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Witness codes

Definition
@ AcodeC is a subset of 5.

@ A witness of a codeword c is a set of coordinates W C [n] such
that on the restriction

ve' #£cel, aw # Clw-

@ A w-witness code C is a code with witnesses of length < w.

Example : A 2-witness code of length 6 with 4 codewords

100101,
c_ ) 000100
) 11011,
o[0]t o1t
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State of the art

Our question
What is f(n, w) = max|C| ?

where C is a w-witness code of length n.

Example : The Hamming sphere S,(w) of radius w is a w-witness
code. So
n
< .
(W> < f(n,w)

Theorem (Cohen, Randriam, Zémor, 08)

For any fixed w, the sequence n— f(n,w)/(]") is decreasing, J
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The double sphere

For n=2w — 1, take Cy = Sp(w — 1) U Sp(w). Witnesses : support or
co-support.

Proposition

<2v|:/> < f2w —1,w)

By extension : take C = {cx; ¢ € Cp, x € F5}

Proposition
2(n—w+1)

2
Yw > n/2, < n— w1

> < f(n,w)
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A construction for n = 2w

Codewords of C are

Type Codeword Witness
A 111x, with x € Sp_3(w —2) | {1,2} U Supp(x)
B 011x, with x € Sp—3(w —2) | {1,3} U Supp(x)
C 010x, with x € Sp_3(w — 1) | {2} U Supp(x)
D 101x, with x € Sp_s(w — 1) | {3} U Supp(x)
E 100x, with x € Sp_3(w) Supp(x)

Proposition
2w 2w — 2
Yw > 2, ( )+< )gf(Zw,w)
w w—1
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Translates of classical codes

Let Co C 7 a code with Hamming minimal distance d > 2(n — w) + 1
and
C={co+x; cyeCy, x€Sp(n—w)}.

Witness of ¢y + x € C : complement of Suppx.
Proposition

vw > (n+1)/2, <I’Z/>A2 (n,2(n—w)+1) < f(n,w),

where A(n, d) is the largest size of a length n code with minimal
distance d.

Example : Let r > 3. With Cy the [2" — 1,2" — r — 1, 3], Hamming code,
we get (27 —1)22 =1 < f(2" —1,2" - 2).
With Cy = extended Golay code, we get 8290304 < f(24,21).
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f(n, w) as an independance number

Let I = (V, E) be the proximity graph with edges V = FJ x ([;’V]) and
vertices(x, W) et (x', W) if xjp = x|’W or Xy = x|’W,.

f(n,w) = «(I") (independance number)
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A semidefinite program through Lovasz ¢ number

?'(MN) = max (J,X)
XcRVxV
LX)y = 1
X(v,v) = 0 if(v,W)eE
such that X > 0
X = 0

where R is the real field, / the identity matrix, J the all-one matrix,
X = 0 means X is positive semidefinite.

Proposition

f(n,w) = a(T) < ¥'(I)
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Semidefinite programming bounds.

Symmetry of the program

The graph I is invariant under the hyperoctaedral group $ = F} x &,

(translations and permutations). So we can consider only $-invariant
matrices X in the semidefinite program.
Entries in the matrix X depend only on

d = (1,0, 0, dr, &) = (IW 1 W, dwrwe (x, X,

dw-wow: (X, X'), dwr waw (X, X'), A wowr (X, X'))

where ds the Hamming distance on A C [n].
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Characterisation of positive semidefinite matrix

Theorem (Bochner)

There exists a basis of matrix valued functions d — Zx(d) called zonal
functions such that X = 0 is equivalent to

vdeD, X(d) =) (Pk Zk(d)),
k

where the (i), are = 0 matrix.

“A semidefinite positive kernel has = 0 Fourier coefficients and vice
versa.”
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Theoretic expression of the zonal functions

Let H, be a familly of representatives of the irreducible representations
of $ and di their dimensions.

Let CV = @y @;™ Hy,; be a decomposition of C" into irreducible
subrepresentatlons with multiplicity denoted my.

Let ey j » be the copy of an orthonormal basis of Hx dans Hy ;.

Then the zonal function Zx is the my x my,-matrix-valued function
defined over V x V by

(Zk(v. V) Zek,h, kot (V)):
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Decomposition into irreducible’s of CY under
H=F) x 6,
For I C [n], we denote
X1 =X € F§ s (=1)V9(X) ¢ C.
We denote Sf,] the irreducible representation (Specht module) of &,

associated with the partition i = (i — s) + s. We recall that
[
c(i) = EB/ 0S Then we get the irreducible representation
; [y
j s t
Tist= (X[’] © S, ® s["+1v”]’W*/'> TFSN(GU]XG;[/JH )

and the decomposition can be written as

min(w,i)

-© O S

i=0 j=max(0,w+i—n) 0<Ls<min(j,i—j),
o<t<min(j,n—i—j)
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Computation of the zonal functions

We deduce

Zit (06 W), (<, W)

= Z (—1)Wgt(x“7x\l’)Hahn-s-

S (WO W N )Hahnl - (1WA W0 19)

re(l)
(Wnll=js,
W'nll=f

where i=n—i,j=W—ji, o=W—jp.
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Computation of the zonal functions

@ Zonal functions are naturally orthogonal as the
subrepresentations are.

@ We just need to focus on their dominant term. We expand the
previous expression and compare with the expansion of the
suggested monomials in the basis of the functions y;

. 1ika:1
Xk(X) = {Oika:O

and their product.
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Zonal functions

In our case :

Proposition
The zonal functions Z; s 1 j, , €an be computed by a Gram-Schmidt
process on the monomials

Z S\ ot di® df d df°
s al Brylél

a+B+vy+0=i,
B+o=j1,7+6=)

ordered by lex order on (i, t,s, ji,2).
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A new equivalent program

?'(M) = max Yd

yERID )

Y(w,0,0,0,0) = 1
such that Ya > 0 foranydeD
SaVaZisi(d) = 0 forany(is,t)

Linear number of variables in n.
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Semidefinite programming bounds.

Numerical results (1)

n w=2| w=3 w=4 w=>5 w==56 w=7
3 6.00 8.00
6° 8
4 8.00 12.56 16.00
&° 12b 160
5 10.56 | 20.00 26.15 32.00
102 20° 25¢ 320
6 15.00 | 28.03 42.66 54.35 64.00
57 26° 400 52¢ 64°
7 21.00 | 39.31 70.00 90.30 112.00 | 128.00
212 352 700 80P 1129 1280
8 28.00 | 56.65 | 102.15 | 150.61 | 189.27 | 226.86
282 562 90° 140° 1600 224P
9 36.00 | 84.00 | 149.05 | 252.00 | 321.31 | 393.34
362 842 1262 2520 280° 3200
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Semidefinite programming bounds.

Numerical results (2)

10 45.00 120.00 219.30 380.05 544 .45 677.81
452 1202 2102 322 504° 560°
11 55.00 165.00 330.41 569.31 924.00 1166.08
554 1652 3302 4622 924b 1004
12 66.00 220.00 495.00 856.16 1422.87 | 2000.21
662 2204 4952 7928 1176° 1848°
13 78.00 286.00 715.00 1304.65 | 2184.91 @ 3432.00
782 2862 7152 12877 17162 3432b
14 91.00 364.00 | 1001.00 | 2002.00 | 3349.38
914 3642 10012 20022 30032
15 105.00 | 455.00 | 1365.00 | 3003.00 | 5168.18
1052 4552 13652 30032 50052
16 120 560.00 | 1820.00 | 4368.00 | 8024.58
1202 5607 18202 43682 80082
17 136 680.00 | 2380.00 | 6188.00 12376
1362 6807 23802 61882 123762
Witness codes Aachen, 25.1X.2011  21/24



Results

Q@ Forw=2andn>5 w=3andn>8 w=4andn>11,w=5
andn>14,w=6and n> 17, we have

n
f(n,w) = <W>
@ When w = 2, we have

2w 2w —2
few,w) = (W)+(W_1>.
© Forwe{2,...,7}, we have
few—1,w) = <2W>.

w

@ We have
f(4,3) =12, £(7,6) =112
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Summary and future work

We have

@ constructed first examples of large witness code for small
parameters n and w,

@ disproved some previous guess about the maximal size,
@ shown the maximality of our constructions in some cases.
We are still working on

@ pushing the semidefinite programming technique to more general
cases and understand where it works.

We need ideas
@ where semidefinite programming doesn’t work.
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Semidefinite programming bounds.

Thank you for your attention.

Questions.
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