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PD Dr. Jürgen Müller, Lecture 30 (27.01.2026)

(30.1) Theorem: Products of affine varieties. Let V ⊆ Ln and W ⊆ Lm

be irreducible affine varieties having coordinate algebras K[V] and K[W], and
let U := V ×W having coordinate algebra K[U] ∼= K[V]⊗K K[W].

Then U is irreducible, and together with the natural projections πV and πW is
a product of V and W in the category of prevarieties.

Proof. We keep the earlier notation used to describe the structure of the affine
variety U. Now I EA and J EB are prime. We show that IK(U)EC is prime:

Let h1, h2 ∈ C such that h1h2 ∈ IK(U). For w ∈ W fixed let Vi(w) :=
{v ∈ V;hi(v, w) = 0} = VV(hi(X , w)) ⊆ V closed, for i ∈ {1, 2}. Since
h1h2 ∈ IK(U), for any v ∈ V we have h1(v, w) = 0 or h2(v, w) = 0, that is
v ∈ V1(w) or v ∈ V2(w). Thus we get V = V1(w) ∪V2(w). Hence, since V is
irreducible, we have V1(w) = V or V2(w) = V.

Let Wi := {w ∈ W; Vi(w) = V} = {w ∈ W;hi(v, w) = 0 for all v ∈ V} =
VW({hi(v,Y); v ∈ V}) ⊆ W closed. Then by the above we have W = W1 ∪
W2. Since W is irreducible, we get W1 = W or W2 = W. Finally, if Wi = W
then we have hi(v, w) = 0 for all v ∈ V and w ∈W, thus hi(v, w) ∈ IK(U). ]

Next, since π∗V : K[V] → K[U] : Xi 7→ Xi ⊗ 1 and π∗W : K[W] → K[U] : Yj 7→
1 ⊗ Yj are homomorphisms of K-algebras, we infer that πV and πW are mor-
phisms of (irreducible affine) varieties.

Now let Z be a prevariety, and let ϕ′ : Z → V and ϕ′′ : Z →W be morphisms.
Since U = V×W as sets (that is a product in the category of sets), there is a
unique map ϕ : Z → U such that ϕ′ = ϕπV and ϕ′′ = ϕπW. Hence we have to
show that ϕ is a morphism of prevarieties:

Since U is affine, it suffices to show that ϕ∗ : K[U] = Γ(OU) → Γ(OZ) is a
homomorphism of K-algebras, which just amounts to showing that it is well-
defined: Recall that K[U] is generated by the Xi⊗1 and 1⊗Yj . Since ϕ′ and ϕ′′

are morphisms, we get ϕ∗(Xi ⊗ 1) = ϕ∗(π∗V(Xi)) = (ϕπV)∗(Xi) = (ϕ′)∗(Xi) ∈
Γ(OZ) and ϕ∗(1⊗ Yj) = ϕ∗(π∗W(Yj)) = (ϕπW)∗(Yj) = (ϕ′′)∗(Yj) ∈ Γ(OZ). ]
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