Algebraic Geometry (WS 2025)
PD Dr. Jiirgen Miiller, Lecture 30 (27.01.2026)

(30.1) Theorem: Products of affine varieties. Let V. C L™ and W C L™
be irreducible affine varieties having coordinate algebras K[V] and K[W], and
let U :=V x W having coordinate algebra K[U] = K[V] @ x K[W].

Then U is irreducible, and together with the natural projections my and mw is
a product of V and W in the category of prevarieties.

Proof. We keep the earlier notation used to describe the structure of the affine
variety U. Now I < A and J < B are prime. We show that I (U) < C is prime:

Let hy,he € C such that hihy € Ix(U). For w € W fixed let V;(w) :=
{v € V;hi(v,w) = 0} = Vy(hi(X,w)) C V closed, for : € {1,2}. Since
hihg € I (U), for any v € V we have hy(v,w) = 0 or ha(v,w) = 0, that is
v € Vi(w) or v € Va(w). Thus we get V = V;(w) U Vy(w). Hence, since V is
irreducible, we have V;(w) =V or Vy(w) = V.

Let W; := {w € W;V;(w) = V} = {w € W;h;(v,w) =0forallv € V} =
Vw({hi(v,Y);v € V}) C W closed. Then by the above we have W = W U
W,. Since W is irreducible, we get W1 = W or Wy, = W. Finally, if W; = W
then we have h;(v,w) =0 for all v € V and w € W, thus h;(v,w) € Ix(U). f{

Next, since 3;: K[V] = K[U]: X; = X, ® 1 and 73y, : K[W] — K[U]: Y, —
1® Y} are homomorphisms of K-algebras, we infer that 7y and 7y are mor-
phisms of (irreducible affine) varieties.

Now let Z be a prevariety, and let ¢': Z — V and ¢”: Z — W be morphisms.
Since U =V x W as sets (that is a product in the category of sets), there is a
unique map ¢: Z — U such that ¢’ = pmy and ¢” = prw. Hence we have to
show that ¢ is a morphism of prevarieties:

Since U is affine, it suffices to show that ¢*: K[U] = I'(Oy) — I'(Ogz) is a
homomorphism of K-algebras, which just amounts to showing that it is well-
defined: Recall that K[U] is generated by the X; ®1 and 1®Y;. Since ¢’ and ¢”
are morphisms, we get ¢*(X; ® 1) = ¢* (73 (X3)) = (env)*(X;) = (¢')*(X;) €
['(Oz) and ¢*"(1®Y;) = ¢*(rw (Y])) = (erw)"(Y;) = (¢")"(Y;) € T'(Oz). 1§




