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1 Introduction

(1.1) Notation. Let P,, denote the set of all partitions of n € Ny. For A € P,
let I(\) € Ny be its length, i. e. the number of its non-zero parts A\; > Ay >
... > Ny») > 0. Furthermore, let s(\) := n —I()\) € Ny be its generalized sign,
thus we have sgn()\) = (—=1)*M. We also write A = [190V) .. n®N] where
a; ()\) € Ng.

Let S,, denote the symmetric group on n € Ny letters. For A € P, let C\ C S,

denote the conjugacy class of elements of cycle type A\. For n € Ny let g, :=
(1,...,n) € Sy, and for A € P, let

Ny :={g € Cpnj;9 - 9 € Cr}| € No.

Furthermore, for s € N let

—_

H(s) := Z Z (_1)l(>\) e Hiai(/\) Ny,

n>1 \AeP,,s(A)=s,a1(A)=0 i>1

Note that for A € P, such that a;(A) = 0 we have n < 2-s()). Hence the outer
sum occurring in the definition of H(s) indeed is finite. If s()\) is odd, then we
obviously have Ny = 0, and hence for s odd we have H(s) = 0. The main result
of this note is that this holds in general:

(1.2) Theorem. Let s € N. Then we have H(s) = 0.

2 Proof

The proof of Theorem (1.2), which will be given in Sections (2.4), (2.5) and
(2.6), uses both character theoretic and combinatorial techniques. The necessary
auxiliary results are stated in Propositions (2.2) and (2.3), respectively. As
general references, the reader may consult [3] and [4], respectively. In particular,
we use the usual combinatorial conventions for binomial coefficients, see [4,
Ch.1.1]. We need some more



(2.1) Notation. For A € P, and p € P, we write p < X if az(p) < a;(N) for
i € N. In this case let A\ p:= [19MN=a(p)  pan(N=anl)] ¢ P, . Thus we
have I(A) = (p) + LA \ p) and s(3) = s(p) + s(A\ p).

For gy € Cy let Cs,(gx) < S, denote the centralizer of gy in S, and let, see [3,
La.1.2.15],

ICs, (M| :=1Cs, (@) = [ [Ti*M |- | ][V

i>1 i>1

(2.2) Proposition. Let A € P,,. Then we have

n

sgn m! n—m)!
NA:Z Z g(ﬂ)_ ) ( )

2\t s ()] 1Cs, ()

Proof. As we have C’;l = C) and C[:L]l = Cpp, by [2, Thm.2.4] we have Ny =
C,[n],[n], Where ¢y [n),n) € No denotes the central structure constant for the
conjugacy class triple (Cx, Cly,), Cln)) of Sp.

For p € P, let x, denote the corresponding irreducible ordinary character of
Sy, see [3, Thm.2.1.11]. For A € P, let x,(A) := x,.(9x), where g) € Cy. By [2,
Exc.3.9], as x, is real-valued we have

_ Xu ])2
A o ] |Cs( D '

HEPn

By [3, 2.3.17] we have x,([n]) # 0 if and only if u = [n — m,1™] € P,, for
m € {0,...,n — 1}, is a hook partition. In this case we have x[,—m,,1m)([n]) =
(—=1)™. Furthermore, a straightforward calculation using [3, Thm.2.3.21] shows
that Xn—m,1m(1) = (n;l) As |Cs, ([n])| = n, this yields

71 . 1 | n—1

& nj,|n

A [n]L[ ] |CS

1 (A).

O

Using the determinantal form of the irreducible ordinary characters, see [3,
Thm.2.3.15], for m > 1 we obtain

S
X[n—m,1m] = ( X[n—m)] ®X[1m]) SnmXSm X[n—(m—1),1m=1],
where ® denotes the outer tensor product, and (- ) S _. s, denotes induction

from the Young subgroup S,_,, x S, < S, to S,,. Note that X[n—0,1] = X[n]
is the trivial character and that x[,_(,—1),1n-1] = X[1n] is the sign character of



S, Furthermore, using the induction formula for class functions, see [2, p.64],
for A\ € P,, we have

> sgn(p) - |Cs, ()|

Sn
(oo ©X0m1)s5, x5 V= 20 (85 ()] s, A\ )

PEPm,

Using the identity "TH . (nll) = (i) + ( 1 ) we finally obtain
m41

n! n—1 Xn-m,1m X[n mllml(/\)
CAlnlln] = GFDICs, V] (Zm e 2 Gyt me 1%)

n! n
FICe ] * 2em=o 7ry * (Xin— m @ X)) e s

_ Zn Z sgn(p) | m! . _(n=m)!
m=0 £sp€Pp,pIX ntl " [Cs,, ()]~ [Cs, N\P)*

(2.3) Proposition.
a) Vandermonde Convolution. Let n,m € Z and | € Ny. Then we have

() -2 0 (2

b) Suranyi’s Formula. Let n,m € Z and [ € Ny. Then we have

S () = () (7)

c) Let n,l € N such that { < n. Then we have

Z 1 l <n—1)
AEP L(N)= zH%>1 a(A)t U \I=1)

Proof. a) See [4, Ex.I1.1.2.3].

b) By applying the Vandermonde Convolution, the assertion follows from the
variant given in [4, Ch.4.4, p.144, 1.5]; see also [1, 6.48].

c) See [4, Ch.5.5, p.183, 1.5]. 1

(2.4) Proof of Theorem (1.2). Let s € N be fixed. For o0 = [01, CH o)) €
Pslet ot =01+ 1,...,000) + 1] € Psyy(o). Hence we have I(o ) =I(0) and
thus s(o+) = s(o) = s. Furthermore, we have a;(c") = 0 and a;(c) = a;-1(0)
for i > 2. Conversely, for A = [A1,...,\n] € Py such that a;(A) = 0 let
AT = =1, 0y — 1] € Proyn). Hence we have (A7) = [(A) and thus
$(A7) = s(A). Furthermore, we have a;(A7) = a;41(A\) for i > 1. It is easily



seen that these operations are inverse to each other. Hence the set of partitions
to be summed over in the definition of H(s) is given as {o7;0 € P,}, thus we
have

_ 1)) .
H(s) = Z (Sj)l(o') . Hiai((f ) - N+

TE€Ps i>1

Let 0 € Pyyi(o). If p € Py, such that p<do™, then we have a;(p) = 0 and hence
p =17 for some 7 € Prn—i(p) such that 7 < o. Conversely, for each 7 € P; such
that 7 < o we obtain 7% € Py, such that 77 < oT. Hence by Proposition
(2.2) we obtain

_ (_l)l(g) P Ca
H(s)= G+10) (s+io)+1) [

oEP, i>1

Z Y. se(rh) t+in)  (s+Uo) =t = Un))

=0 7P, rdo |C$t+l(7) ()] |Css+l(n)—t7l(7) (et \71)]

Using the formula for centralizer orders given in Notation (2.1) and changing
the order of summation yields

Yot 1) (s — t+1(n))!
Yy Y (bt

t=0 m€P; 7' EPs_¢

sgn(m)  sgn(r)
HiZI a; (7T)' HiZl a; (7T/)! )

Keeping ¢ fixed, we split the sum over all 7 € P, into sums over m € P; such
that {(m) = [ is fixed, where in turn [ € {1,...,t}. Note that for 7 € P, such
that I(m) = | we have sgn(r) = (—1)*~!. Analogously, the sum over ©’ € P,_ is
split. Dealing with the cases t = 0 and ¢t = s separately, using Proposition (2.3)
we obtain

s—1 s—t t+l+l' /
B D (s—t+ 1) t—1\ (s—t—1
B §:§:3+l+ﬁ (s+14+U+1)-1- (1) Q—l)( V—l)
® (=) (s + 1) s—1
+§ (s+1)-(s+1'+1)- (") (11_1)

= (1)t (s 1) (s - 1)

L (s+D)-(s+1+1)-00 \I—1




Using Propositions (2.5) and (2.6), which are proved below, and the notation
introduced there, we finally obtain

H(s) = Ho(s)+ (=1)* - Ho(s) + X 12) (=1)" - Hy(s)
= Ho(s) (Xi=(-1)"- ()
= 0.

(2.5) Proposition. For s € N let

= DL (s +1)! s—1
— s—|—l—|—2 ) (I+1)! 1)

M

Then we have
(s+1)!-sl-(s=1)

(25 +1)!

Ho(s) = (=1)°-

Proof. For s € N and k,m € Ny let
s—1
1 s+1+k s—1
m = —1 +1 - . .
Tiom(5) ;( ) s+1l+m < s—1 ) ( l )

. . .- 1 +Il+k

Using both the identities ﬁ = ﬁ (1 = s757) and (=D)L (TR =

L and applying the Vandermonde Convolution, see Proposition
I+k+1/° pplying ) P

(2.3), yields

1 L, L, sHl+k [sHl+k—1\ [s—2
fk’m<5>s+m'<<”+ <”'5+z+m‘< s—2 )'<1—1)>'

=1

Using the identity ; ”’H'k =1+ SLJ:” , and again applying the Vandermonde

Convolution, see Proposmon (2.3), for s > 2 this yields

p B i 1)i+1 s—1+1+k+1) [(s-2
ko _3—|—m p s—1+l+m+2 5—2 1)

Thus we have the recurrence fj ,,(s) = l;jﬂ“rf fret1,mt2(s —1), for s > 2. As we

have fi.m(1) = m7+1’ iterating this recurrence shows

s—2 E— . B kw*m
fk,m(S) = fk+s—1,m+2s_2(1) . H m-t_ 1 (3—1)

:Os—i-m—i—i T 2%+m—1 (23‘:1”1_2)

—2
Hence in particular we have fyo(s) = 5 ) (—1)%- ((82':21)8,‘

25+1 ( 2751)
Ho(?) _

As we have

= fo.2(s), this proves the assertion. i



(2.6) Proposition. For s,t € N such that t < s let

—ii DH D (s =t 1) (t=1) (s—t—1
- s+l+l’ (s+i+V+1)- 1) \l-1 -1/

=1 l/=1

Then we have

Hy(s) = (j) - Ho(s).

Proof. For s € N and k,m € Ny let

s—1

= 30" e (U ()

=0

Using both the identities (**/"*) = stk . (st1HE=1) 3pq SHEE 14 A

and applying the Vandermonde Convolutlon see Proposition (2.3), we obtain
Grm(s) = %‘i‘kTm - fr—1,m(8), where fi n(s) is as in the proof of Proposition
(2.5). A straightforward calculation shows

__ —krs) ()
gk,m(s) 9k,m+1 (5) - (S ¥ m) K (k _ m) (251—171) '
We have
t
+1 t—1
Hy(s)=t-(s—t)!- Z ( >.(l_1)
1=1
Si (1) s—t+1\ [s—t—1
= (sHI+V) - (s+1+1+1) I -1 '
As (s+l+l’)‘(1s+l+l’+1) = (s+ll+l’) - (s+l-s}l’+1)’ the inner sum is straightforwardly

seen to be equal to g1 ¢4141(s —t) — g1,441+2(s — t), hence we have

t t+l\ | (t—1 s+l—1
Hy(s)=t'-(s—t—1)!- Z(_l)s+t+l . () 2(51 tlJ)rlJrEs—t—l).
=1 ( s—t+1 )

(l+1) this can be rewritten as

As (1) - (HZ)) = CHfatipien @b

t s+1—1 t—1
Hy(s) = (s = 1)1- ) (=1)*+H. (:71_2%
1=1 ( s—t+1 )

Hence by Proposition (2.5) we have to show the following assertion

i(il)tﬂ' (é—i_ll) ) (]lf:}) _ (i)

) G

=1



which is straightforwardly seen to be equivalent to the assertion

o= () () (1) =0 ()

Using both the identities ¢ = 1+ =t and (3F') = (*°) + (,.%°,), where as

usual (*%) := 0, we obtain

ha(s) = i(_l)t+l+1 . 23_:'1 . (t 72157 l) , (s - ll - l) , (5 Jlr l)

=1
e () (7))

t—1
2s s—1+1 s+1
—1)tt. . . .
() () ()
=1
Finally, using Suranyi’s Formula, see Proposition (2.3), by a straightforward

calculation we obtain hy(s) = (3) - (51'1). i
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