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Lattice Decoding: The Closest Vector Problem (CVP)

» Given a lattice L in R" and x € R", the CVP consists in finding ¢ € L such
that
IX — ] = min|x — ¢],
el

where | - | denotes the usual Euclidian length.
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Lattice Decoding: The Closest Vector Problem (CVP)

» Given a lattice L in R" and x € R", the CVP consists in finding ¢ € L such
that

IX — ] = min|x — ¢],
el
where | - | denotes the usual Euclidian length.

e The CVP is NP hard in its exact version.

« Solving the CVP with approximation factor § > 1 € R means finding ¢ € L
such that, for all ¢/ € L,

X =0 <& |x =1
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Lattice Decoding: The Closest Vector Problem (CVP)

» Given a lattice L in R" and x € R", the CVP consists in finding ¢ € L such
that

IX — ] = min|x — ¢],
el
where | - | denotes the usual Euclidian length.

e The CVP is NP hard in its exact version.

¢ Solving the CVP with approximation factor § > 1 € R means finding ¢ € L
such that, forall ¢ € L,
X — €] <§-|x =]

e The best known approximation factor for a deterministic polynomial time

algorithm to solve the CVP approximately is 2n(oglogn)?/2logn (Schnorr
1985).
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Babai’'s Nearest Plane Procedure (BNPP)

/ b,

Given a basis B = (by,...,b,) of L and x € R", BNPP approximates x in L.
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Given a basis B = (by,...,b,) of L and x € R", BNPP approximates x in L.
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(1) LetL' = <b1, ceey bn—1>Zu then L = UzezZ - by + L.
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BNPP as an iterative decoding algorithm
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Iterative lattice decoding

BNPP as an iterative decoding algorithm

Let B’ = (b}, ...,by) be the Gram Schmidt orthonormalisation of B and define

an isometry ¢ : b/ — en_iy1, where (eq,...,ey) is the standard basis of R".
Write
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Iterative lattice decoding

BNPP as an iterative decoding algorithm

Let B’ = (b}, ...,by) be the Gram Schmidt orthonormalisation of B and define
an isometry ¢ : b/ — en_iy1, where (eq,...,ey) is the standard basis of R".
Write

(p(bn) al’l e al,n

Sa(bl) 0 Qnn

With o(x) = (ug, ..., un), BNPP is the following:
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BNPP as an iterative decoding algorithm

Let B’ = (b}, ...,by) be the Gram Schmidt orthonormalisation of B and define
an isometry ¢ : b/ — en_iy1, where (eq,...,ey) is the standard basis of R".

Write
(p(bn) al’l e al,n
So(bl) 0 Qnn
With o(x) = (ug, ..., un), BNPP is the following:
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BNPP as an iterative decoding algorithm

Let B’ = (b},...,b;) be the Gram Schmidt orthonormalisation of B and define

an isometry ¢ : b/ — en_iy1, where (eq,...,ey) is the standard basis of R".
Write

(p(bn) al’l e Oé]_’n

Sa(bl) 0 Qnn
With o(x) = (ug, ..., un), BNPP is the following:

(1) Find the optimal approximation {1 = zcoy 1 of Uy in Z g 3.
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L’ = (p(b2), . .., ¢(bn))z with ¢'.
(3) Form{¢=¢+z(a11,...,a1n).

Annika Meyer ( Workshop on lattices, codes and mod On a recursive decoding algorithm for lattices 5/14



BNPP as an iterative decoding algorithm

Let B’ = (b},...,b;) be the Gram Schmidt orthonormalisation of B and define

an isometry ¢ : b/ — en_iy1, where (eq,...,ey) is the standard basis of R".
Write

(p(bn) 051’1 e Oé]_’n

Sa(bl) 0 Qnn
With o(x) = (ug, ..., un), BNPP is the following:

(1) Find the optimal approximation {1 = zcoy 1 of Uy in Z g 3.

(2) lteratively, approximate (U — Za 2,...,Un — Zag n) € R"1in
L’ = (p(b2), . .., ¢(bn))z with ¢'.
(3) Form{¢=¢+z(a11,...,a1n).

Idea: Generalise BNPP, changing from lattices o Z to higher dimensional latti-
ces.
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lterative lattice decoding

e Let W; be lattices of dimension n;, i € {1,...,t}, and let
fi : R+ 5 RN+ linear maps, fori € {1,...,t —1}.
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Iterative lattice decoding

e Let W; be lattices of dimension n;, i € {1,...,t}, and let
fi : R+ 5 R+ linear maps, fori € {1,...,t — 1},

e Form a lattice £ = L(W4,..., W, T, ... ft) ofdimensionn=n; +--- +n;
by

L= {(61,...,&) cR" | 41 GWl,gi—fi_l(él,...,fi_l) eW, ie {1,...,t})}.
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Iterative lattice decoding

e Let W; be lattices of dimension n;, i € {1,...,t}, and let
fi : R+ 5 R+ linear maps, fori € {1,...,t — 1},
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by
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» Decoding algorithm A for £: Let x = (Xg,...,X;) € R".
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Iterative lattice decoding

e Let W; be lattices of dimension n;, i € {1,...,t}, and let
fi : R+ 5 R+ linear maps, fori € {1,...,t — 1},

e Form a lattice £ = L(W4,..., W, T, ... f) of dimensionn=n; + - --

by

L= {(31,...,&) €R" | 0y GWl,fi—fi_l(gl,...,fi_l) eW, ie {1,..

» Decoding algorithm A for £: Let x = (Xg,...,X;) € R".
(1) Let ¢, € Wy be the lattice point closest to X;.
(2) For2 <i <t, approximate x; — fi_1(¢1,...,4i_1) by wi € W; and put
b= wi + fifl(gl, e éi,l).
(3) Output the approximation £ = (¢4,...,4) € L.
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Algorithm A’ - some questions and remarks

» Algorithm A’ depends on the chosen lattice basis.
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Algorithm A’ - some questions and remarks

» Algorithm A’ depends on the chosen lattice basis.

« For every isometry class of lattices, there are many ways to give an upper
triangular (block) basis matrix for a representative.
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Algorithm A’ - some questions and remarks

» Algorithm A’ depends on the chosen lattice basis.

« For every isometry class of lattices, there are many ways to give an upper
triangular (block) basis matrix for a representative.

e There should exist good decoding algorithms for Wy, ..., W;
(specific decoding algorithms exist for many well known lattices).

¢ When do we obtain a good approximation?

e What do we gain when if we consider all the elements of

Br(Xl)ﬂWl = {W e W, | |W —X1| < I’}

in the first step of Algorithm A’?
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Algorithm A’ - some questions and remarks

» Algorithm A’ depends on the chosen lattice basis.

« For every isometry class of lattices, there are many ways to give an upper
triangular (block) basis matrix for a representative.

e There should exist good decoding algorithms for Wy, ..., W;
(specific decoding algorithms exist for many well known lattices).

¢ When do we obtain a good approximation?

e What do we gain when if we consider all the elements of
B,-(X]_) NW; = {W e W, | |W - X1| < I’}

in the first step of Algorithm A’?
» Sphere decoding (Fincke, Pohst) can be used to compute B, (x;) N Wj.
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Approximation factors for Algorithm A’

Definition

@ The packing radius of a lattice L in R" is p,_ := 1,/min(L), where
mln(L) = mino#eL |€|2

@ The covering radius of L is v := /u(L), where
p(L) = maxyern Minge [v — £]2.
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Approximation factors for Algorithm A’

Definition

@ The packing radius of a lattice L in R" is p,_ := 1,/min(L), where
mln(L) = mino#g@_ |€|2

@ The covering radius of L is v := /u(L), where
p(L) = maxyern Minge [v — £]2.

Theorem

Algorithm A" achieves an approximation factor /&;, definded recursively by

p(Wr) 5 = max{4 Zr;;:]z{/-;\-ll :“(V\;i)
t—j+1

01 = 4min(Wt)’ L

,(5]‘,14-1}, j=2,...,t.
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A modification of Algorithm A’

Algorithm A:
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A modification of Algorithm A’

Algorithm A:
Let £L=L(Wq,..., W, T, ... fi1), x = (Xq,...,%) €R"and r > 0.
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A modification of Algorithm A’

Algorithm A:
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» Use sphere decoding to find all the points in W1 N B, (Xy).
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» For every point found in step 1, perform steps 2 and 3 of Algorithm A’.
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Algorithm A:
Let £L=L(Wq,..., W, T, ... fi1), x = (Xq,...,%) €R"and r > 0.

» Use sphere decoding to find all the points in W1 N B, (Xy).

» For every point found in step 1, perform steps 2 and 3 of Algorithm A’.

¢ Among all the approximations found, choose the best one.
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A modification of Algorithm A’

Algorithm A:

Let £L=L(Wq,..., W, T, ... fi1), x = (Xq,...,%) €R"and r > 0.

e Use sphere decoding to find all the points in W1 N By (X1).

» For every point found in step 1, perform steps 2 and 3 of Algorithm A’.
¢ Among all the approximations found, choose the best one.

Theorem
With 01, ..., 01 as above, Algorithm A achieves an approximation factor of

t
max{1 + 61,1 1> p(Wi)}2.
i=1
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A modification of Algorithm A’

Algorithm A:

Let £L=L(Wq,..., W, T, ... fi1), x = (Xq,...,%) €R"and r > 0.

e Use sphere decoding to find all the points in W1 N By (X1).

» For every point found in step 1, perform steps 2 and 3 of Algorithm A’.
¢ Among all the approximations found, choose the best one.

Theorem
With 01, ..., 01 as above, Algorithm A achieves an approximation factor of

t

max{l + G_1, 1" > p(Wi)}2.

i=1

Question: Can we upper bound |By(x1) N Wy|?
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Bounds on |B;(x) N W | via spherical codes
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Bounds on |B;(x) N W | via spherical codes

Definition
A spherical code in R® is a set C of vectors of length 1. The minimum angle of
Cis amin(C) := Min¢crec Z(C,C").
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Bounds on |B;(x) N W | via spherical codes

Definition
A spherical code in R® is a set C of vectors of length 1. The minimum angle of
Cis amin(C) := Min¢crec Z(C,C").

@ If C is a spherical code at a positive minimum angle, then |C| < cc.
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Bounds on |B;(x) N W | via spherical codes

Definition
A spherical code in R® is a set C of vectors of length 1. The minimum angle of
Cis amin(C) := Min¢crec Z(C,C").

@ If C is a spherical code at a positive minimum angle, then |C| < cc.

@ In this case, good upper bounds on |C| can be derived using linear
programs, whose variables are the coefficients of the weight distribution
of C (Kabatiansky, Levenshtein).
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Upper bounds on the number of lattice points in a small sphere

Lattices and spherical codes

Annika Meyer ( Workshop on lattices, codes and mod On a recursive decoding algorithm for lattices



Lattices and spherical codes

Theorem
Let L be a lattice in R®. If r is a real number with 0 < r < 2p, then the set

{Ix =zt (x =2) |z € B/(x)NL}

is a spherical code with minimum angle o = cos™*(1 — £.), for every x € R®.
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Examples: Bounds obtained for A, En, Aog, =7

‘ Type ‘ n ‘ 0 ‘ A(n, ) ‘ Gaussian bound ‘ for deep holes ‘

2 Zn 3 3 3

3 z 6 7 6

A 4 | cos™i(}) 10 12 10
5 | cos™}(3) | <24 26 20

6 | cos(5) | <54 47 35

7 z <140 99 70

8 - - 188 126

9 - - 391 252

6 | cos™i(3) 27 37 27

£ 7 | cos7i(3) 56 84 56
8 z 16 77 16

Leech | 24 z 48 974 48

Annika Meyer ( Workshop on lattices, codes and mod

On a recursive decoding algorithm for lattices

12/14



Example: Nebe’s extremal even unimodular lattice A7,

» A7, is obtained from a polarisation («(Az4), 5(A24)) of the Leech lattice Ay,
where «, 8 € End(A,4) suchthata? —a+2=0,3=1—«a and
(a(x),y) = (x,8(y)) for all x,y € R**:
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factor v/14:
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Examples

Example: Nebe’s extremal even unimodular lattice A7,

» A7, is obtained from a polarisation («(Az4), 5(A24)) of the Leech lattice Ay,
where «, 8 € End(A,4) suchthata? —a+2=0,3=1—«a and
(a(x),y) = (x,8(y)) for all x,y € R**:

Nz = {(1,02,03) €L3 1 Noa | t1 — lp € B(A2a), b2 — B(£1) — l3 € 2N\24)}

« Algorithm A’: Decoding (X1, Xz, X3) €12 ; R?* in Az, with approximation
factor v14:
(1) Approximate x; with y; € Aza.
(2) Approximate x; — y;1 With y, € 5(Az4).
(3) Approximate x3 — a(y1) — Y2 With y3 € 2Az4.
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Examples

Example: Nebe’s extremal even unimodular lattice A7,

» A7, is obtained from a polarisation («(/A24), 5(A24)) of the Leech lattice Aya,
where «, 8 € End(A,4) suchthata? —a+2=0,3=1—«a and
(a(x),y) = (x,A(y)) for all x,y € R**:

Nz = {(1,02,03) €L3 1 Noa | t1 — lp € B(A2a), b2 — B(£1) — l3 € 2N\24)}

Algorithm A’: Decoding (X1, X2,X3) €13 ; R** in A7, with approximation
factor v/14:

(1) Approximate x; with y; € Aza.

(2) Approximate x; — y;1 With y, € 5(Az4).

(3) Approximate x3 — a(y1) — Y2 With y3 € 2Az4.

(4) Output the approximation (1, 42, £3) = (Y1, Y1 + Y2, a(Y1) + Y2 + ¥3)
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Example: Nebe’s extremal even unimodular lattice A7,

» A7, is obtained from a polarisation («(/A24), 5(A24)) of the Leech lattice Aya,
where «, 8 € End(A,4) suchthata? —a+2=0,3=1—«a and
(a(x),y) = (x,A(y)) for all x,y € R**:

Nz = {(1,02,03) €L3 1 Noa | t1 — lp € B(A2a), b2 — B(£1) — l3 € 2N\24)}

« Algorithm A’: Decoding (X1, Xz, X3) €12 ; R?* in Az, with approximation
factor v/14:
(1) Approximate x; with y; € Aza.
(2) Approximate x; — y;1 With y, € 5(Az4).
(3) Approximate x3 — a(y1) — Y2 With y3 € 2Az4.
(4) Output the approximation (1, 42, £3) = (Y1, Y1 + Y2, a(Y1) + Y2 + ¥3)

* Algorithm A: time increased by at most B 5(x1) N Az < 48,
approximation factor of v/7, using sphere decoding with

r=v2=/p(Az).
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Examples

Thank you very much for your attention!
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