THE EIGENVALUE ONE PROPERTY OF FINITE
GROUPS, II

GERHARD HISS AND RAFAY, LUTOWSKI

ABSTRACT. We prove a conjecture of Dekimpe, De Rock and Pen-
ninckx concerning the existence of eigenvalues one in certain ele-
ments of finite groups acting irreducibly on a real vector space of
odd dimension. This yields a sufficient condition for a closed flat
manifold to be an R..-manifold.

1. INTRODUCTION

The purpose of this article is to complete the proof of [14, Theo-
rem 1.1.5], thereby confirming a conjecture of Dekimpe, De Rock and
Penninckx [6, Conjecture 4.7]. More precisely, we establish the follow-
ing result.

Theorem. Let G be a finite group of Lie type of even characteristic.
Then G is not a minimal counterexample to [14, Theorem 1.1.5].

The proof of this theorem, which follows from Propositions 3.5, 5.6,
6.17, 6.27, and 7.13 below, is by far the most difficult part of our work.
Let G be a finite simple group of Lie type of even characteristic. One
reason for the complexity of our task is the fact that almost every
irreducible character of G has odd degree. For example, if G = E4(q)
with ¢ even, then G has ¢° + ¢° + 2 with z < ¢° irreducible characters,
of which ¢° + 8¢? have odd degree. Of course, not all of these are
real, but the task is to identify the real characters among these. It is
here, where we have to use the full power of Deligne-Lusztig theory,
in particular Lusztig’s generalized Jordan decomposition of characters.
The book [11] by Geck and Malle is of enormous help in this respect.
A rough sketch of the proof is given in [13].
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The general strategy is the same as in the first part of our work.
The large degree method (see [14, Subsection 3.1]) rules out most of
the instances to be considered. For the characters of smaller degrees we
apply the restriction method (see [14, Subsection 4.3]). This general
approach fails for numerous particular cases, be it for characters of very
small degrees or for very small values of g or the Lie rank of G. These
extra cases require lengthy and tedious calculations. The Tables |20,
21] by Frank Liibeck and extensive computations with GAP [9] and
Chevie [10, 26| provide substantial contributions to our proofs.

Let us now briefly comment on the content of the individual sec-
tions. Section 2 collects a few preliminaries of general nature. In
Section 3 we introduce the groups under examination, and prove our
result for those with a trivial Schur multiplier and no graph automor-
phism of order 3. We are then left with G' equal to one of SLy(q) with
ged(d, g — 1) > 1, SU4(q) with ged(d,q + 1) > 1, Eg(q) with 3 | ¢ — 1,
’Fe(q) with 3 | ¢ + 1, or PQJ(¢). In Section 4 we provide the rel-
evant theoretical background for these groups, including the specific
o-setups, duality, automorphisms and semisimple characters. In Sec-
tion 5 we establish bounds on the orders of centralizers of particular
automorphisms and elements in order to apply the large degree method.
The results are sufficient to rule out PQJ (¢) as a minimal counterex-
ample. Section 6 is devoted to the special linear and unitary groups.
After lengthy preparations, and a special treatment for the groups of
degree 3, we can finally show that these groups do not yield minimal
counterexamples. The analogous result is then proved in Section 7 for
the simple groups of Lie type Fj, twisted and untwisted.

In this second part of our series of two papers we will use the notation
and preliminary results of the first part. Recall in particular [14, No-
tation 4.1.1]: The symbol G denotes a non-abelian finite simple group,
which here is a group of Lie type of even characteristic. Next, V' de-
notes a non-trivial irreducible RG-module of odd dimension, and p the
representation of G afforded by V. Moreover, n € GL(V) is an element
of finite order normalizing p(G). Finally, v denotes the automorphism
of G induced by n.

2. GENERAL PRELIMINARIES

We begin with estimates for bounding character degrees and central-
izer orders in linear and unitary groups.

Lemma 2.1. Let a € R and m € Z with a,m > 2. Then the following
inequalities hold.
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(a) We have
am(m+1)/2(1 . afl _ a72) < H(az _ 1) < am(m+1)/2.
i=1
(b) We have

am(m+1)/2(1_a71 _a72) < H(az‘_ (_1)1) < am(m+1)/2(1_a71 _a72)71'
i=1

Proof. (a) The second estimate is trivial. According to [18, Proof of
Lemma 4.1], we have

H(l —a ) >1-a't-a?

i=1
Thus [[",(1 —a™") > 1—a"! — a2 Multiplying this inequality with
a™m+D/2 e obtain [, (a’ — 1) > a™™/2(1 — gt — a72).

(b) To prove the first estimate, observe that [[",(a" — (—1)") >

[T, (a* — 1), and use the first estimate of (a). To prove the second
estimate, observe that

e N | et O e a0 ) il (el Vi
[T, (@ — 1)

[T, o
[T, (e = 1)

and use the first estimate of (a). O

<

We will also need the following lemma on conjugation in algebraic
groups.

Lemma 2.2. Let H be an algebraic group (which could be finite), and
let M < H be a closed subgroup. Let t,t' € Z(M) with Cy(t) = M.
Suppose that t and t' are conjugate in H.

Then t and t' are conjugate in Ny(M). If Ny(M) is a product
Ng(M) = MS for some S < Ny(M), thent andt' are conjugate in S.
Moreover, if M NS = {1}, then S acts reqularly on the set of elements
of Z(M) that are H-conjugate to t.

Proof. Let h € H with "t = ¢. Then
M < Oyt ="Cy(t) ="M.

This implies that M = "M, as M and "M are closed subgroups of H
of the same dimension. Hence h € Ny (M). The second statement is
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clear, since t € Z(M). If M NS = {1}, the centralizer of ¢ in S is
trivial. This implies the final statement. U

Let us introduce one further piece of notation. Let H be a group,
B € Aut(H) and [ a positive integer. We then write

-1
Nou(h) =] 8'(h)
i=0
for h € H. With this notation, we have

(1) (adh o /B)l = adNﬁJ(h) o ﬁl
for every g € Aut(H), every h € H and every positive integer /.

3. THE ELEMENTARY CASES

In this section we introduce the groups to be investigated and prove
our result for a large subclass of them by an elementary argument.

3.1. The groups. If G = PQyy1(2) for d > 3 or if G = 2F4(2),
then G has the El-property by [14, Lemma 4.4.1]. If G = Fy(2),
then G has the Fl-property by [14, Lemma 4.4.2]. In order to prove
the E'l-property for simple groups of Lie type of even characteristic, we
may therefore assume that G is one of the groups specified in part (a) of
the following hypothesis. Part (b) lists a subset of these groups which
require a deeper analysis.

Hypothesis 3.2. (a) Let G be one of the groups in Lines 1-3, 5-14
or 16 of [14, Table 1|, where ¢ is even. If G is as in Line 3 or 8 of
this table, assume that ¢ > 2. For the convenience of the reader, we
reproduce the restricted list in Table 1.
(b) Let G be in one of the following subsets of the groups of Table 1.
(i) G = PSL4(q) with d > 3 and ged(d,q — 1) > 1,
(ii) G = PSUy(q) with d > 3 and ged(d, ¢ + 1) > 1,
(ii) G = E¢(q) and 3 | ¢ — 1,
(iv) G =2E¢(q) and 3 | ¢+ 1,
(v) G =PQ(a).
O

3.3. Restricting to a maximal unipotent subgroup. For G as
in Hypothesis 3.2, let B = UT denote the standard Borel subgroup
of GG, with standard unipotent subgroup U and standard torus T'; see
[14, Subsection 5.3|. Here we will restrict the character of V' to U to
deal with many of the cases listed in Hypothesis 3.2. In the following
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TABLE 1. The relevant simple groups of Lie type of
even characteristic

Row Names Rank Conditions

1 Ag_1(q),PSL4(q) d>2 qeven,(d,q)#(2,2),(2,4),(3,2)
2 24,.1(q),PSUy(q) d>3 q even, (d,q) # (3,2),(4,2)
3 Ba(q),PQuii(q) d>2 q > 2 even
5 Da(q),PQi,(q) d>4 q even
6  ?Da(q),PQ,(q) d>4 q even
7 G2 (q) q > 2 even
8 Fy(q) q > 2 even
9 FEs(q) q even

10 E:(q) q even

11 Es(q) q even

12 3D4(q) q even

13 ’Es(q) q even

14 By (q) q=2*"+1 > 2

16 ’F4(q) q=2*"+1 > 2

proposition we use |14, Notation 4.1.1]; see the last paragraph of the
introduction.

Proposition 3.4. Let G be as in Hypothesis 3.2(a). Assume that U
and T are stable under v. Let x denote the character of V. Then
(G,V,n) has the El-property, if any one of the two conditions below is
satisfied.

(a) There is T-orbit O of linear characters of U fized by v such that
(Resfi(x), \) is odd for every A € O.

(b) Every T-orbit of linear characters of U is fized by v>.

Proof. (a) Let A € O. If X is the trivial character, (Res{(x), \) equals
the degree of *R% (), which then must be odd. Let V; <V denote the
subspace of U-fixed points of V. This is an R7T-module with character
*R%(x). Thus there is an irreducible RT-submodule S of V; of odd
dimension. As |T'] is odd, S is the trivial RT-module. It follows that
Res%(V) contains a trivial constituent. Hence y is a principal series
character, and in particular unipotent. The only unipotent character
of G of odd degree is the trivial character; see |24, Theorem 6.8], taking
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into account our restrictions on . This is excluded by hypothesis.
Thus A is not the trivial character.

Since U is generated by involutions, U/U’ is an elementary abelian 2-
group, so that A is realizable over R. Let V; denote the RU-submodule
of Resf} (V) with character (Resi(x), A)A, i.e. Vj is the A-homogeneous
component of Res$ (V). As v normalizes U and thus also U’, the sub-
module nV; of Res§ (V) is the “\-homogeneous component of Res§ (V).
Since Y\ € O, there is t € T such that p(t)nV; = V. Replacing n by
p(t)n, we may assume that n stabilizes V;. As U is a 2-group, it has the
El-property by [14, Corollary 3.2.4|. In particular, (U, V;) has the E;-
property by [14, Lemma 3.1.2]. In turn (G, V,n) has the El-property
by |14, Lemma 3.1.3].

(b) Let O be a T-orbit of linear characters of U and let A € O.
Clearly, (Res$(x), \) = (Res5(x), \) for every other N € O, so O con-
tributes |O|(Res$(x), \) to the degree of x. If YO # O, we obtain an
even contribution to the degree of x, as (Res (x),"A) = (Res§ (), "\) =
(*ResS(x),"\) = (Res&(x), A) and O = O. Thus there is a v-invariant
orbit @ with |O|(Res$ (), A) odd for all A € ©. Hence the hypothesis
of (a) is satisfied. O

We can now prove the E'l-property for a large subclass of the simple
groups of Lie type of even characteristic. Our argument involves the
notion of regular characters of U, for which we follow |1, 14.B|. Notice
that regular characters are called non-degenerate in [4, p. 253|. Recall
the o-setup for G introduced in [14, Subsection 5.2|. Recall in partic-
ular that G is a simple adjoint algebraic group so that Z(G) is trivial.
Under the hypothesis of the following proposition, we have G = G .
We will also use the notation introduced in [14, Subsection 5.3| related
to the BN-pair of G.

Proposition 3.5. Let G be one of the groups of Hypothesis 3.2(a) not
listed in Hypothesis 3.2(b)(i)-(iv). If G = PQg (q), assume that v? is
a product of an inner automorphism of G with a field automorphism.
Then (G,V,n) has the E1-property.

Proof. We have v = ad, o 1 for some g € G and some p € T x Og;
see [14, Subsection 5.5]. Since G = G’, we may assume that v €
' X . In particular, v fixes U and T'. Every element of I'g, except
in the case where G = PQ{ (¢), has order at most 2. Thanks to our
assumption in the latter case, we have v? € ®¢, and thus v? stabilizes
every standard Levi subgroup of G and the unipotent radical of every
standard parabolic subgroup of G.
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Let A denote a linear character of U. By [1, 14.B], there is a stan-
dard parabolic subgroup P; = L;U; such that Uy is in the kernel of \.
Choose U; maximal with this property. Then A, viewed as a charac-
ter of U/Uy, is regular. Indeed, by [4, Theorem 2.8.7|, the unipotent
radicals of parabolic subgroups of L; are of the form U;/U; for subsets
JCI. NowlL;= f; for the standard Levi subgroup L; of G. As L;
has connected center (see [4, Proposition 8.1.4]), the argument given
in the proof of [4, Theorem 8.1.2(ii)| shows that then L; has a unique
T-orbit of regular characters. As v? stabilizes U and U; and sends \
to a regular character of U/Uj, it follows that v? stabilizes the T-orbit
containing A. Our assertion follows from Proposition 3.4. U

If G = PQJ(¢q) and v does not satisfy the hypothesis of Proposi-
tion 3.5, then v = ady, o v o u for some h € GG, some ¢ € I'¢ of order 3,
and some i € ®;. This case will be treated in Proposition 5.6 below.

4. PRELIMINARIES FOR THE REMAINING GROUPS

Here, we collect the properties relevant to our proofs for the remain-
ing group to be considered.

4.1. The o-setup for the remaining groups. Let G be one of the
groups listed in Hypothesis 3.2(b). We now specify the choice of G in
the o-setup for G and recall some notation concerning automorphisms.
In the present context, I is an algebraic closure of the field with two
elements. In cases (i) and (ii) for G we take G = PGL4(F), in cases (iii)
and (iv) we take G = E5(F)aq, and in case (v) we let G = PCSOg(F),
the simple algebraic group over F of adjoint type D,. The standard
torus T contained in the standard Borel subgroup B gives rise to the
root system of G, which is of type Aq_1, Fg or Dy, respectively. We
write II for the set of simple roots determined by T' and B. The corre-
sponding Dynkin diagrams are displayed in [14, Figure 1].

Recall the notation introduced in |14, Subsection 5.5]. In particu-
lar, ¢ = (s is the standard Frobenius morphism of G defined in [12,
Theorem 1.15.4(a)|, and &z = (p). If ¢ denotes a symmetry of the
Dynkin diagram of G, then ¢ also denotes the corresponding standard
graph automorphism of G. Let f be a positive integer and ¢ = 27.
Taking 0 := ¢f, we obtain the untwisted groups G = PGLg4(q),
respectively Fg(q)aq, respectively PQJ (¢). The corresponding simple
groups are G = PSLg(q), respectively Fg(q), respectively PQyg (q). If
G = PGL4(F) or G = E4(F).q, the group of symmetries of the Dynkin
diagram of G has order 2, so that I'z = (¢) for the non-trivial such
symmetry ¢. Taking o := ¢ o »f, we obtain the twisted groups G° =
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PGUy(q), respectively Fg(q)aq. The corresponding simple groups are
G = PSUy(q), respectively 2Eg(q). Recall that G° = GT ; see [12,
Theorem 2.2.6(g)].

For the sake of a uniform treatment, we will use the common e-
convention to distinguish between the twisted and the untwisted groups
in cases (i)—(iv). Fixe € {—1,1}. Ife =1, let 0 = ¢/, and if e = —1,
let 0 = 1o ¢/, where, as above, ¢ is the non-trivial symmetry of the
Dynkin diagram of GG. We will thus understand PSL?(q) to be PSL,(q)
if e = 1, and PSUy(q), if e = —1. Likewise, F§(q) denotes the simple
group Fg(q) if e = 1, and ?Eg(q), if ¢ = —1. This e-convention is also
used for the groups G~.

Clearly, G° and thus also G, are invariant under ¢ and ¢ for every
symmetry ¢ of the Dynkin diagram of G. The restrictions to G~ or G
of ¢ and any such ¢ are denoted by the same letters. In particular, &5 =
(). If G = PGLy(F) or G = E4(F).q, we have I'z = (1) for a non-
trivial symmetry ¢ of the Dynkin diagram of G. If the corresponding G
is untwisted, i.e. G = PSL4(q) or G = E4(q), then I'¢ = (1) has order 2.
If G is twisted, then ¢ = ¢/, viewed as elements of Aut(G), so that
t € ®g. Thus according to the conventions in [12, Definitions 2.2.4,
2.5.10], we have I'¢ = {1}, although I'z is non-trivial. If G is as in
case (v), I'g = I' is isomorphic to a symmetric group on three letters.
In this case, I'¢ has elements of order 2 and 3; the latter are called
triality automorphisms of G.

4.2. The dual groups. At some stage we will also need to consider
the groups dual to G. Namely, to describe the irreducible characters
of GG it is more convenient to realize G as a central quotient of the group

—x0*

G, where G is a group dual to G and o* is a Steinberg morphism
of G dual to o; see [11, Definition 1.5.17]. For a reason that will
become apparent in Subsection 4.3 below, we will henceforth usually
suppress the asterisk in the notation of ¢*, and just write o instead.
Only in some proofs we stick, for reasons of clarity, to the more precise
notation.

We take G as the simply connected version of the simple alge-
braic group of type Aq_1, Eg, respectively Dy. To be specific, if G =
PGLy(F), Eg(F)aq or PCSOs(F), we let G = SLy(F), Eg(F)s and
Sping(IF), respectively. There is an isogeny, i.e. a surjective homomor-
phism of algebraic groups with finite kernel,

(2) G -3
If G = SLy(F), we have G~ = SLq4(q), respectively SUy(q). If G~ =
Eg(F)sc, the group G’ is the universal covering group of G = E;4(q),
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respectively ?Eg(q). In all cases, the center of G is cyclic and of odd

order. The groups G~ are almost simple, whereas the groups G are
quasisimple.

4.3. Automorphisms, I. Assume that G is one of the groups of Hy-
pothesis 3.2(b)(i)—(iv), so that G = PGL4(F) or G = E(FF).q. Here, we
shortly comment on the connections between the automorphism groups
of G, G°, G, and their duals. Let us recall the notation introduced in
[12, Definition 1.15.1]. Thus Aut;(G) is the set of all automorphisms o
of G (as an abstract group), such that a or a! is an endomorphism
of G as an algebraic group. Notice that o € Aut;(G). Also, Aut;(G) is
a group; see |12, Theorem 1.15.7(a)]. Analogous notations will be used
for G .

The isogeny (2) gives rise to a natural map
(3) Auty (G) = Auty(G),

which is in fact an isomorphism; see [12, Theorems 1.15.6(c)|. By [12,
Theorems 1.15.6(b)], the isomorphism (3) preserves isogenies.

Lemma 4.4. Let t € T and let i € T'g x &7 be an isogeny. Then
o = ady o i is an isogeny of G. Let o € Auty(G) be the inverse
image of a under (3). Then o* is an isogeny of G, which is dual to o
in the sense of |7, Proposition 11.1.11].

Proof. Clearly, « is an isogeny. As (3) preserves isogenies, a* is an
isogeny as well. To prove the second claim, we may assume that ¢t = 1.
We may also assume that o = ¢, or a = ¢, the generators, introduced in
Subsection 4.1, of I'z and ®, respectively. The claim is then obvious.

O

Now identify Aut;(G") and Aut,(G) via (3). As o € Auty(G) is a
Steinberg morphism, its inverse image in Aut (G ) is a Steinberg mor-
phism of G dual to o. This justifies our simplified notation introduced
in Subsection 4.1.

Let @ € Aut(G). Then « is the restriction to G of an element
of Aut;(G) commuting with o; see [12, Theorem 2.5.4]. In fact, this
element giving rise to a may be chosen to be an isogeny. Indeed,
as « has finite order, a=! = ! for some non-negative integer I. The
claim follows from this, as either 8 or S~! is an isogeny for every
B € Auty(G). Also, a extends to a unique automorphism of G’ arising

from the elements of Auty(G) commuting with ¢ and restricting to «,
and we will tacitly view o as an element of Aut(G") this way.
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4.5. Semisimple characters. As already mentioned in Subsection
4.2, we are going to describe the irreducible characters of GG through the
epimorphism G — G via inflation. This does not introduce new char-
acters to be investigated, as Z (E*U), the kernel of this epimorphism,
is cyclic of odd order, so that every real irreducible character of G
has Z (é*”) in its kernel. (Contrary to a more common approach, we
interchange the roles of the group and its dual here, as our focus is on
the irreducible characters of the group 5*0.)

Viewed as element of Irr(G), the character of V is what is called a
semisimple character. For this notion, we follow [11, Definition 2.6.9].
By [11, Corollary 2.6.18(a)| and the results in [1, Section 15|, in par-
ticular [1, Théoréeme 15.10, Corollaire 15.11, Proposition 15.13 and
Corollaire 15.14]|, this matches with [1, Définition 15.A].

—*0

The set Irr(G" ) is partitioned into Lusztig series (G, s), where s
runs through the G'-conjugacy classes of semisimple elements of G ;
see |11, Definition 2.6.1]. The following lemma collects the properties
of semisimple characters relevant to our further investigation.

Lemma 4.6. Let x € Irr(G ) and let s € G be semisimple such that
X € 5(6*0,5)._Let o € Auty(G") be an isogeny commuting with o.
Let o € Auty(G) be an isogeny commuting with o, dual to o*. (Such
an isogeny exists; see, e.g. [11, 1.7.11].) Then the following statements
hold.

(a) The degree of x is odd, if and only if x is semisimple in the sense

of [11, Definition 2.6.9]. If x(1) is odd, then
X(1) = [G7: Cgo (5)]2-
(b) Assume that x has odd degree. Then the following assertions are
true.

(i) The semisimple characters in E(G",s) all have the same de-
gree, and they correspond, via Lusztig’s Jordan decomposition of
characters, to the irreducible characters of (Cgz(s)/Cg(s))?. In
particular, if Cz(s) is connected, then x is the unique semisim-
ple character in (G, s).

(ii) If x is real, then s is real in G°. If s is real in G° and Cx(s)
1s connected, then x is real.

(iii) If x is a*-invariant, then the G’ -conjugacy class of s is invari-
ant under o. If the G -conjugacy class of s is a-invariant and
Cz(s) is connected, then x is a*-invariant.
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(iv) Let L < G be a standard Levi subgroup of G with s € L. Let L

denote the standard Levi subgroup of G dual to L. Suppose
that s is real in L° and that Cp+(s) is connected.

Then E(E*U, s) contains a real, semisimple character i of odd
degree, such that <R%cr (), x) =1.

Proof. (a) and (b)(i). Use the notion of unipotent characters of C(s)”
as introduced in [22, 12|. Then, via Lusztig’s generalized Jordan de-
composition of characters, x corresponds to a unipotent character A of
C(s)? such that y(1) = A(1)[G” : C5-(s)]2; see [22, Proposition 5.1].

Suppose that x(1) is odd. Thus A(1) is odd, and hence A lies over an
odd degree unipotent character " of C%o(s). Then [24, Theorem 6.8]
implies that )\ is the trivial character. It follows that y is semisimple
by [11, Theorem 2.6.11(c) and Corollary 2.6.18(a)| and the definition
of the generalized Jordan decomposition from the usual Jordan decom-
position through a regular embedding of G'. This also implies that
the semisimple characters in £ (E*”,s) are exactly those that corre-
spond, via the generalized Jordan decomposition of characters, to the
extensions of A" to Cg=(s). Since Cge(s)/Cge(s) = (Cg(s)/Cx(s))” is
abelian by [1, Lemma 8.3], this implies (b)(i), one direction of (a), as
well as the degree formula.

Suppose now that x is semisimple. Then x(1) is odd by [11, Theo-
rem 2.6.11(b) and Corollary 2.6.18(a)]. This gives the other direction
of (a).

(b)(ii) If S is a o-stable maximal torus of G containing s, then Rg(s)

is complex conjugate to Rg(s_l) by the character formula; see [11,
* T s

Theorem 2.2.16]. The definition of the set E(G ', s) (see [11, Defini-
tion 2.6.1]) implies that the character complex conjugate to y lies in

—*%0

E(G ", s™1). This proves the first assertion. If Cx(s) is connected, x is
the unique semisimple character in (G, s) by (i). Since s is real, the
character complex conjugate to x lies in & (E*U, s), and is semisimple
by (a). Hence x is real.

(b)(iii) As o and o* are dual isogenies, we have

VEGT,5) =G a7 (s)):
see |29, Proposition 7.2]. The proof now proceeds as in (ii).

(b)(iv) The first claim follows from (i), (ii), and (a), applied to L.
Further, under any Jordan decomposition of characters, 1) corresponds
to the trivial character; see [11, Theorem 2.6.11(c)|. As x is semisim-
ple by (a), it corresponds, by (i), to an irreducible character A of Cz- (s)
which has CZ (s) in its kernel. As Cf(s) is connected, we have Czz(s) <



12 GERHARD HISS AND RAFAL. LUTOWSKI

C2o(s). As L is 1-split, Cz-(s) is a 1-split Levi subgroup of C2(s),
and thus Lusztig induction from Cz=(s) to CZe(s) is just usual Harish-
Chandra induction. Thus the trivial character of C7- (s), Harish-Chan-
dra induced to Cge(s) in the sense of [11, Definition 4.8.8|, contains A

with multiplicity 1; see [11, Proposition 4.8.10|. The second claim now
follows from [11, Theorem 4.8.24]. O

The next lemma paves the way for our applications.

Lemma 4.7. Let G be as in Hypothesis 3.2(b)(i)—(iv) and suppose
that every proper subgroup of G has the El-property. Let v denote the
standard graph automorphism of G of order 2. Let (V,n,v) be as in
[14, Notation 4.1.1], and let x denote the character of V.. View V as
an RG" -module and X as a character ofa*a via inflation. Let s € G~
be such that x € E(G°,s). Then (G,V,n) has the El-property under
the following hypotheses.

There is a v-stable, proper standard Levi subgroup L of G and a G -
conjugate s' € L', such that the conditions (i),(ii),(iil) hold.

(i) The element s is real in L°.
(ii) The centralizer C7(s") is connected.
(iif) For every a € Aut(G) stabilizing L', the following holds: If o(s)

and s are conjugate in G, then a(s') and s’ are conjugate in L’ .

Proof. Let the notation be as in Lemma 4.6. As L is t-stable and a
standard Levi subgroup of G, it is o-stable. As ¢ commutes with o, the
finite group L’ is t-stable as well. We may assume that s = s’ € L.
Let L denote the standard Levi subgroup of G~ dual to L. Then L
is o-stable. Let ¢ € Irr(L"") denote the unique semisimple character
in &I, s); see Lemma 4.6(b)(i). Then 1 is real, of odd degree, and
occurs with multiplicity 1 in R% (1); see Lemma 4.6(b)(iv). Since x is
not the trivial character, s £ 1, an thus v is not the trivial character
of L.

Write v = ady o p with h € G’ and € Ig x @g; see |14, Subsec-
tion 5.5]. As L is t-stable, u stabilizes L’ and the corresponding stan-
dard parabolic subgroup P°. Since G° = GT° (see Subsection 4.1),
there is g € G such that a := adjov = ad,op with t € T°. In particu-
lar, o stabilizes L7 and P°. Also, « is the restriction to G of an isogeny
a € Aut(G) commuting with o, which fixes T'; see the penultimate
paragraph in Subsection 4.3.

Let a* € Auty(G )7 denote the inverse image of a under the iso-
morphism (2) in Subsection 4.3. Then « and o are dual isogenies by
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Lemma 4.4. Now a* restricts to an automorphism of @*U, which sta-
bilizes L and the corresponding standard parabolic subgroup of G,
The automorphism induced by this a* on G = G~ /Z(G"") is the orig-
inal o we started with. As such, a* fixes x, and so a* also stabilizes
the G”-conjugacy class of s by Lemma 4.6(b)(iii). By Hypothesis (iii),
the L -conjugacy class of s is a-stable as well. It follows that 1 is
fixed by a*, once more by Lemma 4.6(b)(iii). The assertion now fol-
lows from [14, Lemma 5.4.1|, applied to the group G and the triple
(V,gn, a). O

5. BOUNDS ON ORDERS OF CENTRALIZERS AND ELEMENTS

In this section we establish bounds on the orders of certain central-
izers and elements. The results are enough to rule out G = Py (¢q) as
a minimal counterexample.

5.1. Bounds on orders of centralizers and elements. We need
to estimate the sizes of the centralizers of certain automorphisms of
the groups G listed in Hypothesis 3.2(b). We will use the notations
introduced and summarized in Subsections 4.1. Recall in particular
the o-setup for G, the notion ¢ = 27, and the significance of the sym-
bols ¢ and ¢, the latter denoting a non-trivial element of I's, as well
as its restriction to G. Also recall the e-convention for the linear and
unitary groups as well as for the groups of type Fg. We also define the
parameter 6 € {1,2} by 6 :=1,if e =1, and § := 2, if e = —1.
We begin with a definition.

Definition 5.2. With G as in Hypothesis 3.2(b), define the positive
integer Mg as follows:
(a) If G = E5(q), then Mg := ¢*.
(b) If G = PSL(q) with d > 5, then Mg := ¢¥@+V/2,
q, if e =1 and ¢ # 16,
(c) If G = PSL3(q), then Mg := < 62401, ife =1 and q = 16,
¢+ q3, ife=-—1.
(d) If G = PQJ (q), then Mg := ¢** + ¢'%.

Lemma 5.3. Let p be a prime and let a € Aut(G) \ Inndiag(G) with
la| = p. If G = PQJ(q) assume that q # 2. Then |Co(a)| < Mg,
unless G = E5(q) or G = PQJ(q) and « is a graph automorphism
of G of order 2. In the former case, |Cq(a)| < ¢°2, in the latter case,
Cala)] < ¢

Proof. Since |a| = p and a ¢ Inndiag(G), the order of « modulo
Inndiag(G) also equals p. It follows that o = ad, o p for some g € G’
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and some p € ['g X @ of order p. Recall that I' = {1} if G is twisted.
Write =/ o ¢’ with // € I'g and ¢’ € ®¢. As |u| = p is a prime, we
must have |¢'| = p or |/| = p. In the latter case, G is untwisted and
p =2 or p=3, where p = 3 only occurs for G = PQJ(q).

Suppose first that « is a graph automorphism of G. If G is un-
twisted, this means that ¢’ = 1, and either p = 2, or p = 3 and
G = PQi(q). If G is twisted, this means that / = 1 and p = 2. If
p =2 =r, then Cg(a) = Fi(q), SPajay2)(2), SP2(q),SO7(q) in the re-
spective cases of Definition 5.2; see [12, Proposition 4.2.9]. If p = 3,
we have Cg(a) = Go(q) by [12, Table 4.7.3A]. Notice that the lat-
ter reference only gives O% (C(a)), but according to [2, Table 8.50],
the only maximal subgroups of GG containing a subgroup isomorphic
to Ga(q) are Ga(q) itself or Sps(q). However, Ga(q) is the only max-
imal subgroup of Spg(¢q) containing Ga(q); see [2, Tables 8.28, 8.29].
Thus O% (Ca(a)) = Cg(a). In any case, the given upper bound for
|Ca ()| is satisfied.

Now suppose that « is not a graph automorphism. Then ¢’ # 1 so
that |¢'| = p. Recall that ®¢ is cyclic of order f if G is untwisted, and
of order 2f, if G is twisted. As p is odd in the twisted case, we have
p | f in any case. If G is twisted, ¢ is an involution in ®¢. Then @f/?
in the untwisted case, and ¢ o ©//? in the twisted case, are elements of
order p in ®g. Clearly, Cg(a) = Cg(a!) for all integers [ prime to p.
By Equation (1), we may thus assume that ¢’ = ¢/ /P respectively
@' = 10@pf/P. Recall that ¢ and ¢ arise from restrictions of corresponding
elements of Aut;(G), denoted by the same letters. Viewed as such,
p= 1oy and a = ad,opu are Steinberg morphisms of G. By our choice
of ¢', we have o = ¢'*. Hence p? = o, as |//| € {1,p}. It follows that
Cear (1) = Ca(p). Now Cgla) < Cgla) = Cg(pn) = Cgo(p); for the
isomorphism in the latter chain see [11, Lemma 1.4.14]. In particular,
|Cq(a)| < |Cg(p)| = |G"|. The groups of maximal order among the G
occur for G untwisted and p = 2. These are, in the respective cases,
’Fs(q0), PGU4(q0), PGUs(qo) and PQg (qo), where ¢ = ¢3. It is easy
to check that the orders of these groups satisfy the asserted bounds.
Notice that [PGU;3(4)| = 62400. O

We will also need the following technical result on the orders of some
elements of Aut(G).

Lemma 5.4. Suppose that G is as in Hypothesis 3.2(b)(i)—(iv). Let
B =ad;opu e Aut(G) witht € T° and p € T x . Suppose that
3| q—e. Then the following hold.

(a) Ift =1, then |5| divides § f.
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(b) If t is a 3-element, then || divides 3df.
(c) If e = —1, |u| is even and t97' = 1, then || divides 2f.

Proof. (a) This is clear, as ['¢ x ®¢ has exponent ¢ f.

(b) Put ¢ := 6f/fs3. If 6 = 1, then f is even as then 3 | 2/ —1. Thus ¢
is even. Also, |u°| divides f3. Hence pu¢ = ¢ for some even integer ¢’
By Equation (1), we have 3¢ = ad, o u¢ with a 3-element z € T. To
prove our claim, it suffices to show that 33¢/3 = 1.

Suppose that fs3 := 3” for some non-negative integer b. Then (q —

g)s = 3"*! by [16, Lemma IX.8.1(e)]. Observe that ¢ acts on T by
squaring the elements; see [12, Theorem 1.12.1]. Put ¢’ := 2¢. Once
more by Equation (1), we find that 43¢ = ad, o 3 with 2/ = 21+7+¢”.
As ¢ is an even power of 2, we have 3 | 1 +¢ + ¢'>. Hence |2/| = |z|/3,
unless || = 1, and |3 = |p|/3, unless |u¢l3 = 1. Iterating this
argument, we find that 8%* = ad, oid with y € T’ of order 1 or 3.
This completes the proof of (a).

(c) Since € = —1, we have I'¢ = {id}, and ®¢ is cyclic of order 2f.
Moreover, f is odd, as 3 | 2/ + 1. As |u| is even, Equation (1) implies
that 3/ = ad, o ¢/ for some z € T° with 29*! = 1. From Equation (1)
we get 32/ = ad 144 0id = id. This yields our assertion. U

5.5. The proof for the eight-dimensional orthogonal group. As
an illustration of Lemma 5.3, we complete the proof that the groups
PQy (¢) have the El-property.

Proposition 5.6. Let G = PQ(q). Assume that v = ady oo p,
where h € G, v € T'g of order 3 and u € ®g. Then (G,V,n) has the
E1-property.

Proof. By pre-multiplying n with h~!, we may assume that v = 1o p.
If |v| is even, we put g := 1. If || is odd, we let g € PQI(2) < G be a
t-stable involution, whose centralizer in PQF (2) has order 2'°3. Using
the fact that the centralizer of + in P (2) is isomorphic to G5(2), the
corresponding class fusion (computed with GAP) shows the existence of
such a g. By construction, v fixes g. The table of unipotent characters
of G in Chevie [10] contains, in particular, the orders of the centralizers
of the unipotent conjugacy classes of G. An inspection of these entries
shows that |Cs(g)] = ¢'%(¢*> — 1). Put a := ad, o v. Assume that
q # 2. Then |Ce(ag))| < ¢** + ¢** for every prime p dividing |a|. For
odd p or even |v| this follows from Lemma 5.3, as « is not a graph
automorphism of order 2. For odd |v| we have Cg(2)) = Ca(g).
By [14, Lemma 4.3.3| the triple (G, V,n) has the El-property, if

(4) x(1) > (la| = 1)(g" + ¢")"/2.
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Suppose first that x(1) > ¢%/8. If f > 5, then |a|-1 < 6f—1 < 2/ =¢.
For f = 4 we have |a] < 12 < 2% = ¢q. These bounds clearly imply
that (4) is satisfied for f > 4. For f =2 or 3, we have |a| = 6. Using
this and the exact values for x(1) given in [21], we see that (4) also
holds for f = 2,3. We are left with the case ¢ = 2, i.e. G = PQJ(2).
Here, ® is trivial and thus o = adg o, where ¢ is a ¢-stable involution
with centralizer of order 2'°3. Let G° := (Inn(G), o) = (Inn(G), v) and
let x° denote the character of G® afforded by V; see [14, Remark 4.2.5].
Now G° is a group of shape G.3. The character table of G.3, and thus
of G* is contained in the Atlas [5] and in Gap [9]. It is easy to locate the
conjugacy classes of G° containing the elements of (). Assume that y
does not satisfy (4). Using Gap, we find that then either x(1) = 175 or
X(1) = 525. In either case, we check that Resg; (x°) contains each of
the real irreducible characters of (a) as constituents. Hence (G,V,n)
has the El-property by [14, Lemma 4.3.1]. This completes the proof
in case x(1) > ¢°/8.

Now assume that x(1) < ¢°/8. Using [21], we find that x lies in
one of two series of irreducible characters of G of degrees (q — 1)?(¢* +
g+ 1)(¢*+1) and (¢ + 1)*(¢* + 1)(¢*> — ¢ + 1). We claim that x is
not invariant under v. This would contradict the fact that y extends
to G° = (Inn(G),v); see |14, Remark 4.2.5|. Using [20], it is easy
to see that x € £(G, s), where s is a semisimple element of G* with
Co(s) = GUy(q) or Ce«(s) = GL4(q). In fact, we may assume that
Cz+(s) is a standard Levi subgroup of G of type As. There are three
such Levi subgroups, which are mutually non-conjugate in G". Put
v* = 1" op*, where «* and p* denote the standard graph automorphism
of G of order 3, dual to ¢, and the standard field automorphism of G
dual to p, respectively. Then v* is an isogeny of G dual to v. Notice
that ¢* permutes the three standard Levi subgroups of G of type A;
cyclically. On the other hand, each standard Levi subgroup is fixed
by ¢*. Hence Cg+(*(s)) is not conjugate in G to Cge(s). It follows
that v*(s) and s are not G*-conjugate. As "y € £(G,v*(s)) by [29,
Proposition 7.2|, it follows that “x # x, as claimed. O

6. THE LINEAR AND UNITARY GROUPS

In this section, let G be one of the groups of Hypothesis 3.2(b)(i),(ii).
Thus G = PSL5(q) with d > 3 and ¢ = 2/, where ¢ # 2 if d = 3 and
e = —1. Put e := ged(d, g — €) and recall that e > 1 by hypothesis.
Also recall the definition of the parameter § from the introduction to
Subsection 5.1. We will further use the notations and results introduced
in Subsections 4.1-4.3.
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6.1. On the natural representation of the linear and unitary
groups. We extend our e-convention to the general linear and unitary
groups in the obvious way. We will need some results on semisimple ele-
ments of GLj(¢) acting on its natural vector space. In view of Lusztig’s
Jordan decomposition of characters, the description of real semisimple
elements is relevant for the classification of real irreducible characters.

Let E :=F," denote the natural column vector space for GL3(q). If
e = —1, the group GUy(q) < GL4(¢?) is the stabilizer of the Hermitian
form

d
(5) (('xlw"7xd)t7($17-~'7xd)t) = inyg_ﬂ-l
=1

on E. A subspace E is totally isotropic, if the hermitian form (5)
vanishes on E; x E;. A pair (El,EI) of totally isotropic subspaces
of FE is called a complementary pair, if £ EBEI is non-degenerate (which
implies that dim(E;) = dim(E})).

Let A be a monic irreducible polynomial over IF,s. We write A* for
the monic polynomial whose roots in [F are the inverses of the roots
of A. Then A* is an irreducible polynomial over F. If § = 2, we
write AT for the monic polynomial whose roots are the —gths powers
of the roots of A. Then AT is an irreducible polynomial over F,. The
notions A* and A are extended to all monic polynomials over Fs by
multiplicativity. We collect a few formal properties of these notions.

Lemma 6.2. Let A be a monic irreducible polynomial over F s of de-
gree k. Then the following hold.
(a) If A = A*, then k is even, unless k =1 and 1 is the root of A.
(b) If 6 =2 and A = AT, then k is odd.

Proof. (a) Let ¢ € F be a root of A. As ¢ is even, ¢ # (™!, unless
(=1

(b) Suppose that A = AT and let ¢ € F be a root of A. As A is
irreducible over F 2, the roots of A are ¢, (qQ, e qu%l), and k is the

smallest positive integer such that ¢ ¢t = C.

As A = Al there is 0 < i < k — 1 such that (¢ = ¢7". Hence
¢2@* '+ = 1. This implies (¢! = 1 and thus ¢©* "1 = 1. It
follows that ¢°“~" = ¢ which implies that & is odd. O

~

Lemma 6.3. Let 8,5 € GLg(¢°) be semisimple with characteristic
polynomial = and Z', respectively.

(a) The elements 3 and 5" are conjugate in GL4(q°), if and only if
_ /

[1]
[1]
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*

(b) The element s is real, if and only if = = =*.

(c) Suppose that 6 = 2 and that § € GUy(q). Then = = =T,

(d) Suppose that 6 = 2 and that §,8 € GUy(q). Then § and § are
conjugate in GUqy(q), if and only if they are conjugate in GLg(q?).

Proof. These assertions are well known. U

Lemma 6.4. Let 8 € GLy(q°) be semisimple and real and let d, denote
the dimension of the eigenspace of s for the eigenvalue 1. Then d =

d; (mod 2).

Proof. The eigenvalues of s different from 1 come in pairs of mutually
inverse elements. l

Definition 6.5. Let § € GL;(q) be semisimple, and let © be a monic
factor of the minimal polynomial of 5. We then put Eg($) := ker(0(3)).

Lemma 6.6. Put G := GL(q). Let § € G be semisimple with charac-
teristic polynomial =, and let A be a monic irreducible factor of = of
multiplicity m and degree k.

(a) The centralizer Cy(8) stabilizes Eg(8) for every monic factor ©
of the minimal polynomial of 5. In particular, Cg(3) stabilizes Ea(S).
If § =1, then Cx(8) induces GL,,(¢%) on Ea(3).

(b) Suppose that § =2 and let A’ be a monic irreducible factor of =
with A" # AT. Then Ea/(3) and EA(8) are orthogonal.

(c) Suppose that & = 2 and that A = AT. Then Ea(3) is non-
degenerate and Cau ,q)(8) induces GU,,(¢*) on Ea(8).

(d) Suppose that 6 = 2 and that A # AV. Then Ex(3) is totally
isotropic. In this case, En(8)®Eat(3) is non-degenerate and Cqu,(q)(5)
induces GL,,(¢**) on Ex(3) ® Eai(3).

Proof. These assertions are well known and easily proved; see e.g. [8,
Proposition (1A)]. O

Lemma 6.7. Let G = GUy(q) for some d > 2. Let 1 # § € G be
semisimple and real with characteristic polynomial =. Let Ay denote
the monic polynomial of degree 1 with root 1, and let di be the multi-
plicity of Ay in =. Let A # Ay denote a monic irreducible factor of =
of degree k and multiplicity m. Then the following hold.

(a) If A = AT, then A # A*, and A* occurs with multiplicity m
in=.

(b) If A # AT, then AT occurs with multiplicity m in Z.

(¢) We have d > dy + 2mbk.

(d) We have [Cauyp ()l < 1GUn(0") 3 IGUs k()2
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(e) Let d' denote the greatest multiplicity of an irreducible factor of =.
Ifd' =1, then |Cauyq)(8)z < (¢+ )% Ifd =2, then |Cau,q)(8)|r <
IGUs(q)|57H (g + 1) with d = d — 2|d/2).

Proof. The assertion in (c) follows from those in (a) and (b). To
prove (a), observe that k is odd if A = AT; see Lemma 6.2(b). Lemma
6.2(a) then gives A # A*. The remaining assertion follows from
Lemma 6.3(b). The proof for (b) is analogous.

Let us now prove (d) and (e). If A = AT, then A # A* by (b)
and we put A° := A*. If A # AT, we put A° := Af. Then E, :=
EA(8) ® Eac(8) is non-degenerate by Lemma 6.6(c)(d), and Cgu,q)(8)
induces GU,,(¢*) x GU,,(¢*), respectively GL,,(¢**) on E;. Let E,
denote the orthogonal complement of E;. Then Cqu,q)(5) fixes Fy
by Lemma 6.6(a)(b). Write § = §; + 83, where §; is the projec-
tion of 5 to Fj;, j = 1,2. We then have, with a slight abuse of

notation, CGUd(q)<<§) = CGUka(q)<§1) X CGUd—ka(q)<§2>' The claim
in (d) follows from |GL,,(¢*)|o < |GU,,(¢")|2/, which is easily proved
by induction on m. To see (e), first assume that d = 1. Clearly,

|GU1(¢")]o = ¢* +1 < (¢ + 1)*, and so the claim follows by induction
ond. If d = 2, suppose first that d’ = d; and that all irreducible factors
of = different from A; occur with multiplicity 1. Applying the first part
of the statement to the orthogonal complement of Ea,($), we obtain
o)l < GUs(@)](g+1)1=2, and thus, as (g+1)° < |GUs(q)f.
our assertion. If some irreducible factor of = different from A; oc-
curs with multiplicity 2, we can choose A such that m = 2. Now
GUa(¢)) ] = (¢* + 1)(¢™ — 1) < (g+1)*(¢% — 1)* = |GUs(q)lh, where
the middle inequality follows by induction on k. We are done by in-
duction on d. O

Let g € PGLS(q). An inverse image g € GLS(¢) under the canonical
epimorphism GLj(q) — PGLj(q) will be called a lift of g.

Lemma 6.8. Let s € PGL(q) be semisimple and real. Then there
exists a real lift § € GL3(q) of s.

Proof. Let y € PGL{(¢q) with ysy™' = s7!, and let 5,9 € GL;(q)
denote lifts of s and y, respectively. Then there is ¢ € F;a such that
g8yt = (571, Moreover, ("' = 1if § = 2. Let § € F;; with {2 = (.
(Recall that ¢ is even.) Thus £5 € GL5(¢q) is a lift of s and §(£3)5~! =
(£8)7". 0
6.9. Automorphisms, II. Here, we extend the notations introduced
in Subsections 4.3 in case of G = PGLy(F). Writing G := GLy(F), we
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get G = G/Z(G). This allows a convenient descriptions of Aut,(G)
using the natural matrix representations of G. Let ¢ denote the Stein-
berg morphism of G which ‘squares every matrix entry, and let ¢ de-

note the automorphism of é, defined as the inverse-transpose auto-
morphism, followed by conjugation with the matrix with 1s along the
anti-diagonal, and 0s, elsewhere. Then i is an involution that com-

mutes with ¢. Let I'z 1= (i) < Aut(G) and @5 = (¢) < Aut(G),

~

where Aut(G) denotes the automorphism group of G as an abstract

group. Then &= x I'z < Aut(G) and (I'gx @z)N Inn(G) is trivial. We
put
= -
Aut'(G) == Inn(G) x (I'g®z).
Write ¢ and ¢ for the automorphisms of G induced by i, respectively ¢.
Then ¢ and ¢ are the standard graph automorphism, respectively the
standard Frobenius morphism of G’ as in Subsection 4.1.
The natural homomorphism

~

(6) Aut’(G) — Auty (G)
is in fact and isomorphism. For u € Aut, (G) we write i for its inverse
image in Aut/(G) under (6).

6.10. Further preliminary results. We collect more preliminary re-
sults.

Lemma 6.11. (a) Some odd prime divides d, and ife = —1, then some
odd prime different from 7 divides d.

(b) If > 8, then ¢* > 2f(q+1)* and 1 —q~' —q™2 > ¢~ /.

(c) If ¢ =4, we have ¢* > 2f(q+ 1) and 1 — ¢t — ¢~ 2 > ¢ /2.

(d) If ¢ = 2, we have ¢® > 2f(q+1)> and 1 —q¢ ' — ¢ 2 > ¢ 2.

(e) We have |GLy(q)| < ¢© and |GUy(q)| < (1 —q ' — ¢ 2) g%, If
q >4, then |GUq(q)| < ¢™ V2, and if ¢ = 2, then |GUq(q)| < ¢ 2.

Proof. (a) The first assertion is clear since ged(d,q —¢) > 1 and ¢ — ¢
is odd. Also, 71 ¢+ 1, as 2/ mod 7 € {1,2,4}. This yields the second
assertion.

(¢)—(d) These assertions are trivially verified.

(e) This follows from the known order formula for GL5(q), together
with Lemma 2.1 and the estimates in (b)—(d). O

Lemma 6.12. Lett € G° = PGLS(q) be semisimple and let t € GL5(q)
denote a lift of t. Then |Cge (t)] < |Carz(g) (1)]-
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Proof. Put C' := Cgrz(q(t) and let C' denote the inverse image of Cze ()
in GL5(q). Then C' < C and [C:C] < q — e. Indeed, the map C' —
Z(GL5(q)), g — lg,t] is a homomorphism with kernel C. As |Cge (t)| =
IC|/(q — €), our assertion follows. O

Let u € GL4(¢°) be an involution. We say that u consists of I Jordan
blocks of size 2 if the Jordan normal form of w has [ Jordan blocks of
size (2 x 2) and d — 2l Jordan blocks of size (1 x 1).

Lemma 6.13. Let u € GLj(q) be an involution consisting of I Jordan
blocks of size 2 and let C' := Cqrs(q)(u). Then C is a semidirect product

C = UL with a unipotent radical U of order qud*?’l2 and a complement
L=GLj(g) X GLin(e). -

In particular, |C| < ¢ 244 jf e =1, and |O] < ¢ 2+ +4 /(o2 —
q—1)% ife=—1.

Proof. 1t is clear that u is conjugate in GL4(¢°) to the matrix

Id, 0 Id,
Ul = 0 Iddfgl 0
0 0 Id,
Observe that v € GUy(q). Thus u is conjugate to u' in GUy(q) if
¢ = —1. We may thus replace u by u’. A routine matrix calculation
then yields our assertion on the structure of C.
The estimates for |C| follow from Lemma 2.1. O

6.14. Modification of v. We now prove a crucial result on central-
izers of certain automorphisms of G. The aim is the modification of
the automorphism v by an inner automorphism in order to minimize
the centralizer orders of its powers. A priory, v can be any element
of Aut(G). Recall Definition 5.2 for the quantity M.

Proposition 6.15. Let 5 € Aut(G). Then there is g € G such that
a = adg o B has even order and the following statements hold.

(a) We have |Cq(agy)| < Mg for every prime p dividing |o| and
every element oy of () of order p.

(b) If G = PSLj(q) with d > 5, then |a| divides 6 f(q — ).

(c) If G = PSL;(q), then |a| divides 36f.
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(d) For the specified values of €, d and q, the order of a and the
structure of G° := (Inn(G), 5) are as given in the following table.

e d qg o G°
3 4 6 G.3 2 PGLy(4)
3 4 6 G.6
-1 3 8 6 G.3
-1 3 8 6 G.6
-1 3 8 18 G.3
1 3 32 30 PGU4(32) = (Inn(G), a'%)

~1 >5 2 26
1 >5 4 24,10
-1 6 2 6 G.3 = PGUg(2)
~1 6 8 26,18

Proof. By Lemma 6.11(a), we have d ¢ {4,8,16}, and if ¢ = —1, we
also have d ¢ {7,14}. We represent the elements of G° = PGL(q)
by elements in GLj(¢) and make use of the notation introduced in
Subsection 6.9. Let ¢ € GL(q) be a diagonal matrix. Then ¢(f) = £2,
and i(t) is obtained from ¢ by reversing the order of its diagonal entries
and inverting them. In particular, if ¢ is palindromic, i.e. invariant
under reversing its diagonal entries, then i(f) = ¢!

Recall that  has a factorization as 5 = adj o u with h € PGL{(q)
and u € I'g X @, and that A and p are uniquely determined by g. If
d = 3, we may assume that |h| is a 3-power by replacing h with ¢'h for a
suitable ¢ € G. Let h € GLg(q) represent h. If d = 3, assume that |5
is a 3-power. Notice that, in any case, det(ﬁ) lies in the subgroup of
IF;; of order ¢ — . We now choose a particular diagonal palindromic

element ¢ € GL5(q) with det(f) = det(h) as follows. For 3 < d < 6,
choose

diag(¢, 1, ), if d =3,
o diag (¢, 1, 1,1,0), if d =5,
) diag(¢,¢,1,1,¢,¢),  ifd=6,

diag(¢,¢,1,1,1,(,¢), ifd=7 (and e =1),

where ¢ € F7; is such that det(f) = det(h). This is possible since ¢ is
even. Notice that (97° = 1, so that £ indeed lies in GL5(¢). Notice also

that t = 1if h € G. Now suppose that d > 9. Define d € Z by d:=1,
if d is odd, and d := 2, if d is even. Put d’ := |(d — d)/4], so that
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d—d = 4d if d — d is divisible by 4, and d — d = 4d’ + 2, otherwise.
Choose ( € IF; of order ¢ — . Put

tA L diag(CIdd/, Idd/, gldd’, Idd/, CIdd/), if d— CZ = 4d,,
diag(¢Idg, Idg, ¢4, €1dg, ¢ Idg, (Idg),  otherwise.

Here, ¢ is chosen as a power of ¢ in such a way that det(f) = det(h).
Once more this is possible since ¢ is even. As ¢ is palindromic, /fL(f) is
a power of ¢ by what we have said above. In turn, N;;(#) is a power
of t for all integers [. Finally, t € GL5(q), as (9° = 1.

As det(f) = det(h), there is § € SLi(q) such that gh = i. Let ¢
and y denote the image of £, respectively ¢ in PGL5(q) and notice that
y € G. Put ' :=ad, o =ad; op. As (t) is p-invariant, Equation (1)
shows that |5’| divides |t||u|, and that |u| divides |f’|. Since [¢| is
odd, this implies that |§’| is even if and only if || is even. We now
distinguish two cases. Suppose first that |u| is even. Then |f’| is even
and we put a := . Now suppose that |u| is odd so that |f’] is odd.
Then p is a power of the field automorphism ¢. Choose an involution
2 € SLy(2) < GL3(q) which commutes with £ and whose number of
Jordan blocks of size 2 is as large as possible. From the structure of
Cars(g) (t) (see Lemma 6.6(c)), we conclude that we can choose % to
have |d/2]| Jordan blocks of size 2. Let z € G denote the image of
Z, and put a := ad, o / = ad,; o u. Now ad, commutes with [,
as p(z) = z and z commutes with ¢. In particular, |a| = 2|5’| and
() = B, for all odd primes p dividing |a|. Clearly, a(z) = ad..

(a) Let p denote a prime dividing [3'|. We claim that |Ca(5(,))| <
Mg. If 5&9) is not an inner-diagonal automorphism of G, the claim
follows from Lemma 5.3. Suppose then that ﬁEp) is an inner-diagonal
automorphism. As ﬁép) is a power of ', Equation (1) yields BEp) =
ady, () for some positive inter /. In particular, p is odd and [N, (t)| =
p. Also, C(B,)) = Ca(Nu(t)). As Ny(t) is a lift of N,,(t)), we
obtain R

[Ca(Nui()] < [Carsg) (Naa(t))]
by Lemma 6.12. This bound is sufficient for our purpose, except if d =
3. Recall that N, (#) = t* for some integer k. Since N;,(#) # 1, and the
eigenvalues of # lie in (¢), we have ¢* # 1. Also, ¢* # (7 as ¢ is even.
However, we may have ¥ = (¥ or €¥ = 1. This allows to estimate the
dimensions of the eigenspaces of N;;(#). Notice that the eigenvalues ¢’
of Nsi(t) satisfy ¢’ = 1. Lemma 6.6(c) implies that Cars(q) (N (1))
is a direct product of groups GLg (q), where d; is the dimension of
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an eigenspace of N;;(f). If d = 3, we have N,,(f) = diag(¢’,1,(’)
for some ¢ of order p so that Careg)(Nui(f)) = GLi(g) x GL5(q).
Clearly, every element of GL5(¢), which commutes with diag(¢’, 1, (")
up to a scalar, in fact commutes with diag(¢’, 1,¢’). Thus Cge (N, (1))
is the image of Cgrg(g) (N (t)) under the canonical epimorphism. It
follows that |Co(Nyu(1)] < |Car (N (D)) = [GL5(g)] = (g — )(g* —
1) < Mg, as claimed in (a). Suppose now that d > 3. For d = 5,6,
we obtain Care (g (Nai(f)) = GL3(q) x GL5(q), respectively GL3(q) x
GL3(q). Using the exact values of the orders of theses groups, we obtain
our claim in (a). For d = 7 we have ¢ = 1 and Cagr,(g)(Na()) =
GL3(q) x GL4(q). In this case, the claim follows from Lemma 6.11(e).
Now suppose that d > 9. If d — d = 4d’, then CGLZ(q)(NM(f)) is
isomorphic to one of GL5,(q) x GL3,_ 4(q) or GL3;(q) x GL54(q) x
GL5(q). If d —d = 4d’ +2, then Cgrz () (Nya(f)) is isomorphic to one of
GL () X Gy () X GLEy 1 4(4) or GLE(q) X GL () X GLE 0 (9) X GLE().
In each case, the first named possibility for the centralizer has a larger
order than the second. For d > 10, the estimate |GLS(q)| < ¢"**2 from
Lemma 6.11(e) yields our bounds. For d = 9,10 and ¢ > 4, we use
IGLE(q)] < ¢"*+/2, and for d = 9,10 and ¢ = 2, we use the exact values
for |GL;(¢)| to obtain our claim. This proves (a) in case |u| is even.

Now suppose that || is odd so that a = ad, o /. We have to show
that |Ca(a )| = |Ca(2)| < Mg. If d = 3, then [Cars () (2)] = ¢*(g—¢)?
by Lemma 6.13. The same lemma implies that [Care(g)(2)] < g2 if
e =1, and [Care(q (2)] < ¢“C+972/(¢* —q—1)%, if e = —1. This implies
that [Cars ) (2)] < ¢ /2 in all cases, except for ¢ = —1, ¢ = 2 and
d < 8 1If ¢ =2, we have 3 | d so that we are left with d = 6 by
Lemma 6.11(a) (recall that (d, q) = (3,2) is excluded by hypothesis, as
PSU;(2) is not a simple group). If d = 6, the involution 2 has 3 Jordan
blocks of size 2, and hence |Cqrz()(2)] = ¢°|GUs(q)| by Lemma 6.13.
Inserting the exact values for ¢ = 2, we obtain |Cgre(g)(2)] < ¢¥*/2
for ¢ = 2 as well. Clearly, Cg-(2) is the image of Carg(g)(2) in [
It follows that |Ca(a2))| = |Ca(z)| < Mg, thus completing the proof
of (a).

(b) Suppose first that |u is even, so that || = |f’|. Since |5’| divides
|t||u| and |t] and |p| divide ¢ — ¢ and d f, respectively, we obtain (b).
Now suppose that |u| is odd, so that |o| = 2|f’|. Since f isevenife = 1,
this implies that |u| divides d f /2, so that |’| divides ¢ f(¢—¢)/2, which
yields (b).

(c¢) By Lemma 5.4(b), the order of 5’ divides 30 f, and 36 f/2 if |5/
is odd. This yields the assertion for |a/.
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(d) If d =3, e =1and ¢ =4, then I'g X Oy is elementary abelian of
order 4. In addition, |a| € {2,6} by (c). Suppose that |a| = 6. If |3'] is
odd, then " = ad; and G°® = PGL3(4). If |#'| is even, then a = ad; o i
with [t| = 3 and g an involution fixing ¢. As ¢ and ¢ invert ¢, we must
have 1 = ¢ o ¢. This yields the second option for G°.

Suppose that G = PSU3(8). Then |a| € {2,6,18} by (c). We have
B = ad; o u for some t € PGUj3(8) of 3-power order and some p € Og.
Recall that t =1 if t € G. Hence either t = 1 or |t| = 9. If |f'| =3 or
|8’ =9, then |u| € {1,3}. In either case, a € Inn(G) but a® € Inn(G).
Thus G° = G.3. If |o| = 18, then || = 9 by Lemma 5.4(a)(c). We are
left with the case that |a| = |5’| = 6. Then |u| = 6 and a = . Hence
G° = G.6.

Suppose that G = PSU3(32) and |a| = 30. Then |5'| = 15 by
Lemma 5.4(c). It follows that o!® = 3’° = ady for an element ¢’ €
PGU;3(32) \ G. This proves our assertion.

Suppose that G = PSU,(4) for some d > 5. Then |5'| € {1,2,4,5}
by Lemma 5.4(c), which yields the claim for |a|. The analogous proof
works for G = PSUy(2) for some d > 5 and G = PSUg(8). If G =
PSUs(2) and |a| = 6, then |f'| = 3 by Lemma 5.4(c), and thus §’ €
PGUs(2). O

6.16. The linear groups of degree 3. We can now prove that the
linear groups of degree 3 have the E'l-property.

Proposition 6.17. Let G = PSL5(q) and let (V,n,v) be as in |14,
Notation 4.1.1]. Then (G,V,n) has the E1-property.

Proof. Let x denote the character of V. The character table of G is
available in [28]. The irreducible characters of G of degree ¢* + eq + 1
are not real. Thus x is one of the remaining irreducible character of
odd degree, and hence

x(1) > (¢° —2¢°)/3
by [28]. For these characters we are going to apply [14, Lemma 4.3.3],
with a constructed from 8 := v according to Proposition 6.15. Thus «
has even order and [Cg(ag)| < Mg for all primes p dividing |of,
where Mg is as in Definition 5.2(c). Moreover, |a| divides 35f by
Proposition 6.15(c). We also put G° := (Inn(G), a) = (Inn(G), v), and
let x® denote the extension of x to G°; [14, Remark 4.2.5].
Suppose first that e = 1. We aim to show that

(7) (¢* —2¢%)/3 > (la] — 1)MY>.
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Squaring, we see that (7) will follow from
¢° —4¢° + 4¢* > 9(|a| — 1)*Mg.
If ¢ > 64, we have |a| — 1 < 3f < ¢/4 and Mg = ¢*, and it is enough
to show that
16(¢° — 4¢° + 4¢") > 9¢°.
This is equivalent to
q°(Tq — 64) + 64¢" > 0,

which is obviously true for ¢ > 64. It remains to consider the cases
q € {4,16,64}. For q = 64, we have Mg = ¢* and |o| < 18. With
this, (7) holds. If ¢ = 16, we have |o| < 6 and Mg = 62401. Using
the exact values for y(1) from [28], we obtain y(1) > 5 - 62401'/2,
which gives our result. Suppose that ¢ = 4. Then x(1) € {35,63} by
the Atlas [5], and |o| € {2,6}. If |a] = 2, then (7) holds. Suppose
then that || = 6. By Proposition 6.15(d), either G°* = PGL3(4) or
G°® = (.6. According to the Atlas [5], no group of the latter shape has
a character of degree 35 or 63. If G° = PGL3(4), then x(1) = 63 and
Resg; (x°) contains each of the two irreducible real characters of («)
with positive multiplicity; see the Atlas [5]. Hence (G, V,n) has the
El-property by [14, Lemma 4.3.1].

Suppose now that € = —1. Then Mg = ¢* + ¢® and |« divides 6.
Suppose first that f > 21. Then (6f —1)% < 2/ and so (|a| — 1) < ¢*/2.
By [14, Lemma 4.3.3], we have to show that

(8) (¢* —2¢%)/3 > ¢'*(¢* + ¢*)'2,
as then
dim(V) > (¢* = 2¢°)/3 > ¢"*(¢" + ¢*)'/* > (la] = 1)(¢" + ¢*)"%.
Squaring (8), it suffices to show that
¢° —4q° + 44" > 967 (¢" + ¢°).
Noting that 4¢* > 0 and dividing by ¢*/3¢>, it suffices to show that
¢*3(q—4) > 9(q+1).

This is the case, as ¢ > 22'. For ¢ = 2 with 7 < f < 19, a GAP
computation shows that

(@* = 2¢°)* > 9(6f — 1)*(¢" + ¢*)
which proves our assertion, except for ¢ = 32 or ¢ = 8.
Suppose first that ¢ = 32. Then |a| < 10 or |a] = 30. Now (¢* —
2¢%)* > 9(10 — 1)*(¢* + ¢*), so that (G,V,n) has the El-property if
la| < 10. Suppose that |a| = 30. Then PGUj;(q) & (G,a'?) < G°
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by Proposition 6.15(d). In particular, x extends to PGUjs(g), so that
x(1) > ¢* — 2¢*% see the character tables in [28]. As (¢® — 2¢*)* >
292(q* + ¢?), this case also has the El-property.

Suppose finally that ¢ = 8. Then |o| € {2,6,18} by Proposi-
tion 6.15(c). Also, x(1) € {133,399,513}; see the Alas [5]. We have
x(1)%? > (Ja] — 1)*(¢* + ¢*), unless |a| = 18 or || = 6 and (1) = 133.
If |a] = 18, then G° = G.3, by Proposition 6.15(d). There are three
isomorphism types of groups G.3; see [5]. Only two of them have el-
ements of order 18. We use Gap to compute Resgj)(xo), where x°
is the character of G° on V; see [14, Remark 4.2.5]. It turns out that
this restriction contains every irreducible character of (o) with positive
multiplicity. Thus (G, V,n) has the El-property by [14, Lemma 4.3.1].
Now suppose that || = 6 and x(1) = 133. By Proposition 6.15(d),
either G° =2 G.3 or G° = (G.6. A GAP computation as in the case of
|a| = 18 shows that (G, V,n) has the El-property. O

6.18. The characters of large degree. From now on we can assume
that d > 5. In the next two lemmas we identify the irreducible charac-
ters of G whose degree is large enough to satisfy the condition of |14,
Lemma 4.3.3].

Lemma 6.19. Let G = GL:(q) for some d > 5. Let 1 # § € G
be semisimple and real. Let = denote the characteristic polynomial
of §. Let Ay denote the monic polynomial of degree 1 with root 1,
and let dy be the multiplicity of Ay in =. Let Ao, ..., A, denote the
distinct irreducible monic factors of = different from Ay. Let d; and k;
denote, respectively, the multiplicity of A; in = and the degree of A;,
71 =2,...,1. Then the following hold.

(a) We have
I
(9) d= Z djkja
j=1

(b) Let d' := max{d; | 1 < j <l}. Put C = Cx(3) and
D :=[G:Cy - g~ MDA,
Then
(10) D> (1- gl - q72)1’+1qd(d72d’71)/4

withl' =0ife=1andl' =1 ife = —1.
(¢) If dy < d/3 and d' > |d/2], then d' = |d/2] and = = AP ALY2]
where A is a monic polynomial of degree 2 with A = A*.

Y
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Proof. (a) Equation (9) is clear.

(b) Suppose that ¢ = 1. For 1 < j < [, each factorA;lj of = con-
tributes the direct factor GLg,(¢") to C; see Lemma 6.6(a). Suppose
that e = —1. For 1 < j < [, the factor A;lj of = with A; = A; con-
tributes the direct factor GUg,(¢") to C, and each factor (AJA;)”’J

with A; # A} the direct factor GLg,(¢*%); see Lemma 6.6(c),(d).
Lemma 6.11(e) yields, for either case of ¢,

l
(1 o q—l . q—2)l’|é|2/ S qujdj(dj-‘rl)/Q

IN

1
H gids @+ D)2
j=1

— q(d’+1)/2 o kid

_ qd(d'+1)/2_

Also,
|G|2, > qd(d+1)/2(1 _ q—l o q—Q)’
by Lemma 2.1, which gives (10).

(c) Let k&’ denote the maximum degree of the irreducible factors of =
occurring with multiplicity d’. Let A’ be one of the Aq,...,4,, for
which these values are obtained. By hypothesis, d’ > |d/2] > d/3 > d,
and thus A" # A,. If ' > |d/2], Equation (9) implies that £’ = 1; in
turn, A’ # A’ by Lemma 6.2(a). As A” occurs with multiplicity &’
in = by Lemma 6.3(b), this contradicts Equation (9). Suppose now
that d' = |d/2]; then k' < 2, and = is as claimed. O

Lemma 6.20. Let G = GL;(q) for some d > 5 such that e = ged(d, ¢—
e) > 1. Let 1 # 5 € G be semisimple and real with characteristic
polynomial =. Let A denote the monic polynomial of degree 1 with
root 1, and let dy be the multiplicity of Ay in Z. Put C := Ca(8).
Then one of the following holds.

(a) We have d; > d/3.

(b) We have = = AT ALY where A is a monic polynomial of de-
gree 2 with A = A*.

(c) We have [G:Cly > def(q—¢) - q

d) We have e = —1, g =4 and |

dt1)/4

d(
( G:Cly > 45 - ¢d+1/4,
(e) We have e = —1, ¢ =2 and [G: C)y > 15 - qHd+1D/4,
(f) We have e = —1, (d,q) = (5,4), a [G’ é] > 12 ¢dd+D/4,
(g) We have e = —1, (d,q) = (6,8) and [G:C)y > 51 - ¢Ad+1/4]

~
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(h) We have e = —1 and (d,q) = (6,2).

Proof. Adopt the notation of Lemma 6.19. Suppose that (a) and (b)

do not hold. Then d; < d/3 and d’ < |d/2| — 1 by Lemma 6.19(c).
First assume that ¢ = 1. Lemma 6.19(b) gives

(11) D > (1 . qfl o q72>qd(d72d’71)/4.

Asd < |d/2|—1, wehave d—2d'—1 > 1, if dis even, and d—2d'—1 > 2,
if d is odd. Since ged(d,q—1) > 1, we have ¢ > 4. Hence 1—¢~1—q=2 >
1—1/4—1/16 = 11/16.
From now on we distinguish the cases d even and d odd. Suppose
first that d is even, so that d —2d’' — 1> 1. If d > 12, then
D>11/16-¢"* >1/2- ¢ > ¢* > ef(q— 1),

where the first estimate arises from (11). We are thus in case (c¢). This
leaves the cases d = 6,10, 12. (The cases d = 4,8 do not occur thanks
to Lemma 6.11(a).)

For d = 10, we have e = 5 and ¢ > 16, and we obtain

D >11/16-¢** > 11/16 - ¢**(qg — 1) > 5f(q — 1),

so that we are in case (¢). For d = 6 or d = 12 we have e = 3. If
d = 12, we obtain

D >11/16-¢* > 3f(q — 1)

for all ¢ > 4, so that we are in case (¢). Suppose finally that d = 6.
By checking all the possibilities for =, using d <2 and d; =0, we find
that the largest possible value for |C|y is assumed for

Cla = (¢ = 1)(¢* = (" = 1).
Inserting the exact values for |G|y and |C|y, we obtain
D>q (g -1)(¢" - (@ = D(g" +¢* + 1),
Now (¢ —1)(¢’ = 1)(¢* = 1)(¢" + ¢* +1) > ¢%, and so
D> q5/2.

It is easily checked that

¢ >3f(g—1)
for ¢ > 4, so that we are again in case (c).

Assume now that d is odd, so that d —2d' — 1 > 2. If d > 7, we

obtain
D >11/16¢** > 1/2 - ¢"? > ¢* > ef(q — 1),
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where the first estimate arises from (11). We are thus in case (c¢). If
d =5, we have e = 5 and ¢ > 16. Moreover, d’ = 1. Then |C|y < ¢°—1,
and hence [G:Cly > (¢ —1)(¢* — 1)(¢* — 1)(¢* — 1). Now

(a= (¢ =@ = 1)(¢" = 1) >¢"?-5f(¢g—1)
for all ¢ > 16, so that we are in case (c). This completes the proof in
case € = 1.

Assume now that ¢ = —1. If d’ = d;, and each irreducible factor
A # Ay of = occurs with multiplicity strictly smaller than d;, put
A’ := A;. Otherwise, choose a monic irreducible factor A’ # A,
of = occurring with multiplicity d’, and such that deg(A’) is maximal
among the degrees of the irreducible factors of = with multiplicity d'.
Lemma 6.19(b) gives

(12) D>(1- q*l — q72>l+1qd(d72d’71)/4.

We now complete the proof with several claims. The end of the proof
of each claim is indicated by the symbol <.

Claim 1: If d < 6, we are in one of the Cases (c¢)—(h).

If d = 5 we have d’ = 1 from d’ < |d/2] — 1. Hence |Cly < (¢ + 1)
by Lemma 6.7(d), and so

D>q " q-1%¢ —q+ D)@+ 1)(¢" — ¢ +¢* —q+1).
As d =5 we have e = 5 and ¢ > 4. It is easy to check that
¢ P = D g+ D@+ 10" — ¢’ + ¢ —q+1) 210 f(g+1)
for all ¢ > 4 with 5 | ¢ + 1, so that we are in Case (c) for ¢ > 4. For
q = 4 we are in Case (f), as can be checked directly.

Suppose now that d = 6. Then e = 3, and thus 3 | ¢ + 1. Moreover,
d <2 asd < |d/2] —1. Also, d; =0, as d; < d/3. We also assume
that ¢ > 2, as the case ¢ = 2 is listed in (h). Suppose first that d’' = 2.
Then ¥ = 1 by Lemma 6.7(c). It follows that = = (AyA3)?A4As,
with polynomials As,... Ay of degree 1, and (AyA3)* = AyAz =
(A3A3)T. There are four such possibilities and Lemma 6.6 yields |C|y <
[GU2(q)[3/(¢ + 1)* = (¢ + 1)*(¢* — 1)*. Thus

D>q¢ (g 1)(@P+q+ D)@ =g+ D@+ D)(¢" — P+ —q+1).

It is easy to check that (¢ — 1)(¢* + ¢+ 1)(¢* — ¢+ 1)*(¢* + 1)(¢* —
P+ —q+1)>¢*%-6f(q+1) for all ¢ > 8 with 3| ¢+ 1, so that
we are in Case (c) for ¢ > 8. The case ¢ = 8 gives the bound asserted
in (g). If d = 1, we have ¥ < 3 by Lemma 6.7(c), and |C|y < (¢+1)°
by Lemma 6.7(e). In particular,

D>q 2 (q- 1P +q+ 1) (@ — g+ D (P +D(¢* -+ —q+1).
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It is easy to check that (¢ —1)*(¢* + ¢+ 1)(¢*> — ¢+ 1)*(¢* + 1)(¢* —
G+ —q+1)>¢*%-6f(q+1) for all ¢ > 2 with 3| ¢+ 1, so that
we are in Case (c). &

Assume henceforth that d > 6. Then d > 9 by Lemma 6.11(a).
Define the positive integer m by

d =1d/2] —m, m=1,2,...

Claim 2: Suppose that d > 6m’ and d # 6m’ + 1 for some positive
integer m/. If d = dy, then m > m/. In particular, if d = d;, then
m>1,asd>09.

This follows from [d/2] —m =d' =d; < d/3, and |d/2] —d/3 > m/'.
.

Claim 3: If m =1, then A’ # A; and k' = 1.

By Claim 2 we have d’ > d; and thus A’ # A;. Lemma 6.7(c) yields

d > 2k'(|d/2] — 1), which gives k' =1 as d > 9. &
Claim 4: Suppose that m = 1. Then

(13) D> (1—q " —qg?)>qB12/,

if d is even, and

(14) D> (1—q " —qg?)sqt20/,

if d is odd.

By Claim 3 we have A’ # A; and ¥ = 1. Moreover, A’ # A"
by Lemma 6.2(a). It follows that & = AM(A/A™)2-1 or = =
AP (A A)ARIZIA with A of degree 2. In the latter case, A is re-
ducible, as otherwise A # AT and AT would be a divisor of Z; see
Lemmas 6.2(b), and 6.7(b). From Lemma 6.6 we can determine the
structure of €' in each case. Lemma 2.1 then gives the asserted esti-
mates. &

Claim 5: If A" # Aq, then | < d—2d'+3. In any case, | < d—d +1.

Suppose first that A’ £ Ay. In view of (9), we get d > dy +2d' +1—3
by Lemma 6.7(c) and its proof. The first assertion follows from this.

If A" = Ay, the claim follows directly from (9). &
Claim 6: We have d — 2d' — 1 > 2m — 1.
This follows from d' = |d/2| —m < d/2 — m. .

Claim 7: We have
[+1<(d+5)/2+m,

and
[+1<2m+5  ifA #£A,.
This follows from Claim 5 and d' > (d —1)/2 —m. .
Claim 8: If ¢ > 8, we are in Case (c).
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Suppose that ¢ > 8. By Lemma 6.11(b) we have 1 —¢ ' —¢ 2 > ¢~ /4,
and it suffices to show that D > ¢3. Thus
D > qf(d+5)/87m/4+d(2m71)/4

by Claims 6 and 7 and (12). We have —(d+5)/8—m/4+d(2m—1)/4 >
3, if and only if d(4m — 3) — 2m > 29. The latter holds if m > 2.
Suppose then that m = 1 and that d is even. Then

D> q—5/4+(3d—12)/4

by (13). Hence D > ¢? for all d > 10. Suppose now that m = 1 and d
is odd. Then

D > ¢ 0/4+(6d=21)/4
by (14). Hence D > ¢® for all d > 9. &

Claim 9: If ¢ = 4, we are in Case (d).

Suppose that ¢ = 4. Then ¢ +1 = e = 5, so that 5 | d. Since
4114 > 45 it suffices to show that D > ¢'*/*. By Lemma 6.11(c) we
have 1 —¢~' — ¢ 2 > ¢~/2, and thus

D > g (@+5)/4=m/2+d(2m=1)/4

by Claims 6 and 7 and (12). We have —(d+5)/4—m/2+d(2m—1)/4 >

11/4, if and only if d(m — 2) + m(d — 2) > 16. If m > 2, this is the

case for all d > 10. Suppose now that m = 1 and that d is even. Then
D > ¢ %/2+Ed-12)/4

by (13). Hence D > ¢''/* for all even d > 10 with 5 | d. Suppose
that d = 10. Then d’ = 4 and we obtain &' = 1 from Lemma 6.7(c).
Lemma 6.7(d) yields |Cly < |GUy(q)|2|GUs(q)|». Using the exact
values for |GUy(4)|e and |GUyg(4)|, one checks that the bound on
[G:C|y in (d) is satisfied. If m = 1 and d is odd, we have

D > ¢ 6/2+(Gd-20)/4
by (14). Hence D > ¢''/* for all odd d > 5 with 5 | d. &

Claim 10: If ¢ = 2, we are in Case (e).

Suppose that ¢ = 2. Then ¢+ 1 = e = 3, so that 3 | d. It suffices to
show that D > ¢*. By Lemma 6.11(c) we have 1 — ¢! — ¢72 > ¢72
Suppose first that A" = Ay. Then d; = d’ > 1 by our choice of A’, and

D > g -5 2mtdem=1)/4
by Claims (6) and (7) and (12). We have —d—5—2m+d(2m—1)/4 > 4,
if and only if

(15) d(m —5) + m(d — 8) > 36.
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By Claim 2 we have m > 5 if d > 24. In particular, (15) holds for
d > 24. This leaves the cases 9 < d < 21. Using 1 < d = d; < d/3 and
d = d; (mod 2) to enumerate the remaining possibilities for d and d’ =
|d/2] —m, we find that (15) is satisfied unless (d, d") € {(15,3), (12,2)}.
Applying Lemma 6.7(e) to the orthogonal complement of the fixed
space of §, we get |Cly < |GUs(2)]»|GUL(2)[S, if d = 15 and |C]y <
|GU3(2)]2(2 +1)1%if d = 12. A computation yields

(16) [G:C)y > 15 . 24D/

in these two cases.
Suppose now that A" # A;. Then

D > ¢ im-10+d(2m-1)/4

by Claims (6), (7) and (12). We have —4m — 10+ d(2m — 1)/4 > 4, if
and only if d(m — 1) +m(d — 16) > 56. For m > 2, the latter holds for
d > 30, and if m > 4, the condition holds for d > 18.

Suppose then that m =1 and d is even. Then

D> q—10+(3d712)/4

by (13). Hence D > ¢* for all even d > 18 with 3 | d. If m = 1 and d
is odd, we have

D > 1262/
by (14). Hence D > ¢* for all odd d > 21 with 3| d.

We finally investigate the cases which cannot be ruled out with the
above arguments. These are included in the cases 9 < d < 15 and all
possible m such that d; < d’, and the cases 18 < d < 27and 1 < m < 3.
If ' < 2, we use the bounds on |C|y of Lemma 6.7(e). If d' > 2, we
use the estimate |Cly < |GUg(2)|2|GUq o0 (2)]y of Lemma 6.7(d).
Inserting these upper bounds and the correct value for |GU4(2)]2 into
the definition of D, we get (16) in all cases, except if d =9 and d' = 3.
Suppose that d = 9 and d' = 3. Since d; < d/3 = 1, we get that
= = A (A’A™)3A, where A is a reducible polynomial of degree 2.
Hence |C|y < |GUs(2)|3(2 4 1), which is enough to get (16). &

This completes the proof. O

6.21. The characters of small degree. In the next two lemmas we
show that the irreducible characters of G whose degrees are too small to
apply [14, Lemma 4.3.3], satisfy the hypotheses of Lemma 4.7. Recall
the notation Aut’(GL4(FF)) introduced in Subsection 6.9.

Lemma 6.22. Let s € GL4(FF) be semisimple and real with character-
istic polynomial =. Let Ay denote the monic polynomial of degree 1
with root 1, and let dy be the multiplicity of Ay in =.
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(a) Suppose that = = AT A% with A = AyA5, where Ay # Ay is
monic of degree 1. Suppose also that dy # dy. If kS is real for some
k€ F*, then k = 1.

(b) Let & € Aut'(GL4(F)) be such that &(8) is conjugate to k$ for
some k € F*. If dy > d/3, then &(8) is conjugate to 8.

Proof. (a) Let ¢ denote the root of Ay. Then 3§ has the eigenvalues &,
k(, k(™! with multiplicities di, da, do. Suppose that 3 is real. Then
k! =k, as d; # dy. This gives our claim.

(b) Notice that the elements of Aut’'(GLg4(F)) preserve dimensions of
eigenspaces for the eigenvalue 1. Thus &(3) has the eigenvalues 1 and &,
each with multiplicity d;. As &(38) is real, it also has the eigenvalue x~*
with multiplicity d;. Suppose that x # 1. As d; > d/3, this implies
di = d/3, and 1, K, k! are the eigenvalues of &(§), and hence of
k8, each with multiplicity d/3. It follows that § = x~'(k3§) has the
eigenvalues k!, 1, k72, each with multiplicity d/3. Since § is real,
we must have k2 = k. Hence &(8) and § have the same multiset of
eigenvalues, and so they are conjugate. U

Lemma 6.23. Let G = GL5(q) for some d > 5 such that e = ged(d, g—
e) > 1. If e = —1, assume that (d,q) # (6,2). Let 1 # s € G
be semistmple and real and let = denote the characteristic polynomial
of 5. Let Ay denote the monic polynomial of degree 1 with root 1, and
let dy be the multiplicity of Ay in =.

Suppose that = is as in (a) or (b) of Lemma 6.20. Then the following
statements hold. R X

(a) There is a standard i-stable Levi subgroup L of G, and there is
a G-conjugate § € L such § is real in L. Moreover, if & € Aut(G)
stabilizes L and the G—conjugacy class of 3, then &(3') is conjugate to §'
in L. R

(b) The image of L in G = PGLS(q) is of the form L’ for a standard
t-stable Levi subgroup L of G, and the image s of § in G satisfies the
hypotheses of Lemma 4.7 with respect to L’ .

Proof. (a) Since § is real, there is g € G such that §72 = 19, 5] € SL(q).
As q is even, this implies that det(s) = 1.

Suppose first that = is as in (a) of Lemma 6.20. Notice that d —d; >
2, as § is non-trivial and real. Put d| := |d,/2], and let L := L; of G,
where I corresponds to the nodes d} + 1,d} + 2,...,d — d} — 1 of the
Dynkin diagram of GLy4(F). Thus L = S x GL_24,(q), Where S is
the standard torus of GLyg (q) if ¢ = 1, and of GLy (¢?) if e = —1.
As 1 < d} < d—2 and [ is (-invariant, Lis a proper, non-trivial
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(i.e. different from T), standard, i-invariant Levi subgroup of G. By
hypothesis, there is & € GLg_,4 (¢), such that $ is conjugate in G to

§ = diag(Idg;, #,1dy;) € L.

The characteristic polynomial of & equals =/ A?dll. As 5 is real, we have

=* = =, and thus (E/A?dl)* = E/A?dl. It follows that & is conjugate

to 271 in GL3_ o4 (q), and so § is real in L. Now suppose that & €
1

Aut(é’) stabilizes L and the G—conjugacy class of 5. In particular, &
stabilizes

L, L] = {diag(Idg, #,1dg;) | 2 € SLG 4 ()}
Since 1 = det(8) = det(§) = det(&), we have § € [L, L] and thus
(8) = diag(Idg , &/, 1d,)

for some 2 € SLj_,; (). As & stabilizes the G-conjugacy class of &, the
characteristic polynomial of &(8§) equals =. Hence the characteristic
polynomial of Z' equals =/ Afdll, which is the characteristic polynomial
of . Thus & is conjugate to 2’ in GLj_,4 (¢) and so §' is conjugate
to @(%') in L.

Suppose now that § satisfies condition (b) of Lemma 6.20. Put
d' = d — 4. Consider the standard Levi subgroup L := fq, where [
corresponds to all the nodes of the Dynkin diagram of GL4(F) without
the nodes 2 and d — 2. Thus L = GLy(q) x GLg(q) x GLy(q) if € = 1,
and L = GLy(¢%) X GUg(q) if e = —1. If e = 1, let § € GLoy(q) denote
an element with characteristic polynomial A. Then det(g) = 1, as the
two roots of A are mutually inverse. If ¢ = —1, then A is reducible,
as otherwise A # AT by Lemma 6.2(b), contradicting Lemma 6.7(b).
Thus A = A;Aj for a monic polynomial Ay # A; of degree 1. Let
¢ € F,2 denote the root of Ay. In this case, put

j = diag(¢,¢™") € GLa(g).
Then g = i2(y), where iy denotes the standard graph automorphism
of GLy(g?); see Subsection 6.9. In either case of €, there is & € GL5(q),
such that § is conjugate in G to

§ = diag(y,#,9) € L.
Notice that if ¢ = —1, the displayed element indeed lies in GUy(q),
since § = iy(y). If d = 6 and € = 1, we take & = . It follows that &

is real in L, as § is real in GLy(¢°) and # is real in GL5(q), since its
characteristic polynomial equals A Al4/2/=2,
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As det(j)) = det(#) = 1, we have § € [L, L], where [L, L] = SLy(q) x
SLa(q) x SLy(q), respectively [L,L] = SLa(¢?) x SUg(q), with the
obvious embeddings of the direct factors into L. If d = 5, then SLa(q)
is the trivial group. If d = 6, then SL{(¢) = SLs(¢) is nonabelian
simple, as ¢ > 2 in this case (recall that (d, q) # (6,2) if e = —1). The
case d = 7 and € = —1 does not occur thanks to Lemma 6.11(a). Hence
for d > 6, the group SL (¢) is non-abelian simple and not isomorphic
to the group SLa(q%).

Now let & € Aut(G) normalize L, and thus [L, L]. By the remarks in
the previous paragraph, & permutes the direct factors SLy(q) of [f/, f)]
if d =6 and ¢ = 1. In all other cases, &, normalizes the direct fac-
tor SLE (¢) of [L, L], as well as the factor SLy(¢?) if € = —1, whereas it
permutes the two factors SLa(q) if € = 1. Hence &(§') is of the form

a(s') = diag(B(9), ¥(2), 5'(9)),

with automorphisms 3, 3" of SLy(¢?) and 4 of SLg(q). If ¢ = —1, we
have B’ =0 B , and B and 7 are the restrictions of & to the respective
subgroups of [L, L]. Since det(3(§)) = 1 = det(3(§)), the two eigen-
values of B(g)), respectively /3 (9), are mutually inverse. As & stabi-
lizes the G-conjugacy class of &, the characteristic polynomial of a(s)
equals Z. This implies that 5(3), 4(2) and 3'(j) have characteristic
polynomial A, /A2, respectively A. Hence B(g)) and 3 (g) are con-
jugate to § in GLy(¢°), and 4(%) is conjugate to & in GLS (q), which
implies the result. -

(b) Let L denote the standard Levi subgroup of G := GL4(F) cor-
responding to the subset I specified above in the two cases, and let L
denote the image of L in G under the canonical epimorphism
(17) G- G.

Then L is t-stable, and the image of LinG’ equals L”. We may assume
that § = & € L. Then, in both cases, Condition (i) of Lemma 4.7 is

satisfied.
To establish the second condition, suppose first that § is as in Case (a)

of Lemma 6.20. The natural embedding SLy s, (F) — [ZAL, IAL] yields an
isomorphism SLg o4, (F) — [L, L] of algebraic groups. In particular,
[L, L] is simply connected, and thus C7(s) is connected by a theo-

rem of Steinberg; see [4, Theorem 3.5.6]. Suppose now that § is as in

Case (b) of Lemma 6.20. The inverse image of C(s) in L under the
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map (17) equals
(18) {g€L|§sj " = ks for some x € F*}.
Lemma 6.22(a) implies that the group (18) equals C+(8). As central-

izers of semisimple elements in L are connected by the theorem of
Steinberg cited above, the image Cr(s) of (18) is connected as well.
Thus Condition (ii) of Lemma 4.7 is satisfied in both cases.

Now let a € Aut(aa) stabilize L” and the G -conjugacy class of s.
By the discussion in Subsection 6.9, there is an an automorphism & €

Aut/(G), which stabilizes L and such that @&(3) is G-conjugate to 3
for some £ € F,. Lemma 6.22(b) implies that &(3) is conjugate to §

in G, and so Condition (iii) of Lemma 4.7 follows from (a). O

Remark 6.24. An analogous result as in Lemma 6.23(b) does not
hold for d = 3. For example, suppose that G = PSL3(4). Then G° =
PGL;(4) and G~ = SLs(4). There are two conjugacy classes in G of
elements of order 5, whose centralizer is the cyclic maximal torus of
order 15. Let s be an element in one of these classes. Then E(G, s)
contains a unique element, which has degree 63, is real and has Z (6*0)
in its kernel. Thus these elements are relevant for our investigation.

Let s be a real lift of s of order 5. Then the characteristic poly-
nomial of § has the form A;A, where A; is as in Lemma 6.23, and
where A is irreducible of degree 2 with roots of order 5. Thus $ is as
in Lemma 6.20(a)(b).

The only t-stable standard Levi subgroups of G~ are T° and G~
itself. No conjugate of s lies in 1" .

Of course, there is a ¢-stable conjugate of a proper standard Levi
subgroup of G° meeting the conjugacy class of s, but this does not
lie in any ¢-stable parabolic subgroups, so the argument arising from
Proposition 3.5 cannot be applied. O

6.25. The main result. We are now ready to establish the main result
of this section.

Lemma 6.26. Let xy € Irr(SLj(q)), and let x € Irr(GLj(q)) lying
above x. Then there is a positive integer ¢’ with €' | e such that x(1) =

x(1)/¢€'.
Proof. Clearly, Z(GLj(q))SL5(q) stabilizes y, and
[GLa(q): Z(GLy(q))SLa(q)] = e

As GL;(q)/SL5(q) is cyclic, the restriction of x

to is a sum of ¢’
distinct conjugates of y, where €’ | e. Thus x(1) =

SLy(a)
x(1)/¢. 0
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Proposition 6.27. Let G = PSLS(q) with q even, d > 5 and e =
ged(d,q —e) > 1. Then G is not a minimal counterezample to |14,
Theorem 1.1.5].

Proof. Suppose that G is a minimal counterexample to [14, Theo-
rem 1.1.5]. Let (V,n,v) be as in [14, Notation 4.1.1]. Let x be the
character of V, viewed as a character of SL5(¢) = G . Let s € G~
be semisimple such that x € E(G ,s). As x is real, s is real by
Lemma 4.6(c)(iii). By Lemma 6.8(a), there exists a real lift § € GLj(q)
of s.

Suppose that § is as in Cases (a) or (b) of Lemma 6.20. Lemma 6.23
shows that s satisfies the hypotheses of Lemma 4.7. Hence (G,V,n)
has the El-property, as we have assumed that GG is a minimal coun-
terexample.

Assume now that § is as in one of the remaining cases of Lemma 6.20.
Let a be constructed from [ := v as in Proposition 6.15. Then
|Ca(ap))| < Mg for every prime p dividing |« and every element
ap) of () of order p. Here, Mg = q¥+V/2; see Definition 5.2. By [14,
Lemma 4.3.3], it suffices to show that

(19) X(1) > (Jo] = DM = (Ja| = 1)g" /%,

Bounds for |a| are given in Proposition 6.15(b)(d). We will use these
bounds below without any further reference.

If sis as in (c) of Lemma 6.20, then (19) holds. Suppose that we are
in Case (d) of Lemma 6.20. Then x(1) > [G:Cly/5 by Lemma 6.26,
and |a| < 10. It follows that (19) is satisfied. Analogous proofs work
in Case (e) and (g) of Lemma 6.20.

Suppose now that we are in Case (f) of Lemma 6.20. Thend =e =5
and ¢ = 4. Also, x(1) > 12-2'%/5 > 78634. On the other hand, (19)
holds for x(1) > 9-2!% = 294912. The character table of G = PSUj;(4)
is available in GAP [9]. The two inequalities above imply that y(1) =
81549. Then, however, x is not invariant in PGUs(q). As x is a-
invariant and ®g has order 4, this implies that a € ®g. If |o| =
2, then G is not a minimal counterexample by [14, Corollary 4.3.2].
Hence || = 4. As d is odd, the graph automorphism ¢? of G has
fixed subgroup isomorphic to Sp,(4); see [12, Proposition 9.4.2(b)(2)].
We have [Sp,(4)| = 979200 and hence |Sp,(4)|'/? < 1000. Then [14,
Lemma 4.3.3] shows that (G, V,n) has the Fl-property, as dim(V') =
81549 > 3 -1000.

Suppose finally that we are in Case (g) of Lemma 6.20. Then d = 6
and ¢ = 2. Moreover, |a| =2 or |a| = 6. In the former case, (G, V,n)
has the F'1-property by [14, Corollary 4.3.2|. Assume then that |a| = 6.
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Then G° := (Inn(G),a) = PGUg(q) by Proposition 6.15(d). Also, x
extends to a character x® of G°; see [14, Remark 4.2.5]. The character
table of PGUg(q) is available in the Atlas as well as in GAP. If x(1) >
5-2%/2 then (19) is satisfied. Using this, we are left with the two
cases x(1) € {231,385}. With the notation of [14, Lemma 4.3.1], it
suffices to show that Resg; (x°) contains each of the two irreducible,
real characters of () with positive multiplicity. This is easily checked
to be true. O

7. THE GROUPS OF TYPE FEj

In this section we complete the proof that no finite simple group of
Lie type FEg is a minimal counterexample to [14, Theorem 1.1.5].

7.1. The Weyl group and the graph automorphism. Let G =
E§(q). The strategy to deal with these groups is the same as the one
employed for the linear and unitary groups in Subsection 6. Suppose
that G = E4(F). For the explicit computations in the Weyl group
W(G) and the root system ¥ = X(G) reported below, we use the
GAP3 package Chevie [10] with its extensions by Jean Michel [26]. In
particular, we follow the numbering of the roots used in [10]. Thus r;
denotes the root of position 7, 1 < 5 < 36, in the list of positive roots
of ¥ provided by [10]. The simple roots are 71, ..., 7, where the root r;
is attached to the node with number j, 7 = 1,...,6, in the Dynkin
diagram of ¥ displayed in [14, Figure 1]. Finally, s; € W(G) denotes
the reflection on the hyperplane perpendicular to r;. The elements
n; € Ng(T) introduced in [3, Lemma 6.4.2] are lifts of the reflections s;;
see [3, Theorem 7.2.2]. As F has characteristic 2, the standard torus T
has a complement in Ng(T), namely the subgroup generated by the
elements n;, j = 1,...,6. This follows from the Steinberg relations as
exhibited in [3, p. 192-193]. Although the Steinberg relations define
the simply connected group G of type Eg, the claimed result for the
adjoint group G follows from this, as G is a quotient of G with a kernel
contained in its standard torus. In the following, we will thus identify
W (G) with a subgroup of N&(T).

The graph automorphism ¢ € Aut(G) arises from the non-trivial
symmetry, also denoted by ¢, of the Dynkin diagram. The symmetry ¢

of the Dynkin diagram induces an automorphism of W (&), which is,

in fact, the restriction of ¢ € Aut(G) to W(G). Once again, this auto-

morphism of W (G) will also be denoted by ¢. If e = —1, then ¢ equals

the automorphism of W(G) induced by o; see [14, Subsection 5.3] and
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Subsection 4.1. As ¢ acts trivially on W(G), an element u € I'g x ®5

fixes w € W(G), if and only if ¢ fixes w.

7.2. Some Levi subgroups. For I C II, let L; denote the corre-
sponding standard Levi subgroup of G see [14, Subsection 5.3]. Notice
that L; is p-invariant, and L; is t-invariant if and only if I is invariant
under symmetry ¢ of the Dynkin diagram. More generally, if J C X,
the subsystem subgroup of G corresponding to the closed subsystem
of ¥ generated by J, is denoted by Lj; see [25, Section 13.1] for the
definition and construction of subsystem subgroups.

For I C TI, the normalizer of the standard Levi subgroup L; can
be computed by an algorithm of Howlett [15]. In fact, Ng(L;)/L;
Staby, @) (1), and Ng(Ly) is generated by L; together with elements

in Ng(T), whose images in W(G) generate Staby, g (). With our
identification of W(G) with a subgroup of Ng(T'), we have Ng(L;) =
Z[Stabw(é) ([)

We record a result on twisting of Levi subgroups; for this concept
see [11, 3.3.1].

Lemma 7.1. Let I C 11 be o-stable, so that Ly and Staby, g (1) are
a-stoﬂe. Lit y € Staby, ). (1) and choose g € G with g 'o(g) = y.
Put M :=9L;, and S := IStaby, g (1).

(a) The groups M and S are o-stable and Ng(M) is a semidirect
product Ng(M) = MS. Moreover, g~ conjugates S° to the set

Cro(y) == {u € Staby, (1) | uyo(u) ™t =y},

the o-centralizer of y.

(b) Let t € Z(M’) with C5(t) = M. Then S° acts regularly on the
set of G -conjugates of t in Z(M’). In particular, |S?| is even, if t is
non-trivial and real in G .

Proof. (a) This is well known. It can be proved by a direct calculation.

(b) By (a), we have Ng(M)? = M’ 59, a semidirect product. Notice
that Z(M°) = Z(M)? by [4, Proposition 3.6.8]. It ¢’ € Z(M’) is
conjugate to t by an element g € G, then g € Ng(M)? by Lemma 2.2.
It follows that ¢ and t' are conjugate by an element of S?. Since the
stabilizer of ¢ in S7 is trivial, we get our assertion. If ¢ is real, t is
conjugate to t~1 in S?. Since t is non-trivial and ¢ is even, ¢ # t~1, and
so a conjugating element must have even order. U

The following two cases are of particular relevance for our proof. For
simplicity, the elements of I C X are denoted by their Chevie numbers;
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see [10]. The root r3¢ occurring below is the unique positive root of
maximal height. The corresponding reflection ssg is - and hence o-
stable.

Lemma 7.2. (a) Let I = {1,3,4,5,6}. Then Staby, g (I) = (s36)-
Moreover, ssg 1s conjugate to sy by a t-stable element x such that
W(L)N* " W(L;) = W(Lgzas)-

(b) Let I ={2,3,4,5}. Then Staby, g (I) = (v,w) is a non-abelian
group of order 6. Here, v and w are distinct involutions, and v is the
unique t-stable involution in Staby, g (I). Also, v acts like v on the
subdiagram of the Dynkin diagram of Eg induced by the nodes 2,3,4,5,
and vw permutes its leaves cyclically.

Moreover, there is a unique x € W(G) such that the following hold.
(i) The element x is a t-stable involution.

(ii) We have *v = s15¢ and “w = $15351S5.

(iii) We have W(Z]) N zilW(Z{173747576}) = W(f{273,5}).

Proof. This can be proved with a Chevie [10] computation. U

We will need some properties of certain semisimple elements of G .
The semisimple elements of G are organized in class types. By defini-
tion, two semisimple elements s, s’ € G~ belong to the same class type,
if and only if Cx(s) and C(s’) are conjugate in G°. A list of these class
types and the corresponding centralizers is provided by Frank Liibeck
in [20]. In fact, there is one list for each value of . In Lemma 7.8 be-
low, we will follow [20] in the labelling of the class types. Before this,
we have to explore the structure of a particular Levi subgroup of G.

Lemma 7.3. Let L := 5{173,475,6} denote the standard Levi subgroup
of G of type As; see |14, Figure 1. Then L = [L, L] x Z(L), where
Z(L) is a split torus of rank 1. Moreover, Ng(L) = (L, s35), where s3
centralizes [L, L] and inverts the elements of Z(L).

Also, L is o-stable and L° = [L,L]° x Z(L)°, where [L,L]° =
PGL:(q) and Z(L)* = Z(L°) is cyclic of order ¢ — 1. Moreover,
Ngo(L) = (L, s36) and Ngo(L) = Ngo (L"), unless ¢ = 2, in which
case Ngo (L) = [L, L]7 x Hy, with Hy = SLy(2).

Proof. As is easily checked with Chevie [10], the root system X of G
contains a closed subsystem of type As 4+ A;, generated by the positive
roots r1,73,74,75,76,736- Let ﬁ = Z{1,3,4,5,6,36} denote the COI‘I‘QSpOIld—
ing subsystem subgroup of G; see [25, Section 13.1].

Put H; := [L, L], and Hy := [Lys}, Ls63]. Then H; is semisimple
for i = 1,2. It follows that H; is generated by the root subgroups
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corresponding to the roots 4ry, £ry, £y, £15, +16, and Ho is gener-
ated by the root subgroups corresponding to +rss; see, e.g. [25, Theo-
rem 8.21(a)]. Since its root system has rank 6, the group H is semisim-
ple as well, and we obtain H = (H;, Hy). As r; & 136 is not a root for
all j € {1,3,4,5,6}, the commutator relations show that H, and H,
centralize each other. Since ¢ is even, the center of H, is trivial. Hence
H=H,xH,. Since L < Hand H; < L, we have L = [L, L] x (LN H)
with LN Hy = TN Hy = Z(L). As s35 € Hy it follows that sz central-
izes [L, L. Clearly, s3 inverts the elements of the standard torus TN H,
of Hy. By Lemma 7.2(a), we have Staby @) ({1,3,4,5,6}) = (s36)-
Hence Ng(L) = (L, s36).

As L and H, are (-stable, they are o-stable as well. We obtain
H’ = [L,L)° x H, with Hy = SLy(q). This yields L° = [L, L] x
Z(L) = [L,L)° x Z(L"). Clearly, Z(L") is cyclic of order ¢ — 1, as L
is a standard Levi subgroup of G of semisimple rank 5. If ¢ = 2,
then e = —1, and L° = [L, L]° = PGUg(2); see the Atlas [5, p. 191
and p. 115|. Suppose then that ¢ > 2. Then, by the tables in [20], the
group L is the centralizer of a semisimple element of class type [8,1,1].
These tables show that the center of [L, L]7 is trivial. Hence [L°, L’]
is the simple group PSL{(q), which has index 3 in [L, L]°. Moreover,
[L, L]° is isomorphic to a subgroup of Aut(PSL;(q)). It follows from
general principles about isogenies, that the standard torus of [L, L]”
has the same order as the standard torus of PGLg(¢q). This implies
that [L, L]° = ([L”,L°],t), where t is an element of the standard torus
of [L, L]°. In particular, ¢ induces an inner diagonal automorphism on
[L7,L°], and so [L, L) = PGLg(q) as claimed.

As s34 is o-stable, we get Ng(L)” = (L, s35). To prove the final
statement, suppose first that ¢ # 2. Observe that Cx(Z (fo)) =L. In-
deed, T < C(Z(L’)), and by the tables in [20] we must have equality.
Hence

Ngo (L") < Ngo(Z(L")) < Ngo (Cg(Z(L7))) = Nge (L) < Ngo (L),
Now suppose that ¢ = 2. Then, L = [L, L)?, and thus [L, L]” x Hy <

g

Ng-(L7). The list of maximal subgroups of G given in the Atlas (see
[5, p. 191] and [17, Appendix 2|) now proves our claim. O

Lemma 7.4. Let the notation be as in Lemma 7.3 and its proof. Let
g € Hy be such that g~'o(g) = ss36, and put ' :=9L. Then T is o-
stable and [L', '] = [L,L]. Moreover, ° = L', L x 2(L')*, Z(L')°
is cyclic of order q + 1.
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Proof. This follows from Lemma 7.1 and the fact that g commutes with
(L, L]. O
7.5. Some class types and their centralizers. For the concept of
e-split Levi subgroups of G used below, see [11, 3.5.1].

Remark 7.6. The Levi subgroups L and T’ described in Lemmas 7.3
and 7.4 are 1-split and 2-split Levi subgroups of G of type As, re-
spectively. They are representatives, with respect to G -conjugation,
for the centralizers of semisimple elements of class types [8,1,1] and
8,1,2] (in the notation of [20]), respectively. O

In the course of the proof, we will consider various other class types.
The following lemma gives a construction of the corresponding central-
izers.

Lemma 7.7. Let s € G' be a semisimple element in one of the class
types [8, 1, k| or [14,1, k] with k = 1,2.

Then Cx(s) is connected. In fact, C(s) is G-conjugate to Ly, where I
is one of {1,3,4,5,6} or {2,3,4,5}, according as s is of class type
8,1, k] or [14,1, k|, respectively, k = 1,2.

An element s of class type [14,2,1] has order 3 and lies in the cen-
ter of the centralizer of an element of class type [14,1,1]. In this
case, CZ(s) is G-conjugate to Ly 345, and |Ca(s)/C&(s)] = 3.

Proof. This is implicit in [20]. O

The above lemma gives representatives, up to @U—conjugation, of the
centralizers of the class types in the split case, i.e. where C%(s) is G -
conjugate to a standard Levi subgroup of G. Representatives for the
2-split cases will be constructed in the following lemma. Recall the
significance of the symbol ¢+ discussed in the introductory paragraphs
of this subsection.

Lemma 7.8. Let s € G be a semisimple element in one of the class
types [8,1,k|, [14,1, k] with k = 1,2, or [14,2, 1] In the latter case
assume that ¢ # 2. Suppose that s is real in G_. Then there is a o-
stable standard Levi subgroup L of G, and there is ' € L” such that s
and s' are G -conjugate, and the following conditions hold.

(i) The element s is real in L°.

(ii) The centralizer Cx(s") is connected.

(iii) If @ € Aut(G) stabilizes L and the G -conjugacy class of s,

then a(s') and s' are conjugate in L’ .
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TABLE 2. Twisting elements for some class types (ex-
planations in the proof of Lemma 7.8)

class type I Staby, (1) ¢ 'y z  |Cre(y)l
[8,1,1] {1,3,4,5,6} (s36) +1 1 1 2
[8, 1, 2] 536 S4 2
14,1,1] {2,3,4,5} (v, w) 1 1 1 6
(14,1, 2] v S186 2
14,1, 2] -1 1 1 2
[14,1,1] v 5186 6

Proof. By Lemma 7.7, the group C%(s) is G-conjugate to L, where [
is one of {1,3,4,5,6} or {2,3,4,5}; notice that I is t-stable and thus
also o-stable. Put K := 5{173,4,576}. The groups Stabw(é)(l) have
been determined in Lemma 7.2, whose notation is used in Column 3 of
Table 2. Let x be a (-stable element with the properties exhibited in
Lemma 7.2. The elements y € Staby; (/) given in the fifth column of

Table 2 are o-stable. Let us write z := %, so that z € W(K)* < K",
where the first inclusion follows from Lemma 7.2. The elements z are
given in the sixth column of Table 2.

Fix I, ¢ and k € {1,2}. We claim that twisting L; with the el-
ement y associated to these data in Table 2 (see [11, 3.3.1]), yields
representatives for the centralizers of the corresponding class types
8,1, k] respectively [14,1, k]. To see this, first observe that the two y-
elements associated to distinct ks lie in distinct o-conjugacy classes of
Staby, g (1). Thisis clear for I = {1,3,4,5, 6}, as then Staby, & (/) has
order 2. For I = {2,3,4,5}, the corresponding o-centralizers Cr,(y)
of y (see Lemma 7.1(b)) have different orders. Next, choose h € K
with h=to(h) = z; if z = 1, choose h = 1. Putting g := hx, we get
g to(g) =y. Now let M :=9L;. By Lemma 7.1(b), the number of o-
stable elements of Z(M) with centralizer M equals |(“Staby, g (1))7]-
By Lemma 7.1(a), the latter number equals |C,(y)|. On the other
hand, the number in question can be read off the tables in [20] as
the denominator of the leading coefficient in the polynomial giving the
number of conjugacy classes in a given class type. This proves our
claim.

We now prove our assertions if s has class type [8, 1, k] or [14, 1, k],
k=12 with L .= K = 5{1,3747576}. By the claim in the previous
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paragraph, M = "(*L;) is the centralizer in G of an element of class
type s, i.e. Cg(s) is @U—Conjugate to M. In particular, s is aa—conjugate
to an element s’ € Z(M) with Cg(s') = M.

(i) As Z(*L;) < *T =T < K and h € K, we have Z(M) =
Z(“L;) < K, and thus s € Z(M)” < K°. Now s’ is real in G' by
hypothesis. Lemma 7.1(b) implies that s’ is inverted by a o-stable
element of 9Staby, @ (I) = "(*Stabyy g (I)). Hence s’ is real in K, as
“Staby g (1) < Kand he K.

(ii) By construction, the centralizer C%(s') is K-conjugate to *L; N
K. The latter is the centralizer in G of the subtorus *Z(L;)Z(K)
of T; see [25, Propositions 12.6 and 3.9]. Hence “L; N K is a Levi
subgroup of G and thus connected. To be specific, Lemma 7.2 implies
that “L; N K is G-conjugate to the standard Levi subgroup 5{374,5},
respectively 5{273,5}. Hence Cy(s') is connected.

(iii) We may assume that s = s’. We begin with a special case. Sup-
pose first that @ = 1 € Te X . Then a = p certainly stabilizes K,
as K is o-stable by Lemma 7.3, and p commutes with . By the same
argument, L; and L; are j-stable.

Suppose that s is conjugate in G’ to u(s'). Then g~'s'g is conjugate
in G to u(g)~ (s u(g). Now g~'s'g and p(g)~'pu(s')u(g) are contained
in Z(Ly), as Ly, and hence Z(L;) are - stable. By Lemma 2.2, there is
u € Staby, ) (I) such that ug™'s'gu™" = p(g)~"p(s")p(g). As g = hx
and p(x) = z, we obtain

pu(s') = [u(h)zuz™ h™ s lu(h)zua™ h™1
Now h € K and K is jp-stable. Moreover, zuz~' € K by Lemma 7.2.
Thus p(h)ruz=*h~' € K and so s’ and pu(s') are conjugate in K. As
C(s') is connected, s' and p(s') are conjugate in K ; see [11, Exam-
ple 1.4.10].

Now let a € Aut(G) stabilize K and the G' -conjugacy class of .
Then o = ad, o with ¢ € G° and pu € T x ®g. As p stabilizes K,
we must have ¢ € Ngo (K ). Now a( "= c,u( ")e~! is conjugate in G
to s'. Hence u(s') is conjugate to s’ in G°. By what we have already
proved, there is ¢ € K’ such that u(s') = ¢s'¢”'. Thus a(s) =
cu(s’)et = (ec)s'(e!) ™" and so a(s') and s’ are conjugate in Nge (K ).

As ' is real in K and K = [K,K]” x Z(K)° by Lemma 7.3,
we must have s’ € [K, K]°. By the structure of Ng (K ) given in
Lemma 7.3, the elements a(s') and s’ are conjugate in K . This com-
pletes our proof if s is of class type [8,1,k] or [14,1,k], k = 1,2.
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We finally prove our assertions for elements of class type [14,2,1].
Suppose we are in the situation where M is the centralizer of an element
of class type [14,1,1], i.e. I = {2,3,4,5}. Thus there t € Z(M’) of
order 3 such that CZ(t) = M and [(C5(t)/CZ(t))7] = 3; see Lemma 7.7.
Now Cgz(t) < Ng(Cg(t) = Ng(M) = MgStabW(@)(I). Thus ¢ is
centralized by the elements of order 3 in 9Staby,g)(I). As t is real,
it is inverted by the involutions in 9Staby,g)(I). Now every element
of 9Staby, (1) is o-stable, and so ¢ is real in K’. Also, Cz(t) is not
connected, as the Sylow 3-subgroup of /Staby, (/) centralizes ¢ and
normalizes M N K = C(t 2(t). By the proof of (ii) above, the group
MNK is G—Conjugate to L{g 351- A Chevie computation shows that
the latter is G -conjugate to L{l 1,6y < K.

Now K’ = [K,K|’ x Z(K)?, where Z(K)? is a cyclic group of
order ¢ — 1 and [K,K]|* = PGL;(q); see Lemma 7.3. As t is real
in K7, we must have t € [K,K]°. Let G = GLg(¢) and consider the
natural map G — [L,L)°. Let i be a real lift of ¢ in G. Then  has
order 3, since  is a real central element of (. The structure of Cx(t)
exhibited above, together with Lemmas 6.3 and 6.6, imply that ¢ has
eigenvalues 1, ¢, (71, each with multiplicity 2, where ¢ € IF s has order 3.
In particular, the minimal polynomial of # is as in (a) of Lemma 6.20.

Let L := L{345} <K = L{1 3456} Lhen L is a o-stable standard
Levi subgroup of G. Lemma 6.23, applied to ¢ and [K, K], shows
that there is an element ' € L” conjugate to t in [K, K%, such that
satisfies (i) and (iii). Moreover, C(t') is connected, since the standard
Levi subgroup L' < G dual to L has connected center; see [20]. This
completes our proof for the case that s has class type [14, 2, 1]. U

Lemma 7.9. The elements of the class types [3,2,3], [4,1,1], [5,1,1],
9,1,2], 9,1,1], [14,2,2] and [14,1, 3] are not real.

Proof. 1f s is of class type [14, 2, 2] or [3,2, 3], then the center of Cge(s)
has order 3, and there are two conjugacy classes of this class type;
thus s and s~ lie in different G -conjugacy classes. For the class types
[4,1,1], [5,1,1] and [14, 1, 3], the claim follows from the last statement
of Lemma 7.1(b).

Suppose that the semisimple element s € G° is of class type [9, 1, 1]
or [9,1,2] and that s is real in G_. Then s is real in G. Let J :=
{1,3,4,5} and put M := L;. As Cx(s) is G-conjugate to M by [20],
the center of M contains a real element ¢ with centralizer M. By
Lemma 2.2, there is an element in Staby, g (/) inverting ¢.
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Now M = L; < L; with I = {1,3,4,5,6}. By Table 2, we have
Staby, g (J) = Staby,g)(I) = (s36). By Lemma 7.3, we may write
t = tity with t; € [L;, L;] and ¢, € g(fl). Moreover, t; is centralized
by s3s. Now t; # t;' as Cx(t) = Ly and ¢ is even. Hence t is not
inverted by ss36, a contradiction. O

7.10. Modification of v. The following is the analogue of Proposi-
tion 6.15.

Proposition 7.11. Let G be as in Hypothesis 3.2(b)(iii),(iv), and let
B € Aut(G). Write 8 = adyou for some h € G’ and some p € T x g,
Then there is g € G such that o := adg o 8 has even order and the
following statements hold.

(a) We have |Calag)| < ¢* for every prime p dividing |a| and
every element o) of (a) of order p, unless p = 2 and og) is a graph
automorphism of G. In the latter case, |Ce(ag))| < ¢°%.

(b) The order of o divides 30 f.

(c) If h € G, then |«| divides §f.

(d) If e = —1 and |p| is even, then |«| divides 2f.

Proof. Let L := 3{273’475}. Then [L, L] is a simple group of type Dy, and
thus [L, L]” = PQ%(q), as ¢ is even. This is a non-abelian simple group,
so that [L,L]” = [L°,L°]. Tt follows that L” = [L°,L°] x Z with Z
isomorphic to [q— 1] x [¢ — 1], respectively to [¢> — 1]; see [20]. Write Z3
for the Sylow 3-subgroup of Z. Then Z3 is invariant under I'g x ®¢.
Recall from Subsection 4.1 that G = GT", and thus G = GL’. Now
L7, I°] < [G°,G°] = G. Hence Z £ G and so G = GZs.

Thus there is y € G such that 8’ := ad, o 8 is of the form
(20) B = ad,op,
with t € Z3. We choose t = 1 if h € G. Equation (1) and the fact
that Z3 is invariant in I'g X @, imply that
(21) 8" = ady o 4!
with ¢ € Z3 for every integer [.

(a) Let p be a prime dividing [8'|. The claim that |Ca(5,)] < ¢**,
unless p = 2 and 662) is a graph automorphism of G, in which case
1Ca(By)] < ¢°%. This claim follows from Lemma 5.3, except if B
is an inner-diagonal automorphism. In the latter case, BEp) = ady for
some t' € Z3 by Equation (21). Since t' is an element of order 3 in
the center of L”, the tables in [20] imply that |Cae (Biz)| = [Cqe (¢)]
is bounded above by (¢ — €)|PQ5,(¢)|- A rough upper bound for the
latter order is ¢*®, proving our claim.
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Once more with Equation (21), we see that |5'| is even, if and only
if |p| is even. In this case we put o := ’. Then « satisfies the as-
sertions. Suppose now that |u| is odd. Then p € ®¢. In particu-
lar, 41 is a power of ¢. Let g € [L, L] be the product of a i-stable
set of three pairwise commuting p-stable root elements. Then ¢ is
a (-stable involution in G. Moreover, g belongs to the class 3A1
of unipotent elements in the notation of [19]. Put a := ad, o /.
As p is a power of ¢ and thus fixes g, and as g commutes with ¢,
we have a = ' oad,. Also, Calay) = Ca(B,) if p is odd, and
Car (a@)| = [Ca(9)] = ¢* (¢ —€)*(qg +)*(¢* + g+ 1) < ¢*. In case
of ¢ = 1, the order of Cz=(g) has been computed by Mizuno (see [27,
Lemma 4.2|), in case ¢ = —1 by Gunter Malle (see [23, Proposition 3]).
This completes the proof of (a).

The statements (b)—(d) follow from Lemma 5.4. O

7.12. The main result. We are now ready to finish the proof for the
groups Eg(q).

Proposition 7.13. Suppose that G = E5(q) with q even and 3 | ¢ — €.
Then G is not a minimal counterexample to [14, Theorem 1.1.5].

Proof. Suppose that G is a minimal counterexample to [14, Theo-
rem 1.1.5], let (V,n) be a pair without the El-property and let x
denote the character of V. Let a be constructed as in Proposition 7.11
from  :=v. By [14, Lemma 4.3.3] and Proposition 7.11 we have

(22) x(1) < (la] = 1)g*.
By Proposition 7.11(b), we have |a| < 30f. Hence |a| < ¢ if f > 3.
For f =1,2,3 we have 30 f = 6,6, 18.

Now consider the lists of character degrees and their multiplicities
of G provided by Frank Liibeck in [21]. In fact there are two such
lists, one for each ¢ € {—1,1}; all the considerations below are true
for each of these lists. It turns out that exactly 116 of the character
degrees of G are odd. Let (di,m;), i =1,...,116 denote the entries
of Liibeck’s list corresponding to the odd degree characters, where d;
denotes the degree of a character and m; its multiplicity, i = 1,...,116.
We choose the notation that that ¢ < j if and only if (d;, m;) comes
before (d;, m;) in the full list [21]. The quantities d;, m;, i =1,...,116
are polynomials in ¢ with rational coefficients. Using GAP [9] and some
obvious estimates, one checks that d; > ¢*7 for ¢ > 8 and i > 14. We
also have d; > 17-8% if ¢ = 8 and i > 14, as well as d; > 5 - 420 if

=4 and 7 > 14. Finally, if ¢ = 2, we have d; > 5 - 22 for all i > 20.
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However, m; = 0 for ¢ = 2 and 15 < ¢ < 19. By (22) we may thus
assume that y(1) = d; for some 1 < < 14.

The semisimple elements of G~ and their centralizers are enumerated
and described in the tables of [20]. Again, there are two such tables,
but the statements below hold for each of these tables. As already
mentioned in the paragraph preceding Lemma 7.8, the semisimple con-
jugacy classes are combined to class types. Using Lemma 4.6(a), we
find that the characters of degrees d;, i+ = 1,...,14 correspond, via
Lusztig’s generalized Jordan decomposition of characters, to the fol-
lowing class types: [1,1,1], [4,1,1,], [8,1,2], [8,1,1], [14,2, 2], [14, 2, 1],
[14,1,3], [14,1,2], [14,1,1], [5,1,1], [9,1,2], [9,1,1], [3,2,3], [3,2, 1],
where the order of the class types in this list corresponds to the or-
der dq,ds,...,dyy if e = 1. If ¢ = —1, this order has to be changed
according to the permutation (5,6)(7,9). The trivial character of de-
gree d; = 1 corresponds to the trivial element, i.e. to the class type
[1,1,1]. By Lemma 7.9, the elements of the class types [4, 1, 1], [14, 2, 2],
(14,1, 3], [5,1,1], [9,1,2], [9,1, 1] and [3, 2, 3] are not real. In all these
cases, x is not real by Lemma 4.6(b)(ii).

In the following, we may assume that s belongs to one of the re-
maining 6 class types. We begin by ruling out the three characters
corresponding to the class type [3,2,1] (this class type consists of a
unique conjugacy class of elements of order 3) as candidates for x.
Suppose that x corresponds to s in class [3,2, 1]. Using the exact value
of x(1), we find x(1) > ¢*"/3. Clearly, 30f < ¢/3 for f > 6. By
Proposition 7.11(b) and (22), we are left with the cases f < 5. Ob-
serve that y is not invariant in G°. On the other hand, y is invariant
under v, and thus also under 5, with ' = ad, o v = ad; o p as in (20).
This implies that ¢ € G if 3 + f. In the latter case, |a| < J§f by
Proposition 7.11(c). Since 0f — 1 < ¢/3 for f = 2,4,5, we are left
with the cases f = 1 and f = 3. If f = 1, then « is an involu-
tion, and we are done with [14, Corollary 4.3.2]. Suppose finally that
f = 3. Assume first that || is odd. Then |«| divides 18 by Proposi-
tion 7.11(b), and |Cq ()| < ¢** for p = 2,3 by Proposition 7.11(a).
Since ¢?"/3 > 17¢**, this case is ruled out by [14, Lemma 4.3.3]. Sup-
pose finally that || is even. Then |a| € {2,6} by Proposition 7.11(d).
Once more by [14, Corollary 4.3.2], we may assume that |a| = 6. Put
G° = (Inn(G),v) as in [14, Definition 4.2.3] and let x° denote the ex-
tension of y to G° as in [14, Remark 4.2.5|. The elements of order 6
in (a) square to elements of order 3, and o) is the unique element
of order 2 in (). Thus |Cg(’)] < ¢*® for every element o/ € ()
of order 3 or 6, and |Cg(w )| < ¢°%; see Proposition 7.11(a). Now
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q*"/3 > ¢% + 4¢**. If follows from [14, Lemma 2.5.5] that the restric-
tion of x° to (a) contains the two real irreducible characters of («)
with positive multiplicity. Then [14, Lemma 4.3.1] implies that this
case does not yield a counterexample.

We are thus left with the cases that s belongs to one of the class
types [8,1,k] or [14,1, k], k = 1,2, or [14,2,1]. As we have assumed
that G is a minimal counterexample, these cases are ruled out by Lem-
mas 7.8(b) and 4.7. O
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