The Perrin-McClintock Resolvent,
Solvable Quintics and Plethysms

Frank Grosshans

In his seminal paper of 1771, Lagrange found that certain polynomials of degree
6 called resolvents could be used to determine whether a quintic polynomial
was solvable in radicals. Among the various resolvents later discovered, the
Perrin-McClintock resolvent has some particularly noteworthy properties. We
shall discuss these properties and their application to solvable quintics. The
properties suggest that the Perrin-McClintock resolvent may be unique. We
discuss this question and relate it to the representation theory of the general
linear group, especially zero weight spaces and plethysms of a special form.



Properties of the Perrin-McClintock Resolvent

Property 1: a polynomial function
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V4 is vector space over C spanned by all such f(z,y)
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The Perrin-McClintock resolvent

a polynomial, K : V5 x A2 — C
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Example 1: f(z) = 25 + 10a923 + basx + a5 with ay = 4a%

K(f,v) = (3a§ + a2a2)x% — 125a3a52°y + (4080a} — 15a3a2)x*y?

+1000a3asz®y> + (96043 + 70a3a2)x?y* + (128aSas + aza?)zy®

Example 2: f(x) = 2° + 52* + 92% + 522 — 4w — 5
K(f,v) = 55505 (—4982% — 5900z°y — 2266221y* — 413202%y® — 3625422y*

—6860zy° + 8150y°)

Example 3: f(z) =25 — 82* + 523 — 622 + 8z — 4
K(f,v) = —568151325 + 22679884a5y — 42714844242 + 63250882°y*

+162997922%y* — 185759362y° + 5294016y°



Properties of the Perrin-McClintock Resolvent

Property 2: a covariant

action on Vjy
gxr=dxr—by

gy =—cr—+ay
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action on A?
a b\ [ A\ _[ax+bu
c d w )\ ed+du
The covariant property

(1) K(g-f,gv) = K(f,v) for all g € SL(2,C), f € Vg, v € A?

(2) coefficients of = and y terms form irreducible representation of SL(2,C)

(3) source of covariant is K (f, < (1) >)

completely determines K



Properties of the Perrin-McClintock Resolvent

The Hessian cubic covariant
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g€ SL2,C),9= ( 177 )

action on V3
gr="Tr—2y

gy =—17x + by

[ = apx®+ 3a12%y + 3agxy® + aszy® —
ao(Tz — 2y)* + 3a1 (Tx — 2y)? (=17 + 5y) + 3az(7x — 2y)(—17x + 5y)? + az(—17z + 5y)>
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action on A2
52\ (A _ [ 5\t
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o%f &%f
H(aop,a1,a2,a3;2,y) = 316Det< o Wy >

d*f 3*f
dxz0y oy?

= (apag — a?)x? + (agaz — araz)zy + (a1a3 — a3)y?



f =423+ 3 x 5z?y + 3 x (—6)ay? + (—1)y?

g-f = —42624x3 + 3712822y — 10779zy? + 104333

- (3one()

The covariant property
(1) H(g-f,gv) = H(f,v) forall g € G, f € Vg, v € A?
H(f,v)=H(4,5,—6,—1;8,3) = —2881

H(g-f, gv) = H(—42624, 12376, —3593, 1043; 46, 157)

= —2881

(2) coefficients of z and y terms form irreducible representation of SL(2,C)

(apaz — a?), (apaz — arasz), (a1as — a3)
(3) source of covariant is H(f, ( (1) )) = apaz — a3

completely determines H

algebraic meaning: H(f,v) = 0 for all v € A? if and only if there is a linear
form, say g = ax + by, such that f = ¢°.

For example, f(z,y) = 6423 — 1442y + 108xy? — 27y>.
H(f,v) =0, f(z,y) = (4= — 3y)*

[Abdesselam and Chipalkatti]



Properties of the Perrin-McClintock Resolvent

Property 3: solvable quintics

Theorem. Let f(z) = apx® + bajz* + 10asz® 4+ 10asz® + Sasz + as be an
irreducible quintic polynomial in Q[z]. Then f(x) is solvable in radicals if and
only if Ry(z) has a rational root or is of degree 5.

Example 2: f(z) = 2° + 52* + 92% + 522 — 4z — 5

K(f,v) = gg605 (—4982° — 5900z°y — 22662z*y? — 413202%y® — 362542y*
—68602y° + 81504°)

Ry(7) = goi5 (—4982° — 5900z — 226622 — 4132023 — 362542
—68602 + 8150)

has root 1/3. Hence, f(x) is solvable in radicals.

Example 3: f(r) = 2° — 82* + 52° — 622 + 8v — 4

K(f,v) = —5681513x5 + 226798842°y — 4271484424y + 6325088231+
162997922%y* — 18575936xy° + 5294016y°

Ry (x) = —5681513x° + 226798842° — 427148442 + 632508823+
1629979222 — 18575936z + 5294016

does not have a rational root. Hence, f(z) is not solvable in radicals.
Get elegant way to find solutions in radicals

Cayley to McClintock (McClintock, p.163): "McClintock completes in a very
elegant manner the determination of the roots of the quintic equation . . . ."



Properties of the Perrin-McClintock Resolvent

Property 4: global information

Problem: use resolvents to obtain global information about solvable quintics

Example 1 (Perrin):

f(z) apz® + 10a92> + basx + as

with ay = 4a3

Ry (x) = (3a§ + aza?)xb — 125a3a52° + (4080al — 15a3a?)z*

+1000a3asx® + (960a5 + 70a3a2)x? + (128aSas + azald)w

has root 0. Hence, f(z) is solvable in radicals.

Example 2: the McClintock parametrization

Have mapping ¢, a rational function,

p Aa — Aé
(p7 T? w7 t) - (’77 67E7C)
(7,0,¢,¢) identified with f(z) = z°+ 10y2® + 10622 + 5ex + ¢

The polynomial f(x) is solvable (its resolvent R;(x) has t as a root).

inverse map exists, rational function
need Ry(x) to have rational root ¢

difficulty: if quintic factors, ¢ may be complex or irrational real
so don’t quite parametrize all solvable quintics



Example 3: Brioschi quintics [Elia]

f(x) =25 — 1022 + 452%¢ — 22

Ry(z) = (—2°+1282%)2% +4002°2° + (—152° — 460802")z*
+4000027 22 + (952" — 518402%)2?
+(27 4 18722%)x — 2528

If z is a non-zero integer, then f(x) is solvable in radicals.

Example 4: subject to certain explicitly defined polynomials not vanishing, if
fo is an irreducible quintic such that Ry, has a root ¢y € R, then every Euclidean
open neighborhood of fy contains a solvable quintic.



Dickson’s Factorization

Action of Ss

Ss: symmetric group on 5 letters

Action of S5 on polynomials

f(x1, 22, 3, 24, 25) € L[x1, 29,23, 24,25

o€ Sy

U'f = f($01,$02,$03,$g4,1’65)

Example

f=2122 — 21273 + ToT3 — T1T4 — TaTy + T3T4 + T1T5 — T2T5 — T3T5 + T4Ts

o = (132)

of = X311 —T3To+ T1To — T3Ty — T1T4 + ToXg + T3T5 — T1X5 — ToXs + T4T5
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Dickson’s Factorization

The group Fsg

Ss: symmetric group on 5 letters

Fyy: subgroup of S5 generated by (12345) and (2354)

6
Ss = U TiF0

=1

T1 = (1), To = (12), T3 = (13), T4 = (23), T = (123), Te — (132)

Theorem. Let f(x) € Q[z] be an irreducible quintic. Then f(xz) is solvable in
radicals if and only if its Galois group is conjugate to a subgroup of Fy.

Problem: extend resolvent program to polynomials of higher degree. (What
replaces Fsy?)

11



Dickson’s Factorization

Malfatti’s resolvent

O(z1, 22,23, T4,L5) = T1T2 — T1T3 + Tol3 — T1T4 — ToaZa + T3Tsa + T185 — Tals — T3Ts + T4Ts
= (1 —x5)(r2 —x5) + (22 — x5)(x3 — x5) + (3 — z5) (x4 — x5)

—(z2 — @5) (24 — x5) — (T4 — 25) (21 — 25) — (¥1 — 25) (23 — T5)

Properties:
(1) homogeneous of degree 2 in x1, x2, T3, T4, Z5
(2) forany B € C, ®(z1+8, 22+, x3+83, v4+ 6, x5+5) = ®(x1, 22, 73, T4, T5)
(3) highest power to which any z; appears is 1

(4) (12345)0 = &
(2354)® = —®

Note: Malfatti resolvent, put ®2 = ©
R(z) = (x — O)(xz — m20)(z — 730)(x — 740)(z — 750)(z — 760O)
polynomial in als
rational root if and only if f(z) solvable in radicals

for resolvents of this form, lowest possible degree in ©
rediscovered by Jacobi (1835), Cayley (1861), Dummit (1991)

12



Dickson’s Factorization

Roots of the resolvent

6
S5 = U TiF0

T1 = (1), To = (12), T3 = (13), T4 = (23)7 Ty = (123), Te = (132)

The Malfatti resolvent

(I>(ZL‘1,IE2,.’JC3,I’4,I’5) = X1T2 71’1$3+I21’3 — X1x4 7IE2£L'4+173CC4+$11L‘5 — I2x5 71’3$5+I4I’5
= (21 —x5)(w2 — x5) + (2 — v5)(v3 — T5) + (3 — 25) (24 — 25)

—(z2 — @5) (24 — x5) — (T4 — @5) (21 — 25) — (21 — 25)(23 — T5)

U(21, 72,23, 74, 25) = (21022032475)P(1/21,1/20, 1 /3, 1 /24, 1/25)
where does ¥ come from?
need highest power to which a root appears in ® is <1

homogeneous of degree 3 in x1, X2, X3, T4, T5

Perrin-McClintock resolvent: for i = 1,2,3,4,5,6, put ®; = 7;®, ¥, =7, ¥

I
IS
(=)
—~
=
—~
3
K
~—
=
—~
8
I
8
S
~—
~
3
KA
~—
~—
<
~—
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Constructing resolvents

Setting I: covariants

Find covariants of the form

6
K(f;v) = ag' [ [((r:@)2 — (:9)y)
i=1
with
(1) ®(z1, x2, 3, 24, T5) homogeneous of degree w = 2(mod 5) in x1, T2, T3, T4, 5
(2) highest power to which a root appears in ® is < d = 2“’5—+1

(3) for aHYﬁ € Ca @(%1+ﬁ,l’2+ﬁ,$3+ﬂ,$4+ﬁ,$5+ﬂ) = (b($1,1'2,l'3,$4,:125)

(4) (12345)® =
(2354)® = —

(21, T2, 3, T4, T5) = (T102230425) ®(—1 /w1, —1 /@2, —1 /23, —1 /34, —1/25)

Recall: source determines covariant.
6

source is af! 'H1<(Tiq>)
1=

14



Constructing resolvents

Setting II: polynomials in roots

For w = 2(mod 5), put d = % Find ®(z1, 22, x3, T4, T5)

(1) homogeneous of degree w in x1,xe, T3, T4, Ts

(2) the highest power to which any z; appears in ® is < d

(3) for any g € C, ®(x1+3, w245, 3+, 24+, 25+5) = ®(21, T2, T3, T4, T5)

(4) (12345)0 = &
(2354)® = —®

For covariant, need w = 2(mod 5)

Malfatti is only such polynomial of degree 2

15



Problems.

1. no SLy(C) action

< ‘ cbi )x’ = (dz; — b)/(—cxi + a)

0 1
( 10 >xl =—1/z;

2. the highest power to which any x; appears in ® is < d

@1, xp) € Zlzy, ... xp), f=3 Nayal' .. 3"

R(f) = max{a; : 1 <i < p, A # 0}

If f(x1,...,2p) issymmetricin 1, ..., xp, then f(z1,...,2p) = ZT(b)O'Zil

o; = ith elementary symmetric function.

D(f) = max{b; + ...+ by : T # 0}

Theorem. If f(z1,...,x,) is symmetric in z1, ..., zp, then R(f) = D(f).

16



Constructing resolvents

Setting I1I: matrix variables

Translation:

For d = 1(mod 2), find matrix polynomials F <( 1o T2 T3 T4 T )),
Y Y2 Yz Ya Y5

(1) Fis homogenous of degree d in each column, i.e.,

- _ ~e1 ~d7€1 ~es5 ~d7€5
F = E C(e)T1 Y1 STy

(2) Fis left U-invariant, i.e.,

= 1 8 T1 Ty T3 Ta T ~( T Ty 23 Ty Ts
F PO S =F > = 2 7
0 1 Vi Y2 Y3 Ya Vs Yi Y2 Y3 Yi Us
or

> )@+ BI)T (@ BUs)CTE =D e

17



(3) F has left T-weight 1, i.e., 5d —2(e; +ea+es +est+e5) =1

or

A0 T1 To T3 T4 Tp _1F Ti To T3 T4 s
0 1/A Y1 Y2 Y3 Ysa Us A U1 Y2 Y3 UYs s

or

e 1"" -~ ]'~ €r 1 1
3 (A (b = Y e

(4) S5 acts on vector variables by permuting columns

(12345)F = F
(2354)F = —F

Ts T _F T1 To T3 T4 Ts
ys y4 Us 1 Y1 Y2 Y3 Us Ys

7 Ti1 T3 Ty To T4 __F T1 To T3 T4 Ty
U1 Yz Ys Y2 Y4 Ui Y2 Y3 Ui Ys

18



Constructing resolvents

equivalences

Setting I: find covariants of the form K(f;v) =af* [[ ((7:®)x — (7:¥)y)

6
i=1

Setting II: find ®(x1, x9, 3, x4, T5)

Setting III: find matrix polynomials F'

Definition. Fori = 1,2, let K; : V5 x A2 — C be covariants as in Setting I. Say
K, ~ Ko if and only if there are i, p € C[V5]9%2(©) with K (z,y) = pKa(x,y).

, Ll . /. . v . Vs
Let ® and ® be as in Setting II. Say ® ~ ®"if and only if § = 3.

Setting I and Setting II:
6 6
K=a [1((7:®)z — (:9)y), K'=a]" [[ (7:®)z — (7;P)y)

i=1 i=1

K ~ K'if and only if & ~ @&’

Setting IT and Setting III: there is vector space isomorphism between
® homogeneous of degree w

F homogeneous of degree 2w + 1

also, have algebra homomorphism

. Ty To T3 Ty Tp
have mapping Q: C| == = = 7 2 | - Clx1,22, T4, %4,
PPIng Y1 Y2 Y3 Ya Ys (1, 2,24, 74, 23]

T — @, Y — 1

19



Constructing resolvents

finitely generated modules

Rw - (C[xla $2,$3,£C4,l'5]

For w = 0(mod 5), w > 0, R,, is vector space spanned by all linear
combinations ® of products (x;, — zj,) ... (x;, — <, ) such that

(1) each z; appears 2?“’ times in every product
(2) (12345)® = @, (2354)® =

R=@®R,

M, C Clxy,xa, T3, x4, T5]
For w = 2(mod 5), w > 0, M,, is vector space spanned by ®(x1, z2, x5, T4, Z5)
(1) homogeneous of degree w in x1, za, 23, T4, Ts
(2) the highest power to which any z; appears in ® is < %
(3) forany 8 € C, ®(x1+8, x2+08, x3+ 8, x4+, v5+8) = ®(x1, 2, T3, T4, T5)
(4) (12345)® = @, (2354)® = —®

M = M,

20



Theorem. (a) R is finitely generated C-algebra.
(b) A = ®¥; — P7¥y #£ 0 and is in R.
(c) e M,® =3Py + 2Dy
(d) M is finitely generated R-module

(e) dimgry M ®r Q(R) = 2

21



Poincaré series

Hilbert - Serre theorem

Recall R = @ R, is finitely generated C-algebra

M =& M, M, polynomials as in Setting II
is finitely generated R-module

Poincaré series: P(M,t)= 5.  dim M,
w=2(mod 5)

Theorem (Hilbert, Serre, applied here). Let v be the number of generators of
R. Then
f(®)

I1(1 -t

i1

P(M,t) =
for suitable positive integers d; and f(t) € Z]t].

Problem: determine P(M,t).

Determine dim M,,,.

22



Poincaré series

GL,, — GL,, duality

to understand:

(2) F is left U-invariant

(3) F has left T-weight 1

T, C GL,; subgroup consisting of diagonal matrices

U, C GL,; subgroup consisting of upper triangular matrices, 1’s on diagonal

A highest weight of an irreducible polynomial representation of GL, with respect
to the Borel subgroup 7,.U, is a character of the form x = e1x; + -+ + er X,
where e; > ... > e, > 0. If e is the last non-zero e;, we say that the highest
weight x has depth £.

Theorem (GL,, — GL, duality) [Howe, Section 2.1.2]. Let U and V be
finite-dimensional vector spaces over C. The symmetric algebra S(U ® V) is
multiplicity-free as a GL(U) x GL(V') module. Precisely, we have a decomposi-
tion

S(U®V)=%305®05

of GL(U) x GL(V)-modules. Here D varies over all highest weights of depth at
most min{dimU, dimV'}.

23



Translation
My 5: the algebra consisting of all 2 x 5 matrices with entries in C.

GLy acts on M5 by left multiplication: g-m = gm for all ¢ € GLy; and m €
My 5.

GLs acts on My s by right multiplication: g-m = mg~?! for all ¢ € GLs and
m € M2)5.

These actions commute and give an action of G = GLy x GLs on M5 and
C[M275].

]\42’5 - A2 ® (A5)*

C[Ms 5] < S((A?)* @ A®)

Suppose that d = 1(mod 2), 5d = 2w + 1 and that
(2) F is left U-invariant
(3) F has left T-weight 1

then: the terms F =7 ® Vp appear when

v: highest weight vector of irreducible representation GLo, highest weight
(w+1)x; +wxs

pD is irreducible representation of G Lj, highest weight (w + 1)x; + wx

Note. can explicitly construct the invariants F in terms of determinants using
Young diagrams and straightening [Pommerening).

24



Poincaré series

Zero weight space

to understand:

(1) F is homogenous of degree d in each column

recall: w = 2(mod5), 5d = 2w + 1

ay 0 0 0 0 1 a2 @13 Q14 Qs
0 as 0 0 0 0 1 a23 Q24 Aa25
T5 = 0 0 as 0 0 ,U5 : 0 0 1 a3z4 A3ss
0 0 0 a O 0 0 0 1 ags
0 0 0 0 as 0 0 0 0 1

p:GLs — GL(V)

Vo ={v e V:p(t)v = (a1a2a3a4a5)°v}= 0 weight space of V'

translation: F € C[Mas), t € Ts, m = (v1,...,05) € Mas

)

F((vy,...,vs)t)

= ﬁ(a101,~-~,a505)

(t-ﬁ’)(vl, ce ,U5)

= (ayazasasas)? F(vi,...,vs)

25



Proposition. Let w = 2(mod 5) and d = 2%t Let p: GLs — GL(V) be the
irreducible representation having highest weight (w + 1)x; + wyxs. The vector
space consisting of all F' € C[Mx 5] such that

(1) Fis homogenous of degree d in each column,

(2) F is left U-invariant,

(3) F has left T-weight 1

is isomorphic to the 0-weight space of V.

26



Poincaré series

S5 action on zero weight space

to understand:

(4) (12345)F = F, (2354)F = —F

S5 acts on 0—weight space, Vj
Vo = @ my Vi

V, runs over all irreducible representations of S5

m,, is multiplicity with which V,, appears in Vj

S5 has 7 irreducible representations

(5], [41], [32], [317], [2%1], [217], [1°]

ﬁ : FQO — {:l:l}
p(12345) =1
7(2354) = —1.

p appears with multiplicity 1 in both [3 2] and [1°]. It does not appear in any
of the other 5 irreducible representations.

27



Proposition. Let w = 2(mod 5) and d = 2%t Let p: GLs — GL(V) be the
irreducible representation having highest weight (w + 1)x; + wyxs. The vector
space consisting of all F' € C[Mx 5] such that

(1) Fis homogenous of degree d in each column,

(2) F is left U-invariant,

(3) F has left T-weight 1,

(4) (12345)F = F and (2354)F = —F

is isomorphic to the vector space consisting of vectors v in the 0-weight space
of V which satisfy (12345)v = v and (2354)v = —v.

The dimension of this vector space is the sum of the multiplicities with which
[1°] and [3 2] appear in the representation of S5 on the 0-weight space of V.

28



Poincaré series

plethysms

[Littlewood, p. 204: "induced matrix of an invariant matrix"]
p: GL, — GL,, (irreducible representation)
o : GL,, — GL, (irreducible representation)
(o0 0p):GL, — GL, (reducible representation)
process to decompose into irreducibles, plethysm

[Gay, Gutkin] y : representation of S5 corresponding to [1°] or [3 2].
Consider H = Sg X Sq X Sq X Sq x Sq. Then, Ng.,(H)/H ~ Ss.
o representation of Ss, is representation of Ng,,(H)
the multiplicity with which u = [1°] or [3 2] appears in the representation
of S5 on Vj is the multiplicity with which [(w + 1) w] appears in the

representation ﬁs"‘d of Ssq induced from p

This is a plethysm [Macdonald, pp.135/6] denoted by [15] o [d] (resp. [3 2]o[d]).

29



There are special features of this plethysm which greatly simplify the usual
calculations. For example, we obtain the following results:

w multiplicity of [1°] multiplicity of [3 2]

2 0 1

7 0 1

12 0 2

17 0 4
22 1 6
27 1 8
32 1 11

507 425 2176
10842 195843 980298

From the standpoint of solving equations, the representation [1°] is not in-
teresting; the corresponding resolvent is a(z — by)S.

Theorem. Let w = 2(mod5) and d = 245, Let p : GLs — GL(V) be the
irreducible representation having highest weight (w + 1)x; + wyxs. The vector
space consisting of all F' € C[M> 5] such that

(1) Fis homogenous of degree d in each column,

(2) F is left U-invariant,

(3) F has left T-weight 1,

(4) (12345)F = F and (2354)F = —F

is isomorphic to the vector space consisting of vectors v in the 0-weight space
of V' which satisfy (12345)v = v and (2354)v = —v.

The dimension of this vector space is the sum of the multiplicities with which

[1°] and [3 2] appear in the representation of S5 on the 0-weight space of V. The
dimension can be found by calculating the plethysms [1°] o [d] and [3 2] o [d].

30



Using the Theorems and plethysm considerations, can show there are infinitely
many non-equivalent covariants of Perrin-McClintock type (Setting I).

It also seems likely that there are infinitely many non-equivalent covariants of

Perrin-McClintock type for which ¥/® is fixed by Fy and not by S5 so we get
resolvents for deciding solvability.
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