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1. Motivation

We have functions

F :eR*" —R™

and
f:eR" =R
We need
Jacobian matrix J(x) = F'(x) € R™*"
and

Hessian matrix H(z) = f"'(x) € R™*"
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Suppose, we have

« «00%+0000000
«00%+00000000
O« *x O0x 0O0O0O0OO0OO00O0
OO0« x 000O0O00DO0
0000+«00%0000 o

J@)=1000x+0x00000]| €k
0000000 % % %00
000000% 0000
00000000 %0 x *
0000000O0O %  *

Usual forward/reverse mode for J(x) = many 0s computed!!
Same is true if H(x) is sparse.

Alternatives?
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Motivation

Efficient computation of J(x) and H(x)?

First order part J(x):

1 2 3 o
function sparsity seed calculation
pattern matrix of entries
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Efficient computation of J(x) and H(x)?

First order part J(x):

1
F = Pr

N

function sparsity
pattern

Second-order part H(x):

1
f > Py

function sparsity
pattern

seed calculation
matrix of entries
= Sf >FI — H(x)Sf
seed calculation
matrix of entries
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1 performed only once AD to compute sparsity pattern

Motivation

Remarks:

— propagation of bit patterns
— propagation of appropriate index sets

2 performed only once coloring algorithms

3 evaluated for each z AD for derivative calculation

— vector forward/reverse mode for Jacobianxmatrix

— new vector version of second order adjoint mode for
Hessian x matrix.
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General evaluation procedure: \§’/

Vi—n — X; for ¢+ = 1,...,7?,
Vi = gai(vj)j<i for ¢+ = 1,...,l
Ynm—i = Uj—; for ai=m-1,...,0

where
v, 1 < 0, are the independents
vi, 1t >l —m -+ 1, are the dependents
p; € P is elemental function, & = set of elemental functions
j <1 is dependence relation: v; depends directly on v;
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2. Computation of Sparsity Patterns \y%_

2.1. Sparsity Patterns of Jacobians

Use AD to compute the sparsity pattern itself!!

propagation of booleans for dependency information
all operations become a logical OR.

Tools:
e ADOL-C: AD by Operator Overloading
o TAF: AD by Source Trannsformation
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Example:

Evaluation procedure for F : R® — R*

(%)
v7
vg
(Ye}
V10
V11
V12
V13
V14
V15
V16
Y1
Y2
Y3
Ya

T
cos(v1)
Sin(vg)
V7 * U8
V3 * V9
exp(v3)
cos(va)
sin(vs)
V12 * V13
V6 * V14
exp(ve)
V10

V11

V15

V16
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1

I; U;
cos(vi) w7
Sin(vz)

V7 * Usg

V3 * V9
exp(v3)
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sin(vs)
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(%)
v7
vg
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V10
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Ya

I; U;
cos(vi) w7
Sin(vz) Vs
V7 * U8

V3 * V9
exp(v3)
cos(va)
sin(vs)

V12 * V13

V6 * V14
exp(vs)

V10

V11

V15

V16

512
1
0
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Computation of Sparsity Patterns Scie.,l.?;f"ée:fnpuﬁng

Example: \§'/

Evaluation procedure for F : R® — R*

vi = T vi = 01
v7 = cos(vi) vy =1
vg = Sin(vz) vgs = 0
v9 = wvr*xvg w9 = 1VvO0=1
V10 = V3 * Vg

vi1 = exp(vs)

V1o = COS(’U4)

V13 = Sin(v5)

V14 =— V12 * V13

V15 = Ve * V14

V16 — eXD(’U6)

Yyi =— 710

Y2 = Vi1

Ys = V15

Yys — 7Vie6
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Computation of Sparsity Patterns Scie.,l.?;f"ée:fnpuﬁng

Example: \§'/

Evaluation procedure for F : R® — R*

vi = T vi = 01

v7 = cos(vi) vy =1

vg = Sin(vz) vgs = 0

v9 = wvr*xvg w9 = 1VvO0=1
V10 = U3 * Vg vip = 0Vvl=1
vi1 = exp(vs)

V1o = COS(’U4)

V13 = Sin(’U5)

V14 = V12 * V13

V15 = 76 * V14

Vie — eXD(’U6)

Y1 = 7vi1o0

Y2 = V11

Yy = V15

Y4 = 7Vie
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(%)
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vg
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cos(vy) v, =1
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vrxvg v9g = 1v0=1
V3 * Vg vip = 0Vvl=1
exp(vs) vii =

cos(va)

sin(vs)

V12 * V13

V6 * V14

exp(vs)

V10

V11

V15

V16

N
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Computation of Sparsity Patterns Scie.,l.?;f"ﬁ:fnpuﬁng

Example: \§'/

Evaluation procedure for F : R® — R*

vi = T vi = 01 = 02 | = 03
v7 = cos(vi) vy =1 =0 |=20
vg = Sin(vz) vgs = 0 =1
v9 = wv7*vg wv9g = 1VvVO0=1|=1
V10 = V3 * Vg vip = 0Vvl=1|=1
vi1 = exp(v3z) vi1 = 0 =0
V1o = COS(’U4) vipg = 0 =0
V13 = Sin(’U5) viz = 0 =0
V14 — V12 *%v13 via = OV O = = 0
Vi = Ve *v1a vis = OV O = = 0
Vie — eXD(’U6) vie = 0 =0
Y1 = v10 y1. = 1 =1
y2 = v11 y2 = 0 =0
Yys = wvis y3 = 0 =0
Yya = Vie ya = 0 =0
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Evaluation procedure for F : R® — R*
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Computation of Sparsity Patterns Scie.,l.?;f"ﬁ:fnpuﬁng

Example: \§'/

Evaluation procedure for F : R® — R*

vi = T vi = 01 = 02 | = 03
v7 = cos(vi) vy =1 =0 |=20
vg = Sin(vz) vgs = 0 =1 = 0
v9 = wv7*vg wv9g = 1VvVO0=1|=1 =0
V10 = V3 * Vg vip = 0Vvl=1|=1 = 1
vi1 = exp(v3) vi1 = O =0 =1
V1o = COS(’U4) vipg = 0 =0
V13 = Sin(’U5) viz = 0 =0
V14 — V12 *%v13 via = OV O = = 0
Vi = Ve *v1a vis = OV O = = 0
Vie — eXD(’U6) vie = 0 =0
Y1 = v10 y1. = 1 =1
y2 = v11 y2 = 0 =0
Yys = wvis y3 = 0 =0
Yya = Vie ya = 0 =0
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Example: \§'/
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Computation of Sparsity Patterns Scie.,l.?;f"ée:fnpuﬁng

N

Alternative:

Propagation of appropriate index sets
Xi={j<n:j—m=<"i} for i=1-—mn,...,I

One has:

{an: 8”i#0}gx@-
ox;

Xi,1=1l—-m-+1,...,[yield sparsity pattern of Jacobian.
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Computation of Sparsity Patterns Scie.,l.?;f"ﬁ:;puﬁng

N

2.2. Sparsity Pattern of Hessians

So far: Only propagation of index sets
for sparse Hessians additionally:

Propagation of nonlinear interaction domains

0%y
' <n: —>—#0; CN;

{]_n 8xi8xj# }_
for:=1,...,n.

N;, i =1,...,n yield sparsity pattern of Hessian.

Computation of X; and N;7?
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Computation of Sparsity Patterns Scie.,l.?;f"ée:fnpuﬁng

Algorithm I: Computation of X; and N \§’/
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Computation of Sparsity Patterns

itute of
S cientific C omputing

Algorithm I:. Computation of X; and N \§’/

forz_l
{'&} Ni= 1
f0r7,=1,...,l
X — Uj<z‘Xj

if o; nonlinear then
if v, = gOi(’Uj) then

VkEXj:Nk:NkUXj

if v, = goi(vj,’ul) then
\V/l{?EXj N, =N, U X,
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Computation of Sparsity Patterns

itute of
S cientific C omputing

Algorithm I:. Computation of X; and N \§’/

forz_ 1,.
{z} Ni 0
forzzl,...,l
X = Uj<in

if ©; nonlinear then
if v, = goi(vj) then

Vk € Xj: Ny =N, U X

if v, = (pl'(’Uj,’Ul) then
VkEXj N =N U X,
Vk € X; 1 Nj :NkUXj

Complexity 77
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Computation of Sparsity Patterns

itute of
S cientific C omputing

Algorithm I: Computation of X; and N

forz—l
{'&} Ni= 1
f0r7,=1,...,l
X — Uj<z‘Xj

if o; nonlinear then
if v, = QOZ'(’U]') then

VkEXj:Nk:NkUXj
if v, = goi(vj,’ul) then

VkEXjZNkZNkU)C}

Vk € X i Ny =N U X

Complexity 727

N

(1)

(2)

(3)
(4)
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Computation of Sparsity Patterns ntiic C omputing

Theorem: Complexity result for Algorithm I \§'/

Assume that the identity

82
{JS 7&0} 1<i<n,

" Ox;0x ;

holds for the given f. Then, one has

l
OPS(NID) < C(ZP@' + 12 * OPS(f)),

=1

with p; = |A;| and n = maximal #nonzeros per row in H(x).
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Computation of Sparsity Patterns S cientific C omputing

Theorem: Complexity result for Algorithm I \§'/

Assume that the identity

82
0 1 <1<

holds for the given f. Then, one has

l
OPS(NID) < C(Zpi + 7? * OPS(f)),

i=1
with p; = || and n = maximal ##nonzeros per row in H(x).

Proof: Analyse set operations:
e (1): OPS(X;, = UJ«?; X;) = O(pi)
e (2): OPS(Vk € X; : N}, = N, U X;) = O(n?)
e (3) + (4): same as (2)

Details see [W. 2005]
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Compus
3.Compression Techniques \§Z—

3.1. Row Compression for Jacobians

For a seed matrix S € R"*P compute

B = F'(x)S € R™*P =
bl = e/B = e/ F'(z)S = VF;i(z)S
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S cientific C omputing

3.Compression Techniques

3.1. Row Compression for Jacobians

For a seed matrix S € R"*P compute

B = F'(x)S € R™*P =

bl = e/B = e/ F'(z)S = VF;i(z)S
Question: Choice of S such that

e [/(x) can be reconstructed from B
e p as small as possible

N
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stitute of
S cientific C omputing

3.Compression Techniques \y%_

3.1. Row Compression for Jacobians

For a seed matrix S € R"*P compute

B = F'(z)S € R™*P =
bl = e/B = e/ F'(z)S = VF;i(z)S

Question: Choice of S such that

e [/(x) can be reconstructed from B

e p as small as possible
Possibilities:

1. direct methods: no arithmetic operations are required
2. substitution methods: only substractions are required
3. elimination methods: solution of general linear system

Sommerschule AD, August 18, 2006 13 Andrea Walther, IWR, TU Dresden



. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

N

General setting:

Define
X = {j <n:y, depends on z;}
Vi = {i<m: x impacts y;}
e = || n o= maxpy  gr = V| m = max g
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. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

N

General setting:

Define
X = {j <n:y, depends on z;}
Vi = {i<m: x impacts y;}
pr = |X] n o= maxpy  qx = V| m = max gy

Then one has

bl = el'F'(z)S = ZeiTF’(ac)eje;FS = al's;

1
JEX;

where

a; — (ezTF/(x)ej)jEXi cRP 5, = (€?S)j€)(i c RPi¥P
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. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

N

1. Direct methods: Curtis-Powell-Reid Seeding (CPR)

Question:
Determine columns that can be combined

= only 0-1 entries in S
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. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

N

1. Direct methods: Curtis-Powell-Reid Seeding (CPR)

Question:
Determine columns that can be combined
= only 0-1 entries in S

How?
Find mapping

c:{l,....n}—{1,...,p} such that
ViNVp 70 = c(j) # c(k)

= images ¢ !(i) form the “column groups’”.
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. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

N

1. Direct methods: Curtis-Powell-Reid Seeding (CPR)

Question:
Determine columns that can be combined
= only 0-1 entries in S

How?
Find mapping

c:{l,....n}—{1,...,p} such that
ViNVp 70 = c(j) # c(k)

= images ¢ !(i) form the “column groups’”.

Now: Determination of ¢?

Sommerschule AD, August 18, 2006 15 Andrea Walther, IWR, TU Dresden



. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

Mapping ¢ = Graph coloring of column incidence graph

G.= (V., E,), Ve={1,...,n}
(J,k) EE. & YNV =0

= Two vertices have different colors if they are adjacent.
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. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

Mapping ¢ = Graph coloring of column incidence graph

G.= (V., E,), Ve={1,...,n}
(J,k) EE. & YNV =0

= Two vertices have different colors if they are adjacent.

Define

x(G.) chromatic number of G,

minimal number of colors needed for coloring
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. . Ins itute o
Compression Techniques Scimﬁﬁ'ctémf.,p.mng

Mapping ¢ = Graph coloring of column incidence graph

G.= (V., E,), Ve={1,...,n}
(J,k) EE. & YNV =0

= Two vertices have different colors if they are adjacent.

Define
x(G.) = chromatic number of G,
= minimal number of colors needed for coloring
Problem:

Determination of x(G.) is NP-hard, but
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. . Ins itute o
Compression Techniques Scimﬁﬁltémfnp.mng

Mapping ¢ = Graph coloring of column incidence graph

G.= (V., E,), Ve={1,...,n}
(J,k) EE. & YNV =0

= Two vertices have different colors if they are adjacent.

Define
x(G.) = chromatic number of G,
= minimal number of colors needed for coloring
Problem:

Determination of x(G.) is NP-hard, but
efficient heuristics available yielding nearly optimal coloring
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Example:

© O X X O
o X O X O
O O X O X

©
®

'ox o o x'
X OO0 X O
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Example:

'« 0 0 0 X X|

O x xx 00

O 0Ox0xO

x 00 x 00 @
_O><OOO><_ B 5
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Example:

('« 0 0 0 x X| 2 3

O x xx 00

OO0 x 0x2O0

Xx 00 x 00

_O x 0 00 X | 5 5
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Example:

O X O X O

O O X O X
IX © O O X,

© /:

© O X X O

'ox o o x'
X OO0 X O
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Example:

(x 0 0 0 X x| ®\\3

O x xx 00

O 0Ox 0xO0O 1 7
x 00 x 00

_O><OOO><_ B \5)
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Example:

(x 0 0 0 X X| @/\\3

O x xx 00

O 0x 0x2O 1 4
x 00 x 00 \
_O><OOO><_ 6) \5)
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Example:

(x 0 0 0 X X| @/\\3

O x xx 00

O 0x 0x2O 1 4
x 00 x 00 \
_O><OOO><_ 6) \5)
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Example:

'« 0 0 0 X X| @9\\3

O x xx 00

O 0Ox 0OxO 1 7
x 00 x 00 \
_O><OOO><_ 6) \5)
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Example:

'« 0 0 0 X X| @9\\\3

O x xx 00

O 0Ox O0xO 1 7
x 00 x 00 \
_O><OOO><_ 6) @
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Example:

'« 0 0 0 X X| 2 \\3

O x xx 00

O 0Ox 0OxO 1 A
x 0 0x 00

_O><OOO><_ 6 \5)
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Example:

'« 0 0 0 X X] 2 \\3

O x xx 0O0

O 0Ox Ox O 1 7
Xx 00 x 00

_O><OOO><_ 6 @
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Example:

('« 0 0 0 x X] 2 3

O x xx 0O0

O 0x 0x2O 1 4
Xx 00 x 00

_O><OOO><_ B 5
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Define

_ T
S = [ec@} -

=1,...,n

c R?’pr

Hence
e cach row and each column

e all other entries are zero

One obtains

a; = e;TFF/(x)ej

N

L si= ey em
€e(5) jex,

of S; contains only one 1

N _
= e; Bec(j) = bic(j)

Sommerschule AD, August 18, 2006
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Example:

(a 000 b ] 2 3
Ode f OO

O 0gOAhRDP O 1 )
+: 005 0O

_OkOOOl_ B 5
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Example:

O OO
OO0 >0
[~ O O O 0

OO0« o O

"o~ 00 o'
>0 0o o

— | T —
s = |el) =

oo orr+

OrrLrQO0O0OO0O

ROOKr OO
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Example:
(a 00 0 b ¢ 2 3
Ode f OO
00gO0AhRDO 1 2
: 007 0O
0 k00O [ : &
1 00] a ¢ b
e
— T — — 1/ —
S‘[ecw]— 001| = B=F@)S5= ng?
¢ J
001
|01 0| RO
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N

Newsam-Ramsdell Seeding (NR): Use Vandermonde matrices

2. Elimination methods:

S = P\?—l]j=l,...,n ERVT = S5i= [)‘?_1}1‘62@ € RPT
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N

Newsam-Ramsdell Seeding (NR): Use Vandermonde matrices

2. Elimination methods:

_ k—1 nXn o k—1 i X1
S = [)\] ]j=1,...,n €R = SZ o [AJ ]jEXi € RY

— k—1 nxn R k—1 Pi XN
5= [Ac(ﬂ}j:l,...,n €K = %= [ACU)LG& €K

with same coloring ¢ as before.
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N

Newsam-Ramsdell Seeding (NR): Use Vandermonde matrices

2. Elimination methods:

_ k—1 nXn o k—1 i X1
S = [)\] ]j=1,...,n €R = SZ o [AJ ]jEXi € RY

— k—1 nxn R k—1 Pi XN
5= [Ac(ﬂ}j:l,...,n €K = %= [ACU)LG& €K

with same coloring ¢ as before.

= OPS(Solution of linear system) ~ 2.5p?, but conditioning!!
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N

Newsam-Ramsdell Seeding (NR): Use Vandermonde matrices

2. Elimination methods:

_ k—1 nXn o k—1 i X1
S = [)\] ]j=1,...,n €R = SZ o [AJ ]jEXi € RY

— k—1 nxn R k—1 Pi XN
5= [Ac(ﬂ}j:l,...,n €K = %= [ACU)LG& €K

with same coloring ¢ as before.
= OPS(Solution of linear system) ~ 2.5p?, but conditioning!!

Possible choice of \;:

1

) — 1 ) — 1
J —1 or >‘c(j) = 2—6(]) —

Aj =2
n—1 n—1
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Example: \§'/
(a 000 b ¢ 2 3
Ode f OO
00¢g O0hO 1 2
i 004 00
0 k00O ] : =
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Example: \§'/
(a 000 b c| 2 3
Ode f OO
00g0hDO 1 2
: 007 0O
0k 00O ] e =

p=3=>A1=—-1,=0,A3=1
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Example
(a 00 0 b ¢ 2 3
Ode f OO
00gO0hO 1 7
: 007 0O
0 kK O 0O l_ 6 5
p=3=>A1=—-1,=0,A3=1
1 11
1 11
k—1 1 00
S [/\cm} 1 -1 1
1 —11
1 00
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Example: \§'/
(a 00 0 b ] 2 3
Ode f OO
O0gOAhDO 1 4
i 004 00
0 k00O I = S

k—+1 k k

2
1 1 1 Fadbtc a—b atb ]
S Pg;} . 11| = F@s=| g+th —h h
tohe iti  i—j it
1 00
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= better condition, but expensive solution of linear systems
Geitner, Utke, Griewank [96]

Due to conditioning, other approaches are proposed:

o S = [T;p—1(N;))], i.e. use Chebychev polynomials

e Pascal seeding
= better condition and efficient solution of linear systems
Griewank, Verma [01], Hossain, Steihaug [03]
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N

= better condition, but expensive solution of linear systems
Geitner, Utke, Griewank [96]

Due to conditioning, other approaches are proposed:

o S = [T;p—1(N;))], i.e. use Chebychev polynomials

e Pascal seeding
= better condition and efficient solution of linear systems
Griewank, Verma [01], Hossain, Steihaug [03]

So far:
F'(x)S = forward mode of AD or even finite differences

Can we use also WTF/(z) = reverse mode of AD?
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3.2. Column Compression for Jacobians \§’/

For a seed matrix W € R™*9 compute

ct = wWlr'(z) e R?*" =
c; = Cle; = WHF'(2)e; = WjTaj

where

aj — (egF’(af)ej)keyj € R% Wj = (e{W)kEyj c RY>*4

Question: Choice of W such that
e [/(x) can be reconstructed from C

e ¢ as small as possible
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N

1. Direct methods: Curtis-Powell-Reid Seeding (CPR)

Question:
Determine rows that can be combined

= only 0-1 entries in W
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N

1. Direct methods: Curtis-Powell-Reid Seeding (CPR)

Question:
Determine rows that can be combined
= only 0-1 entries in W

How?
Find mapping

d:{1,....m}—{1,...,q} such that
X0 X 0 = d(j) % d(k)

= images d~1(i) form the “row groups’.
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N

Mapping d = Graph coloring of row incidence graph

G.=(V,,E), Vi={1,...,m}

(k) e E, & X;NX,#0
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N

Mapping d = Graph coloring of row incidence graph

G.=(V,,E), Vi={1,...,m}

(k) e E, & X;NX,#0

Define

W = [eTl ERqu = W. = [GT.} equXq
A ], =1  m J d(2) i€V,
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Example:
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Example:

6 ®

o X O X O
O O X O X
I>< OOOXI

© O X X O

IOXOOXI
X O O X O
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Example:

© O X X O
o X O X O

IOXOOXI
X O O X O

OO O X O X

IXOOOXI
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Example: \y%_

@ —Q

®\

6

IOX OOXI
X O O X O
© O X X O
o X O X O
O O X O X
I>< OOOXI
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Example:

IOX OOXI
X O O X O
© O X X O
o X O X O
O O X O X
I>< OOOXI
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Example:

© O X X O
o X O X O

IOXOOXI
X O O X O

OO O X O X
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Example:

o X O X O
O O X O X
I>< OOOXI

© O X X O

IOXOOXI
X O O X O
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Example:

o X O X O
O O X O X
I>< OOOXI

© O X X O

IOXOOXI
X O O X O
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Example:

o X O X O
O O X O X
I>< OOOXI

© O X X O

IOXOOXI
X O O X O
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Example:

(x 0 0 0 x x| 2 @
O x x x 0O

O 0 x 0 x O

x 00 x 00

_O><OOO><_ 5
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Example:

('« 0 0 0 x x| 2 @
O x x x 0O

O 0 x 0 x O

x 00 x 00

_O><OOO><_ 5
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Example:

('« 0 0 0 x x| 2 @
O x x x 0O

O 0 x 0 x O

x 00 x 00

_O><OOO><_ 5
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— Y
: Q)

(o 00 0 b c|
0Ode f 0O
00gO0OhDO
i 004 00
0 k00O [ c
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Example: \y%_

(o 00 0 b c]

0Ode f 0O

00 goOAhO O

i 004 00O
0 k000 I c

1 o

10

’ 01

_01_
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Example: \y%_

(o 00 0 b c]
Ode f OO
00gO0hO
i 0034 00
0 k00 0[] =
1 o0
10
[ 71 _ T wxrT _|lade fbec
W= |el,)| = - :C_WF(x)_likgjhz]
_01_
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2. Elimination methods: \y%_
Newsam-Ramsdell Seeding (NR):

- k—1 mXim _ k—1 mXim
W=[u |, . ER or W= [“d(zDL:l ~_€R

Y

Sommerschule AD, August 18, 2006 27 Andrea Walther, IWR, TU Dresden



I

Compression Techniques Scaenﬁ;f%e:;puﬁng
2. Elimination methods: \y%_
Newsam-Ramsdell Seeding (NR):

W= [, L ERMT o w=[uhd] o ermn
a 000 b ¢
Ode f OO
O0gOARDO
t: 005 OO
_O k O 0O l_

pr=-—-lpup=1=
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2. Elimination methods: \y%_
Newsam-Ramsdell Seeding (NR):

W= [, L ERMT o w=[uhd] o ermn
a 000 b ¢
Ode f OO
O0gOARDO
: 007 OO
_O k O 0O l_

n1 = —].,,UQ = 1=

1 1"

1 —1
W=l =]1 1
€)) 11

L 1 1 -
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2. Elimination methods: \@2
Newsam-Ramsdell Seeding (NR):

W= [, e BT o w=[ig] | emmn
(a 000 b ¢
Ode fO0O
00g O0hRDO
i 00j 00
0k 00O ]
pr=-lpp=1=
S
1 -1
_ E—1| __ T _ ade f bec
W_[”d(ﬂ]_ i i = WF(w)_[ik:gjhl]
_1 1_
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N

3.3. Column and Row Compression

Suppose, we have

01 Qa2 - ap_1 Qn
B 8 O --- O
A=F(z) = 0 .. e 1 | eRM
Bn—l S 5n—1 0
B, 0 --- 0 6,
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3.3. Column and Row Compression

Suppose, we have

N

01 a2 Qp—1 On
B2 d2 O 0
A=F(x) = 0 P e R
Bn—l : 5n—1 o)

G, O 0] On

Problem:

G, "full’ = n=n=p and G:. “full' = m=m=gq

= NoO compression possiblel!l
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3.3. Column and Row Compression

Suppose, we have

[ 51 o Op—1
Bo b2 O
A=F(x) = E 0
Bn—l : 5n—1
8, O 0

Problem:
G, "full’ = n=n=p and G “full”

= NoO compression possiblel!l

Alternatives?

N

E R?’an
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Observe for \§'/
[ 01 o Qn-1 Qp |
B & O -+ 0O
Bn—l : . 5n—1 0
 Bn O 0 dn
that
0 17 i Z?:Q 07 51 ]
10 2 B2
Al | = s :
10 5n—1 /BTL—l
|1 O | | On Gn |
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Observe for \§'/
[ 61 oz o ape1 ap |
62 52 0 ce 0
Bn—l : B 5n—1 0
] B O - 0 4, |
that
0 17 'Z?ZQQZ- 01 ] [ 1] [ 01 ]
10 0o ﬂg 0 a2
Al | = ; ; and Al | : | = :
10 5n—1 5n—1 0 Onp—1
| 1 O _ | 5n ,Bn _ | O _ | an _
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Compression Techniques

Observe for

01 Qa2 - ap_1 Oy
B> 8 0O - 0O
A=F(z) = 0 .. e | eRM
ﬁn—l oo 5n—1 0
B, O -+ 0 6,
that
0 17 '2?2205,- 01 ] 1] [ 01 ]
10 0o ﬂg 0 (6%
Al o : : and Al | : ;
10 On—1 5n—1 0 An—1
| 1 0 | i on Gn | | O | Oln,

= Find S and W with p 4 ¢ small such that B and C

allow reconstruction of A

See Colemann, Verma [96]
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3.4. Remarks \§'}

Sparse Jacobians:

e SO far assumed that sparsity pattern is known correctly!
Cheap consistency check:

S — [S,s] = F'(2)[S,s] =[B,b]

Verify that F/(x)s = b holds for reconstructed F’(x).
e S and W also to compute sparse second derivatives:

STF"(x)S or WTF"(2)S

to reconstruct second order tensor F'(x) € R™*nxn
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N

Sparse Hessians:

e Similar coloring techniques also for Hessians

— star coloring (direct method)
acyclic coloring (elimination method)

e Subsequently:
Second order adjoint mode to compute compressed deriv-
ative matrix.
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4. Compressed Derivative Matrices \y%_

Sparse Jacobians

How to reduce overhead in forward and reverse mode?
Propagate a bundle of vectors instead of a single vector!
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4. Compressed Derivative Matrices \y%_

Sparse Jacobians

How to reduce overhead in forward and reverse mode?
Propagate a bundle of vectors instead of a single vector!

Forward mode:
Instead of y = F/'(x)z € R™ forr x €R"

compute
Y = F'(x)X eR™P  for X € R"¥P
e Replace v; € R by V; € RP in tangent procedure

e Everything else remains unchanged
e X =2S5
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N

Reverse mode:

Instead of z = yF'(x) € R" for yeR™
compute

X = YF/'(x) e R for Y € R&*™

Implementation:

e Replace 7; € R by V; € R? in adjoint recursion
e Everything else remains unchanged
oY =W
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Sparse Hessians

Second order adjoints computed with AD:

reverse forward | L
y = f(x) 7 r=yf'(x) T r=yf'(z)z +yf'(x)
IfF. IfF.
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N

Sparse Hessians

Second order adjoints computed with AD:

reverse forward | L
y = f(x) 7 r=yf'(x) T r=yf'(z)z +yf'(x)
IfF. IfF.

Complexity [Griewank 2000]:

TIME(H (2)%) < Weoua TIME(f(2)) With  wspaq € [7, 10]
TIME(H(2)5) < Wsoaap TIME(F(2))  With  wsea € [7, 10].

Reduction possible 77
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Algorithm II: Computation of H(z)z € R"
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Algorithm II: Computation of H(z)z € R"

for:=1,....n
Vi—n — XLy, Vi—n

for:=1,...,1

vi = i(v;)j<is Vi
Q—)Z - O Il_)Z
y=uv, Y=, U=y

for:=1,...,1
_ _ 0
Uj += vig—i(v))j=i
a’l}j
- _ 02
( == U;
it Z ;0
k<1
for:=1,....n
:EZ - 172—%1 il

2.

J=1

0

N

Viepn = O, Vi—n = 0
0 .
Do ©i(vj)j<i v,
Uy
for g5 <1
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Compressed Derivative Matrices

Institute of

S cientific C omputing

Algorithm II: Computation of H(z)z € R" \§’/

for:=1,....,n
Vi—n — Ly, Vi—n
for:=1,...,1
vi = @i(vj)j<i, Ui
vi =0 Vi
y=uv, y=v, U=y
for:=1,...,1
_ _ 0
U = i — i) i
Uj
= iy
7 )
k=i Ov;Ovy
for:=1,....n
fl - Bz—n; il

L,

2

J=1

0

Vi—n =0, vy = 10
0 .
5o Pi(vi)i<i Uj,
Uy
for 5 <1

—U%(Uj)j<i®k for j <1
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Institute of
S cientific C omputing

Algorithm II: Computation of H(z)z € R"

for:=1,...

UZ—TL — xi1

, N
.i—n:Xb
for:=1,...,1

vi = 0i(vj)j<i, Vi =
. 7<%
5@ =0 7 =0
Yy = vy, V 17[ — ?j
for i =1,...,1
_ 8
vj + = Uza pi(v))j<i
vj 52
Vi+= 171;2 wi(v5)j<i Vi
= 0vid
for:=1,....n
T; = Vj—n, X@ — _i—n

rl_)i—n — 07

J

N

;z'—n =0

0 :
Za—%(vj)j<i‘/j,
"

for 7 =<1
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Complexity ? \§’/

TIME(X) S wsoadeIME(f(x))

with

Wsoadp € [4 + 3p7 4 + 6]?]
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Compressed Derivative Matrices Scientfc. Computing

Complexity 7 \§’/

TIME(X) S wsoadeIME(f(x))

with

Wsoadp S [4 + 3p7 4 + 6]?]

Reduction of run time complexity:
From [7p,10p] to [4 + 3p, 4 + 6p]

due to reduced number of recalculations.

For details see [W. 2005]
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5. Partial Separability \y%_

Two kinds of partial separability:

The function F : R" — R™ is called

e partially value separable if for at least one y; = ®;(vj, vg)

— ®;(vj,v;) is an addition or subtraction
- |XJ| < n and |Xk| <n
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5. Partial Separability \y%_

Two kinds of partial separability:

The function F : R" — R™ is called

e partially value separable if for at least one y; = ®;(vj, vg)

— ®;(vj,v;) is an addition or subtraction
- |XJ| < n and |Xk| <n

e partially argument separable if for at least one z;

— at least two intermediates depend on z;
— V| < m for all k with j < k
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Value separability: \§’/

Define for y; = v; + vg

Yi—1/2 — V5,  Yit+1/2 = Yk

F(I) = (y].)"'7yi—17yi—l/Qayi+1/25yi+l7'"7ym)
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. . Institute of
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Value separability: \§'/

Define for y; = v; + vg

Yi—1/2 — V5,  Yit+1/2 = Yk
F(I) = (y].) e Yi—1,Yi—1/2Yi+1/25 Yi+1s - - 7ym)
Then one has

VF,(z) = VF,(z) k=1,...,i—1,i+1,....m
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. . Institute of
Partial Separability Scientific Computing

Value separability: \§’/

Define for y; = v; + vg

Yi—1/2 = V5,  Yit+1/2 = Uk
F(x) = (Y1, Yim1,Yio1/25 Yit1/2> Yit1s - - > Ym)
Then one has
VFi(z)
VF;(x)

VEF,(z) k=1,...,i—1,i+1,....m
VE,_1p(x) 4+ VE ()
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. . Institute of
Partial Separability Scientific Computing

Value separability: \§’/

Define for y; = v; + vg

Yi—1/2 = V5,  Yit+1/2 = Uk
Fx) = (yly---7yz’—17yz‘—l/Qayi—l—l/Qayi—l—b--->ym)
Then one has
VF,(z) = VF,(z) k=1,...,i—1,i+1,....m
VF(x) = VE_1(x) + VEFi1q(x)

e ith row of VF(x) splitted into two rows
o i(F(x)) < a(F(x))
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. . Institute of
Partial Separability Scientific Computing

Value separability: \§’/

Define for y; = v; + vg

Yi—1/2 = V5,  Yit+1/2 = Uk
Fx) = (yly---7yz’—17yz‘—l/Qayi—l—l/Qayi—l—b--->ym)
Then one has
VF,(z) = VF,(z) k=1,...,i—1,i+1,....m
VF(x) = VE_1(x) + VEFi1q(x)

e ith row of VF(z) splitted into two rows
o n(F(z)) < a(F(z)) and m(F(x)) > m(F(z))
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Value separability: \§’/

Define for y; = v; + vg

Yi—1/2 — V5,  Yit+1/2 = Yk
F(x) = (yly---7yz’—17yz‘—l/Qayi—l—l/Qayi—l—b--->ym)
Then one has
VF,(z) = VF,(z) k=1,...,i—1,i+1,....m
VF(x) = VE_1(x) + VEFi1q(x)

e ith row of VF(z) splitted into two rows
e i(F(x)) < n(F(x)) and m(F(x)) > m(F(x))
e good for row compression, bad for column compression
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Partial Separability Scientific Computing

Value separability: \§’/

Define for y; = v; + vg

Yi—1/2 — V5, Yi+1/2 — Uk
F(z) = (Y15 Yim1, Yin1/2, Vit 12> Yit 1o - - - Ym)
Then one has
VF.,(z) = VE,(z) k=1,...,i—1,i+1,....m
VE(z) = VF_1(x)+ VF1(x)

e ;th row of VF(x) splitted into two rows

o (' (x)) < n(F(x)) and m(F(z)) > m(F(x))

e good for row compression, bad for column compression
e Implementation: LANCELOT
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Example: \§'/

('« 0 0 0 X X] 2 3

O x xx 00

O 0x 0x2O 1 4
Xx 00 x 00

_O><OOO><_ 5 5
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Partial Separability Scentic Computing
Example: \§'/
('« 0 0 0 X X] 2 3
O x xx 00
O 0x 0x2O 1 4
Xx 00 x 00
_O><OOO><_ 6 5
'« 0 0 0 0 0]
O 00O x x CQ)j @
Ox x0O00O0
OO0 x 0 x20
x 00 x 00 N (
5
_O><OOO><_ @ \)
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Argument separability: \§’/

Define for z;

x;r — x; for all v, that depend on z;

F(z): R" »R™, vy =®p(...,Tjp,...)

Then one has

OF (x) _ Z OF (x)

(9:133' 2 8:cj,k
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Argument separability: \§’/

Define for z;

x;r — x; for all v, that depend on z;

F(z): R" »R™, vy =®p(...,Tjp,...)

Then one has

OF (x) _ Z OF (x)

(9513]' 8:cj,k

k

e jth column of VF(x) splitted into columns
o m(F(x)) < m(F(x))

Sommerschule AD, August 18, 2006 40 Andrea Walther, IWR, TU Dresden



. . Insiueo
Partial Separability Scimﬁﬁ'ctémfnpuﬁng

Argument separability: \§’/

Define for z;

x;r — x; for all v, that depend on z;

F(z): R" »R™, vy =®p(...,Tjp,...)

Then one has

OF (x) _ Z OF (x)

(9513]' 2 8:cj,k

e jth column of VF'(x) splitted into columns
o m(F(x)) <m(F(z)) and a(F(z)) > a(F(z))
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. . Insiueo
Partial Separability Scimﬁﬁ'ctémfnpuﬁng

Argument separability: \§’/

Define for z;

x;r — x; for all v, that depend on z;

F(z): R" »R™, vy =®p(...,Tjp,...)

Then one has

(9513]' 2 8:cj,k
e jth column of VF'(x) splitted into columns
e m(F(z)) < m(F(x)) and n(F(z)) > n(F(x))
e good for column compression, bad for row compression
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Example: \§'/

O O X X O
< XK X O

O O X O X
IXOOOXI

IOXOOXI
X O O X O
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Example: \§'/

('« 0 0 0 X x|
O x x x 00
O 0O xy x O
x 0 0 x 0O
O x 0Oy O x
(x 00 000 x x|
O x x x0x0O0
O 0O x OO0y x O
x 00 x00O0 O
O x OOy 00 x
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