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(Linearized) Computational Graph

t = x0 · sin(x0 · x1)
x0 = cos(t)
x1 = t/x1

v−1 = x0

v0 = x1

v1 = v−1 · v0 c1,−1 = v0; c1,0 = . . .
v2 = sin(v1) c2,1 = cos(v1)
v3 = v−1 · v2 c3,−1 = v2; c3,2 = . . .
v4 = cos(v3) c4,3 = − sin(v3)
v5 = v3/v0 c5,3 = 1/v0; c5,0 = . . .
x0 = v4

x1 = v5
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Elimination of Paths

∂vk

∂vl

≡ f ′k,l =
∑

[l→k]

∏

(i ,j)∈[l→k]

cj ,i

For example,

f ′(4,−1) = c3,−1·c4,3+c1,−1·c2,1·c3,2·c4,3

= (c3,−1 + c1,−1 · c2,1 · c3,2) · c4,3

Objective ...
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I W. Baur and V. Strassen: The complexity of partial derivatives. 1983
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Bipartite Computational Graph
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I A. Griewank and S. Reese: On the calculation of Jacobian Matrices by

the Markovitz rule. Proceedings of AD1991, SIAM (1991)
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. . .

f ′6,−1 = c1,−1 · c2,1 · c6,2 + c1,−1 · c6,1 = c1,−1 · (c2,1 · c6,2 + c6,1)

f ′6,0 = c1,0 · c2,1 · c6,2 + c1,0 · c6,1 = c1,0 · (c2,1 · c6,2 + c6,1)
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I U. Naumann: Elimination Techniques for Cheap Jacobians. Proceedings
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t = x0 + (x0 · x1) · 3.14
x0 = cos(t)
x1 = t/x1
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I U. Naumann and J. Utke: Optimality-preserving elimination of linearities

in Jacobian accumulation. Electronic Transactions on Numerical Analysis,

KSU (2005).
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I U. Naumann: An Enhanced Markovitz Rule for Accumulating Jacobians

Efficiently. Proceedings of 15th Conference on Scientific Computing

(ALGORITHMY 2000).
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Dynamic Programming

F ′(x) = Qm





l+m
∏

j=1

∏

i≺j

Cji



 PT
n ∈ IR

m×n

where

Pn ≡
[

In, 0
]

∈ IR
n×q and Qm ≡

[

0, Im
]

∈ IR
m×q

I A. Griewank and U. Naumann: Accumulating Jacobians as Chained

Sparse Matrix Products. Math. Prog., Springer (2003).
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Simulated Annealing

• start sequence, start temperature

• (logarithmic) cooling schedule

• acceptance of worse sequence with Metropolis probability

• run for as long as you like ...
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I U. Naumann: Cheaper Jacobians by Simulated Annealing. SIAM J.

Opt., SIAM (2002).
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Single-Expression-Use Graphs
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I U. Naumann and Y. Hu: Optimal Vertex Elimination in

Single-Expression-Use Graphs. AIB-2006-08, RWTH Aachen (2006).
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Proving NP-completeness

1 pick known NP-complete problem (NPP)

2 derive polynomially instance of your problem for each
instance of NPP

3 verify given solution in polynomial time

I U. Naumann: Optimal Jacobian Accumulation is NP-complete. Under

review by Math. Prog., Springer
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Ensemble Computation

Given a collection C = {Cν ⊆ A : ν = 1, . . . , |C |} (Jacobian) of
subsets Cν = {cν

i : i = 1, . . . , |Cν |} (Jacobian entries) of a finite
set A (elemental partial derivatives) and a positive integer Ω (max.

nr. of scalar multiplications) is there a sequence ui = si ∪ ti (scalar
multiplications) for i = 1, . . . , ω of ω ≤ Ω union operations,
where each si and ti is either {a} (elemental partial derivative) for
some a ∈ A or uj (previously accumulated partial derivative) for some
j < i , such that si and ti are disjoint for i = 1, . . . , ω and such
that for every subset Cν ∈ C , ν = 1, . . . , |C |, there is some ui ,
1 ≤ i ≤ ω, that is identical to Cν (all Jacobian entries are

computed).

Theorem
EC is NP-complete.

M. Garey and D. Johnson. Computers and Intractability. 1979
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EC Example

Let an instance of EC be given by

A= {a1, a2, a3, a4}

C= {{a1, a2}, {a2, a3, a4}, {a1, a3, a4}}

and Ω = 4. The answer to the decision problem is positive with
a corresponding instance given by

C1 = u1 = {a1} ∪ {a2}

u2 = {a3} ∪ {a4}

C2 = u3 = {a2} ∪ u2

C3 = u4 = {a1} ∪ u2 .
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Optimal Jacobian Accumulation

Given a linearized computational graph G of a vector function
F and a positive integer Ω is there a sequence of scalar
assignments uk = sk ◦ tk , ◦ ∈ {+, ∗}, k = 1, . . . , ω, where each
sk and tk is either cj ,i for some (i , j) ∈ E or uk′ for some
k ′ < k such that ω ≤ Ω and for every Jacobian entry there is
some identical uk , k ≤ ω?

Example: Lion

c6,1 := c6,1 + c6,2c2,1; c2,−1 = c2,1c1,−1; c2,0 = c2,1c1,0

c6,−1 = c6,1c1,−1; c6,0 = c6,1c1,0; c3,−1 = c3,2c2,−1

c3,0 = c3,2c2,0; c4,−1 = c4,2c2,−1; c4,0 = c4,2c2,0

c5,−1 = c5,2c2,−1; c5,0 = c5,2c2,0
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Reduction EC → OJA

Consider y = F (x, a) where x ∈ IR
|C |, a ∈ IR

|A| is a vector
containing all elements of A, and F : IR

|C |+|A| → IR
|C | defined

as

yν = xν ∗

|Cν |
∏

j=1

cν

j

for ν = 1, . . . , |C | and where cν

j is equal to some a ∈ A for all
ν and j . This transformation is linear with respect to the
original instance of Ensemble Computation in both space
and time. The Jacobian F ′(x, a) is a diagonal matrix with
nonzero entries

fν,ν =

|Cν |
∏

j=1

cν

j

for ν = 1, . . . , |C |.
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Example

A = {a1, a2, a3, a4}
C = {{a1, a2}, {a2, a3, a4}, {a1, a3, a4}}

f ′1,1 = c6,−2 = a1 ∗ a2

u2 = c7,2 = c8,4 = a3 ∗ a4

f ′2,2 = c7,−1 = a2 ∗ u2

f ′3,3 = c8,0 = a1 ∗ u2
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EC ⇔ OJA

⇐: Simply subsitute ∗ for ∪.

⇒: 1 No additions; simply subsitute ∗ for ∪.
2 Suppose that there is some i ≤ ω such that si ∩ ti = {b}.

Hence the computation of ui in the Jacobian accumulation
code involves a factor b ∗ b. Note that such a factor is not
part of any Jacobian entry which implies that the
computation of ui is obsolete and therefore cannot be part
of an optimal Jacobian accumulation code.
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Consequences

1 “Rows and columns” of F ′ are NP-complete.

y =

|C |
X

ν=1

yν =

|C |
X

ν=1

0

@xν ∗

|Cν |
Y

j=1

c
ν

j

1

A

.

2 “Tangents and adjoints” are NP-complete.

yν = x ∗ ẋν ∗

|Cν |
Y

j=2

c
ν

j .

3 “Partial derivatives of arbitrary order” are NP-complete.

yν =
xq

ν

q!

|Cν |
Y

j=1

c
ν

j .
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d3 d5 d7 d11d9

d6 d8 d10 d12d4

d1

d2

OPS(F ) = 6 ∗ 5 = 30
OPS(F ′) = 2+6∗2 = 14
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