5a=1 Z, O3(T), D

¢>17,a>2 Z O4(H), K, K*, K, O3(T), D

The structure of Cr(R), N(R) and Outy(R) for the radical 3-subgroups R
of L as above is given in the following table.

R StI‘U.C. CL(R) NL(R) OutL(R)

Z 3 L L 1
Os3(H) 3¢ H H 1

K,a>2 317 7 K.SLy(3) SL(3)
l)7 a = 1 3}|_+2 Z DQg Qg
Dya>2 [3°23 Z D.2 = (D,t) 2

Og(T) [3@]2 T TSg == <T, C, t) Sg

6.4. Radical 3-subgroups of Fj(q). Let L', L* < Cg(zc) denote the
subgroups with L' 2 ST.5(q) = L?, such that Cg(z¢) = (L' o3 L? z¢)
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and Ng((z¢)) = (Ca(zc),7c), where x¢ = (x1:22) and y¢ = (71:72) act

as described in Subsection 6.1. Notice that L' and L? have the same

meaning as in Proposition 4.14. In particular, L' is of Dynkin type

A5(q), and L? of Dynkin type A5(q) so that L is a long root subgroup

and L? is a short root subgroup. Notice that L' N L? = Z(Cg(2¢)).
The radical 3-subgroups of G are classified in [6] and [4].

Theorem 6.5. The non-trivial radical 3-subgroups of G, up to conju-
gacy, are as giwen in Table 26. O

It turns out that the Sylow 3-subgroups of the centralizers of semisimple
elements of GG are radical 3-subgroups.

Proposition 6.6. Let M = Cg(s) denote the centralizer of the semisim-
ple element s € G, and let P be a Sylow 3-subgroup of M. Then P is
a radical 3-subgroup of G, and the conjugacy class of P in R3(G) is as
giwen in the fourth column of Table 25.

PROOF. We enumerate the possibilities for (the G-conjugacy classes)
of M by the pairs (i, k) according to the tables in [58]. Assume first
that ¢+ = 20, i.e. that M is a maximal torus of G. Using Table 24 for
i € {4,6,10}, we find that one of the following cases occurs:

(a) P =1,

(b) M < Cg(2) for some element z in the conjugacy class 3C,
(c) P=1[3" and P < Z(Cg(z)) for some z in class 3A or 3B, or
(d) P =[3? and P < Z(C), where C < G is the centralizer of a

semisimple element of G of class type (15,1) if ¢ = 1, and of

class type (15,3) if e = —1.
By the construction of the radical 3-subgroups of SL5(¢) in Lemma 6.3,
we find that P is a radical 3-subgroup of G in Case (b). Unless k €
{14,15,19,20}, the conjugacy class of P in this case is determined
from |P| and the types of the characteristics (see Subsection 9.7 for
this notion) of the abelian radical 3-subgroups of G, in connection
with the information given in Table 24 on the number of elements in
Z (M) belonging to other class types. For example, if M is of class type
(20,12) and ¢ = 1, then |P| = 3% and Z(M) contains 8 elements of
class type (4, 1) and 12 elements of class type (6, 1), as well as 6 elements
of class type (10,1). Thus P =5 Ry¢. To identify the conjugacy class
of P in R3(G) in the remaining cases, suppose first that ¢ = 1. We
may then choose notation such that P =g Rg if M =¢ My 14, and
P =¢ R; if M =¢ My 19. By looking at the two classes of maximal
tori in each of Mig3 and Mg s, which occur as the centralizers of P in
the respective cases, we find that Rg <5 Ri1 and R; <g Ri2. Now in
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case € = —1, the two classes of maximal tori in each of Mg 7 and Mg 9
show that P =G RG if M =G 1\/_[207157 and P =G R7 if M =G M20720. In
Case (c) we have Cg(P) = Cg(2) is conjugate to the centralizer of Ry,
respectively R3, showing that P is conjugate to Ry respectively Rs3. In
Case (d), we have C' = Cg(R) for some radical subgroup R =g Ry,
and thus P = 03(2(0)) =G RIO'

Now assume that ¢ # 20. Here, we use the following general argu-
ment. Suppose that z € G is semisimple and s € Z(Cgs(2)). Then
Ca(z) < Cgq(s) = M. If, in addition, |Cg(s)|s = |Ca(z)|3, the two cen-
tralizers have conjugate Sylow 3-subgroups. Applying this argument
in case Cg(z) is a maximal torus, yields all the entries of Table 25 in
the cases where P is abelian. We give a sample argument for one of the
other cases. Suppose that z is of class type (13, k), where 1 < k < 6.
We may then assume that Cg(z) equals the regular subgroup M;s;
of G of type Ay corresponding to the long roots; see Subsections 4.9
and 9.3. Suppose further that ¢ is such that the Sylow 3-subgroups
of M3 are non-abelian. Then the center of M3 contains elements
of class type (4,1), if ¢ = 1, and of class type (4,2), if ¢ = —1, i.e.
3C-elements. Thus M3, < Ce(zc) = L. If k=1 or k = 6, according
as € = 1 or ¢ = —1, respectively, we have Cg(s) = (L' o3 [¢ — €]?).3.
Thus a Sylow 3-subgroup of Cg(z2¢) equals (D;03[3%]%).3 =g R3s. Now
in the respective cases for €, we find that Z(Mi3,) contains elements s
of class types (8,1),(8,4) and (i,k) for i = 3,6,7,8 and k = 1,2, as
well as (2,1). Since |Mi3|3 = |Ca(s)|s in all these cases, we obtain the
corresponding entries in Table 25. (This argument also works in case
q = 4, where there is no element z € G such that Cg(2) =¢ Mi3;.)
The remaining cases are treated similarly. O

We collect a few further results on the radical subgroups of G. The
following lemma describes the regular subgroups of G that occur as cen-
tralizers of abelian radical 3-subgroups (not conjugate to one of Ry, Ry
or R15>.

Lemma 6.7. Let R be a non-trivial, abelian radical 3-subgroup of G,
but R ¢c {R1, Rs, Ri5}. Then Cg(R) =g My, with (i,k) as in the
following table. The two cases for k correspond to e =1 and € = —1,
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respectively.

R ¢ Lk Rem

R i k
R, 10 1,2
° ’ Ry 20 7,8
By 61,2 Ry, 20 4,5
Ry 9 1,2 a>2 2 ’

Ri; 17 1,6
R5 7 1,2 a Z 2 R 13 1.6
Rs 18 3,7 H ’
R6 o 8’9 Ris 18 1,10
R7 s 1’4 Ri» 19 1,10
9 9

Ris 20 1,2
R 15 1,3 18 !

Notice that Cq(R) < G is regular, and, unless R € {Rg, R7, R11, R12},
also e-split. Moreover, R is the Sylow 3-subgroup of Z(Cq(R)).

PROOF. Let (i,k) be as in the table corresponding to the row con-
taining R. Then, by Proposition 6.6, unless R €g {R3, R4, R13, R14},
there is a maximal torus S < M, ; such that R € Syly(S), and |S|; =
|Z(M; )|3. Comparing with |Cg(R)|, as given in Table 26, we find
Ce(R) = M, as claimed.

Now, suppose that ¢ = 1 and (4,k) = (17,1). Then M7, embeds
into L = Cg(2¢) such that [My7 1, My7;] = L?. Moreover, Z(M;7;)
is the intersection of maximal tori G-conjugate to My 7 and My 17,
whose Sylow 3-subgroups are conjugate to Rj; and Ry7, respectively;
see Tables 24 and 25. On the other hand, by the construction of the
radical 3-subgroups (see Subsection 6.4), the intersection of a suitable
conjugate of Ry; and R;7 is a radical 3-subgroup of GG conjugate to R;s,
as can be seen by the type of its characteristic; see Subsection 9.7. The
analogous argument works for R =5 R4 and also for ¢ = —1. Finally
suppose that e =1, R =¢ R, and (i, k) = (9,1). Again, M;7; embeds
into L. Also, Z(Mj7,) is contained in the torus of type (20, 14), whose
Sylow 3-subgroup is conjugate to Rg. If a > 2, then the Sylow 3-
subgroup of Z(Mj7,) is a radical 3-subgroup of G, which we denote
by R4. By construction Ry <s Rs. The remaining cases are proved
similarly.

As M, ;, is a regular subgroup of G in all cases, and M, is e-split
except for R =¢ Rg, R7, the penultimate assertion follows. Inspection
gives the last claim. O

The centralizers of most of the non-abelian radical 3-subgroups of G
are connected.



60 JIANBEI AN, GERHARD HISS, AND FRANK LUBECK

Lemma 6.8. Let R be a non-abelian radical 3-subgroup of G, but
R ¢G {R217 R227 R357R38}'
Then Cg(R) is a closed, connected reductive subgroup of G.

PROOF. By the construction of R as a subgroup of L = (L' o3
L*).3, we find that Cq(R) < L, i.e. Cg(R) = CL(R). As indicated in
Table 26, the latter is equal to a regular subgroup of L, for i € {1,2}.
O

It turns out that the abelian, characteristic subgroups of certain non-
abelian radical 3-subgroups exhibited in the next lemma play a crucial
role in the following.

Lemma 6.9. Let R €¢ {RyRs4}. Then R has a unique mazimal
abelian normal subgroup Q) which is again a radical subgroup of G.
The conjugacy class of Q is as given in the following table.

R R29 R30 R31 R32 R33 R34
Q R12 Rll R16 Rl? R18 R18

In particular, the conjugacy class of R in R3(G)/G is determined by
the conjugacy class of Q, unless R €c {R33, R34}.

PROOF. Realize R as a Sylow 3-subgroup of a suitable M; ;, according
to Table 25. Using Table 25, choose a maximal torus of M;j, whose
Sylow 3-subgroup is a radical 3-subgroups @) of the class indicated in
the table of the lemma. Now |R: Q| = 3, and thus [R,R] < Q < R.
From the type of the characteristic of R (recall that the characteristic
of R equals € ([R, R]) in these cases) given in Table 26, we find that
R, R] £ Z(R). Hence Q = Cg(|R, R]). Thus @ is characteristic in R.

Let A be any maximal abelian normal subgroup of R and suppose
that A # Q. Then R = AQ and thus R/A = Q/(AN Q) is abelian.
Thus [R, R] < A and hence A < Cg([R, R]) = @, a contradiction. O

6.10. Duality of radical 3-subgroups. There is an involutive, in-
clusion preserving bijection R +— R' on the set R3(G)/G such that
Cc;(RT) = Cc;(R)*, unless R Stel {ngfRQQ,RQL Rgg, R35*R38}. In the
latter cases, we put R' := R. The groups R are given in the last
column of Table 26.

6.11. Radical subgroups and Brauer pairs. In this subsection,
we record a couple of preliminary results. Let (R,bg) denote a cen-
tric Brauer pair. Recall the notation W(R, bg) introduced in (2). If
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W(R,bg) # 0, then R is a radical 3-subgroup of G and the canon-
ical character 0 of bgr is of 3-defect zero, viewed as a character of
Ca(R)/Z(R); see the results summarized in Subsection 2.10.

We begin with the following result on irreducible characters of GL3(q)
and SL5(q).

Lemma 6.12. Let H be one of GL5(q) or SL5(q). Let ¢ € Trr(H) be
such that O3(Z(H)) is in the kernel of v and that ¢ is of 3-defect zero
as character of H/O35(Z(H)). Then one of the following occurs.

(a) We have H = GL5(q) and 1 is Lusztig induced from a character
in general position of the Coxeter torus [¢> — 1] of H.

(b) We have H = SL5(q) and ¢ is Lusztig induced from a character
in general position of the Coxeter torus [¢* +eq+ 1] of H.

(c) We have a =1 and H = SL5(q) and v is Lusztig induced from a
character in general position of the torus [¢*> — 1] of H.

Moreover, in cases (b) and (c), the character ), viewed as a character

of H/Os3(Z(H)) = PSL5(q), extends to a character of PGL5(q).

PrROOF. This follows from the known character tables of H and
Deligne-Lusztig theory. For the character degrees of H one may consult
the tables in [57]|. The last statement follows from Clifford theory. O

We now investigate the existence of centric Brauer pairs (R,bg) for
R €g {R1, R, R}

Lemma 6.13. Let R €¢ {Ri, Rs, Ri5} and let (R,bgr) be a centric
Brauer pair. Then R #¢ Ry and one of the following holds.

(a) We have R =g Rg and Outg(R,bg) = 1. In this case (R,bg)
is a maximal b-Brauer pair for a block b of G with b = E(G, s) for a
semisimple 3'-element s of class type (20,9) or (20,10), according as
e =1 ore=—1, respectively. In particular, R' =g R <g Cq(s).

(b) We have R =¢ Rs and |Outg(R,bg)| = 3, so that W(R,bg) = 0.

(c) We have R =g Ri5, and by is the principal block of Ce(R). In
particular, Outg(R,br) = SLa(3) and W(R,bgr) = 1. Moreover, R is
not a defect group of any 3-block of GG.

PROOF. Assume that R =¢ R;. Then Cg(R) = (L' o3 L?).3 with
L'~ S15(q), i =1,2. Put L' := L' o3 [ < Cg(R). Then R < L'. The
canonical character 0g of by is a 3-defect zero character of Ce(R)/R.
Hence the restriction of 8 to L'/R splits into a sum of three 3-defect
zero characters of L'/R = PSL;(q) x PSL5(¢q). On the other hand, a 3-
defect zero character of PSL5(q) extends to an irreducible character of
PGL5(q); see the last statement of Lemma 6.12. As an outer element
of order 3 of (L' oz L?).3 induces a diagonal automorphism on each



62 JIANBEI AN, GERHARD HISS, AND FRANK LUBECK

factor L', i = 1,2 (see Subsection 6.1), every 3-defect zero character
of L'/ R extends to Cg(R)/R, a contradiction.

Next, assume that R =g Rg. Then, by Tables 26 and 25, we find
that Cg(R) = S.3, where S = S” is a maximal torus of G of type
(20,9) or (20,10), according as € = 1 or —1, respectively. We also have
Ng(R) = Ng(S) = S.Wg(S)I with Wg(S)I" = 3.5L,(3), and there
is an order preserving Wg(S)"-equivariant bijection between S and
Irr(S), as S = S*; see Subsections 4.6, 4.12 and 4.10. Let 0r denote
the canonical character of bgr. Then (1) = 3, and thus Res2®(0R)
is the sum of three irreducible characters of 3’-order. Let £ be one of
these constituents. If £ is in general position, i.e. £ lies in a regular
orbit of Wg(S)! on Irr(S), then Outg(R,br) = 1, and thus (R, bg)
is a maximal Brauer pair for some 3-block of G. On the other hand,
each regular orbit of Wg(S)¥ on S yields a G-conjugacy class of 3'-
elements of class type (20,9) or (20,10), respectively. Let s € S be a
3'-element which lies in a regular Wq(S)F-orbit, and let D be a defect
group of the block b := &(G, s). We claim that D =4 R. If not, a = 1
and D = 32 is conjugate to one of Ry, Riy, Ri3 or Ri4. In all these
cases, Cg(D) is a regular subgroup of G by Lemma 6.7. Then, up
to conjugation in G, we have s € Cg(D)* = Cg(D'") by Lemma 3.10.
Hence DT < Cg(s) = [q + eq + 1%, and thus D' € Syly(Cg(s)). This
contradicts Table 25.

The number of centric Brauer pairs (R, bgr) with Outg(R,br) = 1
equals the number of regular orbits of Wg(S)¥ on the set of 3'-elements
of Irr(S). The latter number is also equal to the number of blocks of
the form &(G,s), where s € S is a 3'-element of class type (20,9),
respectively (20,10). As all these blocks have R as defect group, we
have proved (a).

Now assume that ¢ does not lie in a regular Wg(S)"-orbit. Then
Outg(R,bg) # 1 and, under the above bijection, £ corresponds to a
semisimple 3-element ¢t € S such that ¢ lies in a class type different
from (20,9), respectively (20,10). The tables in [58] show that ¢ is of
class type (13,5) or (17,5), or (13,4) or (17,4), respectively. Notice
that Ng(R) stabilizes S = Cg(R)° and hence S. Every element of
N¢(R,bg) fixes Og and thus the orbit of ¢ under Cg(R) = S.3. In
particular, an element of Ng(R,bg) either permutes all three elements
of this orbit or else centralizes t. For each possible class type of t,
the relative Weyl group in Cg(t) of S is cyclic of order 3. Thus 3 |
|Oute (R, br)| and 2 1 |Outg(R, br)|. It follows that |Outg (R, br)| = 3,
as Ng(R)/Cg(R) = SLy(3). This yields (b).
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Finally, assume that R = Ri5. Then C¢(R) = R, and thus bp is the
principal block of Cs(R). Hence Outg (R, br) = Ng(R)/R = SL3(3) by
Table 26. Since this is not a 3’-group, R is not a defect group. Now 6p
extends to Ng(R), and as SL3(3) has a unique 3-defect zero character,
we obtain W(R,bgr) = 1 by Equation (3). O

Now let (Q,bg) denote a centric Brauer pair with ) abelian. As-
sume that (Q,bg) is a b-Brauer pair for some 3-block b of G with
b C &(G,s), where s is a semisimple 3'-element of G. If we assume
that Q €q {R1, Rs, R15}, then M := Cg(Q) is a regular subgroup of G
by Lemma 6.7. In these cases, if we let M* denote a regular subgroup
of G dual to M, and let ¢ € M be a semisimple 3'-element such that
bo C E(M*,t), then ¢ is conjugate to s in G; see Lemma 3.10. In the
following lemma we list the candidates for the pairs (Q, 6g).

Lemma 6.14. Let () be a non-trivial, abelian radical 3-subgroup of G,
but Q €¢ {R1, Ry, R3, Rs, R15}. Then M := Cq(Q) is a reqular sub-
group of G by Lemma 6.7. Choose a reqular subgroup M* of G dual
to M. Let 0 € E(M,t) for some semisimple 3'-element t € M*. Then
0(1); = |M/Q|3 in exactly one of the following cases.

(a) We have Q =g R, t € Z(M*) and 0 = t, where t is the linear
character of M that corresponds to t by duality, and 1) is the unipotent
character of M of degree q(q — €)?/2.

(b) We have § = +RY(t), where S* is an F-stable mazimal torus
of M*, and t € S* is in general position (with respect to M*). The cases
for Q and S* are as given the following table, where the conjugacy class
of S* in G is given by the integer k, if S* =g Mayg . as in Table 25.

Q| Rg Ry Ry Ry Ry Rie R Rir Ris
S* 14,15 19,20 22.22 3.3:23.24 7.8 4.5 17,18 12,13 1,2

Ezxcept for Q =g Ry, there is a unique such torus S*, whereas there
are two for QQ =g Rig. The two values for k separated by a comma
correspond to the cases € = 1, and ¢ = —1, respectively. We have t €
Z(M*) if and only if Q €g {R11, R12, Ris}. In these cases, S* = M*.

PROOF. Suppose first that t € Z(M*). Then £(M,t) = t€(M, 1), so
that 6 = {1 for some unipotent character ¢» € £(M,1). Now 0(1)3 =
|M/Q|s, if and only if ¢ is a 3-defect zero character of M/Z(M). The
possibilities for M can be determined from Lemma 6.7 and Table 25.
Looking at the degrees of the unipotent characters of these groups, we
get exactly the cases in (a) and those in (b) for @ €4 {Ri1, Ri2, Ris}-

Now assume that ¢t ¢ Z(M*) and that Q =g Rip. As M = M* in
this case and Z (M) is connected, the character degrees of M and those
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of M/Z(M) agree. Now M/Z(M) = (M/Z(M))¥, and M/Z(M) is a
simple group of adjoint type Cy. The character degrees of M/Z(M)
can be found in the tables [57], yielding our claim.

Finally, assume that @ €¢ {Ri0}. Then M is of type A, and 6 =
+RM(iv), where L is a regular subgroup of M with L* = Cy-(t), and
ve&(L1). AsQ < Z(M) < L, we have §(1); = |M/Q]s if and only if
v(l)s = |L/Q|3. Also, L is a proper subgroup of M, since t ¢ Z(M™).
Now L has a unipotent character v with v(1); = |L/Q]|s, if and only
if L is a maximal torus of M and |L/Q|3 = 1. This rules out the
possibilities @ €5 {Ry4, R5, Ri3, R14}, and gives exactly the remaining
cases in (b). O

Corollary 6.15. Let the notation be as in Lemma 6.14, and sup-
pose that (Q,bg) is a centric Brauer pair with bg C E3(M,t). Then
(Q,bg) satisfies the hypotheses of Proposition 3.16(a). In particular,
Oute(Q, bg) = Oute,w (QT) (recall that we have identified G with G*).

PROOF. This is clear in case (a) of Lemma 6.14, as v is invariant
under all automorphisms of Sp,(¢q) (for odd ¢ this follows from |60,
Remarks on p. 159] and for even ¢ from |61, Theorem 2.5]). In case (b),
bo = E3(M,t), as t is in general position in S*. O

6.16. Defect groups of F,(q). Let b be a 3-block of G with defect
group D. Then b C &;(G, s) for a semisimple 3'-element s € G*. As
usual, we identify G with G* and G with G*. By Tables 1-19, we know
that b is uniquely determined by the conjugacy class of s in G and its
defect group D (even by the conjugacy class of s and |D]). We label
the block b by (s, D). We begin with a lemma.

Lemma 6.17. Let L, L', L? and T be defined as in Proposition 4.14,
and put T; := T N L" for i = 1,2. The identification of G with G*
induces a bijection T — Trr(T), s — § such that the following holds for
all 3'-elements s € T.

We have s € Ty if and only if T} is contained in the kernel of s.

PROOF. We only prove the claim for ¢ = 1. The other case is
proved by twisting with wy. Recall that L' = [Lgj3), L1 233] and
L2 = [L{374}, L{374}]. AISO, Tl =TnN Li, for i = 1, 2.

Let s € T be a 3'-element. Suppose that s € Ty = (o) (), ass(t) |
t e IF:;) Then s is in the kernel of 5§ by Lemma 4.11. Similarly, s is in
the kernel of § if s € Ty. Suppose that T} < ker(s). As 7175, has index
3in T, we have s € T1Ty. Write s = 5189 with s; € T} for i = 1,2. By
the above, Ty < ker(s;'). In turn, T} < ker(8;'5). As 3,5 = &y, it
follows that S, = 17, and thus s, = 1. O
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Proposition 6.18. Let b be a 3-block of G labeled by (s, D). Then the
following statements hold.

(a) We have DY < Cg(s) for some DT dual to D (in the sense of
Subsection 6.10).

(b) The conjugacy class of D in R3(G) is as given in Column 9 of
the row corresponding to b in Table i, where 1 is the G-class type of s.

PROOF. To prove (a), we begin with the case that D is abelian and
let (D,bp) denote a maximal b-Brauer pair. If D =5 Rg, the claim
follows from Lemma 6.13(a). Hence assume that D #¢ Rs in the fol-
lowing. Then Cg (D) is a regular subgroup of G by Lemmas 6.14, 6.13
and 6.7, and (a) follows from Lemma 3.10.

Assume next that s is not quasi-isolated and let M denote the reg-
ular subgroup of G defined in Theorem 3.9, which is minimal with the
property that Cg(s) < Mf. Let M denote a regular subgroup of G
dual to M'. By Theorem 3.9(a), we may assume that D < M, and
hence DI < MT. Now if |D| = |M|s, we may choose DI < Cg(s),
which proves (a) in these cases. If |D| < |M|s, which is the case if s
has G-class type 11 or 12, then the Sylow 3-subgroups of Cg(s) are
abelian; see Tables 25 and 26. Then D is abelian by Theorem 3.9(c),
a case we have already settled.

If s = 1, the claim is trivially satisfied. We are left with the case
that D is non-abelian and that s # 1 is isolated, i.e. that the G-class
type of s is one of 2, 3 or 5. Then |D| = 3! by Tables 2-5, and D has
a normal subgroup conjugate to Ryg by [51, Proposition 3.5]. Let P de-
note a Sylow 3-subgroup of C(s). Table 26 implies that D €4 {P, P},
and thus D €5 {Rs3, R3,}. Choose QT = Q =g Ris such that QT < P
is the maximal abelian normal subgroup of P described in Lemma 6.9.
Then s € Cq(Q) = Cq(Q)*. As Cg(Q) = T is a maximal torus,
bg = &(Ce(Q), s) is a block of Ce(Q). Let b be the unique block
of G such that that (1,0") < (Q,bg); see [50, Theorem 2.9]. Choose a
maximal Brauer pair (D’,bp/) containing (@), bg). Then D’ is a defect
group of ¥'. By Lemma 3.10, applied to the ¥-Brauer pair (Q,bg),
we may assume that ' C &(G,s). From Columns 6 of Tables 2-5
we conclude that @ < D’ and thus |D| = |D’|. As b is uniquely de-
termined by (s,|D]), we conclude that & = b and D =¢ D' = R.
Thus assume that D = D’ and so @ < D in the following. Then
(Q,bg) < (D,bp). We have Cq(Q) = T, and Cq(D) € {T1,T>}; see
Table 26. In particular, 6 = §, where § € Irr(7") corresponds to s € T'
by duality, and €p is the restriction of § to Ce(D). As s is a 3'-element,
s € Cq(D)UCgq(D') =T, UT, and p # 1, we obtain s € Cg(DT) by
Lemma 6.17. Hence DT =g P as claimed. The proof of (a) is complete.
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To prove (b), assume first that b corresponds to the principal block
of Cg(s) via Theorem 3.9 (i.e. the label in Columns 5 of Tables 2-19
equals 1). Then |D| = |Cg(s)|s, so that D is conjugate in G to a
Sylow 3-subgroup of Cg(s) by (a). In this case, the claim follows from
Table 25. Assume that b does not correspond to the principal block
of Cg(s). Then D is abelian by [51, Theorem 1.2] for quasi-isolated s,
and by Theorem 3.9 in the other cases. Using the knowledge of d(b)
and Table 26, we find that D € {[3%]%[3%],1}. Suppose first that
D = [3%]2. If D =g Rg, the claim holds by Lemma 6.13. We are
left with the cases D €g {Ry, Rio} by Lemma 6.14. In particular,
D =¢ DT. The possible class types for s can be found in Tables 1-19.
It follows from this and Table 25, that there is a conjugate ) of Ry
and a conjugate R of Rjp such that Cg(Q) < Cg(s) and Cg(R) <
Ci(s), unless s is of class type (15,1) or (15,3). Thus in the former
cases, we may assume that s € Z(Cg(D")) = Z(Cg(D)*), and hence
D =g Ryp by Lemma 6.14. In the latter cases, assume that D =g Ry.
Lemmas 3.10 and 6.14 imply that s lies in a maximal torus of Cg (D) of
class type (20,22). However, Cg(s) does not have a maximal torus of
this type, as Table 24 shows. This contradiction shows that D =4 Ryg
in these cases as well.

Finally, suppose that D = [3%]. Then D €g {Rs, R3} by Lem-
mas 6.13 and 6.14. Recall that R; =g R3 and R;', =g Ry. The pos-
sible class types of s can be found in Tables 1-19. In particular, s
is not quasi-isolated. By (a), we may assume that DT < Cg(s). Put
K' := Cg(D") N M, where M is as in the proof of (a). Let t € G
with DT = (¢). Then Cqg(st) = Ca(D") N Cg(s) < K, with equality
if M' = Cg(s). The latter holds unless s is of class type (11,k). If
D' =g Ry, respectively R3, then Cg (D7) is G-conjugate to M, re-
spectively Mg, with £ = 1, 2; see Lemma 6.7. By running through the
possible class types for s, we can determine K' in each case by compar-
ing the maximal tori fusing into Cq(D") respectively M; see Table 24.
We give more details in case ¢ = 1. Then Cq(D") € {Mg1, Myg1}. It
turns out that, unless the class type of s equals (11, 2), there is a unique
i € {6,10} such that the intersection of a G-conjugate of M; ; with M
can be the centralizer of st. A variant of this argument also works in
the remaining case, where M =g M. We have thus determined DT.
The same proof works for e = —1. O

The classification of the defect groups for the abelian 3-blocks of G
reveals an analogous behavior as in the case of ¢-blocks for ¢ > 3.

Corollary 6.19. Let s € G be a semisimple 3'-element and let b C
E3(G, s) be a 3-block of G with a non-cyclic abelian defect group D.
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Then there is an e-split Levi subgroup M of G such that D is the Sylow
3-subgroup of Z(M), unless the G-class type of s is one of (18,3) or
(19,8) if e = 1, respectively (18,7) or (19,9) if e = 2.

PROOF. This follows from Proposition 6.18 in connection with Lem-
ma 6.7. O

6.20. Candidates for weight subgroups. Let b be a 3-block of G
with defect group D. If D is non-abelian and not a Sylow 3-subgroup
of G, it is conjugate to one of Ryg— R34 by Tables 1-19. Recall from the
summary given in 2.10, that if (@, bg) is a b-Brauer pair giving rise to a
b-weight, then (@, bg) is centric and () is a radical 3-subgroup of G. By
Equation (1), we have Z(D) < Z(R) < R < D for some conjugate R
of Q). Using these conditions, the following lemma restricts the set of
candidates for @) in case D is non-abelian.

Lemma 6.21. Let b be a 3-block of G = Fy(q) and let (D,bp) denote
a mazimal b-Brauer pair, where D €g {Rag—Ra4}. Let Q < D be such
that the Brauer pair (Q,bg) < (D,bp) is centric and W(Q,bg) # 0.
Then Q or QT is one of the groups contained in the following table.

D | Q/Q!

R33 | Rig, Rig, Ros

R3y1 | Rig, Rig(a = 1), Roz(a > 2)
Rog | Ryg

PROOF. As (Q,bg) is a centric b-Brauer pair but not maximal,
|Out(Q, bg)| is divisible by 3 (this is a consequence of Brauer’s First
Main Theorem; see [56, Theorem 6.7.6(v)]). Moreover, Outs(Q, bg)
has an irreducible projective character of degree divisible by 3, since
W(Q,bg) # 0. These conditions exclude the cases () €¢ {R1—Rr},
Q €¢ {Ro—Ris} and Q € {Ror—Rs2}. Indeed, by Table 26, in these
cases Outg(Q, bg) is a 2-group or a subgroup of [6] x S3. No such group
of order divisible by 3 has a projective character of degree divisible by 3.
By Lemma 6.13, the radical subgroup Rg is also excluded.

Now suppose that ) is one of the other radical 3-subgroups of G.
From @ < D we obtain Cg(D) < Cx(Q). Together with Z(D) < Z(Q)
our claim follows from Table 26. For example, if D =4 Rs33, we have
Z(D) = [3%? =¢ Ry3 and the type of the characteristic of Z(D) equals
3AsCy. This yields Ras as only non-abelian candidate for (), and Ry,
Ryg as the only abelian candidates. O
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7. ALPERIN’S BLOCKWISE WEIGHT CONJECTURE FOR F(q)

Let G = Fy(q) with ¢ a power of the prime p. We are now ready to
prove the first main result of this article.

Theorem 7.1. Let ¢ be an odd prime not dividing q. Let b be an (-block
of G = Fy(q) and let (D,bp) denote a mazximal b-Braver pair. Then
the following two statements hold.

(a) The number of G-conjugacy classes of b-weights equals the num-
ber of irreducible Brauer characters of b, i.e. the Alperin weight con-
jecture is satisfied for b.

(b) Let (R,br) denote a centric b-Brauer pair contained in (D,bp),
i.e. (1,0) < (R,br) < (D,bp) and br has defect group Z(R). If
W(R,bg) # 0, the canonical character Or of b extends to Ng(R,bg).
In particular, W(R, bg) = |Irt(Outg(R, bg))| by Equation (3).

PROOF. Suppose first that ¢ > 3. Then (a) follows from (b) by
[62, Corollary 3.7]. As (b) holds by [62, Proposition 2.3(a)] and Corol-
lary 4.20, we are done in this case.

For the remainder of the proof we assume ¢ = 3. Let s € G be a
semisimple 3'-element with b C &(G, s). If Cg(s) is a maximal torus
of G, then D is abelian, {(b) = 1 and |Outg(D,bp)| = 1, so that both
claims hold. To prove statement (a), it thus suffices to show that the
entries in Columns 9-11 of each of the Tables 1-19 are correct. Let
(R,br) denote a centric b-Brauer pair contained in (D, bp) as in (b).
The entries in Column 9 corresponding to b list those R, for which W :=
W(R, br) is non-zero, where the first entry in this column is the defect
group D. The latter has already been determined in Proposition 6.18.
For each R in Column 9, the values of Outg(R, bg) and W are given in
Columns 10 and 11, respectively. In view of the last statement of (b), W
can be determined from the entries in Column 10. Notice that for R
to appear in Column 9, we must have Z(D) < Z(R) by Equation (1).
In Lemma 6.21 we have listed the candidates for these R in case D is
non-abelian. If D is abelian, then R = D and W(R, bg) = W(D, bp).
If D is cyclic, statement (a) is known to hold by [54, Theorem 1.1].
If R is cyclic, so is Outg(R,br) by Table 26, and thus 0r extends
to Ng(R,br). In what follows we will therefore always assume that D
and R are non-cyclic.

We first prove our assertions for the principal block. Let b be the
principal block of G, so that D € Syl;(G) and bp is the principal block
of Cg(D). Moreover, by is the principal block of Cg(R) and 6 is the
trivial character. Thus |Cg(R)/Z(R)|3 = 1 = 0g(1)s and Cg(R) is
abelian by Table 26. Also, Ng(R,br) = Ng(R) and Outg(R,bg) =
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Outg(R). In particular, W(R,bg) = |[Irr’(Outg(R))|. The set of ir-
reducible characters of Outg(R) is easy to compute with the help of
a computer algebra system such as MAGMA [12] or GAP [34]. If
Ce(R) = Z(R), we may suppose that

R €¢ {Ris5, Ro1, Rao, Rss, Rag, Rs7, Ras}

by Table 26. If Cq(R) # Z(R), then Irr’(Outg(R)) = () by Table 26,
except when R =g Ryg, in which case Outg(R) = W (Fy). This com-
pletes the proof for the principal block.

From now on we assume that b is not the principal block, and con-
tinue with a preliminary consideration. Suppose that R is abelian.
Then R € {R1, Rs, Ri5} by Tables 1-19, and thus Cg(R) is a regular
subgroup of G by Lemma 6.7. By Lemma 3.10, we may assume that
s € Cq(R") = Cg(R)* and that by C E(Cg(R),s). By Lemma 6.14
and Corollary 6.15, we have Outg(R, br) = Outcoy s (RT). Put

I(Jr = Cg(RT) N C(;(s).

Lemma 3.11 implies that K' = Cggs)(R') is a regular subgroup of
Cal(s), as 31 |Z(Ca(s)/Z(Ca(s)°| and 3 is a good prime for Cg(s).
Also, Kt = Cey (g (s) is a regular subgroup of Cg(R') by [39, Corol-
lary 2.6]. Proposition 3.16(b) implies that Outcys) (RT) = Weg s (K.

We proceed to prove our assertions in case of abelian defect groups.
Assume that D is abelian. By Tables 1-19, we have

D €¢ {Ry, Ry, R11, Ri2, Rig, Ri7, Ris}-

In each case we find Cg(DT") from Lemma 6.7. We now run through
all the possibilities for s and D, using the information contained in
Table 24 on the inclusion of maximal tori. Except if D =4 Ry, it
turns out that Cg(s) and Cg(D') have a unique common F-stable
maximal torus ST, hence K' = Cg(D') N Cg(s) = S'. In the other
cases, we have s € Z(Cg(D")) so that K = Cg(DT). In any case, the
relative Weyl group WCG(S)(KT)F and hence the isomorphism type of
Outg(R, bg) is easy to determine using standard methods.

We now show that 6 extends to Ng(D,bp). If D €g {Ry1, Ri2}, this
is clear as Outg(D, bp) is cyclic. If D =¢ Ry, the assertion follows from
[74, Theorem 1.1] and, in the remaining cases, from Propositions 4.18
and 4.19. This completes the proof for abelian defect groups.

We now proceed to prove our claims for non-abelian defect groups.
Suppose that b is not the principal block and that D is non-abelian.
Then D € {Ro9—R34} by Tables 1-19. It suffices to consider the cases
D €¢ {Rgg, R31, R33}, as the other cases are proved in an analogous
way. For each such D, we discuss the possibilities for R determined in
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Lemma 6.21 case by case. If C'g(s) is a regular subgroup of G, then,
by Tables 1-19, the block ¥ of M := Cg(s)! corresponding to b by
Theorem 3.9(a) is of the form § ® by, where by is the principal block
of M, so that we may apply Lemma 3.12, which gives the extendibility
of 03 to Ng(R, bR)

Suppose first that D =g Rag. Then s is of class type (13,4) or
(13,5), according as ¢ = —1 or ¢ = 1, respectively. By Lemma 6.21
we have W(R,br) =0 or R € {Ry9, D}. We apply Lemma 3.12 with
the subgroup M = M7 4 respectively M = M7 5, so that M is
G-conjugate to Cg(s). If R =g R19, Lemma 3.12 yields Outg(R, br) =
Outy (R) = SLy(3). Similarly, the case R = D yields Outg (R, br) =
OutM(R) = 2.

Next, assume that D =g R3;. Then the class type of s is one of

{(6,1), (6,2), (8,2), (8,3), (13,2), (13, 3)}.
By Lemma 6.21, we are left with the possibilities
(19) R eq {Rlﬁ, Rig (CL = 1)7 Ros (CL > 2)7 D}

Assume that s is of class type (13,2) or (13,3), according as ¢ = 1
or —1, respectively. To apply Lemma 3.12, we take M =g M7 3, re-
spectively M =¢ My7o. In case R =g Ris we get Outg(R,bgr) =
Outy(R) = Ss, and thus W(R,bg) = 0. In the other cases, Lem-
mas 3.12 and 6.3, and the considerations on central products in Subsec-
tion 2.9 yield the corresponding entries in Table 13. Now suppose that s
is of class type (6,1) or (6,2), according as € = —1 or € = 1, respec-
tively. We then choose M as M =4 M 1, respectively M =4 M 5.
Let Q < D denote the abelian normal subgroup of D of index 3 con-
sidered in Lemma 6.9. Then () =¢ Ri¢, and 0 is an extension of 0p
to Cp(Q) = S, where S is a maximal e-split torus of M. We obtain
Oute(Q,bg) = Outy(Q) = W(Cs). If R is non-abelian, we proceed
as follows. Notice that D is conjugate to a Sylow 3-subgroup of K,
where K < M is a regular subgroup conjugate to My73 if ¢ = 1, re-
spectively Mz, if ¢ = —1; see Table 24. Then RCg(R) < K < M
by Table 26. As M contains an element which induces the graph au-
tomorphism of K and normalizes R, we also have Ng(R) < M, hence
Outy (R) = Outg(R), and thus the required entries in Table 6.

Now suppose that s is of class type (8,2) if € = 1, respectively (8, 3),
if ¢ = —1. In these cases we choose M =4 My 2, respectively M =¢
M0, as the regular subgroup of G minimal with the property that M
contains Cg(s). Let b’ C &(M, s) denote the block of M corresponding
to b via Theorem 3.9(a). By Theorem 3.9(b) we have Outg(R,bg) =
Outp (R, V) < Outp(R). The latter has already been determined in
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the previous paragraph. We let K < M be as in that paragraph and
assume that D < K. Suppose that Rig =¢ ) < D. Using Table 24,
we find that Ok (Q) = Cm(Q) = S, a maximal torus of type (20, 12) if
e =1, and (20, 13), if ¢ = —1. By the description of the centralizers
in Table 26, this implies that Cx(R) < S and hence Cy/(R) < S for
all R < D with R occurring in (19). In turn, % is the restriction of §
to Cy(R), where § € Irr(S) corresponds to s € S* via duality. Once
more by Table 24, we may assume that s is a central element of KT,
where K is a suitable regular subgroup dual to K. Now 5 extends
to a linear character of K, as s € Z(K'); see [42, Proposition 2.5.20].
In particular, § is invariant in Outg(R). Observe that Outg(R) has
index 2 in Outy(R) for all R occurring in (19). We may assume that R
is invariant under the graph automorphism of K induced by M, and
we claim that § is not invariant under this automorphism. This will
then give the desired values for Outy, (R, §). By Corollary 6.15, we have
Outp (@, ) = W(A3) for @ =g Ry, by Corollary 6.15. This implies
the claim.

If R =g Rig, the extendibility of #r follows from Proposition 4.19.
In the other cases, the Schur multiplier of Outg(R, br) is trivial, which
gives the extendibility.

Finally, assume that D =4 Rs3. Then the class type of s is one of

{(2.1),(3,1),(3,2),(6,1),(6,2),(7,1),(7,2),(8,1),(8,4), (13,1), (13,6) }.
By Lemma 6.13, we are left with the possibilities
R €g {Rig, Rig, Ros, D}

Aiming at a contradiction, assume that R =4 R16. Considering the var-
ious possibilities for s and using Table 24, we find that s € Z(Cg(R")),
unless s is of type (8,1) or (13,1) if ¢ = 1, or of type (8,4) or (13,6)
if e = —1. Now 0 € £(Cg(R),s) by Lemma 3.10 and satisfies
0r(1); = |Ce(R)/R|3. By Lemma 6.14, this excludes the cases with
s € Z(Cg(R")), and shows that s lies in a torus of type (20,17) if
e = 1, and of type (20,18) if ¢ = —1. But then s cannot be of class
type (8,1), (13,1), (8,4) nor (13,6), once more by Table 24. This
contradiction shows that R #5 Rig.

Let Q < D denote the abelian normal subgroup of D of index 3
considered in Lemma 6.9. Then ) =g Ris, and 0 is an extension
of Op to Cg(Q) = T, the maximal e-split torus of G. If R = @,
we obtain Outg(R, br) from Corollary 6.15, and the extendibility of g
from |74, Theorem 1.1]. We are thus left with the cases R €¢ {Ra5, D}.

If the class type of s is one of (6,1), (6,2), (8,1), (8,4), (13,1) or
(13,6), we proceed exactly as in the corresponding cases for R =g Rs;.
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The case that s is of class type (7,1) or (7,2) can also be dealt with
analogously.

Next, assume that s is of class type (2, 1). Then ¢ is odd. We choose s
in the center of the standard e-split Levi subgroup K' of type M3
respectively M3 according as € = 1 or —1, and we let K denote the
standard e-split Levi subgroup of type M7 1, respectively M7, dual
to K'. Notice that K and K' are subgroups of L = Cq(z¢) = L' 03 L?;
see Proposition 4.14. In fact, L' = [K', K] and L? = [K,K]. Let T
denote the standard e-split maximal torus of L, and put T; = T N L,
for i = 1,2. Then T} = Z(K) and Ty, = Z(K'). As s € Z(KT), we
have T, € ker(s) by Lemma 6.17, and as 7175 has index 3 in T we
may view § as an element of Irr(77). As § has order 2, it extends to
a linear character of K = T} o (L?, x¢), with (L? z¢) in its kernel; see
Subsection 2.9. Also s € Ty = Z(K') = [¢ — £]? may be taken to be
the element corresponding to (—1, —1) under the latter isomorphism.
By duality, § € Irr(T7) = [¢ — €]* corresponds to the linear character
sending a generator of each cyclic factor of [¢ — €]* to —1.

We adopt the notation of Subsections 6.1 and 6.2, as well as that
of Lemma 6.3; the subgroups and elements of SL5(¢) introduced in
Subsection 6.2 are provided with an index i here, indicating their as-
sociation to Li, i = 1,2; see also Subsection 9.7. By [6, Tables 6-§],
we have Ng(R) = Npo(R) with L.2 = (L,~v¢). (Recall that R = D or
R =g Ras at this stage of the proof.) If R = D, then

(20) Np2(D) = ((T1, t1) o3 (D2, t2)) (zc, Yc),

and thus Ng(D) stabilizes § (recall that Dy denotes a particular Sylow
3-subgroup of L?). Moreover, § extends to Ng(D) < Ng(Q), as 3
extends to Ng(Q). Now assume that R =g Rss and that a > 2. Then

(21) Nio(R) = (Ti.({t1, c1) 03 3772.SLa(3)).(ve),
and thus

Ne(R,bg) = (T1.{t1) o3 3172.SLy(3)).(vc),
as ¢; does not stabilize §. It follows that Outg(R,br) = (2 x SLa(3)).2.
Clearly, 3 extends to Tj.(t;) o3 3172.SLy(3) such that 372.SLy(3) is in
the kernel of this extension and (¢) stabilizes this extension. It follows
that 0r = § extends to Ng(R,bgr). If R =¢ R and a = 1, we have

(22) Npa(R) = (T1.(t1) 03 312.Qs) (¢, ve),

and thus Ng(R,br) = Ng(R), and Outg(R,bg) = (2 x SLy(3)).2. As
(e, 7o) = Ss has trivial Schur multiplier, 0 = § extends to Ng(R, bg).
Finally assume that s is of type (3,1) if ¢ = 1 or of type (3,2), if
e = —1. In the former case, 4 | ¢ — 1 and s is contained in the center
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of a group of type My ;. In the latter case, 4 | ¢+ 1 and s is contained
in the center of a group of type Mz,. As above, we may view § as
a linear character of My, respectively My, i.e. of a central product
GL5(q)o{L?, x¢c), such that (L? xc) is in the kernel of 5. As |s| = 4, the
linear character § of GL5(q) < L! has order 4, and is fixed by ¢;. On the
other hand, § is not fixed by ¢, which induces the inverse-transpose
automorphism on GL5(g). The claims for R = D and R =g Ra; now
follow from (20), (21) and (22). O

Corollary 7.2. The non-cyclic weight subgroups of G are exactly the
following (up to conjugation):

{Rs—R12, R15—Ras, Rog—Rss}.

Of these, Ry, Ro1, Roo and Rss—Rsg, occur only as weight subgroups
of the principal block.

We finally deal with the exceptional double cover of Fjy(2).

Proposition 7.3. Let G := Fy(2) and G = 2.G, the exceptional double
cover of G. Let ¢ € {3,5,7}, and let b be an (-block ofé with a non-
cyclic defect group containing faithful characters. Then the invariants
of b given in Columns 8-11 of Table 21 are correct.

PROOF. Assume first that ¢ = 3. We identify the 3-subgroups of G
and G via the canonical map G — G. A 3-subgroup R of G is radical,
if and only if its image in G is radical. The radical 3-subgroups of G
are given in Table 26.

We use the permutation representation of G on 139 776 points from
Wilson’s Atlas of Finite Group Representations [80] to compute in G
with GAP, and thus determine N4 (R)/R for each radical 3-subgroup R
of G. We find Ny(R)/R = 2%, 2 x GLy(3), 2 x SL3(3), 2 x W(F)),
2[(@8 X Qg) : Sg] and 2 x Dg for R =G R38, R37, R15, ng, R21 and RlO;
respectively. As 2'[(Qs X Qs): 53] has exactly two faithful defect zero
character, we obtain the numbers in Column 11.

In case ¢ > 3, the defect group of b is a Sylow ¢-subgroup of @, and
the invariants are easily computed with GAP. O

8. THE ACTION OF THE AUTOMORPHISM GROUP ON THE SET OF
WEIGHTS

Let p, ¢ = p/, G and F be as in Subsection 4.1, so that GF = G =
Fy(q) is the simple Chevalley group of type Fj. Let ¢ be an odd prime
with ¢ # p. We aim to prove the inductive blockwise Alperin weight
condition for G at /; see Subsection 2.12.
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Recall that F = Flf for a Steinberg morphism of G with G =
Fy(p). Let oy be the Steinberg morphism of G defined in Subsection 4.5
(i.e. oy = F if p is odd, and ¢? = F} if p = 2). In this section, our
reference torus T is assumed to be o;-stable and contained in a o;-
stable Borel subgroup of G.

8.1. Preliminaries. As in Subsection 5.11, we put f' = f if p is odd,
and f/ = 2f if p=2. Then F = o/ and Out(G) = (Goy) is cyclic
of order f’. Unless ¢ = 2, the Schur multiplier of G is trivial, and
hence any ¢'-covering group of G is equal to GG. Thus, by Remark 2.14,
it suffices to verify the conditions of Hypothesis 2.13 for every ¢-block
of G. An equivalent set of conditions is formulated in Hypothesis 2.15.
The case of the exceptional covering group of Fy(2) will be dealt with
separately.

Let b denote an ¢-block of G. We may and will assume that b has
non-cyclic defect groups, as the inductive blockwise Alperin weight
condition is known to hold for blocks with cyclic defect groups by the
work of Koshitani and Spéth [54]. In Theorem 7.1, we have established
the blockwise Alperin weight condition, i.e. we have already verified
Hypothesis 2.15(1) for b. It remains to settle the equivariance condition
Hypothesis 2.15(2). As this is trivial if b has a unique irreducible Brauer
character, we will also assume |{(b)| > 1.

Put A := Nauc)(b). Then A = G x (o) for some o = 07", where m’
is a positive integer with m' | f’. In fact (o) = Stab,,y(b). Even more
can be said. Suppose that s € GG is a semisimple ¢’-element such that
b C &(G,s). Then, except in case £ | ¢*> + 1 the block b is uniquely
determined in &(G,s) by its defect group. Thus, unless ¢ | ¢* + 1,
as a consequence of (14) in Proposition 5.13, we have Stab,)(b) =
Stab,)([s]), where [s] denotes the G-conjugacy class of s.

Notice that every element of A\ G naturally extends to a Steinberg
morphism of G which commutes with F'. Indeed, an element of A\ G
is of the form ad, o ¢/ for some g € G and some positive integer 7,
where o is tacitly assumed to be restricted to G. We may now view
ad, o 07 as a Steinberg morphism of G. In particular, we may view A
as a subgroup of Aut;(QG).

For easy reference, we list a set of recurring assumptions.

Hypothesis 8.2. Let b be an ¢-block of G with non-cyclic defect groups
and with [(b) > 1.

Put A = Nauye)(b) and define o € (01) by A =G x (o). Let m' be
the positive integer with m’ | f" and o = 07", Following the conventions
of Subsection 5.11, we put m := m//2 if m’ and p are even and m := m/,
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otherwise. Then o = FJ" if either m’ and p are even or if p is odd. If
p =2 and m' is odd, we have m = m’ and m | f. In this case 0% = F|";
see Subsection 5.11.

Let s be a o-stable semisimple ¢'-element such that b C &(G,s).
(Such an s exists by Proposition 5.13 and Lemma 5.12.) O

Let D be a defect group of b. According to Hypothesis 2.15, we have
to consider N4(D). If D is o-invariant then Nu(D) = Ng(D) x (o),
a case which is somewhat easier to handle. To deal with the general
case, observe that N4(D)/Ng(D) embeds into (o), and hence N4(D) =
(Ng(D),w) for some w € Ng(D). In particular, Cg(D) is w-invariant.
The next lemma explores this situation.

Lemma 8.3. Assume Hypothesis 8.2 and let D be a defect group of b.
Let o/ € A be such that A = G x (d’). Suppose that M is a reg-
ular subgroup of G such that D is the Sylow (-subgroup of Z(M).
In particular, D is abelian. Then Ng(D) = Ng(M) = Ng(M) and
NA(D) = N4(M) = Nao(M).

Let My denote a oy-stable reqular subgroup of G containing Tqy. Sup-
pose that M = MY for some g € G such that w := F(g)g~' is o’-stable
and w € N(;(To) N N(;(Mo)

Then ad, induces an isomorphism between Na(M) and Ng(Mg)™ x
(o). In particular

N4(M) = Ng(M) x (w)
with w = adg 00’ oad,'. Hence No(D) = (Ng(D),w).

PROOF. As Cg(D) is aregular subgroup of G by Lemma 6.7 and [62,
Proposition 2.3(a)|, we have Cg(D) = M and thus obtain Ng(D) =
Ng(M) = Ng(M). As G is normalized by A and the elements of A
commute with F, we also get Ny(M) < Na(D) < Nu(Cg(D)) =
Na(M) < Na(M).

Put A := G x (o) = G x (0') < Aut(G). Observe that A is normal
in Aut;(G) and that A consists exactly of those elements of A which
commute with F'. Hence

Na(M) = {w € Na(M) | w commutes with F'}

= {ad;l owpoady | wy € Na(My),wy commutes with F'w}.
As o' stabilizes My, we have Na (M) = Ng(My) x (o). As ¢’ com-
mutes with F1, an element ady, o (0/)7 € Ng(My) x (¢0/) with h €

Ng(M,) and j € Z commutes with F1, if and only if h € Ng(M;)™™.
O
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In case A acts trivially on IBr(b), we have to show that N4 (D) fixes all
the conjugacy classes of weights associated to b. In the next subsection,
we prepare for the necessary arguments to establish these results.

8.4. Preparations. Assume Hypothesis 8.2. Below, we will make use
of the notation introduced in Subsection 2.10. A centric b-Brauer
pair (R,bg) is called relevant, if W(R,bg) # 0. In this case we say
that the radical ¢-subgroup R of G is b-relevant. This notion is also
used for G-conjugacy classes of b-Brauer pairs and radical ¢-subgroups
of G. We first have the following easy observation, which is the basis
of our proof.

Lemma 8.5. Let (R,bg) be a relevant b-Brauer pair and suppose that
w € A stabilizes (R,br). If, in addition, w fizes every element in
Irt?(Ng (R, 0r) | Or), then w stabilizes each b-weight (R, ) with ¢ lying
above Og.

Recall that by Theorem 7.1(b) the canonical character O of br ex-
tends to Ng(R,bg). If w stabilizes one such extension, as well as each
¢ € It°(Outg(R, bg)), then w fizes every element in Irr’(Ng(R, 0g) |
Or).

PROOF. This is straightforward. Since w stabilizes (R, bgr), it also
stabilizes Cg(R) Ng<R) GR and Ng(R 03) Ng(R bR) If ( ) is

a b-weight with ¢ lying above g, then ¢ = Indxc(}l?(77 )(C) for some

¢ €I (NG (R, 0r) | 0r). By assumption, ¢, and hence ¢ is fixed by w.

Let Op denote an extension of 0z to Ng(R,0g). The elements of
It (Ng(R, 0r) | Or) are of the form Or¢ for € € Ir®(Out(R, b)), and
thus fixed by w, if §z and ¢ are w-stable. O

In the following lemma we use the classification of the defect groups
and their centralizers; see Tables 1-19 and 26.

Lemma 8.6. Let D be a defect group of b. Assume that |D| equals the
C-part of |Ca(s)|. Let w € A be such that Na(D) = (Ng(D),w). If D
s abelian, put ) := D, otherwise let () denote the maximal abelian
normal subgroup of D exhibited in Lemma 6.9.

Let M := Cg(Q). Then M is an w-stable reqular subgroup of G.
Suppose that M < G is a reqular subgroup with s € M and such that
(M, F) and (M', F) are in duality.

View w as a Steinberg morphism of G in the natural way; then w
commutes with F. Suppose further that w' is a Steinberg morphism
of G which commutes with F, fives M' and s, and that (M,w) and
(MT, w') are in duality.
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Then there is a mazimal b-Braver pair (D,bp) with w(bp) = bp;
moreover, bp C E(Cqx(D), s) if D is abelian.

PROOF. As (M,w) and (M',w") are in duality, w|yp and w'|y+ are
dual isogenies in the sense of [25, Proposition 11.1.11]. As s is w'-
stable and M is w-stable, [24, Corollary 9.3(ii)| implies that (M, s) is
w-stable, too.

By the description of the defect groups in Tables 1-19, either M is
a maximal torus, or else e € {1,2} and M is an e-split Levi subgroup
of G which is G-conjugate to one of M, ;, with k € {13, 14, 15,17, 18,19}
(and k is such that M, is e-split). Notice that the cases i = 13,17
only occur for ¢ > 3.

Let (D, b) denote a maximal b-Brauer pair, and let (Q, bg) be the b-
Brauer pair with (Q, b)) < (D, b)). If t € M such that bf, C &(M,t),
then s and ¢ are conjugate in G’ by Lemma 3.10. Now consider KT :=
C’Mt(t).

By going through the various cases for s and M, and using Table 24,
we find that any two F-stable maximal tori of M which have some G-
conjugate in Cg(t) are conjugate in M. In particular, KT is a maximal
torus of Mf, and t € KT is in general position with respect to MT.
Notice that the class type of ¢ determines the type of Kf. As s and ¢
are conjugate in G, it follows that ST := Cy+ () is an F-stable maximal
torus of M, and K is conjugate in M to ST. Conjugation inside M
does not affect £(M,t), so that we may assume that ¢ € ST. Choose
an F-stable maximal torus S of M dual to St. Now 6, := +R¥\(#) €
E(M,t) is a character of M of central defect, and ResAC/IG(D)(Qt) is the
canonical character of b7,. This follows from Lemma 6.14 in case ¢ = 3,
but the case ¢ > 3 is proved analogously. Put 0, := +R¥(5) € £(M, s),
let bg C &(M,s) denote the (-block of M containing 6, and let bp
denote the ¢-block of Cg(D) containing Reng(D) (0s). Then (D,bp)
is a centric Brauer pair with (Q,bg) < (D,bp). As 6§, is the unique
character in £(M,s), it follows that (Q,bg) is w-invariant. In turn
(D, bp) is w-invariant.

Notice that Outg(D, b)) = Outg(Q,by) and £ { |Oute(D, b))|, as
(D, b)) is a maximal b-Brauer pair. We also have Outg(D,bp) =
Outg(Q, bg) < Outg(M). To prove that (D, bp) is a b-Brauer pair, we
claim that ¢ t |Outg (D, bp)|. This is clear if M is not a torus or if £ > 3,
as {1 |Outg(M)| in these cases. Suppose that ¢ = 3 and that M = S
is a torus. The argument in the proof of Proposition 3.16(a) gives
Oute(Q,bg) = Weg(s)(ST) and Oute(Q, b)) = Wegw(ST). Now s
and t are conjugate in Wg(ST); see |22, Proposition 3.7.1]. If ST is
the maximally e-split torus of G, then Wq(ST) = Wq (ST, and thus
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Wees(ST) = {w € Wg(ST) | s* = s} and Weg ) (ST) are conjugate
in G. The only case remaining is when @ €¢ {Ri1, Ri2}, and hence s
is of class type (13,4), (13,5), (17,4), (17,5), (18,3), (18,7), (19,8)
or (19,9). In these cases, Weg(s)(ST) has order 2, as ST = MT =
[ — €] X [¢®> — €] in these cases. This proves our claim.

Now let " denote the ¢-block of G such that (1,0) < (Q,bg). By
Lemma 3.10, we have v C &(G,s). As b’ is the Brauer correspondent
of bp, a defect group of b equals D. As b is the unique block in &(G, s)
with defect group D, it follows that b =b'. O

8.7. Proofs for the non-unipotent blocks. Let b, 0 and s be as in
Hypothesis 8.2. In addition, suppose that b is non-unipotent, and that
o = FJ". In this subsection we also put G,, := G°.

Let us outline the strategy of proof in the generic case, namely when
the order of a defect group of b equals the f-part of |Cs(s)|. Recall
that this condition holds exactly when the entry corresponding to b
in Column 5 of Tables 1-19 equals 1. Starting from s and o, we con-
struct a pair of regular subgroups M and M of G such that the Sy-
low (-subgroup D of Z(M) is a defect group of b. Simultaneously,
we construct a pair w and w' of Steinberg morphisms of G such that
N4(D) = (Ng(D),w), and such that the hypotheses of Lemma 8.6 are
satisfied. This yields an w-stable maximal b-Brauer pair (D, bp). We
then have to investigate the action of w on Ng(D,bp) and Outg(D, bp)
in order to apply Lemma 8.5. This is done by describing Outg(D, bp)
in terms of suitable structures inside the Weyl group W. It turns out
that, in most of the cases, w acts trivially on Outg(D, bp).

To construct M and M, we exhibit a pair y,y* € G such that
@ := F(y)y™" and @* := F(y*)y*~! normalize Ty, and that the im-
ages u and u* of u, respectively u* in W are related by u* = ut ™t We
also choose a suitable element v € W which determines the (G,,-class
type of s. Putting S := TY and ST := TY , and defining w and w!
accordingly, we obtain a pair of commutative diagrams

S ¥ g gt «" gt
ady ] ] ady ad,* [\ T ad,
Ty ——— T, Ty ——— Ty

where v € Ng(Ty) is a suitable lift of v (whose choice only becomes
relevant in the diagrams below). Notice that the F-stable maximal
tori S and ST are in duality by the facts summarized in Subsection 4.12.
We choose our data such that the Sylow /-subgroup D of S is a defect



INDUCTIVE BLOCKWISE ALPERIN WEIGHT CONDITION FOR Fj4(q) 79

group of b, and that s € ST is w'-stable. Let D' denote the Sylow /-
subgroup of ST and put M := Cg(D) and M' := Cg(D'"). We obtain
the following pair of commutative diagrams

M—“ =M M —< M
ady T ] ady ad, [\ ] ad,
M, — M, M, — M,

for suitable standard Levi subgroups My and M such that (M, F)
and (M}, F) are in duality. We may now apply Lemmas 8.3 and 8.6 to
find Na(D) = (Ng(D),w) and to get an w-stable b-Brauer pair (D, bp).

To describe Ng(D,bp) and the action of w on Outg(D,bp), let Ly
denote a standard Levi subgroup such that L* := LY = Cg(s). Then
M NL* = ST in our situation, and we have the following commutative
diagram

Ng<M)F _w> Ng(M)F —K> Wg(M)F —a> Wg(MT>F ; WL* (ST)F

ady ] ady T ady T ]ady* ]ady*

Na (M) ——= N (M) — = W (Mo) "™ —— Wa (M) —— W, (To)"™

where « is an isomorphism, x denotes a canonical epimorphism and ¢
an embedding. By Lemma 8.6, we have Ng(D) = Ng(M). More-
over, by Proposition 3.16, the image in Wg(MT)¥ of Ng(D,bp) un-
der a o k equals the image of Wy-(S")¥ under .. Thus Ng(D,bp) =
ka1 (We«(STF))). We may now transfer the computations to the
bottom line of the above diagram. The inverse image of Wy« (ST)¥" un-
der ad,« equals Cy (u*) N Wy, (Ty) < W. The inverse image under f
of the latter group equals Cy (u) N Wy, (Ty)T. Thus Outg(D,bp) =
Cw (u) N Wi, (To)"T < Wg(Mp)f®. We now have to investigate the
action of o on Cyy (u) N Wy, (To)" and on k=1 (Cyy(u) N Wy, (To)T).

We basically follow this outline in Proposition 8.10 below, where
many more details are worked out. The proof of Proposition 8.12 also
proceeds along these lines, but with fewer details. In Proposition 8.10,
the element u of the above considerations has the form v//™w, where v
and w are suitable elements from Table 23. Our approach requires
the derivation of further properties of these elements, which is done in
Lemma 8.9 below. The crucial group Cy (u) N Wy, (To)" corresponds
to the group Cj of Definition 8.8 below. This finishes the outline of our
proofs.
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Recall that e denotes the order of ¢ modulo ¢. In accordance with
our previous usage, we put ¢ := 1l ife =1, and € := —1 if e = 2. Recall
that T stands for the “duality” isomorphism of W; see Subsection 4.10.

Definition 8.8. Let ' C X, i,k € Z, e € {1,2} and v, w € W such that
some row of Table 23 has the values (I'T, (i,k), e, —,vf, — wf, —, —).
Put
Co = Cywy (v//™w).

If e > 2, put M(T) =Ty. If e <2, let T denote the subtorus of T on
which Fot//™w acts as t — % and and put M) = Cq(T)).

Then Mg = La: for a subset A C 3 which is W-conjugate to a
subset of {ay,...,as}. Assume that |A| <2 and put My :=Lx. O

We have excluded the case |A] = 3 in the above definition, as this
corresponds to cyclic defect groups. Recall the definition of Wr from
Subsection 4.1, namely Wy = (s, | @ € T'). In particular, W) =
Wri. Notice that I't is a base of the closed subsystem I'f of & by the
conventions adopted in Table 23 and thus Wy = Wg. However, T
need not be a base of I', in which cases we have Wy < Wr.

Lemma 8.9. Assume the notation of Definition 8.8. Recall that W
denotes the subgroup of Ng(To) generated by nq,...,ny; see Subsec-
tion 4.4. Then there is a subgroup Cy < W which maps to Cy under
the natural epimorphism W — W, and the following statements hold.

(a) The group Cy normalizes M.

(b) Suppose that f/m is even or that the commutator factor group
of Cy does not have order 2 or 4. Then Cy centralizes [Mg, M| and
there are inverse images v, W € W of v and w respectively, such that
the following conditions are satisfied.

(i) If A # 0, then v € [My, My] unless w # 1 and (i, k) is one of
(18,6),(18,4),(19,6),(19,7).

(ii) Unless (i,k) € {(12,2),(12,4),(16,k) | k € {3,4,7,8,10}}, the
element ¥ centralizes Cy.

(ili) If w # 1 then w € Z(Cy).

Suppose that w # 1 and that A # (). Then e > 1. In these cases, the
first and second column of Table III give the parameters i and A, the
third and fourth column display generators for Cy and Cy, respectively.

Suppose that w =1 and that A # (). Then e = 1. In these cases, the
first three columns of Table IV give the parameters i, k, A, the fourth
and fifth column display generators for Cy and Cy, respectively.

(c) The elements of Cy as well as the elements v and w constructed
in (b) are o-stable.
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TABLE III. Lifts of some centralizers

i A Co Cy
2 . 2
3 22 S1, 84, 84317, (54517)83 N1, NgNz, NaN7, (7147117)”‘5”22”3
4 ].8, 10 S5, 519 Nns, nlgng
6 24 52,83, 84 N2, M3, T4
7 20,19 S1, S7 ny, nen3
8 1,13 54, 84517, (54517)% nan3, nanaz, (naniz)"*nggn;
9 23,15 S5, 54 N5, M4N 3
10 21 51, 82, 83 Ny, Mg, N3N3
2 2
T 8 S2, 83, S21 na, n3n4,2n21n4
12 14 S1, 83, S21 ny, N3Ny, Nay
14 22,17 S1, 84 nq, mn%
15 8,16 S2, 83 No, N3n3
16 1, 6 S3, 821 ngni, nglnf
18 17 Sa n4n§
19 22 81 n
TABLE IV. Lifts of some centralizers (cont.)
i kA Co Co
3 2 22 sy,84, 54817, (84817)%F  ny, ngnd, ngngy, (ngnir) B noni
1,54, 54517, (84517 1, 4N, Mgy 7, (4N 7 2213
2 2
11 2 8 S2, 83, S21 Ng, N3Ny, N21Ny
2
12 #1 14 S1, 83, S21 ny, N3Ny, N2y
13 4,5 1,23 83, 84 N3, Ny
16 7£ 1 1, 6 S3, 891 ngni, ngln%
17 4,5 4,21 S1, 82 1, No
18 4,6 1,13 S4 nyn3
18 3, 7 1, 2 Sy4 Ty
19 6,7 4,14 S1 ny
19 8,9 3,4 S1 ny

PROOF. The explicit computations described below are performed
with CHEVIE. )
By construction, C’W(UTf / "w') normalizes WMS(TO)' Hence Cy <

C’W(va/mwT)T normalizes VVM(T)(TO)T = W, (To). Thus, in any case,
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there is Cy < W normalizing M, and mapping to Cy. However, to
meet the conditions in (b), we need specific lifts, in particular those
indicated in Tables III and IV, so that we have to check (a) for these
cases. CHEVIE can be used to show that the elements given in the
respective columns of Tables III and IV do indeed generate C,. The
corresponding entries in the columns headed by Cj are lifts of these
generators in W and normalize My = L (a trivial fact if A =0, in
which case My = Ty).

(b) If A # ), we choose Cy as in Tables IIT and IV. If w = 1, put
w := 1. Suppose that A = () and that w # 1. Then e > 2 by Table 23.

If e = 2, either w’ = wy or v1//™ #£ 1. Tn the former case, which occurs
exactly for i € {2,5}, we also have wy € Cj, and we choose Cj such
that it contains the lift v of wg. In the latter case, which only occurs for
i € {15,16}, we take Cj as in the row corresponding to i of Table III.
In case e € {3, 6}, the group Cy has odd order, so that we may lift it to
an isomorphic group Cj in the extended Weyl group. In case e = 4, we
put Cy := (n3ng, nynzngng). If A = and w = 1, we define the groups
Cy in our proof of (ii). In any case, Cy < W.

Recall that Cy = Cy. (v//™w) = Cpy (?}Jff/muﬂ)T in the notation of
Remark 9.4. Notice also that if e € {1,2} then A = () if and only if
the corresponding entry in the “cl”-column of Table 23 equals 1 or 2.
Indeed, these are exactly the cases in which T{, = T in the notation of
Definition 8.8. In particular, the conditions in (b) on the commutator
factor group of Cy and the non-emptiness of A are easily checked from

the entries of Table 23. Assume that A # (). To find AT and hence A,

we determine the e-eigenspace Y’ of oMt on Y = Y(Ty). We
then choose At as a base of the subsystem of ¥ of roots perpendicular
to Y’; then Mg = La+. This yields the corresponding entries for A in
Tables IIT and IV.

To show that Cy commutes with [Mg, M|, we may assume A = ().
Using the formulas in [21, Lemmas 7.2.1(i), 6.4.4(i)|, one checks that
the generators of Cy given in Tables III and IV indeed centralize the
root subgroups corresponding to the roots in +A.

Observe that v is given in Table 23 as a product of s;’s and wy.
We lift each s; to n; and wy to 7, and we lift v to the corresponding
product v of the n;s and . Then v € Ww.

(i) With the above choice of ©, we check v € [Mj, M| from Ta-
bles 23, III and IV, except in the cases listed in the statement.

(i) Suppose first that A # (). Then the claim follows from (i) and
the fact that Cy centralizes [Mg, M| which we have already proved,
except in the cases excluded in (i). If (¢, k) = (18,6), we have v = 51351,
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and one checks that ny3n; commutes with nyn3. The same argument
applies for (i, k) = (18,4) if we lift wy to . If (¢, k) = (19,6), we have
v = S1454, and one checks that niyns commutes with n;. The same
argument applies for (i, k) = (19,7) if we lift wq to .

Suppose that A = @) and w # 1. Then v € {1,wy} unless i €
{15,16}. In the former case, our claim clearly holds. In the latter
case, it follows from our choice of Cjy and from what we have already
proved above. Suppose finally that A = () and w = 1. Then e = 1.
If v € {1,w}, there is nothing to prove. Suppose that there is an
element w # 1 such that (T, (4, k), —, —, v, — wl, — —) also is a line
in Table 23 with the same value of f/m and with corresponding A
satisfying |A| < 2 and such that C’FT(va/mwT)T = Wr. Then the claim

follows from what we have already proved, as Crpy (va/ "< Wr. We
now discuss the remaining cases. If (i,k) = (8,2) and v = s1, we
lift Cy to the group generated by ns and the group given in the row
corresponding to ¢ = 8 in Table III. As n; commutes with ng, we
obtain our claim. The analogous argument works for (i,k) = (8,3)
and v = wosy. If (4, k) € {(13,2), (13, 3), (13,4), (13,5)}, we have Cy =
(3, 54), which we lift to Cy := (n3,n4). As ny and ng3 commute with
each of n3 and ny, our claim follows. The analogous argument works
in case i = 17. In the cases occurring for i = 18, we lift Cy to (ngn2).
Then Cy centralizes nq, ny and nq3, giving our claim. For ¢ = 19, we
lift Cy to (n;). As this commutes with ns, ny and ny4, we are done.

(iii) If i € {2,5}, we have wy € Cj, and our claim follows from
Lemma 4.4. In the other cases, we determine the order of Z(Cj) as
well as of the intersection of Z(Cy) with the normal subgroup of the
extended Weyl group spanned by n?, j=1,...,4. This shows that in
each case Z(Cy) projects onto Z(Cj); as the latter group contains w,
this proves our claim.

(¢) This is clear as W consists of o-stable elements. O

We are now ready to obtain the main structural results about central-
izers of abelian defect groups and the corresponding inertia groups.

Proposition 8.10. Let b, o and s be as described at the beginning of
this subsection and assume in addition that b has abelian defect groups.
Then there is a mazimal b-Brauer pair (D,bp) and an element w €
N4(D) with Na(D) = (Ng(D),w) such that w fixes bp. Moreover, w
centralizes Outg(D, bp) except in the cases listed in (a) and (b) below.

Suppose from now on that f/m is even or that the commutator quo-
tient of Outg(D,bp) does not have order 2 or 4. Put M := Cg(D).
Then there is N” < Ng(D,bp) with Z(M) < N" < Cg([M,M])



84 JIANBEI AN, GERHARD HISS, AND FRANK LUBECK

and N" N M = Z(M) such that Ng(D,bp) = N"M. In particular,
Outg(D,bp) = N"/Z(M). Moreover, every coset of N"/Z(M) con-
tains an w-stable element, except in cases (a) and (b) below. Finally,
if Ml is not a torus, w acts as a field automorphism on M' = [M, M]¥.

(a) The G,-class type of s is one of (12,2) or (12,4) and f/m is
even. In this case, Outq(D,bp) = 23, and the group of w-fized points
on Outg(D,bp) has order 4.

(b) The G,,-class type of s is (16, k) for k € {3,4,7,8,10} and f/m
is even. In all these cases, Outg(D,bp) = 22, and the group of w-fived
points on Outg(D,bp) has order 2.

In each of the cases listed in (a) and (b), let X € Irr(Z(G)) be defined
by Resg"(M)(é’D) = MNp(1), where Op denotes the canonical character
of bp. Then there is an w-stable extension of X\ to N”.

PROOF. First, we deal with the case that the order of a defect group
of b is smaller than the ¢-part of |C(s)|. In this case, e € {1,2} and
the defect groups of b are G-conjugate to Ry ; see Table 1-19. In turn,
the centralizers in G of the defect groups are G-conjugate to M5 if
e =1 and to My 3 if e = 2. Moreover, the G-class type of s equals ¢
with i € {2,5,6,10,11}. Let ¢ € G be such that o(g)g~' = ~, with
v € Na(Ty) as in Lemma 4.4. Put L* := M, ; if the G,,-class type of s
equals (4,1) and e = 1, and L* := M/, otherwise. Then M, =¢, M,
for i € {2,5}. If i € {6,10,11} and e = 2, the G-class type of s equals
(i,2), as otherwise b would have cyclic defect. But then the G,,-class
type of s must be (4,2) as well. We may thus assume that L* = Cg(s).
Now M, ; contains M5 ; as a subgroup of maximal rank. Put M :=
M5, if the Gy,-class type of s equals (4,1) and e = 1, and M := M5 ,,
otherwise. Then M is o-stable, s € Z(M) and D = Oy,(Z(M)) is
a defect group of b. Notice that we can identify M with M and D
with DT in this case. As D is o-stable, we obtain N4(D) = (Ng(D), o).
Let bp C &(M,s) denote the ¢-block of M which covers the ¢-block
of M" = Sp,(q) containing the unipotent ¢-defect zero character 1 of
M'. Now &(M,s) is o-stable by (14), and thus bp is o-stable, as bp
is uniquely determined by s and 1. Thus (D, bp) is a centric, o-stable
Brauer pair with ¢ t |[Outs (D, bp)|. Let ' denote the ¢-block of G with
(1,0') < (D,bp). Then ' has defect group D, and lies in &(G,s) by
Lemma 3.10, and thus &’ = b by uniqueness. Let N’ < Ng(M) be as in
Proposition 4.19. As T\ is 1-o-split, this proposition, applied with o
instead of F', shows that every coset of N'/Z (M) contains a o-stable
element. Putting N” := N'NNg(D, bp), we obtain the claims about the
structure of Ng(D,bp). Clearly, w = o acts as a field automorphism



INDUCTIVE BLOCKWISE ALPERIN WEIGHT CONDITION FOR Fj4(q) 85

on M’'. We have now proved all assertions in case the order of a defect
group of b is smaller than the f-part of |Cq(s)].

Suppose now that the order of a defect group of b is equal to the (-
part of |C(s)|. We begin by choosing a pair S, ST of F-stable maximal
tori of G and a pair of elements h*, h € G with the following properties.

(i) The pairs (S, F) and (ST, F') are in duality.

(ii) The Steinberg morphisms w := ad; ' oo oad;, and w' := ad;.! oo o
ady- commute with ' and stabilize S and ST, respectively. Moreover,
the pairs (S,w) and (ST,w') are in duality.

(iii) The element s lies in ST := St and is fixed by wf.

(iv) Let D and D' denote the Sylow f-subgroup of S, respectively
ST. Then D is a defect group of b.

(v) Put M := Cg(D) and M! := Cg(D"). Then M and M
are w-stable, respectively wi-stable regular subgroups of G, such that
(M, F) and (M, F) as well as (M,w) and (M',w') are in duality.
The corresponding duality isomorphism Wg(M) — Wg(MT) satis-
fies vow =wloaand o F = Foa.

To choose the pairs S, ST and h*, h, we proceed as follows. First,
we write u* == uf " for u € W. Suppose that the G,,-class type of s
equals (i, k) and let Ly := M, ;, with M, ; = Ly, as in Subsection 4.9.
For each e, choose a pair v,w € W such that (v*,w*) is as given in
the row of Table 23 corresponding to the tuple (i, k,e, f/m). In par-
ticular, v* and w* satisfy the conditions described in Remark 9.4, so
that w* € Wr, = Wy, (Ty). Choose inverse images 0,0, € Ng(To)
and w* € Nr,(Ty) of v, v*, w, w*, respectively, with the following prop-
erties. The elements v and 0* are o-stable, w is ov-stable and w* is
ov*-stable. The latter two conditions hold automatically if w and w*
are o-stable and commute with o, respectively ©*. In any case, these
conditions can be met as v* and w* commute. We tacitly assume that
the lifts © and w satisfy, whenever applicable, the stronger properties
listed in Lemma 8.9. Choose elements g,¢g* € G with o(g)g~! = v
and o(g*)g*~" = ©*. Next, choose elements h € G and h* € LY
with F(h)h~" = g Mg and F(h*)h* ™' = g* hi*g*. Take each of the
elements g, h, g*, h* as 1, if the corresponding elements in W equal 1.

Putting L* := Lg*, we may and will now assume that Cg(s) = L*
(recall that o-twisting Ly = M, ; with v* yields a group in the G,,-
conjugacy class of M ). Let St := T¢™" and S := TY". Put u :=
ol w = oM = o™i and * = (6*)7/™i*. Notice that
u* = u'"" as v and w commute. Now F(gh)(gh)™! = F(g)g v =
©7/™i) = 4, and thus S is an F-stable maximal torus of F-type (1, [u]).
Similarly, ST is an F-stable maximal torus of F-type (0, [u*]). This
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implies (i) by [22, Proposition 4.3.4]. By construction, w stabilizes S,
and w commutes with F since o fixes F'(h)h™! = g 'wg. The analo-
gous argument applies for w'. An elementary computation shows the
duality of (S,w) and (ST,w’); see Subsection 4.12. Thus (ii) holds.
Property (iii) is clear by the choice of h* € Cg(s). The fact that D
is a defect group of b follows from Tables 1-19, in conjunction with
Table 25. To prove (v), first notice that M is w-stable, since D is.
The same argument applies to M!. Next, observe that M = S, unless
e € {1,2}. In these cases, M is the centralizer of the subtorus of S, on
which F acts as t — t°¢. Thus M = MJ", where My is the centralizer
of the subtorus of Ty, on which Fu acts as t — t°9 (recall that ¢ = 1 if
e =1,and ¢ = —1if e = 2). The analogous construction applies to M,
where F'u is replaced by Fu*. We obtain the following commutative
diagram of relative Weyl groups,

We (M) —2 e We (M) ——2 We (M) —< W (M)

adgh$ ]adgh Tadg*h* Tadg*h*

Wa(Mp) We (M) We (M)

ov ov*

where « is defined such that the middle square commutes. The duality
of (Mg, F) and (M}, F) gives rise to the isomorphism 1 and implies
the duality of (M, F) and (M, F); see Subsection 4.12. Similarly, the
duality of (My,o) and (M}, o) implies the duality of (My,o®) and
(M}, 00*) and thus of (M,w) and (M, w!). This gives all the claims
of (v).

By Lemma 8.9(b), the element w is o-stable if f/m is even. If
f/m is odd, and v = v = 1, then w is o-stable as it is oo-stable by
our choice. As b has non-cyclic defect, no other cases occur. Thus
F(gh)(gh)™" = ©f/™i is o-stable and hence N4(D) = (Ng(D),w) by
Lemma 8.3. Lemma 8.6 implies the existence of an w-stable maxi-
mal b-Brauer pair (D, bp) with bp C &/(M, s). Consider the following
commutative diagram:

Np-(St) ——— Np.(S)

adg*h* T Tadg*h*

NLO (TO) NLO(TO)

ov*

We have _
ad;} (N (S1)7) = N, (To)"™
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In particular, (¢g*h*)~! conjugates Wy-(ST)¥ to
Ni, (To)™™ /T3 = Cw(u") N Wi, (To).

By the definition of MT we have Wy-(ST)¥ < Wg(MNF, so that
a t(Wr-(SHF) < Wg(M)F, as a is F-equivariant. The first commu-
tative diagram above implies that (gh)~! conjugates a~1(Wyg-(ST)¥)
to

O() = Cw(u> N WLO (To)T.
Proposition 3.16(a) implies that Outg (D, bp) = a~H(Wy-(STF).

Notice that Cj is exactly the group associated in Lemma 8.9 to the
tuple (i, k, e, f/m), as Wy, (To) = Wy if Ly = Ly+. The action of w on
Outg(D, bp) corresponds to the action of v on Cy. By Lemma 8.9(a),
the latter action is trivial unless we are in one of the cases described
in (a) or (b). This gives the second statement of our proposition,
namely that w centralizes Outg(D, bp). In the situations of (a) and (b)
we have to compute the number of orbits of v on Cyy. This is done with
a CHEVIE computation confirming the assertions.

Now assume that f/m is even or that the quotient of Outg(D, bp) by
its commutator subgroup does not have order 2 or 4 (this includes the
cases of (a) and (b)). Let Cy denote the inverse image of Cj exhibited
in Lemma 8.9. In particular, Cy consists of o-stable elements and
centralizes w and [My, My|. Moreover, Cyy centralizes © except in the
cases listed in (a) and (b). In the latter cases, Cy still centralizes .
Thus, in all cases, Cy < Ng(My)™. By the considerations above,
Ng(D,bp) is conjugate, under (gh)~!, to CoME™. Now define N} :=
Z(My)Cy and N” := (N})9". Then Ng(D,bp) = N"M, and Z(M) <
N" < Cg([M,M]). As N’ centralizes [M, M], we also have N" N
M = Z(M) by Propositions 4.17, 4.18 and 4.19. Unless we are in
either the situation (a) or (b), the elements of Cy are fixed by o0, and
thus every coset of N”/Z(M) contains an w-stable element. Suppose
that My is not a torus. Then ¢ € [Mgy, Mg]"™ by Lemma 8.9(b),
unless the G,,-class type of s is one of (18,6), (18,4), (19,6) or (19,7).
In the latter cases, [Mg, M| has semisimple rank 1, and if o € X7
is the positive root of [My, Mg|, we have uiy(t)’ = uio(—t) for all
t € F; this follows from the corresponding entries in Table 23 and |21,
Lemma 7.2.1]. As f/m is even, either ¢ is even or 4 | ¢ — 1, and thus v
acts as an inner automorphism on [My, My)"®. In each case, ov acts
as a field automorphism on [My, My)"®, and hence w acts as a field
automorphism on M.

We finally prove the last assertion. Suppose first that s is as de-
scribed in (a). We have N” = (Z(M),n?", (nsn2)9" n3") and that the
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elements nd", (ngn?)9", ng" are w-stable. One checks that (ngn2)? =

1, and that the kernel of the natural epimorphism (n;,nsn? ny) —
(s1, 83, 891) is generated by n? and n,. By [21, Lemma 6.4.4] we have
n? = a)(—1) for all 1 < i < 24. By Lemma 4.11, the elements of S
of the form o (t)9" for t € F; and i € {1,3,21}, are contained in the
kernel of 5. As A is the restriction of § to Z(M), and as N"/Z(M)
is elementary abelian, ((n?)%", (n2,)9") < ker(\). Thus Z(M)/ker(\)
has an w-stable complement in N”/ker(A). View A as a character of
Z(M)/ker(N). As such, it has a trivial extension to N”/ker()), and
this is w-invariant. Exactly the same argument applies for elements s
as in (b). O

We also need the following result on the action of field automorphisms
on certain characters.

Lemma 8.11. Let M’ be one of the groups SLa(q) or Spy(q) with q
odd, or SL3(q) with 3 | ¢ — 1. Let d = 2 in the first two cases, and
d = 3 in the last case.

Let v € Irr(M') which is not invariant under a diagonal automor-
phism k of M', and let vy, ...,v, denote the distinct conjugates of v
under k. In case of M' = SL3(q), assume that v(1) = (¢—1)*(¢+1)/3,
and in case of M' = Sp,(q) assume that v(1) = (¢ £ 1)*(¢*> + 1)/2.

Let w be a field automorphism of M' which permutes vy, ..., vq.
Then w fixes at least one of vy, ..., 4.

PROOF. Suppose first that M’ = SLy(¢). Then d = 2 and v; and
vy differ on a unipotent element which is fixed by w; see the character
table of M’ given in [33|. If M" = SLj(q), the three characters vy, vy, 13
take two distinct values on a unipotent conjugacy class of M’ which
is fixed by w; see the character table given in [73]. Thus w fixes at
least one of these characters. If M’ = Sp,(q), we use the character
table computed by Srinivasan in [77]. If v(1) = (¢ —1)*(¢* +1)/2, then
{v1, 1} = {&,(k), (k) } for some value of k. This follows from the
description of the conjugacy classes of Sp,(q) in |77, p. 489-491| and its
character table in [77, p. 516]. Next, v; and v, differ on the class Ay,
which is fixed by w. This gives the result. The same argument works
for v1(1) = (¢ + 1)*(¢> + 1)/2. (The article [68] of Przygocki contains
a few corrections to Srinivasan’s character table of Sp,(¢q), but these
changes do not affect our argument.) O

We next consider the blocks with non-abelian defect groups. These
only occur for ¢ = 3.
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Proposition 8.12. Let ¢ = 3. Assume Hypothesis 8.2, and in addition
that b is a non-unipotent block with a non-abelian defect group. Assume
furthermore that o = F{".

Then there is a mazximal b-Brauer pair (D,bp) fized by o. More-
over, D, and the b-Brauer pairs (R,bgr) < (D,bp) with W(R,bg) > 1
can be chosen such that o(R) = R and Ng(R,br) < RCe(R)Na(R)®,
except that the latter condition does mot always hold in the following
situations:

The G,-class type of s is one of (7,2) or (9,2) and f/m is even,
and R is non-abelian and properly contained in a defect group of b. In
this case, o fizes the two central factors of Ng(R,br) isomorphic to
[¢ — 1]2.2 and 3172.SLy(3), respectively, and centralizes an element in

[g =122\ [¢ — 1]*.

PROOF. The possible class types of s and the b-relevant radical 3-
subgroups can be read off from Tables 1-19. In particular, the defect
groups of b are G-conjugate to one of Rog—R34 and thus their central-
izers in G are connected reductive groups by Lemma 6.8. Let (i, k)
and (i, k') denote the G-class type, respectively the G,,-class type of s.
Define ¢’ € {—1,1} by the condition that 3 | p™ — &’. Notice that
e = —1 implies ¢’ = —1. Also, if f/m is even, € = 1.

Suppose first that (e, k) = (¢/, k') or that the G-class type of s is one
of (3,1) or (3,2). Let L denote the centralizer of a 3C-element z¢ € G,
as described in Proposition 4.14. We let D and D' denote a pair of
o-stable radical subgroups of L such that D is a defect group of b,
such that (CL(D), F) and (Cy(D'), F) are in duality, and such that
N¢(D) = DCg(D)Ng,, (D). Such a pair exists by the construction
of Rog—R34; see Subsections 6.2, 6.4 and Lemma 6.3. Moreover, in
every G-conjugacy class of b-relevant radical subgroups we can choose a
representative R with R < D and Ng(R) = RCs(R)Ng,, (R). Observe
that D,, := D NG, and Djn .= D' N G, are radical 3-subgroups
of G,, of the same type as D, respectively DT. It suffices to show
that s € Cg(DY), as this implies the existence of a o-stable b-Brauer
pair (D,bp) by Lemma 8.6. Now D,, is a defect group of a 3-block
of &(G,,,s) by our assumption on s and (e, k). In particular, DI is
conjugate in G, to a subgroup of C¢, (s) by Proposition 6.18(a). By
replacing s by a G,,-conjugate, we may assume that s € Cq, (D] ). As
Ca(D}) = Cg(D') by Lemma 6.8, we have s € Cg(D'), and we are
done.

We are left with the cases i € {6,7,8,9,10,13,17} and either k = £’
and e #c' or k # k. If e # ¢, then (g,¢') = (1, —1). In this case, f/m
is even. If k # k', then f/m is even by Table 23, unless i € {13,17}
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and k" € {4,5}. If (i, k") € {(13,5),(17,5)} we have (e,&') = (1,—1),
and f/m is even and not divisible by 3. In particular, k = k' = 5. If
(i,k") € {(13,4),(17,4)} we have (g,¢') = (=1,—1), and f/m is odd
and divisible by 3. In this case, k = 6.

We put Lj := M, 1, as constructed in Table 23. If k # £/, choose
v € W according to the following table.

i kK e & w Pk e & Y
131 6 1 %1 wo
g 1 ; } _} fjg 131 2 1+ s
71 2 1 41wy 131 3 1 £1 wps;
9 1 2 1 41 wo 13 6 4 -1 -1 WpS1523
] 1 41 +1 wo 13 5 5 1 +1 51523
81 21 41 s 171 6 1 =1 Wo
17 1 2 1 £1  wpss
8 1 3 1 #£1 WopS1 17 1 3 1 +1 S4
18 } 3 } _1 fj; 17 6 4 -1 -1 WpS4S19
17 5 5 1 +1 S4S519

We first deal with the cases i # 8. Then Lj is a regular subgroup
of G and the set of subgroups thus defined contains a dual of each
of its members; we let Lo denote this dual. If & = £/, let L := L.
Otherwise, choose a o-stable lift © € Ng(Ty) of v with v = v if v = wy.
Let g € G with o(g)g~! = ¢ and put L := LJ and T := T§. By
Table 23, the G,,-conjugacy class of L contains a group dual to M, j/,
and we may assume that L = Cg(s)*. As © is o-stable, the F-type of
L equals (I'f, [uf/™]), where T is the closed subsystem of ¥ defining the
G-class type 4, and the F-type of T equals ((), [v//™]). The action of &
on L corresponds to the action of ov on Lj. In particular, an element
of Ni(T) is o-stable, if and only if it is the g-conjugate of a ov-stable
element of Np,(Ty). One checks that v centralizes Wy, (Ty), so that
o fixes every element of Wi, (T). Thus the elements of Wi,(T) can be
lifted to o-stable elements of Ny, (T).

Let ) denote the Sylow 3-subgroup of T. Then () is o-stable and
@ is G-conjugate to one of Ryj, Ris or Rig. As Outy(Q) = W(T),
we find that Np(Q) = CL(Q)NL(Q)?. There is an element u of or-
der 3 in Wi,(T), which lifts to a o-stable element @ € Np(T) such
that D := (Q,u) is a Sylow 3-subgroup of L. Moreover, Outr (D) is
generated by elements of order 2 in Wy, (T). It follows that Ny (D) =
DCL(D)Ny(D)e.

As D is a o-stable defect group of b, and o(s) = s, we obtain a
o-stable b-Brauer pair (D,bp) by Lemma 8.6, applied with w = o
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and a radical 3-subgroup Q' such that Cg(QT) is dual to Cg(Q) and
s € Cq(Q); see Proposition 6.18. Let (R,br) < (D,bp) be a b-Brauer
pair with W(R,bgr) > 0. If R < D and R is abelian, we get R = @,
so that R is o-stable. In turn, (R,bg) is o-stable. Now suppose that
R < D is non-abelian. Then i € {6,7,9,10} and we let Mj denote the
standard Levi subgroup of L of type As, respectively Ay, and put M :=
Mg Then M e M1371 if 4 S {6, 7}, and M1771 if 4 € {9, 10} Thus
M = (Z(M)ozM', x) with x as in Proposition 4.17, Z(M) = [¢—1]* and
M’ = SLs3(q). Now R = Qg o3 Q1, where @ is the Sylow 3-subgroup
of Z(M), and Q; < M’ is isomorphic to 317?. By the construction
described in Subsection 6.2, we may choose (); to be o-stable. In
particular, R and thus (R,bg) are o-stable. If i € {7,9}, there is a
o-stable element n € L of order 4 normalizing Z(M) and centralizing
[M, M]; see Proposition 4.17(b). Thus Ny (R) = (Z(M),n) o3 Ny (Q1)
if @ > 2. In case a = 1, there is a o-stable element 2’ € M \ M’ which
induces a diagonal automorphism on M’, normalizes ); and with 2’ =
Z(M'); see Proposition 4.17 with F' repaced by o0. As Ny (Q1) =
3172.Qs in this case, we obtain Ny (R) = (Z(M),n) o3 (Npp(Q1), 7).
In either case, N (R) = RC(R)NL(R)? = [q — 1]2.2 03 3172.SLy(3). If
i € {6,10}, we may assume that Nyy(Q;) respectively (Np(Q1), ")
consists of o-stable elements. Indeed, [M, M]” = SL§ (p™), and thus Q;
can be chosen such that Ny (Q1) < M?. As there is a o-stable element
in [L, L] which induces the inverse transpose automorphism on [M, M],
we obtain Ny (R) = RCL(R)NL(R)°.

For arbitrary R < D, as RCq(R) < L, we get Ng(R,bg) = NL(R)
by Lemma 3.12(c); to apply this lemma notice that N (R) fixes bg, as
the canonical character of bg equals § € Irr(Cg(R)). From Np(R) =
RCL(R)NyL(R)? we conclude Ng(R,br) < RCs(R)Ng(R)°.

It remains to consider the case i = 8. If ¥ = 1, put L* := L§. If
k' # 1, let L* and T denote the groups obtained by o-twisting L
respectively Ty with vf. We may then assume that L* = Cg(s)
by Table 23. Notice that Wy:(To) = (81, 82, 804). Let 1\/[2J denote
the parabolic subgroup of Lj of type As corresponding to the roots
a1 and as. Let M and T denote the o-stable subgroups of G ob-
tained from MB respectively Ty by o-twisting with v. Then M is
Gm-conjugate to My7 . if K € {1,2,3}, and to My7¢ if &' = 4; see
Table 23. Let ) denote the Sylow 3-subgroup of T contained in a o-
stable Sylow 3-subgroup D of M. By Lemma 8.6, there is a o-stable
b-Brauer pair (D,bp). This satisfies our assertion by what we have
already proved for i = 17. Now let (R,bg) < (D,bp) with R := Q.
Then (R, bg) is o-stable. By Proposition 3.16, Outg(R, br) is sent to
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Wi~ (TT) under duality. Thus Ng(R,bg) is G-conjugate to an exten-
sion of Ty by (S4,s3,517) = W(A3). One checks that n; centralizes
(n4,n3,ny7), and thus Ng(R,bg) = Co(R)Ng(R)°. O

We remark that the exceptional cases do occur. For example, let p =
13, f = 2and m = 1. Then ¢ = ¢ = 1. Now assume that s is
of Gp,-class type (7,2). Adopt the notation of Proposition 8.12. By
Theorem 3.9(a), there is a b-Brauer pair (R, bg) with R =g Ras such
that R < L. Now L7 = SLy(13) x 7 x SU3(13). As this group does not
have any subgroup isomorphic to the quaternion group (g, we cannot
have NL(R> = RCG(R)NL(R)U

The following proposition contains the essential arguments for the
invariance of the b-weights in case of non-unipotent blocks.

Proposition 8.13. Let b, 0 and s be as in Hypothesis 8.2, and assume
in addition that b is a non-unipotent block and that o = F{*. Then there
is a mazimal b-Brauer pair (D,bp) and an element w € Na(D) with
N4(D) = (Ng(D),w) such that w fizes bp. Moreover, the following
holds.

Let (R,bg) < (D,bp) be a relevant b-Brauer pair fized by w and
let Or denote the canonical character of bg. Then some extension of Or
to Ng(R,bgr) is w-stable. In particular, w stabilizes every element of
It (Ng(R, 0r) | Or), unless b is one of the blocks described in Propo-
sition 8.10(a),(b).

PROOF. If the defect groups of b are abelian, choose (D, bp) and w
as in Proposition 8.10. Otherwise, let w := o, and choose (D,bp) and
the subpairs (R,br) < (D,bp) as in Proposition 8.12. Then (D, bp)
and (R, br) are w-stable, so that our first statement holds. Moreover, w
centralizes Outg(R, br), up to the exceptional cases listed in Proposi-
tions 8.10(a),(b) and 8.12. Thus, in view of Lemma 8.5, the last state-
ment follows from the penultimate one in the non-exceptional cases.
Write 0 := 0. Then Ng(R,br) = Ng(R,0). In particular, w fixes 6.

Suppose first that the defect groups of b are non-abelian. Then
¢ =3 and w = o. If (1) = 1, the assertion follows from Proposi-
tion 8.12 and Lemma 2.4. If (R,bg) is as in one of the exceptional
cases listed in Proposition 8.12, the two elements of Irr’(Ng (R, 0) | 6)
are o-stable by Lemma 2.4 and the considerations on central products
in Subsection 2.9. We have now proved our claim in case the G-class
type of s is one of (13,k) or (17,k) with & € {4,5}, as then either
Irr®(Ng(R,0) | 0)] = 1 or §(1) = 1. Thus we exclude these cases in
the discussion to follow. If f/m is even, then Cg(s) is G-conjugate
to one of M;; with ¢ € {2,3,5,...,10,13,17}; see Table 23. In these
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instances, Cg(R) is abelian, hence 6(1) = 1, a case we have already
considered. We may thus assume that f/m is odd and that 6(1) # 1.
Then R is G-conjugate to one of Ryg, Rag, Ro3, Ros, R31 or R3o. Here,
IIrt’(Ng(R, 6) | 0)] is even and at most equal to 4, which implies that o
fixes at least one element of Irr’(Ng(R, 0) | ).

Suppose now that b has abelian defect groups. If f/m is odd and
the commutator quotient of Outg(D,6) has order 2 or 4, there is an
invariant extension of ¢, and we are done. Suppose from now on that
f/m is even or that the commutator quotient of Outg(D, 6) does not
have order 2 or 4. Put M := Cg(D). By Proposition 8.10, we have
Na(D,0) = N"Cq(D) with Z(M) < N"” < Cg([M,M]), and every
coset of N”/Z(M) contains an w-stable element. Thus, if 6(1) = 1,
every extension of 6 to Ng(D, #) is w-invariant by Lemma 2.4. Suppose
then that (1) # 1. Then e € {1,2} and D is G-conjugate to one
of Ryy, Rioe, Rire, Rize, Rige or Rizy, where Riyp and Ripy only
occur for ¢ > 3. Also, M is an e-split Levi subgroup of G which
is G-conjugate to one of the standard regular subgroups described in
Propositions 4.17, 4.18 and 4.19. As Cg(D) = M and D is the Sylow
(-subgroup of Z(M), we also have Ng(D) = Ng(M).

Recall that d = ged(3,q — 1) if D € {Ri14, Ri2¢} and that d =
ged(2, g—1) in all other cases. Suppose first that R #¢ Rg,. Then M is
of the form M = (Z(M)ogM’', 2’y and M’ = [M, M]¥. Moreover, ' = 1
if d = 1, and 2’ is an arbitrary element of M\ (Z(M)o,M')if d # 1. By
the above description of Ng(D,#), we have Ng(D,0) = Ng(M,0) =
(N" o4 M' 2'). Now w stabilizes M and commutes with F', and thus
Z(M), M’ = [M, M| and N” = Cn,(p,p)(M’) are also stabilized by w.
As M is a central product of Z(M) with (M’ z'), we can write § = A\
for irreducible characters A of Z(M) and ¢ of (M’', 2'), respectively.
Hence the restriction of 6 to Z(M)oq M’ is of the form 6’ = ', where
1" denotes the restriction of 1) to M’. It follows that w fixes A and 1)/,
as w fixes 6 and stabilizes Z(M) and M’. If d = 1, then M’ = M
and ¢' = 1. Otherwise, w acts as a field automorphism on M’ by
Proposition 8.10, and thus w fixes at least one irreducible constituent
of ¢’ by Lemma 8.11.

Let 6 denote an extension of 6 to Ng(R,0), write ¢’ for its restric-
tion to N”M’' = N” oy M, and let \)” be an irreducible constituent
of . Then )\ is an extension of A to N” and ¢” is an irreducible con-
stituent of ¢/'. By what we have said above, we may assume that )"
is w-invariant. The distinct extensions of § to N”M and the distinct
extensions of A to N are of the form ¢, respectively A&, where £ runs
through the irreducible characters of N”/Z (M) = Ng(D,0)/M. If we
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are in one of the cases (a) or (b) of Proposition 8.10, the last state-
ment of this proposition shows that we may choose 6 such that \ is
w-invariant. In the other cases, Lemma 2.4 implies that w stabilizes A.
It follows that w fixes 5\1//’ . If @ is reducible, i.e. if ¢ % 1/, then 0
is w-invariant, as 6 is induced from S\w” . We may thus assume that
0 = \/ is irreducible and fixed by w. Then 6 = M\ is irreducible,
and Corollary 2.6, applied with N = N”M’, implies that w fixes 0.

In case of Ry, we use a variant of this argument. Let s denote an
w-stable semisimple ¢'-element such that b C &/(G,s). An inspection
of Tables 1-19 gives the possible G-class types of s and also shows
that Outg(D, 0) has order 2 or 4. We may thus assume that f/m is
even. The case that s has G-class type (16,7) is one of the exceptional
cases of Proposition 8.10(b) and thus excluded. Table 23 then shows
that the G-class type of s is one of {(4,1),(7,1),(9,1),(14,1)}; for
example, every o-stable semisimple element of G-class type 14 has G-
class type (14, 1) and no o-stable element of G-class type 13 can have
G-class type (13,2) or (13,3). From Tables 4, 7, 9 and 14 we then get
that ¢ | ¢+ 1, that Outg(D, 6) = 22 and thus that Ng(D, 8) = Ng(M).

In Proposition 8.10, the group M = Cg(D) was constructed by
twisting La for A = {aw, ag7} with s1s4; see also Definition 8.8 and
Lemma 8.9. In Proposition 4.18, the standard 2-split Levi subgroup
of G in the class containing M4 4 was constructed by twisting Lr for
I' = {1, au} with wy, the longest element of W. Now there is z € W
that maps the four-tuple (aug, a7, a1, ay) of roots to (ay, ay, age, aq7).
Choose a o-stable lift 2 € W. Then L3y = Lr. Conjugation by 2
sends the elements ny, nyn3 of Lemma 8.9 to lifts m; and my of sy
and s17, respectively, satisfying the properties of Proposition 4.18(a).
The Steinberg morphism ov with v = s99517 on La is transformed to
the Steinberg morphism o?’ with v/ = s;s,. Also, M? is obtained by
twisting Lp with sqops17. As wy = S925175154, the group M7 is a rep-
resentative of the G-conjugacy class M4 of 2-split Levi subgroups
corresponding to the closed subsystem with base {ay, ay}; see the dis-
cussion in Subsection 4.7. We may therefore replace M by this standard
copy and use the notation of Proposition 4.18. By Lemma 8.9, the au-
tomorphism w then acts on M as ¢’ for some v € [M,M]" = M’
In particular, w acts as a field automorphism on M’, normalizes M;
and M, and fixes m; and mo.

We have Ng(M,0) = Ng(M) = (M;.2 o4 M5.2,x), where x € M
centralizes Z (M) and M, and acts as a diagonal automorphism on M
if d = 2. Moreover, M;.2 is w-invariant for ¢ = 1,2, as v/ € M' =
Moy M. Put N := M;.204M5.2. Then [Ng(M): N] =dand MNN =
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M, o4 Ms. Let 6 denote an extension of 6 to Ng(M), satisfying the
additional properties exhibited in Proposition 4.18(c) in case d = 2. Let
0,6, with 6; € Irr(M;.2) for i = 1,2, denote an irreducible constituent
of Res%G(M)(HA), and put 0; = Res%z'z(éi), i=1,2. If ResJNVG(M)(QA) is
reducible, then d = 2 and 6 is induced from 6,6, by Proposition 4.18(c).
If Res%G(M)(é) is irreducible, so is Res]\]\%(% )(é) = Resir y(6), once
more by Proposition 4.18(c). In either case, 6; € Irr(M;) for i = 1,2
and 6,0, is an irreducible constituent of Res}}-y(#). Thus it suffices
to show that 6, and 6, are w-invariant, using Corollary 2.6 in case
Res%G(M)(HA) is irreducible and d = 2.

Recall that My = Z(M;) oq M7, so that we can write 1 = A0} for
A\ € Trr(Z(My)) and 0 € TIrr(M]). If Resiry(0) is irreducible, 6; is
w-invariant. Otherwise, Resyi n(0) = 0,05 4 0760, with 07 # 6,. Now
07 = \7(07)" = M(0))", as x centralizes Z(M;). Thus (07)" # 6;. As
w acts as a field automorphism on M] by Proposition 8.10, it fixes 6]
by Lemma 8.11. In particular, w does not interchange ¢, and 6. As w
fixes 60105 + 607605, it must fix 0;. It follows that in either case, w fixes \;
and #]. Now any extension of 6, to M;.2 = (Z(M;), my) oqg M] is of the
form 5\19’1 for some extension \; of \ to (Z(My),mq). As w fixes my,
Lemma, 2.4 implies that \; and thus 5\10’1 are w-invariant.

Write @), for the restriction of 0y to (Z(Ms), my) og M, and 0}, for the
restriction of 6 to Z(Msy)oy MS. If é’Q is irreducible, so is 0}, as otherwise
the two constituents of 8, would be mq-conjugate as well as y-conjugate,
which is impossible; see Proposition 4.18(b). An argument as in the
previous paragraph, with x replaced by y, shows that é’Q is w-invariant.
As 0} is w-invariant, Corollary 2.6, applied to the normal subgroups
(Z(Ms), mg) oqg M and M, of Ms.2 implies that 0y is w-invariant. This
completes our proof. O

8.14. Proof for the unipotent blocks. Here, we assume that b is a
unipotent ¢-block of G of positive defect, and we write G := G =
Fy(p). If b is not the principal block, then e € {1,2,4}. If e = 4,
there are two such blocks, which are swapped by o7 if p = 2. In the
other cases, there is a unique such block; see the references given in
Subsection 5.1 and Table 1.

Under our hypothesis, A = Nauy()(b) = Aut(G) = G x (01), unless
p = 2, e =4 and b is a non-principal block; in the latter case, A =
Naut(e)(b) = G x (F). For the notation refer to Subsection 8.1.

We begin with the proof for the principal blocks in case ¢ > 3.
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Proposition 8.15. Let ¢ > 3 and let D denote a Sylow {-subgroup
of G. Assume that D is non-cyclic and let b be the principal ¢-block
of G. Then N4(D) fizes every element of Irr(Ng(D)/Cq(D)), unless q
is even and e € {1,2,3,6}. In the latter cases, the non-trivial orbits
of Na(D) on Irt(Ng(D)/Cq(D)) have length two, and the number of

non-trivial orbits is as given in the following table.

e |1 2 3 6
no. (|7 7 6 6

PROOF. Let S := Cg(D). Then S is an F-stable maximal torus of G
as £ > 3. In particular, Ng(D) = Ng(S), and thus Ng(D)/Cq(D) =
(Na(S)/S)".

Suppose that S is obtained from T\ by twisting with w € W. We
will find an element o] € A with A = G x (0}), and a o}-stable in-
verse image 1w € Ng(Ty) of w, and choose g € G with F(g)g~! = w.
Then o} commutes with Fw, and we obtain Na(D) = Ng(D) x (w) by
Lemma 8.3. From the considerations of Subsection 4.6 we obtain the
following commutative diagram:

(Na(S)/S)" . (Na(S)/S)"
adgT Tadg
(Na(To)/To)"™ (Na(To)/To)"™

We may thus replace the action of w on (Ng(S)/S)” by the action of o'}
on (Ng(To)/To)™ = Cw (w).

Suppose first that w € W can be chosen to be oy-stable. This is the
case if ¢ is odd, as then o1 = Fj acts trivially on W. If e € {1, 2},
then w € Z(W) and thus is fixed by 1. If e = 4, a computation with
CHEVIE [41] shows that there is a oj-stable element in the conjugacy
class Dy(ay) of W, which gives rise to the maximal torus S of G with
S = [¢* 4+ 1] x [¢* + 1] (cf. Table 22). As oy is a Steinberg morphism
of G, we may choose w to be oi-stable, and let o] := o1 in these cases.
The action of o7 on the set of conjugacy classes of Cyy (w) is trivial if ¢
is odd, and if ¢ is even it can be computed with CHEVIE. If e = 4,
every conjugacy class of Cy(w) is fixed by oy, and if e € {1, 2}, there
are exactly 7 pairs of oj-conjugate conjugacy classes of Cyy (w) = W.
This yields our claim.

It remains to consider the case that ¢ is even and e € {3,6}. We
give the proof in case e = 3; the other case is analogous. A CHEVIE
computation shows that the TW-conjugacy class Ay + A,, which gives
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TABLE V. Action on weights for the principal block

R Outg (R, bg) W  Rem #
Rsg 23 8 2
R3; GLQ(S) 2
Rys SL3(3) 1
Ris W (Fy) 4 1
R21 (Qg X Qg)Ss 11 a=1 4
R21 (SL2(3) X SL2(3))2 2 a > 2
R22 SL2(3) X SL2(3) 1 a> 2

R35, R36 (SLQ(S) X 2)2, (2 X SL2<3>>2 4,4 a>2 4

rise to the maximal torus S of G with S = [¢? + ¢+ 1] X [¢* + ¢ + 1]
contains an element w such that Cy (w) is oy-stable, but that this
class does not contain any o;-stable element. Now let w be an element
in the conjugacy class A; + flg such that n‘lal(w)n = w for some
n € Ny (Cw(w)). Choose an inverse image n € Ng(Ty) of n and put
oy := oin. Then o} centralizes w, and we may assume that it also
centralizes w, as o] is a Steinberg morphism of G. A computation
with CHEVIE shows that o] has exactly 6 orbits of length two on the
set of conjugacy classes of Cy (w) and fixes the remaining conjugacy
classes. This completes the proof. O

The following prepares the proof for the principal block in case ¢ = 3.

Lemma 8.16. Let b be the principal 3-block of G. Then every G-
conjugacy class of b-relevant radical 3-subgroups of G contains an F-
stable representative R such that Ng(R) = RCq(R)Ng, (R). If p =2,
such a representative can be chosen to be oi-invariant, unless R E€g
{R35, R36}, in which case o1 maps Rss to a conjugate of Rsg.

PROOF. Fix a o;-stable 3C-element z¢. The existence of z¢ is clear
if p is odd. For p = 2, we can use GAP [34] to compute the class fusion
of ?F4(2) = G into Fy(2) = G; = G; this shows that the elements
of order 3 of 2F4(2) fuse into the 3C-class of Fy(2). Put L := Cg(2c).
Then L = L! o3 L2, and o, swaps the two simple components L =
SL3(F), « = 1,2, if p = 2, and fixes them if p is odd; for the notation
see Proposition 4.14(a). In particular, L’ is Fj-stable for ¢ = 1,2. Let
e’ € {1,2} denote the order of 3 modulo p. Then there is a o;-stable
¢’-F1-split maximal torus T of L. Again, this is clear if p is odd. If
p = 2, choose a maximal Fj-stable torus T; < L' with T! = 32,
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put Ty := 09(Ty) and T := T, Ty. Clearly, No(T) = T Ng,(T). By
Proposition 4.14(b) and in the notation of Subsection 6.1, we have
L= (L'"o3 L* x¢c) with zc € T.

Let @ denote the Sylow 3-subgroup of 7. Then N (Q) is o1-stable,
and as N.(Q) = T.(55 x S3), we obtain a o;-stable Sylow 3-subgroup P
of G with Q < P.

Suppose for the moment that p = 2, and consider ) := T?'. This
is an elementary abelian subgroup of Gt < G of type 3C?. By [4,
Lemma 2.7(b)|, the G-conjugacy class of Qg equals (3C?);. Put C :=
Cq,(Qp). Then C is o;-stable, C' = TF1.3 = 3%.3 by [4, Table 2|, and
C =g, Rs7 by [4, Case (My), p. 567]. One can check that C' contains
a oi-stable elementary abelian subgroup of type (3C?);. Indeed, using
the permutation representation of G; on 69 888 points given in [80] and
GAP, we construct a copy of Tt < C'in G;. An explicit computation
shows that Z(C) = Qo = [C, C], and that the exponent of C' equals 3.
In particular, C'/Q) is elementary abelian of order 27. Thus C' has
exactly 13 subgroups of order 27 containing )y, and 4 of these lie
in T, As F; = o7 fixes the elements of C, the orbits of o on the
subgroups of C' have lengths at most 2. In particular, o; fixes an
elementary abelian subgroup R of C of order 27 with Qo < R £ T!1.
Let y € C'\ T such that R = (Qq,y). Then Cgq, (R) = Co(y). A
GAP computation shows that |Cc(y')| = 32 for every ¢/ € C'\ T,
and thus Cg, (R) = R. This implies that R =¢, (3C?); =¢, Ri5 by [4,
Lemma 2.7, and proof of Proposition 3.11].

Let us return to the general case. Let R be a b-relevant radical
3-subgroup of G. We now consider the possibilities for R as listed
in Table 1. If R € {Ri5, Ro1}, we may assume that R < G;. As
|Outg, (R)| = |Outg(R)| we obtain our claim. Suppose that p = 2.
Then we may even choose R to be op-stable. Namely, if R =4 Rai,
choose R as R := D o3 01(D), where D is a Sylow 3-subgroup of
SU3(2) < (L' N Fy(2)); see Lemma 6.3. If R =g Ry5, then R is of type
(3C3)1, and the claim follows from what we have noted above. Now sup-
pose that R =g Rs7. It follows from [4, 6] that there is an elementary
abelian subgroup E < T7! of type (3C?); such that R := Cp(F) = Q.3
is a radical subgroup of G of type R3;. To be more specific, if p is odd,
refer to [6, Proofs of Cases (3.1), (3.2) and Table 9|. If p = 2, use [4,
Case (My), p. 567, together with the considerations in the previous
paragraph. Now R is o;-stable, as F is. Thus if R is conjugate to
one of Rig, R3; or Rsg, we may choose a gi-stable representative R in
Ng(T). In each case, RNT = Q = Cg([R, R]) is characteristic in R
and in 7. In particular, R is Fj-stable and Ng(R) < Ng(T). This
gives our result in these cases.
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We are left with the case that R €¢ {Rj35, R36}. It suffices to prove
one of these cases, say R =g R3;. Here, we may choose a representa-
tive R such that Z(R) = (z¢) with z¢ as above. Hence R < Cg(z¢) =
(L' o3 L', 2¢) and Ng((zc)) = (Cg(2¢),vc), where 7¢ € Gy; see Sub-
section 6.1. By the construction of R indicated in Subsections 6.2
and 6.4, we may assume R = K o3 D < L' o3 L? where K < L!
and D < L? are Fj-stable and as in Lemma 6.3. In particular, R is
Fi-stable and 7¢ € Ng(R). As Ng(R) = (Np1(K) o3 Ni2(D),vc), the
claim Ng(R) = RCs(R)Ng,(R) is reduced to an analogous assertion
in L' and L?, which clearly holds. The final statement in case p = 2 is
also clear, as oy swaps L' and L2 O

We can now give the proof for the principal block in case ¢ = 3.

Proposition 8.17. Let { = 3, and let b be the principal 3-block of G.
If q 1s odd, o1 fixes every conjugacy class of b-weights. If q is even, o;
has exactly seven orbits of length two on the conjugacy classes of b-
weights, and fixes the remaining G-conjugacy classes of b-weights.

PROOF. Let R be a b-relevant radical 3-subgroup of G.

Suppose first that ¢ is odd. By Lemma 8.16 we may assume that o
fixes R and hence Ny(R) = Ng(R) % (01). Let (R,bg) be a b-Brauer
pair. Then bg is the principal ¢-block of R and thus Ng(R,br) =
N¢g(R). In particular, 6g is the trivial character of RCs(R) and ex-
tends to the trivial character of Ng(R). As we may also assume that
Ng(R) = RCg(R)Ng,(R) by Lemma 8.16, every element of N4(R)
fixes the irreducible characters of Ng(R)/RCqe(R) = Outg(R, bg). Our
assertion now follows from Lemma 8.5.

Suppose now that ¢ is even. By Lemma 8.16, we may assume that R
is oy-stable, unless R =g R35 or R =g Rsg. In the latter case, we
choose o1-conjugate representatives in the classes containing Rss, re-
spectively Rsg. If a > 2, this gives rise to 4 non-trivial o;-orbits on the
set of conjugacy classes of b-weights.

If R is o;-stable, we have to count the number of non-trivial o;-orbits
on Out(R, br). These numbers are given in the last column of Table V.
This table proves the proposition. O

We conclude this subsection with the proof for the non-principal unipo-
tent blocks.

Proposition 8.18. Let e € {1,2} and let b be the unique non-principal
unipotent £-block of G of positive defect and let D be a defect group
of b. If q is odd, N4(D) fizes every G-conjugacy class of b-weights. If q
is even, Na(D) has a unique orbit of length two on the G-conjugacy
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classes of b-weights and fixes the remaining G-conjugacy classes of b-
weights.

PROOF. Put My := L3 in the notation of Subsection 4.1. By
twisting M suitably, we obtain an F-stable regular subgroup M of G
such that D := Z(M) =g Ry is a defect group of b.

Let us now specify our choices. In case e = 1, let ¢ = 1 = w.
In case e = 2, choose a og;-stable inverse image w € Ng(Ty) of wy,
and an element ¢ € G with F(g)g~! = w, put M := M}, and w :=
adg 0 0y 0 ad;1 € Auty(G). As oy stabilizes My and commutes with
Fi, Lemma 8.3 yields Na(D) = (Ng(D),w) with w = adg 001 0ad,".
We obtain the commutative diagram

Ng(M)F ~ Ng(M)*
N(;(M(])Fw NG(MO)FU'J

o1

so that we can replace Ng(D) = Ng(M)? and the action of (w) by
Ng(M;)f% and the action of (o). Now M is the standard e-split Levi
subgroup of G corresponding to {as, a3} considered in Proposition 4.19
and N(;(Mo)Fw = N(;(M)F

The canonical character of b is unipotent, so has Z(M) in its kernel.
It thus suffices to look at the central quotient Ng(Mg)f/Z (ML),
whose structure can be determined with Proposition 4.19. This central
quotient is of the form N’ x PSp,(q).d with d = ged(2,q — 1), where
N’ = Dy arises from the stabilizer (sg, s16) of {0, asz} in W. If ¢ is
odd, oy acts trivially on Irr(N’), and if ¢ is even, o, has a unique orbit
of length two on Irr(N’), as o; swaps the two roots ag and ajs; see
Table I. Since the b-weights are in bijection with Irr(N’), our claim
follows. O

8.19. The proof for 2.F,(2). Here, we let G := F4(2) and G := 2.G,
the exceptional double cover of G. The automorphism oy of G lifts to
an automorphism of GG, also denoted by ;.

Proposition 8.20. Let ¢ € {3,5,7} and let b be the non-principal
(-block of G of mazimal defect.

Then the non-trivial o1-orbits on the set of G‘-conjugacy classes of b-
weights have length 2, and the number of non-trivial orbits is as given
in the table below. For ¢ = 3, the four orbits of length 2 are dis-
tributed among the weight subgroups as indicated in the last column of
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TABLE VI. Action on weights for the faithful 3-block of 2.F,(2)

R Ne(R)/R W #
Ras 24 g8 2
R37 2 X GL2<3) 2
Ris 2 x SL3(3) 1
ng 2 X W(F4) 4 1
Ry 27[(Qs x Qg):S3] 2 1
Table VI.
¢ |3 5 7
no. | 4

PROOF. Wilson’s Atlas [80] contains a representation of the group
G.2. Thomas Breuer noticed that its construction also works for the
group G.2, providing a permutation representation on 279552 points.
Using this representation and GAP [34], it is straightforward to verify
the claimed multiplicities. O

8.21. Proof in case p = 2 and m’ odd. Let b, 0 and s be as in
Hypothesis 8.2. Assume further that p = 2, that m’ is odd and that b
is a non-unipotent block. By Proposition 5.13(a), this can only occur
in the following cases: the G-class type of s is one of (14,1), (14,4),
(15,1), (15,3) or (15,5), or £ > 3 and the G-class type of s is one of
(4,1) or (4,2). In the latter two cases, e € {1,2,3} and e € {1,2,6},
respectively.

Proposition 8.22. Assume the hypothesis and notation introduced at
the beginning of this subsection.

Then the non-trivial orbits of N4(D) on the set of conjugacy classes
of b-weights have length two, and the number of such orbits equals 3
in case s has class type (4,1) and e € {1,3} or (4,2) and e € {2,6},
and 1 in all other cases.

PROOF. Suppose first that the G-class type of s is (4,1) or (4,2).
We may assume that o(s) = s, so that 0 = ¢;. Moreover, o fixes
Cg(s) swapping its two simple components L' and L?. By the de-
scription of the defect groups in Table 4, this implies that there is a
o1-stable maximal torus S of Cg(s), such that the Sylow ¢-subgroup D
of S is a defect group of b. In fact S = S;S,, where S, is a maxi-
mal torus of L* and o swaps S; with S,. Moreover, S is its own dual
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with respect to 0. Hence there is a o-stable b-Brauer pair (D, bp) by
Lemma 8.6. Now Outg (D, bp) may be identified with Weg (5 (S)" by
Proposition 3.16, and Weg(s)(S)F = Wi (S1)F x Wr2(Ss)”, where o
swaps the two factors Wy (S;)!" and Wy2(S,). This gives our claim.

The proof in case of class types (14, 1) and (14,4) is analogous.

It remains to consider the case that the G-class type of s is one of
(15,1), (15,3) or (15,5). By the facts summarized in Hypothesis 8.2,
we have that m = m/, that m divides f and that o> = F". We
proceed as in Proposition 8.10, but only sketch the arguments. As
p = 2, the elements n; € Ng(Ty), j =1,...,4, have order 2. We may
and will thus identify W = Ng(Ty)/ T with the subgroup of Ng(T))
generated by n;, j = 1,...,4. Let Ly := Ly, 0,3 =¢ Mis1. If the
G-class type of s is (15,1), take v = 1. If the G-class type of s is
(15,3) or (15,5), let v = sg. Then v centralizes sy and s3. respectively.
Notice that 02 = F/" fixes o(v)v, and if ¢ € G with o(g)g™! = v,
we have F(g)g~' = (o(v)v)//™. By o-twisting Ly with vf, we obtain
o-stable regular subgroups L of F-type (I'f,[(o(v!)v!)f/™]), where T
is the parabolic subsystem of ¥ spanned by {as, asg}. If v = sg, then
vl = 516, and (o (v1)vl) = sgs16 lies in conjugacy class 23 of W. Using
Lemma 4.8, the 2-power map on W given in Table 22, and the fusion of
the maximal tori of Table 24, we conclude that LT = Mis5 it f/m is
odd, and that LT =¢ M55 if f/m = 0(4). By the results summarized
in Subsection 4.7, the centralizer of every semisimple o-stable element
of these G-class types arises in this way. We may thus identify LT with
Cg(s).

By o-twisting Ly with v, we obtain a o-stable regular subgroup L
such that (L', o) and (L,0) are in duality. If £ | ¢ — 1, let w = 1.
Otherwise, let w be the longest element of Wy, (To) = Wias.as). By
first o-twisting T, with v, respectively v, and then F-twisting with w?,
respectively w, as in the proof of Proposition 8.10, we obtain a pair of
F-stable maximal tori ST < Lf and S < L, and a pair of Steinberg
morphisms w' and w such that w' fixes ST and w fixes S and such that
(ST, w') and (S,w) as well as (ST, F') and (S, F) are in duality. Let D}
and D denote the Sylow /-subgroups of ST and S, respectively, and put
M := Cg(D") and M := Cg(D). Then D is a defect group of b, and
we obtain an w-stable b-Brauer pair (D, bp) by Lemma 8.6. Moreover,
Na(D) = (Ng(D),w) by Lemma 8.3. Finally, w acts as the exceptional
isogeny on M’ = [M, M]* = Sp,(q).

By Proposition 4.19, we have M = Z (M) x M'. Notice that S < M
and that Ng(D,bp) = Ny (S) = S.Wyy, a split extension with an
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w-stable subgroup Wy, = Outy,(S) = Dg. In particular, the canoni-
cal character of bp has an w-invariant extension to Ng(D,bp). As w
interchanges two generators of W)y,, our claim follows. O

8.23. The equivariance condition. We can now prove the second
main result of this article.

Theorem 8.24. Let G = Fy(q) and let £ be an odd prime with {1 q.
Then G satisfies the inductive blockwise Alperin weight condition at the
prime £.

PROOF. We have to verify the conditions of Hypothesis 2.15 for all
(-blocks of G, and an analogous set of conditions for the ¢-blocks of
the double cover 2.Fy(2) of Fy(2) containing faithful characters. For
blocks with cyclic defect groups the inductive Alperin weight condition
is known to hold by [54], so that it holds for all blocks of 2.Fy(2)
containing faithful characters by Propositions 5.15 and 8.20.

Let b denote an ¢-block of G with a non-cyclic defect group. In The-
orem 7.1 we have already verified Condition (1) of Hypothesis 2.15.
Thus it remains to verify the equivariance Condition (2) of this hy-
pothesis. If [(b) = 1, equivariance trivially holds. We will thus assume
that [(b) > 1 in the following. The orbits of Nau()(b) are described
in Propositions 5.13, and we will assume these results in what follows.

Suppose that b is the principal ¢-block. For ¢ = 3, equivariance
follows from Proposition 8.17, and for ¢ > 3 from Corollary 5.14 and
Proposition 8.15. Now let b be a unipotent non-principal block. Then
e € {1,2} and equivariance follows from Proposition 8.18 in view of
the action of o; on the set of unipotent characters of G described in
[61, Theorem 2.5]).

From now on we assume that b is a non-unipotent block.

In case p = 2 and b is stabilized by some odd power of o, Proposi-
tion 8.22 establishes our assertion. We may thus assume o = F|". In
this case, Proposition 8.13 reduces to the instances listed in Proposi-
tion 8.10(a),(b). In the latter cases, there is at least one w-invariant
extension of 6 to Ng(D,bp). Thus the w-orbits on the set of b-weights
correspond to the w-orbits on Irr(Outg(D, bp)). By Brauer’s permuta-
tion lemma, the number of such orbits equals the number of orbits of w
on Outg(D,bp). As there are only two orbit lengths, the total number
of orbits determines the number of orbits of length two. O
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9. APPENDIX

9.1. The (-blocks of F,(g) and their invariants. This first subsec-
tion of the appendix gives information on the ¢-blocks of the group
G = Fy(q) for odd primes ¢ not dividing q. There is one table, which
may consist of several parts, for 19 out of the 20 geometric class types of
semisimple ¢'-elements, where the table number agrees with the number
of the geometric class type in [58]. There is no table for the geometric
class type 20, as here the centralizers are maximal tori, and thus the
corresponding blocks have only one irreducible Brauer character. As
the G-class type 4 corresponds to elements of order 3, Table 4 is only
valid for primes ¢ > 3. There is an additional Table 21, which gives
the relevant information for those ¢-blocks of 2.F4(2) with non-cyclic
defect groups which contain faithful characters.

Recall that G and its dual group G* are identified. Let s € G be
a semisimple ¢'-element of G-class type (i, k) and let b be an ¢-block
inside & (G, s) of positive defect. Then Table i describes b and some of
its invariants, unless the Sylow ¢-subgroups of Cg(s) are cyclic.

We use the following notation. First of all, e = e,(¢) denotes the
order of ¢ in the multiplicative group of F,. Thus, only the cases e €
{1,2,3,4,6} are relevant, as otherwise the Sylow ¢-subgroups of G are
cyclic. Moreover, e > 2 only occurs in Tables 1, 2 and 4, as otherwise
the Sylow ¢-subgroups of C(s) are cyclic. In all other cases, e € {1, 2},
and then we let the parameter ¢ € {—1, 1} be such that ¢ | g —e. Also,
if £ is understood from the context, a denotes the positive integer such
that ¢° is the highest power of ¢ dividing ®.(q) (recall that &, denotes
the eth cyclotomic polynomial). For example, if ¢ = 3, the 3-part |G|3
of |G| equals 32

Let us now explain the structure and the contents of the tables.
These have up to 13 columns, numbered 1,...,13 in the first row of
the table. The column number determines the content type of the
column; if this content is not relevant for a table, the corresponding
column is omitted. The second row of the tables contains the column
headings, and the remaining rows between the second and last set of
double rules constitute the body of the tables, containing the desired
information on the blocks.

The contents of the table is separated by horizontal rules according
to the following scheme: Rules beginning in Column 6 separate the
information for different ranges of ¢, if necessary. Rules beginning in
Column 5 separate the information for different blocks; it turns out that
E(G, s) contains at most two blocks of positive defect, except in the
case e = 4. Rules beginning in Column 3 separate the information for
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the two values of € in case e € {1,2}. If such a rule is present, Column 2
usually contains two values for k, say kq, ko, separated by a comma. The
first set of rows between this horizontal rule beginning in Column 3
corresponds to ki, if € = 1, and to ko, otherwise. Likewise, the second
set of rows corresponds to ks, if ¢ = 1, and to k;, otherwise. An
analogous convention is used if there are two entries in Column 9. If the
entries in Column 2 are separated by a slash, there is a corresponding
and matching pair of entries in Column 9. If their are four entries
in Column 2, they are grouped in pairs, separated by a slash, and the
conventions above apply to each of these pairs. Finally, a rule beginning
in Column 2 separates the information for the different values of k. The
values of k£ are contained in the second column. An entry in a row of
the body of the table is effective for all rows below it up to the next
entry or to a separating horizontal rule.

Columns 3 and 4 describe the structure of the centralizer C' := Cg(s)
by printing the order of Z := Z(C), as well as the components of
[Ca(s),Cq(s)]F, under the heading [C, C]. These components are de-
scribed by their Dynkin type. We use the convention that flj designates
a component of type A; corresponding to short root elements. Finally,
we write A;(q) and flj(q) to denote a linear group if ¢ = 1, and a
unitary group if e = —1.

Columns 5, 6 and 7 give a label for b, its defect d(b) and the num-
ber [(b) of its irreducible Brauer characters, respectively. The label
of b describes an e-cuspidal pair associated to b in the following way:.
Suppose first that s is not quasi-isolated, i.e. the centralizer Cg(s) is
contained in a proper Levi subgroup of G. This is the case if and only
if s belongs to a class type ¢ > 6. As all proper regular subgroups of G
are of classical type, we may apply Theorem 3.9. Thus b corresponds
to a unipotent block b’ of £(Cg(s), 1), and the label of b is taken to be
the e-cuspidal pair (L, {) associated to b'; see [16, Theorem|. This label
is given as L, in Column 5 of Tables 1-19, unless L is a torus (and
thus ¢ the trivial character), where we just write 1 and suppress L.
If L = Bs(q), we write (; for the cuspidal unipotent character, (3 for
the 2-cuspidal unipotent character labelled by the bipartition (1,1),
and (4, () for the two 4-cuspial unipotent characters labelled by the
bipartitions (12, —) and (—, 2), respectively. In case of L = A5(q), we
write (2,1) for the e-cuspidal unipotent character labelled by the par-
tition (2,1). If s is quasi-isolated, i.e. s € {1,2,3,5}, the label of b
describes the e-cuspidal pair of G defining b, following [27, p. 349] (for
i =1) and [51, Table 2| (for ¢ € {2,3,5}), respectively.
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Column 8 describes the isomorphism type of a defect group D(b)
of b, in case D(b) is abelian. If D(b) is non-abelian, then ¢ = 3 and
D(b) is G-conjugate to a Sylow 3-subgroup of a group M; ;s dual to
Cq(s); in this case D(b) is identified by the pair (¢, k"). (In case i = 13
ori= 17 and k € {2, 3}, we use the convention that (¢, &) is such that
{i,7'} = {13,17} and {k,k'} = {2,3} but i #4 and k # k'.)

Column 9 contains the weight subgroups of b, described by their
conjugacy class in the set of radical ¢-subgroups. The first row cor-
responding to b gives its defect group. The radical 3-subgroups oc-
curring as weight subgroups in the tables below are named according
to Table 26. In order to be consistent with this labelling, the de-
fect groups in case ¢ > 3 and e € {1,2} are named as R;,, with
Jj €42,3,9,10,11,12,16,17,18}. These groups are Sylow {-subgroups
of suitable maximal tori Mg, with j and k as in the following table,
where the two cases for k£ in some of the columns correspond to the
cases € = 1 and € = —1, respectively.

il2 3 9 10 11 12 16 17 18
k121 16 22 3 7,8 4,5 12,13 17,18 1,2

If the description of a block is restricted to the case £ = 3, the second
index in R;, is omitted. In the tables for e > 2, we give the defect
groups as Sylow {-subgroups of a maximal torus My, denoted by Sy, .

Column 10 gives the structure of Outg(R, bg) = Ng(R,br)/RCq(R)
for the weight subgroups R of b, and Column 11, headed by W contains
the numbers W(R, bg); see (2) in Subsection 2.10 for this notation. In
Columns 12 and 13, if present, we remark a case distinction between
a =1 and a > 2, respectively between ¢ = 3, ¢ > 3 and ¢ > 3.

Our naming of the groups follows standard conventions. For exam-
ple, S3, Dg and ()g designate the symmetric group on three letter, the
dihedral and the quaternion group, respectively, of order 8. Further,
W (X;) denotes the Weyl group of the root system X;.
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9.2. Maximal tori. This subsection contains information on the max-
imal tori of Fy(q). The G-conjugacy classes of the F-stable maximal
tori of G are in bijection with the conjugacy classes of W. For each
such conjugacy class, Table 22 gives the order of a representative w, the
order of the centralizer |Cy (w)], the 2- and 3-power maps on the con-
jugacy classes, the action of the automorphism { of W (which swaps
s with s, and ss with s3), as well as the names of the conjugacy
classes following [20] and the structure of the corresponding maximal
tori. The first column of Table 22 numbers the conjugacy classes. The
reflections corresponding to the long respectively short roots lie in con-
jugacy class 12, respectively 17.
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Maximal tori of G

TABLE 22.
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9.3. The construction of the centralizers. Recall that F' = Flf
with Fj as in Subsection 4.1. In this subsection we assume that m is a
positive integer dividing f. Let Ty denote a 1-F}-split maximal torus
of G, and let W := Ng(Ty)/To.

Recall from Subsection 4.9 that the G-class types of semisimple el-
ements of G are numbered by pairs of integers (i, k), with 1 <1 < 20
and k depending on 7. The integer 7 labels certain subsets I'; C ¥ with
Iy = {ay,...,a4} and T'yy = 0, and such that T; is a base of I'; for
1 < <20. Moreover, k labels the conjugacy classes of Staby, (I';).

Let us now explain the contents of Table 23, referring to Subsec-
tions 4.1 and 4.9 for the notation. For each pair (i, k) as above, with
2 < ¢ < 19, this table lists several pairs of elements v,w € W; the
choice of these pairs depends on two parameters, namely on certain
congruence classes of f/m and on integers e € {1,2,3,4,6}. The first
column of Table 23 contains the sets I'; as list of integers 7, ..., j. if
I'; = {wj,,...,a; }, and the second column contains (7, k). Column 3
and 4 give the values of e and of the congruence class of f/m, respec-
tively, where a hyphen indicates that there is no condition on f/m.
Columns 5-7 of Table 23 contain the elements v, v//™ and w, respec-
tively, where we use the following conventions. Let I'" be one of the T;.
As T is a base of I', we have Wy = W5, and thus Wy is a Weyl group.
The longest element of Wr is denoted by wr and wy is the longest ele-
ment of W. Also, s; € W denotes the reflection corresponding to the
root ; and r; denotes a representative of the W-conjugacy class with
number j, according to Table 22. For w € W, we denote by w’ any
primitive power of w, i.e. any power of w of the same order as w.

The content of the last two columns of Table 23 and further prop-
erties of the data listed are collected in the following remark, whose
assertions are easily checked with CHEVIE.

Remark 9.4. Let ' C ¥, i,k € Z, e € {1,2,3,4,6} and v,w € W such
that some row of Table 23 has the values (T, (i, k), —, —, v, —, w, —, —).
Put Cr(vf/™w) := Cy (vf/™w) N Wr = Cy.(v//™w). Then the follow-
ing holds.

(i) We have v € Wr.Staby (I'), and the centralizers of semisimple
elements of G of G-class type (i, k) are of F-type (T, [v]).

(ii) We have w € Wr < W and the number, according to Table 22, of
the conjugacy class of v//™w in W is as given in the column of Table 23
headed with cl.

(iii) The elements v and w commute.

(iv) The element v centralizes Cr(v//™w), unless f/m is even and
(i, k) € {(12,2), (12,4), (16, k), k € {3,4,7,8,10}}.

(v) The structure of Cr(v//™w) is as given in the last column of
Table 23. O
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TABLE 23. Construction of Centralizers

r (i,k) e f/m v vf/m w cl  Cr(v/mw)
1,2,3,48 (2,1) 1 - 1 1 1 1 W(By)
2 — 1 1 wo 2 W(By)
4 - 1 1 re 6 [4%.2
1,2,4,48 (3,1) 1 — 1 1 1 1 W(As) x2
2 — 1 1 5154890 18 Dg x 2
(3,2) 1 #0(2) s17 S17 1 17 Dgx2
2 #0(2) wo wo 1 2 W(A3) x 2
1,3,4,48 (4,1) 1 — 1 1 1 1  SyxSs
2 — 1 1 S7S93 22 22
3 — 1 1 T9 9 32
(4,2) 1 #0(2) s12511 S12511 1 22 22
2 #£0(2) w wo 1 2 S3xS3
6 Z£0(2) 1w wo Ty 10 32
2,3,4,48 (5,1) 1 - 1 1 1 1 W(Cs) x2
2 - 1 1 wo 2 W(Cs) x 2
1,23 (6,1) 1 - 1 1 1 1 W(B)
2 — 1 1 wr 18
6,2) 1 =0(2) w, 1 11
2 =0(2) so 1 wp 18
1 #£0(2) s9 So1 1 17
2 £0(2)  w wo
1,24 (7,1) 1 - 1 1 1  2x5
2 — 1 wr 22 22
(7,2) 1 =0(2) w, 1 1 1 2x5,
2 =0(2) s15823 1 wr 22 22
1 #£0(2) s1553 S15503 1 22 22
2 #£0(2) 1w wo 1 2 2 x S5
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TABLE 23. Construction of Centralizers (continued)

r (i,k) e f/m v of/mw o Op(vfmw)
1,2,48 (8,1) 1 - 1 11 W(Ay)
2 — 1 51892 3 Dsg
8,4 1 =02) w, 1 11 W(A4y)
2 =0(2) sys17 1 $1822 3 Dy
1 #£0(2) s4817  Sas17 1 3 Dy
2 #£0(2) w wo 1 2 W(As)
8,2 1 =02) s 1 11 W(Ay)
2 =0(2) s 1 $1S899 3 Dy
1 #0(2) s4 S4 117 W(A;s)
2 #0(2) wesir wosi7 1 18 Dy
(8,3) 1 =0(2) wpsq 1 1 1 W(A;s)
2 =0(2)  si7 1 $1S892 3 Dy
1 #£0(2) s17 S17 1 17 Dqg
2 Z0(2) wesy wpsy 1 18 W(A;3)
1,3,4 (9,1) 1 - 1 1 1 1 Syx2
9 — 1 1w 22 92
9,2) 1 =02 w, 1 1 1 Syx2
2 =0(2) swso 1 wr 22 92
1 #£0(2) s20S19 S20819 1 22 22
2 £0(2) w, wy 1 2 Syx2
2,3,4 (10,1) 1 — 1 1 11 W(C)
2 — wr 13
(10,2) 1 =0(2) wo 11
2 =0(2) s wr 13
1 #£0(2) s So4 1 12
2 £0(2) wo  w 2
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TABLE 23. Construction of Centralizers (continued)

r (i,k) e f/m v vf/m w cl Cr(v!/mw)
2,3,48 (11,1) 1 — 1 1 1 1 Dgx?2

2 — 1 1 wr 13

(11,2) 1 =0(2)  wo 1 11
2 =0(2) 516 1 wr 13
1 #0(2) 516 516 1 12
2 #0(2) wo wo 1 2

2,448 (12,1) 1  — 1 1 1 1 93

2 — 1 1 wr 18

(12,3) 1 =0(2)  wp 1 11
2 =0(2) 513 1 wr 18
1 #£0(2) s s;3 117
2 #0(2) wo wo 1 2

(12,2) 1 =0(2)  sir 1 11 92
2 =0(2) S17 1 wr 18
1 #0(2) s17 S17 117
2 #£0(2) wosi3517 Wos13517 3

(12,4) 1 =0(2)  sisir 1 11
2 =0(2)  si3817 1 wr 18
1 #0(2) si3s17 $13817 1 3
2 £0(2)  wosi7 WoS17 1 18
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TABLE 23. Construction of Centralizers (continued)

r (i,k) e f/m v vf/m w cl Cr(v!/mw)

1,2 (13,1) 1 — 1 1 1 Sa
2 _ 1 wp 12 P

(13,6) 1 =0(2) wo 1 11 Ss
2 =0(2) Wowr 1 wr 12 2

1 # 0(2) Wowp Wowp 1 13 2

2 £ 0(2) wo wo 1 2 Sy

(13,2) 1 =0(2) 54 1 11 Ss
2 =0(2) S4 1 wr 12 2

1 Z 0(2) S4 S4 1 17 Ss

2 #0(2) S4wr S4wr 1 22 2

(13,3) 1 =0(2) WoS4 1 1 1 Ss
2 =0(2) WoS4 1 wr 12 2

1 #0(2) WoS4Wr WoS4Wr 1 22 2

2 Z0(2) WoSy WoSy 1 18 S

(13,5) 1 =0(3) S4819 1 1 1 Ss
2 =0(3) S4519 1 wr 12 2

1 Z 0(3) 54519 (84519) 1 7 S

2 Z 0(3) $4819Wp (s4s10wr)’ 1 14 2

(13,4) 1 = 0(6) WoS4519 1 1 1 Ss
2 = 0(6) WpS4S19 1 wr 12 2

1 =0(2)#£0(3) WpS4S19 (84819) 1 7 Ss

2 =0(2) £0(3) wosssiowr  (Sg819wr)’ 1 14 2

1 #£0(2)=0(3) wesss19wr woWr 1 13 2

2 #0(2)=0(3) WoS4S19 wo 1 2 Ss

1 ged(6, f/m) =1 wosgsiowr (wossspowr) 1 15 2

2 ged(6, f/m) =1 wpssSie (wos4S19) 1 8 S
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TABLE 23. Construction of Centralizers (continued)

r (i,k) e f/m v vf/m w cl Cr(v!/mw)
1,4 (14,1) 1 - 1 1 11 92
2 - 1 1 wr 22
(14,4) 1 =0(2) 17892 1 1 1
2 =0(2) s17822 1 wr 22
1 #£0(2) 817892 517599 1 22
2 #£0(2)  w wo 1 2
(14,2) 1 =0(2) s 1 11
2 =0(2) S17 1 wr 22
1 #0(2) s17 S17 1 17
2 Z0(2) wpesa Wo S22 1 13
(14,3) 1 =0(2) s 1 11
2 =0(2) sm 1 wp 22
1 #£0(2) 599 599 1 12
2 #0(2) wesiy WoS17 1 18
2,3 (151) 1 — 1 1 1 1 Ds
2 — 1 1 wr 3
(15,3) 1 =0(2) wowr 1 1 1
2 =0(2) wowr 1 wr 3
1 #0(2) wowr Wowr 3
2 #£0(2) wo wo 2
(15,2) 1 =0(2) s 1 1
2 =0(2) s 1 wr 3
1 #£0(2) S16 S16 1 12
2 #£0(2) wpsie WoS16 1 13
(15,4) 1 =0(2)  sg 1 11
2 =0(2) Ss 1 wr 3
1 #0(2) Ss Ss 117
2 #0(2) woss WoSs 1 18
(15,5) 1 =0(4) sss16 1 1 1
2 =0(4) ssS16 1 wr 3
1 =2(4) ssgsis (sgs16)> 1 3
2 =2(4) ssSi6 (sgs16)>  wr 2
1 #£0(2) sssi6 (sss16)’ 1 23
2 #£0(2) wosssie (wosssig) 1 24
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TABLE 23. Construction of Centralizers (continued)

r (k) e f/m v vf/m w cl Cr(v!/mw)
2,48 (16,1) 1 — 1 11 92
2 — 1 1 wr 3
(16,9) 1 =0(2) (s459)* 1 1 1
2 =0(2) (s489)2 1 wr 3
1 #£0(2) (s5459)*  (5489)> 3
2 £0(2)  w wo 2
(16,2) 1 =0(2) s 1
2 =0(2) S4 1 wr 3
1 #0(2) S4 S4 1 17
2 £0(2) wesy WS4 1 18
(16,6) 1 =0(2) s 1 1
2 =0(2) s 1 wr 3
1 #0(2) s Sg 12
2 #£0(2) wose WoSg 13
(16,5) 1 =0(4) 5480 1 1 1
2 =0(4) 5489 1 wr 3
1 =2(4) 489 (s489)> 1 3
2 =2(4) 5489 (S450)? wr 2
1 #0(2) 5459 (5459) 1 23
2 Z0(2) wessSe (wosssg) 1 24
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TABLE 23. Construction of Centralizers (continued)

L (4,k) e f/m v vf/m w cl Cp(v!/mw)
(16,4) 1 =0(2) sis17 1 1 1 92
2 =0(2) s4517 1 wr 3 22
1 #£0(2) s4517 S4817 1 3 2
2 #0(2) sg817 S4817 3 2
(16,7) 1 =0(2) sos17 1 1 2?
2 =0(2) sgs17 1 wr 3 22
1 #£0(2) s¢s17 89817 1 22 2
2 #0(2) sgs17 89817 1 22 2
(16,3) 1 =0(2) s 1 11 2?
2 =0(2)  sy7 1 wr 3 22
1 £02) s s 117 2
2 #£0(2) st S17 1 17 2
(16,10) 1 =0(2) wosir 1 11 92
2 =0(2) wosir 1 wr 3 22
1 £0(2) wosi7 WoS17 1 18 2
2 #0(2) woesir WoS17 1 18 2
(16,8) 1 =0(4) susosi; 1 11 2?
2 =0(4) s489817 1 wr 3 22
1 =2(4) s489517  (s459)> 1 3 22
2 =2(4) s489817  (5489)° wr 2 22
1 #0(2) s459517 (Sa89s17)" 1 16 2
2 Z0(2) s459817 (s489817) 1 16 2
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TABLE 23. Construction of Centralizers (continued)

r (i,k) e f/m v vf/m w cl Cr(v!/mw)

3,4 (17,1) 1 _ 1 11 Ss
2 — 1 wr 17 2

(17,6) 1 =0(2) wo 1 11 Ss
2 =0(2) Wowr 1 wr 17 2

1 # 0(2) Wowp Wowp 1 18 2

2 £ 0(2) wo wo 1 2 Sy

(17,3) 1 =0(2) 51 1 11 Ss
2 =0(2) 1 1 wp 17 2

1 £0(2) 51 51 112 Sy

2 #0(2) Swr Sqwr 1 22 2

(17,2) 1 = 0(2) wWos1 1 11 Ss
2 =0(2) WoS1 1 wp 17 2

1 #0(2) WoS1Wr WoS1Wr 1 22 2

2 Z0(2) WoS1 WoS1 1 13 S

(17,5) 1 =0(3) 1823 1 1 1 Ss
2 =0(3) $1593 1 wr 17 2

1 Z 0(3) 51893 (s1893) 1 4 S

2 Z 0(3) $1893Wp (s1893wr)’ 1 19 2

(17,4) 1 = 0(6) WS 523 1 1 1 Ss
2 = 0(6) WpS15923 1 wr 17 2

1 =0(2) #£0(3) WoS1523 (s1823) 1 4 S

2 =0(2) £0(3) wosiseswr  (s1893wr)’ 1 19 2

1 #0(2)=0(3) wosiSa3wr Wowr 1 18 2

2 #0(2)=0(3) WoS1S23 wo 1 2 Ss

1 ged(6, f/m) =1 wysisazwr (wosiseswr) 1 20 2

2 ged(6, f/m) =1 wpsiSes (wps1S23) 1 5 S
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TABLE 23. Construction of Centralizers (continued)

r (k) e f/m v vf/m w cl Cr(v!/m™w)
1 (18,1) 1 - 1 1 11 2
2 — 1 1 wp 12
(18,10) 1 =0(2) wowr | 11
2 =0(2) wowr 1 wr 12
1 #0(2) wowr wowr 1 13
2 #£0(2) wWo Wo 1 2
(18,2) 1 =0(2) s 1 11
2 =0(2) Sy 1 wr 12
1 #0(2) S4 S4 1 17
2 #£0(2) sqwr S4Wr 1 22
(18,8) 1 =0(2)  woss 1 11
2 =0(2) woesa 1 wp 12
1 #0(2) wesqwr wosqwr 1 22
2 #£0(2)  wysy WoS4 1 18
(18,9) 1 =0(2)  su 1 11
2 =0(2) S14 1 wr 12
1 #£0(2) S14 S14 1 12
2 #£0(2) spwr S14Wp 1 3
(18,5) 1 =0(2) woys1a 1 1 1
2 =02) wsu 1 wp 12
1 #0(2) wesyawr wesywr 13
2 Z£0(2) wosi WoS14 1 13
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TABLE 23. Construction of Centralizers (continued)

(1,k) e f/m v vf/m w cl Cp(v!/™w)
(18,6) 1 = 0(4) 51454 1 11 2
2 =0(4) $1454 1 wr 12
1 =2(4) 51454 (51484)2 1 3
2 =2(4) 51454 (51454)° wr 13
1 Z 0(2) 51454 (51454) 1 23
2 #0(2) $1484WT (s1as4wrp) 1 21
(18,4) 1 =0(4) WoS1454 1 1 1
2 =0(4) WoS1454 1 wr 12
1 =2(4) WoS1454 (51484)2 1 3
2 = 2(4) WoS1454 (51484)2 wr 13
1 £ 0(2) wos1asswr  (wos1asqwr) 1 21
2 Z 0(2) WpS1454 (wos1as4) 1 24
(18,3) 1 =0(3) 5483 1 1 1
2 =0(3) 5483 1 wr 12
1 # 0(3) 5483 (s453) 1 7
2 £ 0(3) S483Wr (sys3wr)’ 1 14
(18,7) 1 = 0(6) WoS4S3 1 1 1
2 = 0(6) WoS4S3 1 wr 12
1 =0(2)#0(3) WoS4S3 (s453) 17
2 =0(2)#£03) woesgsswr  (sgszwr) 1 14
1 #02)=03) wosaszwr Wowr 1 13
2 #0(2)=0(3) WoS4S3 wo 1 2
1 ged(6, f/m) =1 wosgsswr  (wosgsswr) 1 15
2 ged(6, f/m) =1 wpssss (wps4s3)’ 1 8
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TABLE 23. Construction of Centralizers (continued)

r (k) e f/m v vf/m w cl Cr(v!/m™w)
4 (19,1) 1 - 1 1 11 2
2 — 1 1 wr 17
(19,10) 1 =0(2) wowr | 11
2 =0(2) wowr 1 wr 17
1 #0(2) wowr wowr 1 18
2 #£0(2) wWo Wo 1 2
(19,2) 1 =0(2)  si 1 11
2 =0(2) 513 1 wr 17
1 #0(2) 513 513 1 17
2 £0(2) sjgwr S13Wr 1 3
(19,5) 1 =0(2) woss 1 11
2 =0(2) woss 1 wp 17
1 #0(2) wesiswr wesizwr 1 3
2 Z0(2) wosis WoS13 1 18
(19,3) 1 =0(2) s 1 11
2 =0(2) 51 1 wr 17
1 #0(2) 51 51 1 12
2 #0(2) sywr Sjwr 1 22
(19,4) 1 =0(2) wos: 1 11
2 =0(2)  wosy 1 wr 17
1 #0(2) wesywr wesywr 1 22
2 £0(2)  wesy WoS1 1 13
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TABLE 23. Construction of Centralizers (continued)

(1,k) e f/m v vf/m w cl Cp(v!/™w)
(19,6) 1 = 0(4) S1351 1 1 1 2
2 =0(4) 51351 1 wp 17
1 =2(4) 51351 (s1381)2 1 3
2 =2(4) 51351 (s1351)? wr 18
1 Z 0(2) 51351 (s1351) 1 23
2 Z=0(2) $13S1Wr (sizsiwp)” 1 16
(19,7) 1 =0(1) WS1351 1 1 1
2 =0(4) WpS1391 1 wr 17
1 =2(4) WpS1351 (s1351)* 1 3
2 =2(4) WpS1351 (s1381)° wr 18
1 Z=0(2) wosizsiwr  (wosigsiwr) 1 16
2 Z 0(2) WoS1351 (wosi3s1)” 1 24
(19,8) 1 = 0(3) 5159 1 1 1
2 =0(3) 5189 1 wr 17
1 §—£ 0(3) 5152 (8182)I 1 4
2 Z0(3) S1S2Wr (s182wr)’ I 19
(19,9) 1 = 0(6) WpS152 1 1 1
2 = 0(6) WS, S2 1 wr 17
1 =0(2)#0(3) WoS1S2 (s152) 1 4
2 =0(2)#£03) woesisowr  (sispwr) 119
I #0(2)=0(3) wesis2wr WoWr 1 18
2 #0(2)=0(3) WoS1S2 wo 1 2
1 ged(6, f/m)=1 wesisowr (wosisewr) 1 20
2 ged(6, f/m) =1 wosise (wos152)’ 1 5
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9.5. Fusion of maximal tori and central elements of central-
izers. We say that an F-stable maximal torus T of G fuses into an
F-stable closed connected reductive subgroup M < G of maximal rank,
if some G-conjugate of T lies in M. Table 24, contains, for each class
type (i,k), the F-stable maximal tori of G, identified by their num-
ber, fusing into M, ;. It also gives the class types of those elements
z € Z(M,)) which belong to a different class type. This table is an
excerpt of [58].
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Table 24: continued

(i', k") € Z(M, )

Tori in M j,

1,3,3, 12,12, 13, 17, 21, 22, 23

(i, k)
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(2,1), (5,1), (10, 1)
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(4,2), (5,1), (9,2), (10, 2)

(17,6) 2,8, 18
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9.6. Sylow 3-subgroups of centralizers. Table 25 collects informa-
tion on the G-class types and their centralizers. The numbering of
the class types follows the numbering in the Tables in [58|, with slight
adjustments explained in Subsection 4.9. For each class type with la-
bel (i, k), we let M := M, denote a corresponding F-stable regular
subgroup of maximal rank of G, such that M, is G-conjugate to the
centralizers in G of the elements of G-class type (i,k); see also Sub-
section 9.3. Table 25 gives the rough structure of M following the
conventions introduced in Subsection 2.1 and 2.9. The structure of
these groups can be determined with the methods utilized in Subsec-
tion 4.13. The structure of the groups for i € {4,7,9,13,17} assumes
31 q. (In case 3 | ¢, these groups are direct products; see Propo-
sitions 4.14 and 4.17.) We also give, in case 3 1 ¢, a representative
of the conjugacy class of radical 3-subgroups of G containing a Sy-
low 3-subgroup of M; cf. Proposition 6.6 and Table 26. Finally, the
last column of this table gives the conditions for the existence of a
semisimple element s € G with Cg(s) = M. The other notational con-
ventions used in the table have been in effect throughout this paper.
The integer ¢ € {1,—1} is defined by 3 | ¢ — ¢, provided 3 { ¢. Also
d = ged(2,q — 1) € {1,2}. The symbol oy denotes the direct product
of two groups. Any number in square brackets denotes a cyclic group
of that order. The notational conventions used to distinguish the cases
e =1 and € = —1, are the same as in Tables 1-19; see the introduction
to Subsection 9.1. The information given in Table 25, apart from that
on the Sylow 3-subgroups, is contained in [58].
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TABLE 25. Sylow 3-subgroups of centralizers
ik M Syl (M) Condition
1 1 Fig) Rss
2 1  Sping(q) Rsy q odd
3 1  (SL3(q) o2 SLa(q)).2 Ry 41q—1
(SL;"(q) ©2 SLa(q)).2 Rz Alg—1
3 2 (SL ()OzsLQ())Q Ry 4lqg+1
(SLy"(g) 02 SLa(q))-2 Rz 41q+1
4 1,2 (SL ( ) o3 SL5(q)) 3 Ry
5 1 (Spg(q) 02 SLa(q)).2 Ras g odd
6 1,2 (g —¢]oaSpinz(q)).d Rs, (¢, k) #(2,1)
(lg + €] oa Spinz(g)).d Rs» (g, k) # (2,1)
7 1,2 (SL5(q) o3 GL5(q)).3 R34 q#2,(q,k) # (4,1)
(SL3°(g) 03 GL;°(q))-3 Ry q# 2, (¢ k) # (4,1)
8 1,4 ([g—¢]o2SLi(g))-2 R34 q odd
(lg + ¢l 22 SL;"(q))-2 Ry g odd
2,3 ([g+¢]o2SLi(q))-2 Rso q odd
(lg — €] 22 SL;"(g))-2 Ry q odd
9 1,2 (GL3(q) 03 SL5(g)).3 R q#2,(q,k) # (4,1)
(GL;"(g) o5 (SL3"(q))-3 Ry q#2 (q,k) #41)
10 1,2 ([g — €] ea Sps(q)).d Rss (¢, k) #(2,1)
(lg + €] ea Sps(q))-d R (¢, k) #(2,1)
11 1,2 ([g— €] oz (Spy(q) x SLa(q))).2 Rig q odd
([q + €] o2 (Spy(q) x SLa(q))).2 Ris q odd
12 1,3 ([qg — €] 02 (SLa(q)? 03 SLa(q)).2).2 Rig q odd
([g + ] 02 (SLa(g)? 02 SLa(q))-2).2 Riy q odd
2,4 ([q — €] o2 (SLa(q?) 02 SLa(q)).2).2 Ri7 q odd
(lg + €] o2 (SLa(¢?) 02 SLa(q))-2)2 Rig q odd
13 1,6 (g —¢]? 03 SL5(q))-3 Ray q# 2,4
(g + €]? 03 SL5*(q))-3 R, q# 24
2,3 ([¢* —1] o3 SL3(q))-3 Ri3o q#2
(l¢> = 1] 03 SLz*(q))-3 Ry qF2
54 ([¢* +eq+1] 03 SL5(q)).3 Rs (¢ k) # (2,4)
(l¢* — eq +1] 03 SL5°(q)) 3 Ry (g, k) # (2,4)
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TABLE 25. Sylow 3-subgroups of centralizers (continued)

i k M Syls (M) Condition
14 1,4 (Jg — €]? og2 SLa(q)?).d? Ris q#2,4
([q + €]? og2 SLa(q)?).d? Ry q# 2,4
2 (Ig° — 1] 04 SLa(q)*).d Riz, Rig q# 2
3 (Ig° — 1] 04 SLa(q)*).d Rig, Riz g # 2
15 1,3 ([q — €]? o4 Sp4(q)).d Ris q#2, (g, k) # (4,1)
(lg + €]? 04 Spy(q)) d Ry q #2,(q,k) # (4,1)
2/4 ([4* — 1] 04 Sp4(q)).d Rig/Rir q#2
5 ([¢> + 1] 04 Spy(q))-d Rio
16 1,9 (Jg — €]? 02 SLy(g)?).2 Ris ¢ odd
([q + €] 02 SLa(q)?).2 Rip q odd
2/6 ([¢* — 1] 09 SLy(q)?).2 Ri7/Ris q odd
5 ([¢* + 1] 03 SLy(q)?).2 Ry q odd
3,10 (lg — €]? 02 SLa(g?)) -2 Riz q odd
([q +€]? 02 SLa(¢)).2 Ry q odd
4/7 ([¢* — 1] 09 SLy(¢?)).2 Ryy/Ry q odd
8 ([¢* + 1] 03 SLy(g?)).2 Rs q odd
17 1,6 (lg— <P o3 SL5(4) 3 Ry q72.4
(lg + £ 03 5L,7(0)) 3 R, q#24
3,2 (lg* — 1] o3 SL5(q))-3 Rs q#2
([¢* — 1] o3 SL3°(q))-3 Ry qF#2
5,4 ([¢* + eq + 1] 03 SL5(q)).3 Rag (q,k) # (2,4)
([¢* — eq + 1] 03 SL5*(q)).3 Ry (q.k) # (2.4)
18 1,10 (Jg — €]? o4 SLa(q)).d Ris q#2,4
([q + €] 04 SLa(q)).d Ry q#2,4
2.8/9.5 (1] x {4 <)) ou SLa())d_Frr/Toe 4 #2.(a.k) £ (2.2).(4.9)
(I = 1)  lg+e]) 0a SLa(a) d_Fo/Rio a#2,(0.k) # (4,2), (4,9)
3,7 ([¢* — €] 04 SLa(q)).d Ry (q,k) # (2,3)
(lg* + ] 04 SLalg)).d Ry (gh)#£(23)
6,4 (([g = €] x [¢* + 1)) 04 SLa(q)).d  Rao (q,k) # (2,6)
(([g + ] x [¢” + 1]) 04 SLa(g)).d_ Ry (g, k) # (2,6)
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TABLE 25. Sylow 3-subgroups of centralizers (continued)
i k M Syls(M) Condition
19 1,10 (Jg — €]? 04 SLa(q)).d Ris q#2,4
([q + €] 04 SLa(q)).d R q#2,4
2,5/3,4 (([¢* = 1] x [q —€]) 04 SLa(q)).d Ri7/Ris q # 2
([ = 1) x [q+]) 04 SLa()) d_Ruo/Ry g #2
8,9 ([¢*> — €] 0a SLa(q)).d Ry9 (q,k) # (2,8)
(I + £] 04 SLalg)).d Ry (g,k)#(28)
6,7 ((lg — ] x [¢* +1]) 04 SLa2(q))-d  Rug (¢, k) # (2,6)
(([g +¢] x [¢* +1]) 04 SLa(q)).d_ Rs (¢, k) # (2,6)
20 1,2 l[q —e]* Ris q#2
lg +el 1 q#2
3 [d] x [(¢? = 1)/d] x [¢* — 1 Ry q#2
4,5/7,8 [q —¢] x [¢® — €] Ris/Ryy q#2
[q +¢] x [¢° + €] 1 q#2
6 [ +1]? 1 q#2
9,10 [® +eq+1]? Ry q#2
l¢* —eq + 1) 1 q#2
11 l¢* — ¢ +1] 1
12,13/17,18 [q —€]* x [¢* — 1] Rig/Rir q # 2
la+¢e]* x [¢* — 1] Ry/Ry g #2
14,15/19,20 [(¢* —¢)(q +¢)] Re/R:  (q,k) # (2,15),(2,20)
[(¢® +¢)(a—¢)] Ry/Rs (g, k) # (2,15), (2,20)
16/21 [d] x [(¢* —1)/d] R3/Ry  q#2
22 l¢* — 1]2 Ry q#2
23,24 [(¢* +1)(g—e)] x [g—€] Rig q# 2
[(¢® + 1)(g+¢)] x [q+¢] 1 q# 2
25 l¢" +1] 1
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9.7. The radical 3-subgroups of Fy(q). The table in this subsection
lists the non-trivial radical 3-subgroups of G = Fy(q) and some of their
properties in case 3 1 ¢. The displayed information has been determined
in [6] for odd ¢, and in [4] for even g.

The parameters ¢, e, a and d have the usual meaning: ¢ € {—1,1}
is such that 3 | ¢ — &, and 3% is the highest power of 3 dividing g — &;
moreover, e = 1 if ¢ = 1, and e = 2, otherwise, and d = ged(2,q — 1).

Let R be one of the listed radical 3-subgroups. For easier refer-
ence, the first column of Table 26 contains a name for R, or rather for
a representative of the G-conjugacy class containing R. This num-
bering is different from the one given in [4]. The second column
gives the rough structure of the groups, using the conventions naming
cyclic groups, extensions and central products as introduced in Sub-
sections 2.1 and 2.9. These conventions are also used in Columns 5-7,
where Cg(R), Ng(R) and Outg(R) = Ng(R)/RCe(R) are described.
The groups L' = SL5(q), ¢ = 1,2 have the same significance as in Sub-
section 6.4, and T; and D;, i = 1,2, denote a maximal e-split torus and
a Sylow 3-subgroup of L?, respectively, constructed in Subsection 6.2.

The characteristic of R is defined to be the elementary abelian 3-
subgroup Q;(Z(R)), unless R € {Rag—R34}, where the characteristic
is defined to be Q([R, R]). In the latter cases, [R, R] is abelian. Recall
that if @ is a finite r-group for some prime r, then (@) denotes the
subgroup of ) generated by its elements of order r. This is elementary
abelian if @) is abelian. The characteristics of the radical subgroups
of G are worked out in [6, Lemma 4.2] and in |4, Proposition 4.5 and
Theorem 4.8], respectively. The fourth column of Table 26 gives the
names of the characteristics in the classification of |5, Table 4| (which
holds for all ¢). The third column of Table 26 gives the types of the
characteristics. If F is a characteristic, the type of E is the triple
(1,7, k) of non-negative integers adding up to |F| — 1, indicating that
E has exactly ¢, j and k non-trivial elements lying in the conjugacy
classes 3A, 3B and 3C of G, respectively. The type of F is written
as 3A;B,C;, (with obvious modifications if one or two of the i, j, k are
equal to 0). Column 8 contains the conditions on ¢ for which the
corresponding radical subgroup exists. Finally, Column 9 gives the
name of the group R, defined in Subsection 6.10.
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