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Abstract

In this paper we study irreducible tensor products of representa-
tions of alternating groups and classify such products in characteristic
5.

1 Introduction

Let D; and D, be irreducible representations of a group G. In general the
tensor product Di®D, is not irreducible. We say that D®D, is a non-trivial
irreducible tensor product if D®Ds is irreducible and neither Dy nor Dy has
dimension 1. The classification of non-trivial irreducible tensor products is
relevant to the description of maximal subgroups in finite groups of Lie type,
see [1] and [2].

Non-trivial irreducible tensor product of representations of symmetric
groups have been fully classified (see [6], [13], [12], [28] and [30]). In particular
non-trivial irreducible tensor products for S,, only exist if p = 2 and n = 2
mod 4. For alternating groups, non-trivial irreducible tensor products have
been classified in characteristic 0 in [5] and in characteristic p > 7 in [7]. For
covering groups of symmetric and alternating groups a partial classification
of non-trivial irreducible tensor products can be found in [4], [§] and [24].
When considering groups of Lie type in defining characteristic, non-trivial
irreducible tensor products are not unusual, due to Steinberg tensor product
theorem. In non-defining characteristic however it has been proved that in
almost all cases no non-trivial irreducible tensor products exist, see [25] and
[26].

In this paper we will consider the case where G = A,, is an alternating
groups. Also we will mostly consider the case p = 5 in this paper, although
some results hold in general, provided p # 2. Our main result is the following
and extends the main theorem of [7]:

Theorem 1.1. Let p = 5 and Dy and Dy be irreducible representations of
A, of dimension greater than 1. If D1 ® Dy is wrreducible if and only if
n %0 mod 5 and, up to exchange, Dy = E2 with A\ = \" a JS-partition and
Dy =2 B0 ayith £ pM. In this case B2 @ E* = EY, where v is obtained
from X by removing the top removable node and adding the bottom addable
node.



To prove the theorem we need to consider three cases:
(i) Dy = E* and Dy = E*: in this case D; ® D, is not irreducible by [6].

(ii) Dy = E} and Dy = E*: the proof of this case is covered by Theorems
[.3] and [T.4]

(ili) D; = E} and Dy = EX: in this case D; ® D, is not irreducible by
Theorem [8.3]

The first case in Theorem appears also in larger characteristic (see
[7] and Lemma[6.1)). In smaller characteristic irreducible tensor products of

the form E} ® EY exists. For example Ef”2) ® B®Y ~ p@D jf p = 2 and
ES:MQ) ® E%Y) =~ BUY if p = 3 (see [7]). For p = 2 and p = 3 partial
classifications of irreducible tensor products can be found in [29].

2 Notations and basic results

Let F' be an algebraically closed field of characteristic p.

For a partition A - n let S* be the corresponding Specht module, M* :=
1T§Z to be the permutation module induced from the Young subgroup ¥, =
Yoy X Xay X ... € X, and let Y* to be the corresponding Young module.
(Notice that M* can be defined also for unordered partitions). If X is a
p-regular partition (that is a partition where no part is repeated p or more
times) we define D* to be the irreducible F'Y,-module indexed by A. The
modules D*, M* and Y* are known to be self-dual. Further, from their
definition we have that D™ = §( =~ (") =~ 15 = For more informations
on such modules see [14], [I5] and Section 4.6 of [27].

We have the following results about permutation and Young modules.
For Ak nlet Ay =X\NA,.

Lemma 2.1. If A n with A # (17), then M*|, = 119"
It follows from Mackey’s theorem

Lemma 2.2. There exist indecomposable F'¥,-modules {Y* | X\ = n} such
that M* 2 Y* @ D, (YH)F e for some my,\ € Zxo. Moreover, Y can
be characterized as the unique direct summand of M A such that S* C Y.
Finally, we have (Y*)* 2 Y for all A\ - n.

For a proof see [15] and [27, §4.6].
For any partition A let A(A) be the number of parts of A. For A p-regular
let \* be the Mullineux dual of ), that is the partition with D" 2 D* @ sgn,
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where sgn is the sign representation of S,. It is well known that, for p # 2,
if A\ # M then D*|, = E* is irreducible (and in this case E* & EA"), while
if A = A\ then D*| A, = Ej‘_ @ E? is the direct sum of two non-isomorphic
irreducible representations of A,. Further all irreducible representations of
A,, are of one of these two forms (see for example [I1]).

Let M be a F'3,,-module corresponding to a unique block B with content
(bo, ..., bp_1) (see [2I]). For 0 < i < p — 1, define ;M as the restriction of
M|y, | to the block with content (b, ...,bi—1,b; — 1,b41,...,bp—q). Simi-
larly, for 0 < i < p — 1, define f;M as the restriction of M*1>"*! to the block
with content (bo,...,bi—1,0; + 1,b;11,...,b,—1). Extend then the definition
of ;M and f;M to arbitrary F'Y,-modules additively. The following result
holds for example by Theorems 11.2.7 and 11.2.8 of [21].

Lemma 2.3. For M a F>,,-module we have that

Ml  YeM&...®e, M and MY X M@ ...& f,m M.

For r > 1 let elm . FY,-mod — F¥,_,-mod and fi(r) . FY,-mod —
F¥, -mod denote the divided power functors (see Section 11.2 of [21] for
the definitions). For r = 0 define eEO)D’\ and fi(O)D’\ to be equal to D*.
The modules el D* and eET)D)‘ (and similarly frD* and fi(r) D?) are closely
connected as we can be seen in the next two lemmas. For a partition A and
0 < i < 1let g(A) be the number of normal nodes of A of residue i and
©i(\) be the number of conormal nodes of A of residue i (see Section 11.1 of
[21] or Section 2 of [7] for two different but equivalent definitions of normal
and conormal nodes). Normal and conormal nodes of partitions will play a
crucial role throughout the paper.

If €;(A) > 1 denote by é;(\) the partition obtained from A by removing
the bottom normal node of residue 7. Similarly, if ¢;(\) > 1 denote by f;()\)
the partition obtained from A by adding the top conormal node of residue 1.

Lemma 2.4. Let A+ n be a p-reqular partition. Also let 0 < i <p—1 and
r>0. Then ¢! D* = (e DO Further e D* # 0 if and only if £:(\) > .
In this case

(i) eET)DA 15 a self-dual indecomposable module with head and socle iso-
morphic to DO,

(i1) [el(»T)DA : DEWV] = (= )‘)) = dim Endgn_l(egr)D’\),

r

(iii) if DV is a composition factor of egr)D)‘ then e;(v) < g;(\) —r, with
equality holding if and only if 1 = &;(N).



Lemma 2.5. Let A = n be a p-reqular partition. Also let 0 < i < p—1
and r > 0. Then frD* = (fi(T)D)‘)@’”!. Further fi(T)D’\ # 0 if and only if
wi(\) > r. In this case

(i) fi(r)DA is a self-dual indecomposable module with head and socle iso-
morphic to DX,

(ii) [fi(T)D)\ : Dfi()\)] — (@ii)\)) = dim EndEnH(fi(r)D)\)a

(iii) if DY is a composition factor of fi(i)DA then @;(V) < p;(A) — r, with
equality holding if and only if ¥ = fi(\).

For proofs see Theorems 11.2.10 and 11.2.11 of [21] (the case r = 0 holds
trivially). In particular, for » = 1, we have that e; = 651) and f; = fi(l). In
this case there are other compositions factors of e;D* and f;D* which are
known (see Remark 11.2.9 of [21]).

Lemma 2.6. Let A be a p-reqular partition. If A is a normal node of \ of
residue i and \\ A is p-reqular then [e;D* : DA is equal to the number of
normal nodes of \ of residue 1 weakly above A.

Similarly if B is a conormal node of \ of residue ¢ and AU B is p-regular
then [f;D* : D*B] is equal to the number of conormal nodes of X of residue
1 weakly below B.

The following properties of e; and f; are just a special cases of Lemma
8.2.2(ii) and Theorem 8.3.2(i) of [21].

Lemma 2.7. If M 1is self dual then so are e;M and f; M.
Lemma 2.8. The functors e; and f; are left and right adjoint of each others.

The first part of the next lemma follows from Lemma 5.2.3 of [21]. The
second part follows by the definition of €] and f/ and from Lemmas

and PL5(T]
Lemma 2.9. For r > 0 and p-regular partitions \,v we have that &;(\) =
DY if and only if ff(v) = A. Further in this case €;(v) = €;(\) —r and
pi(v) = pi(A) + .

When considering the number of normal and conormal nodes of a parti-

tion we have the following result (see Lemma 2.8 of [28], for p-regular parti-
tions it also follows from Lemmas 2.3} 2.4 2.5 and Corollary 4.2 of [20]):

Lemma 2.10. Any partition has 1 more conormal node than it has normal
nodes.



Since the modules e;D* (or the modules f;D*) correspond to pairwise
distinct blocks we have the following result by Lemmas [2.3] 2.4 and

Lemma 2.11. For a p-reqular partition A = n we have that
dimEnds, (DM, ) =¢co(A) +... + g1 (V)
and
dim Endy;, ,, (DM>"1) = @o(A) + ... + pp_1(N).

A p-regular partition A - n for which D’\izn, . is irreducible is called a
JS-partition. JS-partitions can be classified as follow (see Section 4 of [17]
and Theorem D of [1]])

Lemma 2.12. Let A = (a¥,...,aY") with a1 > ay > ... > a, > 1 and
1 <b <p—1forl <i < h. Then X\ is a JS-partition if and only if
a; — a1+ b; + b1 =0 mod p for each 1 < i < h.

For arbitrary modules My, ..., M), we will write M ~ M| ...| M, if M has

a filtration with factors M, ..., M}, counted from the bottom. For irreducible
modules Dy, ..., Dy, we will write M = D;|...|Dy, if M is a uniserial module
with composition factors Dy, ..., D) counted from the bottom.

3 Module structure

In the first part of this section we will consider the structure of certain
permutation modules M.

Lemma 3.1. Let 1 < k <p and 2k < n. Then
M(n—k,k) ~ S(n—k,k)‘M(n—k’-i-l,k—l).

Proof. See Lemmas 3.1 and 3.2 of [10]. O
Lemma 3.2. Let p=>5 and n =1 mod 5 with n > 6. Then
Y = pi — gl
y(n-11) _ pn-11) _ gn-11)

Y

S(n72,2) S(n)
—_—N—

y(n=22) _ D(n)‘D(nfl?) |D("),
Y(n_373) — D(n_373) — S(n_373)

)

Y(n_2712) — D(n_2712) — ‘S'(n_2712)7
S(n—3,2,1) S(n—2,2)

A\
e N\ 7~ N

Y(n—3,2,1) ~ D(n—2,2)|D(n—3,271) |D(n)|D(n—2,2)

Y(n—3,13) _ D(n—3,13) _ S(n—3,13)

Y



Further

M) y(n)7
M(n—l,l) ~ Y(n—171) D Y(n),
M(n—2,2) ~ Y(n—2,2) fan Y(n—1,1)7
M(n73,3) ~ Y(n73,3) D Y(n72,2) D Y(nfl,l),
M(n72,12) ~ Y(n72,12) ® y (n—2.2) @ (Y(nfl,l))Q,
M(n73,2,1) ~ Y(nfS,Z,l) D Y(n72,12) D Y(n73,3) D Y(n72,2) D (Y(n71,1)>2’
M(n73,13) ~ Y(n73,13) ) (Y(n73,2,1))2 D (Y(n72,12))3 ) y (n—33)
D Y(n72,2) D (Y(n71,1)>3.
Proof. Notice first that all the considered simple modules correspond to
pairwise distinct blocks, apart for D™, D®=22) and D®=321D 4]l three
of which correspond to a single block. From Theorem 24.15 of [I4] and
from [16] we have that [S("=22) . D] = 1 [§C=32D . D] = 0 and
[S(n=321) . D(=22)] = 1_ Tt follows that the structure of the Specht modules
is as given in the lemma. Further, since the Young modules are indecompos-
able and self-dual it is easy to see that the Young modules structure is also

as given in the lemma, apart possibly for the structure of Y (=321,

From block decomposition we have that D32 =~ g(n=32)

summand of M®=32 In particular D" 3245

M®=3.21) " Notice that since n = 1 mod 5,
_ _ 012 2|3
P oY
3

So, from Lemmas and from Corollary 17.14 of [14] and from block

decomposition we have that

is a direct
is a direct summand of

D(n73,2)/[\5n ~ S(nfS,Q)TSn
~ S(n73,2,1) ’5(7173,3) |S(nf2,2)
f3D<n*3w2) le(n73,2)

's N —
~ (S(n—3,2,1)|S(n—2,2)) ® S(n—3,3) '

Since f3D32) is indecomposible by Lemma 2.5 it follows that fs D32 =
Yy (=321 by Lemma

The multiplicities of the Young modules as direct summands of the mod-
ules M follow by comparing multiplicities of composition factors and from

14.1 of [14]. O



Lemma 3.3. Let p=>5 andn =4 mod 5 withn > 9. Then

Y _ pm _ g
Y(n—l,l) _ D(n—l,l) _ S(n—l,l)7

Y

Y(n—2,2) _ D(n—2,2) _ S('rz—2,2)7

S(n—3,3) Sg(n—2,2)

la < ~ ——

Y(n—3,3) _ D(n—272)‘D(n—3,3) |D(n—272)’

Y(n—2712) _ D(n—2,12) _ S(n—2,12)
Y(n73,2,1) _ D(n73,2,1) _ S(n73,2,1)

Y(n73,13) _ D(n73,13) _ S(n73,13).

Further

MM =y®)

M(nfl,l) ~ Y(nfl,l) D Y(n)7

M(nf2,2) ~ Y(nf2,2) D Y(nfl,l) D Y(n)’

M(n—3,3) ~ Y(n—3,3) D Y(n—l,l) ® Y'(n)7

M(n—2,12) ~ Y(n—2,12) & Y(n—2,2) ® (Y(n—1,1))2 ® Y(n)7

M(n—3,2,1) o~ Y(n—3,2,1) D Y(n—2,12) D Y(n—3,3) @ Y(TL—Q,Q) D (Y(n—l,l))Q D Y(n)7
M(n—3,13) ~ Y(n—3,13) ® (Y(n—3,2,1))2 @ (Y(n—2,12))3 ® Y(n—3,3) @ (Y(n—2,2))2

D (Y(n—l,l))?) D Y(n)

Proof. Notice first that all the considered simple modules correspond to pair-
wise distinct blocks, apart for D22 and D"=%3) which correspond to the
same block. From Theorem 24.15 of [14] we have that [S™~3%) : D("=22)] = 1.
It follows that the structure of the Specht modules is as given in the lemma.
Further, since the Young modules are indecomposable and self-dual it is easy
to see that the Young modules structure is also as given in the lemma. The
multiplicities of the Young modules as direct summands of the modules M*

follow by comparing multiplicities of composition factors and from 14.1 of
[14]. m



Lemma 3.4. Let p=>5 andn =0 mod 5 with n > 10. Then

Y = po — g,
Sg(n—1,1) S(n)
———

y =11 _ D(”)|D(”_1’1) | D("),
Y(n—272) — D(n—2,2) — S(n—Z,Z)’
Y(n—3,3) _ D(n—S,S) — S(n—3,3)7

S(n—2,2) S(n—2,2)

- -\ ™~ f_/\‘
Y(nf4,4) — D(nf2,2)|D(n74,4) ‘ D(n72,2)7

g(n—2,1%) G(n—1,1)

Y212 b(nf1,1)|D(n72,12) |b(n)|D(n71,ﬁ’
y (=321 _ pn-321) _ g(n-32,1)

S(n74,3,1) S(n—3,2,1)

- ~\ /_H
Y(n—4,3,1) — D(n—3,2,1)|D(n—4,3,1) | D(n—372,1)’
Y(n—4722) _ D(n—4,22) _ S(n—4,22)

Further
M) o~ y(n)7
MO—LY o yn-LD).
M®=22) o y(n=22) o y(n*1,1)7
M®=33) o2 y(n=33) g y(n=22) g y’(nflvl)7
MO—44) o y(n—44) g y(n=33) g y(nflvl)7
MO=21%) o y(n=2,1%) g y(n=22) g4 y (=11
M(=321) o y(n=321) g y(n=21%) @ y(n-33) g (Y(nfz,z))2 @Yy n-11),
M(=431) o y(n=431) g y(n=21%) @ y(n-44) g (Y(n73,3))2 oy 22
® y(n—lul)7
M(n—4,22) ~ Y(n—4,22) ® Y(n—4,3,1) @ Y(n—3,2,1) ® Y(n—2,12) @ Y(n—4,4)
@ (Y-39)2 @ (Y (r=22)2 gy y (1),
Proof. We have the following subsets of pairwise distinct blocks: {D),
D=L P12 p(n=22) D44} (D-33)) D321 pin-431)) and

{D(=42)} " The structure of the Specht modules then follows by Theorems
24.1 and 24.15 of [14] and by [16]. Further, since the Young modules are



indecomposable and self-dual it is easy to see that the Young modules struc-
ture is also as given in the lemma. The multiplicities of the Young modules
as direct summands of the modules M follow by comparing multiplicities of
composition factors and from 14.1 of [14]. O

We will now prove that in certain cases there exists ¢ : M®=42)
Endp(D*) which does not vanish on S~42).

Lemma 3.5. Let p >3, n>6 and V be a F'S,-module. If

T2 = (2,5)(3,6) — (3,5)(2,6) — (1,5)(3,6) + (1,6)(3,5) — (2,5)(1,6)
+(1,5)(2,6) — (2,4)(3,6) + (3,4)(2,6) + (1,4)(3,6) — (1,6)(3,4)
+(2,4)(1,6) — (1,4)(2,6) — (2,5)(3,4) + (3,5)(2,4) + (1,5)(3,4)
—(1,4)(3,5) + (2,5)(1,4) — (1,5)(2,4)

and 152V # 0 then there exists 1 : M®*2) — Endp(V) which does not
vanish on ST+,

Proof. Let {viz 3120132, Y, 2, w € {1,...,n} distinct} be the standard basis
of M"=42%) Define 1 : M"4?*) — Endp(V) through

V(Viz ) z01) (@) = (2,9)(z,w)a

for each a € V. Let e be the basis element of S 42" corresponding to the
tableau

1 47 ...n

2 5

3 6
(see [14], Section 8] for definition of e€). Then ¢ (e)(a) = 2z52a, from which
the lemma follows. O

Lemma 3.6. Let p =5, n > 6 and A\ - n be 5-reqular with h(X\), h(\") >

3. Then there exists 1 - M"42*) — Endp(D*) which does not vanish on
S(n74,22)'

Proof. From Theorem 2.8 of [I0] we have that D*') or D& is a compo-
sition factor of D*|y, . So it is enough to prove that z: D@1 and zye DB
are non-zero, where To2 is as in Lemma [3.5] Notice that D*1!*) = §(41%)
and DG = SG) Let {v,4}, {€as}, {Vape} and {eqs.} be the standard
bases of M&1*) §@1) - NrB31% and §G1Y) regpectively. It can be checked
that x92e54 has non-zero coefficient for vy 5 and that xq2es34 has non-zero
coefficient on v 56 and so the lemma holds. O
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We will now consider certain submodules of D*isnfm. The next lemma
generalizes Lemma 1.2 of [7] and will used in studying such restrictions.

Lemma 3.7. Let My, ..., My, X,Y be FG modules. Assume that that My &
...®&M,;, C X®Y and that M; has simple socle for each 1 <1 < h. Then there
exist Ix, Iy disjoint with Ix UIy = {1,...,h} such that, up to isomorphism,
Zielx Mz Q X and Ziely Mz g Y.

Proof. Let mx and 7y be the projections to X and Y respectively. Since
mx + my = id and the modules M; have simple socles, we can find disjoint
sets Ix, Iy with Ix U Iy = {1,... h} such that 7y and 7y are injective
on » ;. soc(M;) and Y., soc(M;) respectively. It follows that m and
o are injective on Zie Is M; and Zie Iy M; respectively and so the lemma
holds. O]

Lemma 3.8. Let p > 3 and A+ n be p-reqular. For 0 < i < p we have that
e (DY @ (D@ @ D) is a direct summand of D*|

n—2,2"

Proof. From Lemma 2.4 we can assume that £;(\) > 2 (else 62(2)D)‘ =0).
By definition e?D? is a block component of D>‘¢Sn_2. Comparing block

decomposition of D*| ¢ , and D>‘¢Sn_2’2, there exist a module M which is a

direct sum of D)‘isnfl2 with Mg , = e?D*. Notice that M is the sum of
the block components of D*|g , , corresponding to the blocks of DENgD®)
and of D™ @ D) From Lemmas [2.4) and Lemma 1.1 of [7] we have that

SOC(]\fN,Sn_2 o Soc<€?D>‘) ~ Dé?()‘) D Dé?(A)'

We will first show that soc(M) =2 D&M @ (D@ @ D). By definition of
M, in order to do this it is enough to prove that

soc(D g . ):D%WN @ D@ =1.
Sn—2,2

From Lemma , by definition of fl-(Q) and considering block decomposition
we have that

dim Homg, ,,(D%™&D®), DM, ,,)=dim Homsg, ((DFXN @ D@1 D)

=dim Homg, (£ (D%™), D)
=1.

So soc(M) = DEN @ (D@ g D). Since D® and D) correspond to
distinct blocks of Sy and since S, is semisimple (as p > 3), we have that
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M = (M, @ D®) @ (My ® DM) for some modules My, M, with socle D% M),
In particular
My @M, = Mg =P D@ el DN

From Lemma we have that eEQ)D)‘ is indecomposable. From Lemma
it follows that M; and M, are isomorphically contained in el(-Q)D’\ and so,
comparing dimensions, that M, M, = eEZ)DA. O]

Lemma 3.9. Let p > 3 and A = n be p-reqular. For each j with £;(\) > 0
and for each i # j there exists b; ; € {D?), DY such that

Z ei(Déj()‘)) & bi,j
j:sj()\)>0

i#]

is both a submodule and a quotient of D*|g

n—2,2"

Proof. Since DAisn_u, e;(D%MN)), D@ and D) are self-dual it is enough
to show that there exist b; ; such that

> eDTN)@b; C DM,
j:Ej(A)>O

i#]

Since p > 3, there exist My, My with D* |, = (M; ® D@) @ (M@ D).
From Lemmas 2.3 and 2.4]

Z Gi(Déj()\)) g ZGiBjDA Q DA\LSH_2 = M1 D MQ.
jiej(N)>0 i#j
i#]

and the modules e;(D%™) have simple socle, if they are non-zero. The
lemma then follows by Lemma [3.7] O

4 Dimensions of homomorphism rings

In this section we study the size of certain homomorphism rings, which will
allow us later in Sections [7| and |8 to prove that in almost all cases the tensor
product of two irreducible representations of A,, is not irreducible.

Lemma 4.1. For any F'S,,-module V and any ot n we have that
dim Homg, (M®, Endp(V)) = dim Endg, (Vg ).

Proof. This follows by Frobenius reciprocity, since M = 1T§Z. O
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Lemma 4.2. Let G = S,, or G = A, and let V and W be FG-modules.

For a b n let my«o and mw,, be such that there exist ¢f,... o5 . €
Home(M*, V*) with ¢f |sa, ..., ¢, |se linearly independent and that sim-
ilarly there exist Y, ... ¢y, € Homg(M®, W) with f|sa, ..., ¥5, . |sa

linearly independent. Then

dim Homg(V, W) > Y my+ amia,

acA

where A is the set of all p-regular partitions of n if G = S, or A is the set
of p-regular partitions o = n with o > o™ if G = A,.

The order on partitions appearing in the lemma is the lexicographic order.

Proof. Notice first that if « € A then M® has a unique composition factor
isomorphic to D (which is the head of S*) and all other composition factors
are of the form D? with 3 > a (Corollary 12.2 of [14]) if G = S,,. If G = A,
and a € A then M“ has a unique composition factor isomorphic to £ (which
is the head of S®) since in this case a > o" and all other composition factors
of M are of the form E? or E for some § > a.

Fix o € Aand let 0 # ¢ € (pf) and 0 # ¢ € (¥F). Then ¢ and ¢ do not
vanish on S°, in particular D* or E* is a composition factor of Im(¢) and of
Im(v)). It then follows that D* or E“ is a composition factor of Im(top*) (in
particular ¢ o ¢* is non-zero) and all other composition factors of Im(1) o ©*)
are of the form D or E?, Ei with 8 > a.

It then follows that the functions ¢§ o (¢f)*, with a € A, 1 <@ < my-,,
1 < j < myy, are linearly independent and so the lemma holds. O

The following lemmas will be used to prove that in certain cases there
exists ¢ € Homg, (M®, Endp(D?)) which does not vanish on S®.

Lemma 4.3. Let p=>5 and n = +1 mod 5 withn > 6. If A\ n and
dim Ends, ,(D*|g, ,)>2dimEnds, _,,(D*|g, ,,)+dimEnds, ,(D*]g, )

—dim Endg, _,,(D*), ,,)—dimEnds, _,,(D*|4
—dimEndg, ,(DM.g )+1,

n72,2)

then there exists ¢ € Homg, (M"=3'") Endg(D>)) which does not vanish on
S(n—3,13)'

Proof. Tt follows from Lemmas [3.2] and [3.3] O
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Lemma 4.4. Let p=>5 andn =0 mod 5 with n > 10. If \Fn and
dim Ends,_, ,(D*|g, ,,)+dimEnds, _,,(D*g, ,)+dimEnds, _,,(D*|g
—dimEndg, _,,(D*lg, ,,)—dimEnds, ,(D*|g, )
<dimEndg_, ,(D*5

n72,2)

,4122)

then there exists ¢ € Homg, (M"=42*) Endp(D*)) which does not vanish on
S(nf4,22)'

Proof. Tt follows from Lemma [3.4] m
Lemma 4.5. Let p >3, n >4 and \Fn with A # (n), (n)". Then

dim Ends, _,,(D*g, ,,) > dimEnds,_, (D], ).
Proof. See Theorem 3.3 of [22]. O

We will now prove that, in most cases, the inequality in the previous
lemma can be improved.

Lemma 4.6. Let « and 3 be partitions such that « is obtained from [ by
removing an j-node. If i # j then all normal i-nodes of 5 are also normal
i a« and all conormal i-nodes of a are also conormal in (3.

Proof. As i # j all removable i-nodes of  are also removable in « and all
addable i-nodes of o are also addable in 5. The lemma then follows from the
definition of normal and conormal nodes. m

Lemma 4.7. Let p > 3 and A+ n be p-reqular. If ;(\) > 0. Then

dimEnds, ,,(DMs, ,,) = D aNEN) — 1D+ Y sil&()

> Z&(A)(éi@) =2+ {7 &(A) > 0})).

Proof. From Lemma [2.3| we have that
D’\isn_2 = Zejei(D)‘) = Z e2(DM @ Z eie; (D).
0 i i#]
From block decomposition and from Lemmas [3.8) and [3.9] we have that, for
certain b;; € {D®, DU}

B:=Y (¢’ ®DPeD))a Y (DY) @b,
i j:Ej()\)>O
i#]

13



is both a submodule and a quotient of D%STH ,,- In particular, from Lemma

2.4
dim Endgn_m (D)\\l/sn72’2) 2 dim Endsn_Q,z (B)

> dimEnds, _,,(e!” @ (D® @ D))

+ Z dim Endg, _,, (Gi(D}\> ® b; ;)

j:E]' (A)>0

=>aNEW) -0+ Yo wl@().

Jiej (A)>0
i#j

From Lemma [4.6| we also have that if ;(\) > 0 then ¢;(é;(\)) > €;(A). So
PBECICVCICYES VES W oY)

; j:aj‘iz\j)>0
>Y aMEW -D+ Y al
p j:sjéj\j)>0
=>aMEW -2+ Y S
i jieg(N)>0 i

= > a0 =2+ {5 550 > 0}]).

O

A proof of the next lemma could also be obtained using Theorems 4.2
and 4.7 of [19].

Lemma 4.8. For any partition \ and for any residue i,
ei(N) =e—i(\) and  pi(N) = pi(XY).
If ei(N) > 0 then & (A" = é_;(\"), while if @i(\) > 0 then f;(\Y) = f_;(\").

Proof. This follows from Lemma [2.4] and by comparing block decomposition
of D|g, _, and of D/\Misnfl =~ DA g ®@sgn (or of DS+t and of DA'on+t =

DMt @ sgn). O
Lemma 4.9. Let p > 3 and X\ be p-reqular. If A has at least 3 normal nodes
then

dim Ends, ,,(D"lg, ,,) > dimEndg, ,(D"*]g )+ 1.
If further A = X" then

dim Endgn_m (Du\l’sn—2,2) > dim Endsn_1 (Dlen,l ) +2.

14



Proof. From Lemmas and [£.7] it is enough to prove that
D a0 =3+ {750 > 0}) > 1

or

Z&(A)(&(A) =3+ H{i:g;(A)>0})>2

when A has at least 3 normal nodes (the last inequality only when A = \").
Assume first that [{j : ¢;(A) > 0}| = 1 and let k with €;4(\) > 0. Then
gi(A) > 3 and so

Yo aWEN) =3+ {71550 > 0}) = ex(N(er(V) —2) = ex(V) = 3.

Assume next that [{j : ¢;(A) > 0} = 2 and let k # [ with (), &,(\) > 0.
We can assume that ,(\) > 2. Then

Z&(A)(éi(/\) =3+ [{j:&(A) > 0}) =e(MN)(e(N) = 1) +a(M)(aA) — 1)

> Ek()\)

Assume now that A = \'. Then from Lemma [4.8] we have that k = —I and
ex(N) = g(A) > 2. In this case

Z&(A)(&O\) =3+ {7 :&(A) > 0}) = (M) (e(N) = 1) +a(M)(a(A) — 1)

2 25k()\)
> 4.

Assume last that [{j : ¢;(\) > 0}| > 3 and let k,[, h pairwise different
with €k(/\),€l(/\),6h()\) > 0. Then

Zei()\)(si()\) =3+ {j:e;(0) > 0}) > (V) +a(N)? +en(V)? > 3.

]

Lemma 4.10. Let p > 3, n >4 and A\ = N+ n be a partition with ezactly 2
normal nodes. If there exist i # j with £;(\),€;(A\) # 0 then é;(\) and €;(\)
are not JS-partitions.

15



Proof. Assume instead that é;(\) and €;(\) are JS-partitions. Then, from

Lemmas and , D/\isn,z has only two composition factors. Since A = \M
it follows that

DAl’Sn—Q,Q = (DV ® D(2)) @ (DVM ® D(IZ))

for a certain partition v. Due to Lemma this contradicts Lemma
The lemma then follows from Lemma [4.8 O

Lemma 4.11. Let p > 3 and X be a p-reqular partition with 2 normal nodes.
Assume that there exist i # j with €;(\),e;(N) = 1. If

dim End5n72,2 (D)\isn—z,z) = dim Endg, _, (DA‘LSnA) +1

then, up to exchange, €;(X\) is a JS-partition and €;(\) has at most 2 normal

nodes. Also X # .

Proof. From Lemmal[2.4 we have that ;(&;(\)) = €;(A) — 1 = 0 and similarly
£j(€;(A)) = 0. So from Lemmas and 4.7/ and by assumption

D er(@(N) + D el(EG(0) =D en(@N) + Y en(@(N)
k k ki k]
< dim Endsn_Q,Q(D"iSnim)

= dimEndg,_,(D"]g ) +1
= 3.

So €;(\) and €;(\) have in total at most 3 normal nodes, from which the
first part of the lemma follows. The second part follows then from Lemma

410l O

Lemma 4.12. Let p > 3 and X be a p-reqular partition with 2 normal nodes.
Assume that there exists i with £;,(\) = 2 and let v to be obtained from X\ by
removing the top removable node of \. If

dimEnds, ,,(D g, ,,) = dimEnds, ,(DMlg, ) +1

then é;(\) is a JS-partition and v is either a JS-partition or it is not p-regular.
Also X # \1.

Proof. Notice first that from Lemma 3.8

DM, ,, = (D @ (D® @ DY) o M
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for a certain module M. Comparing block decompositions of D/\isn, , and
D*|g ., we have that

,2

M\LSn—z = Z ejek<D>\)'
(4,k)#(5,1)

Also from Lemma [2.4]
dim Endg, ,,(e!” (DY) @ (D® @& D1)) = &;,(\)(e;(A) — 1) = 2.

Notice that M is self-dual, since it is the sum of certain block components of
DA, ,,- So, if M is non-zero and not simple, then dim Endg, _, (M) > 2
(simple modules of S,,_5 9 are also self-dual) and so from Lemma

dimEnds, _,,(D*g, ,,) >2+2>3=dimEndg,_, (D, |)+1,

contradicting the assumptions. As all simple ¥5-modules are 1-dimensional,
M is non-zero and not simple if and only if Mg, ,, = Z(j’k#(i’i) ejer(D*)
is non-zero and not simple. In order to prove the lemma it is then enough to
prove that > ejer(D?) is non-zero and not simple, when A is not as
in the text of the lemma.

First assume that é;(\) is not a JS-partition. Then, from Lemma
there exist [ # i with ,(\;) > 1. So, from Lemma ,

[ Y egen(DY) DO > [ (DY) - DA [ DHN) ; DO
(4:,k)#(1,3)
= s(Na(&()

In particular > ;4 ejer(D?) is non-zero and not simple.

Assume next that v is p-regular but not a JS-partition. From Lemmas
and we have that D" is a composition component of e;(D*) and that
ei(v) <ei(A) —2=0. So >, €(v) > 2 and then

Z[ Z ejex(D*) : DA > Z[el(DA) : D”] - [e)(D") : D]

i (3.k)£ (i) i
> av)
> 2.

So also in this case » ;1) ejer(D?) is non-zero and not simple.
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Assume now that A\ = M. Notice that v = XA\ A, where A is the top
removable node of A. Assume first that v is not p-regular. Then \; =
Ap + 1. This contradicts A = A", by Lemma 2.2 of [3]. So we can assume
that v is p-regular. Further from Lemma we have that ¢ = 0, so that
go(v) = 0. In particular there exist [ # 0 such that e;(D") # 0. Since D" is a
component of eg(D?), we then have that e;eg(D?) # 0. Since A = M we also
have that e_jeq(D*) # 0. As [ # 0 and so [ # —l as p > 3 is odd, it follows
that 3= 12 ejer(D?) is non-zero and not simple. O

Lemma 4.13. Let p > 3. If A\ = M\ a p-reqular partition and V is an
F'S,,-module, then

dim Homy, (V] , Homp(E} & EX, E}))
= dim Homy, (Homp(E}, EY @ EX), V], )
= dim Homg, (V, Endr(D?)).

Proof. Using Frobenious reciprocity we have

Homy, (V, ,Homp(E} ® B, EY)) 2 Homy, (V] , (B} ® EX) ® E})
(Vs ((EA ® BY) @ BT
=~ Homg, (V, EndF(DA))

=~ Homg

The other equality holds similarly. O]

5 Partitions of the from (a+b,a) with b small

Partitions of the form (a+b,a) with 0 < b < 3 will play a special role in the
proof of Theorem , since for these partitions Corollary 4.12 of [I0] does
not apply. So we will now study these partitions (and the corresponding
simple modules and their restrictions to certain submodules of ¥,,) more in
details.

Lemma 5.1. Letp=5and A= (a+b,a) - n with0 <b<3. Ifk <4 and
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a > k then D’\izn_kk 15 given by

l)(cz,CL)\l/22L171 gD(a,afl)
(a,a)izml 222(D(aa 2) ®D )@(D a—1,a—1) ®D(12))
\1/22(1 vs (D(aa 3®D )@(Da 1,a— 2®D( ))
D \LEQG s (D(a 1,a—3) ®D 31))@(D(a—2,a—2)®D )7
D(a+1 a)\l/ r;JD(a—f—l,a—l)@D(a,a)
D(a+1 a iEga . (D(a—I—l ,a—2) ®D(2))@ (D(a,a—l) ®D(2))@ (D(a,a—l) ®D(12)),
D(a+1 a \1/2 (D(a,a—2) ®D( )) D (D(a,a—Z) ®D(2,1)) D (D(a—l,a—l) ®D(2,1))
2a—2,3 )
D(aJrl’a)\l/E (D(a,a73) ®D(3’1)) D (D(afl,an) ®D(3,1)) D (D(afl,a72) ®D(22)>
2a—-3,4 ’
D(a+2,a)¢22a+l gD(‘H‘L“) @D(a—l-Q,a—l)?
D(a+2,a)¢22a’2 ~ (D(a,a) ®D(2))EB (D(a+1,a71) ®D(z))EB (D(a+1,a71) ®D(12)),
D(a+2’a)\l/2 (D(a,a—l) ®D(3)) D (D((z,a,—l) ®D(2,1)) D (D(a+1,zz—2) ®D(2,1))
2a—1,3 )

D(a+2,a)¢2 \ (D(a—laa—l) ®D(3’1)) ® (D(aya—2) ®D(3’1)) @ (D(ava—2) ®D(22))
2a—2, I
D(a+3,a)¢ gD(aJr?,a)’

Yog+2

IIZ

12

I

1%

2

D(a+3,a)¢22a+1 = (D(a—i—l,a) ®D(2))EB (D(a+2’a_1) ®D(12))7
D(a+3 a ( (a,a) ®D )@ (D(a+l,a71) ®D(2’1)),
( (a,a—1) ®D( ))@(D(a+1,a72)®D(22)).

IIZ

IIZ

(a+3,a)
D \LEQa 1,4

Proof. For k < 3 see Lemmas 4.1, 4.5 and 4.7 of [10]. Further if a > 4, from
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the same lemmas,
D(a’a)iz (D(“ 2,0-2) o D) o D2 ))EB(D(“_LG_?’)@D@)@D(Q))
@(D(aflvaﬂ”»)@l)(l )®D(2))€B(D(“*l’a*3)®D(2)®D(12))
@(D(G*Q,aﬂ) D1 ®D(12)),
(D12 D@ @ D?))2 g (D(®e—3) @ D) ®D®)
@(D* g DPeDR)g (Dl Do D1 g D)
& (D@3 @ D® @ D)) g (D12 g DB g DY)
(D(a 1,a—2) ®D(12)®D(1 ))
D(a+2aa)¢Z = (D( a )®D(2)®D(2)) @(D(a—lya—l)@)p(ﬂ)@p(?))
o @Dt Ve DP gD (D" D@D @ D)
@D DgDP D)o (D)o D® D)
@ (DD g DM@ D),
>~ (pl+la=2) @ D2 g D) g (DY e D® g D)
(

2a—4,22

D(aJrl,a) \1/2

I

20—3,22

l)(a—i-i%,a)\tE

2a—1,22
@ (D@ VoD @ D®)g (D@D g D® g D)
69(D(aﬂ,a 2) ®D(12 @D 12)>

The only possible composition factors of D]y, are D@, D@D and D@,

So since D(‘% ~ D@ g DA DB S (D® @ D )) @ (D® @ D)) &

(D™ @ D@) and D) ¢ ~ (D@ @ D@) g (D) @ D), the structure

of DM, , follows. O

Lemma 5.2. Let p="5 and n = +1 mod 5 withn > 9. If A= (a+b,a) Fn
with 0 < b < 3 then there ewists ¢ € Homg, (M=) Endp(D*)) which
does not vanish on ST=31%).

Proof. Tt follows from Lemmas [4.3] and [5.1] O

Lemma 5.3. Letp =5 and n =0 mod 5 withn > 9. If \ = (a+b,a) Fn
with 0 < b < 3 then there exists ¢ € Homg, (M%) Endp(D*)) which
does not vanish on S+

Proof. 1t follows from Lemmas [4.4] and [5.1] O

6 Mullineux fixed JS-partitions

Mullineux fixed JS-partitions also play a special role in the proof of Theorem
[L.1] and so will be studied in this section.
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Lemma 6.1. Let p > 3 and A = X' n be a JS-partition. Then n = h(\)?
mod p.

Proof. Let A° := X and then define recursively A\’ to be obtained from \i~! by
removing the p-rim. From Theorem 4.1 of [9] we have that all the partitions \’
are Mullineux fixed JS-partitions. Further if k is maximal such that \* = (),
then \* = (1). In particular |[\*| = h(A¥)? mod p.

Assume that for a certain 1 < i < k we have that |\| = h(\")? mod p.
From Theorem 4.1 of [9], one of the following holds:

i) AT =N = 2h(N) + 1 mod p and A(A") = A(\") + 1 mod p,
(i) |N7H = [N = —=2h(A\") + 1 mod p and h(A"!) = —h(\") + 1 mod p,
(iii) A(AY) =0 mod p, [Nt — |A| =0 mod p and A(A""1) =0 mod p.
Using || = h(A)? mod p it follows that in each of the above cases:
() N1 = [N+ 20(N) + 1= h(V)? + 2h(N) + 1 = h(A1)? mod p,
(i) [N = [N = 2R(A\) + 1 = h(A)? — 2h(N) + 1 = A(A1)? mod p,
(iii) A7 =N =0=h(A"") mod p.
The lemma then follows by induction. O

Lemma 6.2. Letp=>5,n>5 and A\ = X" n be a JS-partition. Then there
exists 1 = +1 such that the following hold:

o DM = D%W
o c1i(6o(N) =1, g5(é0(N) =0 for j # i and

D/\\L&FZ2 ~ (DéiéO(A) ® D(2)) D (Déﬂ'éo(A) ® D(12))’

o c_;(€;69(N)), e (é éo(N) = 1, €;(é;é0(X)) = 0 for j # —i,2i. Further
D)\\LS ~ (DéZiéiéO()‘)®D(3))@(Défiéiéo()‘)(gA)@(Défﬁé—iéO()‘)@D(lB))
n—3,3 Y

with A € {D®Y, D) @ D)},
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Proof. Notice that from Lemma 4.8 the unique normal node of A has residue
0. So from Lemmas [2.3 and D g = D®XN . From Proposition 3.6 of
[23] we also have that

DéO()\)isn_Q = Dkisn_z = DA¢SH_2 =DV D"

with v # ™. From Lemmas [2.3| and [2.4] it then follows that there exist i # k
with €;(€g(N)), ek(€o(N)) = 1 and €;(ép(N)) = 0 else. From Lemma we
have that €y(\) = éy(A\)" and then k = —i # 0.

Let i be the residue of the top removable node of é,()) is normal. We will
prove that ¢ = £1 and that 6_Z(é2é0(>\))7822(élé0()\)) =1 and z’:‘J(éZé()()\)) =0
else. Further we will prove that é_;é;éq(\) = €;6_;é9(\). Up to exchanging i
and —, this will prove the lemma, since A = A", due to Lemmas , and
and by comparing D*.g  lg ., and DMg | . .

Assume that e_;(¢;69(\)) = 1. Then &;(é_;éo(\)) = 1 by Lemma 4.8 Let
A and B be the normal node of éy() of residue i and —i respectively. Then,
from Lemma [4.6] A is normal in é_;69(\) of residue ¢ and B is normal in
€;€0(A) of residue —i. Since £4,(€9(N)), exi(€xi€o(A)) = 1, it follows that

e-i€ifo(A) = €_i(€o(A) \ A) = €o(A) \ {A, B} = €i(éo(A) \ B) = €ie_i€o(A).

To prove the lemma it is then enough to prove that ¢ = +1 and that
e_i(€:i€0(N)),€2:(€:€0(N)) = 1 and €;(€;69(A\)) = 0 else. From Lemma 1.8 of
[23] we have that h(\) > 4 and then from Lemma 2.2 of [3] that A\ > Ay + 2,
as otherwise AT = A\; + Ao + A3 + Ay > Ay, contradicting A = A"

Write A = (alfl,...,azh) with a1 > ... > a, > 1and 1 < b; < 4. From
the previous part we have that 1 < b; < 3 and that h > 2. Since \ is a JS-
partition we have from Theorem D of [18] we have that by +by 4+ a3 —as =0
mod 5. If a; — as = 1 then we would have that b; + b, = 4, and then
Al = a; = as + 1 = A4, leading to a contradiction. So a; > as + 2. From
Theorem D of [I8] we also have that (a?j ,...,a") is a JS-partition for each
1 < j < h. In particular if v = (¢4, ... ,wl,aﬁj, o ,al;Lh) is b-regular with
Y > a; for some 1 < j < h and some [ > 1, then the only possible normal
nodes of v are the removable nodes in the first [ rows and the node (I+b;, a;).

This will be used in each of the following cases to find the normal nodes of
€i€o(N).
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Assume first that b; = 3. Then, since A is a JS-partition,

213 2(3
1 1
3 3
So in this case ¢ = 1 and
213
1
ifo(N) = —=0
3
In particular &éy(\) = (aq, (a1 — 1)%,a%2, ..., a) with a; — 1 > ay. Since

(1,a1) and (3,a; — 1) are normal in €;6¢(A) of residue 2 and 4 respectively
while (3 + bg, az) is not normal, the lemma follows in this case.
Assume next that by = 2. Then, since A is a JS-partition,

1(2 1/2
40 ) 4[0
)\ = 7£ 2 , 60(/\) = 2
2 2
So in this case 7 = 1 and
12
410
2
In particular &é(\) = ((a; — 1)%,a%?,...,a%) with a; — 1 > ay. Since

(2,a;—1) and (2+4by, ay) are normal in €;6¢(A) of residue 4 and 2 respectively,

the lemma follows in this case.
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Assume now that by = 1 and a; > as + 3. Then, being A a JS-partition,

340|1 34|01
A= I €o(A) = : .

I

So in this case i = 4 and

¥_3[4 01

Y

In particular €;69(\) = (a1 —2, aSQ, e ,al;Lh) with a; —2 > ay. Since (1,a; —2)

and (1 + b, ag) are normal in €;69(\) of residue 3 and 1 respectively, the
lemma follows in this case.

Assume last that b = 1 and a; = ag + 2. Then by = 2 (from A being a
JS-partition) and A > 3 (as A has at least 4 rows). So

340]1 34]01
213 213
1 ~ 1
A= 73 . Bl = 3
_ 3 _ 3]
In this case 7 = 4 and
3401
213
Eieo(A) = g
3
Since &¢(\) = (a3,a%,...,al*) and the nodes (3,as) and (3 + by, a3) are
normal in €;69(A) of residue 1 and 3 respectively the lemma follows also in
this case. ]

Lemma 6.3. Let p = 5 and n = 1 mod 5 withn > 6. If A = X'+ n

then there exists ¢ € Homg, (M"=3'") Endp(D>)) which does not vanish on
S(n—3,13)'

Proof. 1t follows from Lemmas [4.3] and [6.2] O
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7 Split-non-split case

In this section we will prove Theorem 1.1 in the case where one of the two
irreducible A,-modules D+, Dy splits when reduced to A,,, while the other
doesn’t.

Lemma 7.1. Let p > 3 and A\, u = n be p-reqular. If X\ = N, u # u" and
E} ® E* is irreducible then D* @ D* = D" @ D" for some v # M. In
particular

dim Homg, (End(D*), Endp(D*)) = 2.
Proof. See Lemma 3.1 of [7]. O

Theorem 7.2. Let p > 3, n > 6 and \,u b n be p-reqular. If X = N\,
w# M, EY and E* are not 1-dimensional and E} @ E* is irreducible then
A is a JS-partition.

Proof. From Lemmas , , there exist v, : M2 — Endp(D*)
S n—2,2 ]

which does not vanish on

If A is not a JS-partition, from Lemmas [3.1] [4.1] 4.9} and there
exist Y1, ¥n2 : M©"=22) s Endp(D?*) such that any non-zero linear combi-
nation of ¢ 1 and 1, 2 does not vanish on S(n=2.2)

So from Lemma [£.2] it follows that

dim Homy,, (End(D*), Endp(D*)) > 3

if \ is not a JS-partition (Endp(D?) and Endp(D*) also have a quotient
and a submodule isomorphic to D™). The lemma then follows by Lemma

1l O

Theorem 7.3. Let p = 5. Let A\, u be 5-reqular partitions with X = X' and
p # 1M such that E2 and E* are not 1-dimensional. If E} ® E* is irreducible
then X is a JS-partition and p € {(n —1,1),(n — 1, 1)"}.

Proof. For n < 7 the lemma follows by considering each case separately.
So we can assume that n > 8. By Theorem we have that A is a JS-
partition. So n = 0,1 or 4 mod 5 by Lemma From Lemma 1.8 of [23]
we have that h(\) > 4. Further from Lemmas [3.1] and there exist
Yag s M®=22 — Endp(D*) and ¢, : M("=%2 — Endp(D*) which do not
vanish on S22,

If p, i # (n — k, k) with k = 1 or n — 2k < 3 then, from Corollaries

3.9 and 4.12 of [10] and Lemma [3.1] for some j € {3,4} there exist ¢y ; :
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M®=3:9) — Endp(D*) and ¢, ; : M5 — Endg(D*) which do not vanish
on S=3.J),

If p, " = (n — k, k) with n — 2k < 3 and n = 0 mod 5 then there exist
Pro2 - Mn=42%) _y Endp(D?*) and 9,92 : Mn=42%) _y Endg(D*) which do
not vanish on S™~*%) by Lemmas and .

If po, p" = (n — k, k) with n — 2k < 3 and n = £1 mod 5 then there exist
Pags 2 M3 5 Endp(D?) and 9,45 : M3 — Endp(D*) which do
not vanish on S™3*) by Lemmas 5.2 and .

In either of these cases it follows from Lemma [.2] that
dim Homy,, (End(D*), Endy(D*)) > 3
and so from Lemma that E* + @ E* is not irreducible. O

Theorem 7.4. Let p > 3 and X be a p-reqular partitions with A = \". Then
EX®@EM=YY s irreducible if and only ifn Z 0 mod p and X is a JS-partition.
In this case, if v is obtained from \ by removing the top removable node and
adding the bottom addable node, then E} @ E"—HY =~ Ev,

Proof. See Theorem 3.3 of [7] and Lemma O

8 Double-split case

In this section we will prove Theorem 1.1 in the case where both irreducible
A,-modules Dy, Dy split when reduced to A,.

Lemma 8.1. Let A\, i be p-reqular partitions with A = A" and pu = p". Also
let e1,e0 € {+}. If EX ® E¥ is irreducible then

dim Hom 4, (Homp(E2 , E} ), Homp(EL , EX)) < 1

g1
for any combination 61,0, € {£}.
Proof. See Lemma 3.4 of [7] (and its proof). O

Lemma 8.2. Let p > 3 and n > 4. Let A\, i be p-regular partitions with A\ =
N and p = M. Assume that E2 ® E¥ is irreducible for some e1,e5 € {+}.
Then, up to exchange of A and p,

dim Endg, ,,(D*g, ,,) =dimEnds, (D, ) +1,
dim Endsn7272 (Du¢5n72,2) S dim Endsnf1 (D‘ul/sn,1> + 2.
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Proof. Notice first that (n) > (n)" and (n — 2,2) > (n — 2,2)" (this follows
from Lemma 1.8 of [23] and from n > 4, so that (n — 2,2)" # (n)).
From Lemmas 1] and [£.13]

dim Endg, (D*]5 ) = dim Homg, (M®, Endp(D?))
= dim Homy, (M*, Homp(E} & E*, E2 )

and similarly for p.
From Lemma [4.5] we have that

dim End5n72,2 (DA\I/Sn_z,z) > dim Endg, _, (DA\LSn_J +1,
dim Endgnfm(D“iSn_m) > dim Endg,_, (D"]g )+ 1.
Assume first that
dimEnds, ,,(D*s, ,,) > dimEnds, (D g, ) +2,
dim Ends, ,,(D"|g, ,,) > dimEnds, ,(D"]g, )+ 2.
Then, from Lemmas [3.1] and [£.2] we have that

dim Hom, (Homp(E2 , E} & EY), Homp(EY @ B, E2) > 1+2-2=5,

g1

contradicting that E2 ® E* is irreducible, due to Lemma .
Up to exchange we can then assume that

dim EndSnfz,z (D)\\I/Sn_2,2) = dim Endg,_, (DA*LSn_J + 1,
dim Ends, ,,(D"|g, ,,) > dimEnds, ,(D"]g )+ 3.

Then, from Lemma and by self-duality of M"~1D and M®=22),

dim Hom, (Homp(E2 E’\ & EN), M)

g1

= dim Hom 4, (Homp(EX , B2 @ E*), M"11) 41

g1’

and

dim Hom, (M®™%? Homp(EY @ E", "))
> dim Hom s, (M"Y Homp(EY & E*, E2)) + 3.

In particular there exist 1,y € {4} with
dim Hom, (Homp(Ej , E2), Mn=22)
> dim Homy, (HomF(EépE/\) ME=1DY 41
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and

dim Homy, (M™%, Homp(E} , E*))

€2

> dim Homy, (M~ 5Y), Homp(Ef , E2)) + 2.

€2

From Lemmas [2.1] and [£.2] it then follows that
dim Hom, (Homp(E2 , E3), Hompg (L, EX)>0+2,
again contradicting that EQI ® EF is irreducible, due to Lemma . O

Theorem 8.3. Let p = 5. If A\, = n are 5-reqular partitions with A = \M
and p = p" then E2 ® E¥ is not irreducible for any choice of 1,65 € {£},
unless n < 4 in which case Ei and EY are 1-dimensional.

Proof. For n < 7 the lemma can be proved by considering each case sepa-
rately.

So we can assume that n > 8. Notice first that (n — a,a) > (n — a,a)"
for 0 < a < 4 (this follows from Lemma 1.8 of [23] and from n > 8, so that
h((n)") = 4

From Lemma 1.8 of [23] we have that h()), () > 4. So, from Corollary
3.9 of [I0],
> dim Homg, (M "~%% Endg(D")),

n

> dim Homg (M3 Endg(D")),

n

dim Homg (M ™33 End (D

n

dim Homg (M ™44 End (D

( (DY) ( (D7)
u( (DY) ( (D7)
dim Homg, (M"3® Endp(D")) > dim Homg, (M ™22 Endp(D")
dim Homg, (M"Y Endp(D")) > dim Homg, (M=) Endz(D")).
From Lemma [R.2 we can assume that
dim Endg,_,,(D*g, ,,) = dimEndg,_, (D g, ) + 1.
Assume first that
dimEnds, ,,(D"|g, ,,) > dimEndg, ,(D"|g ,)+1
Then from Lemmas [3.1] and we have that
dim Homg, (Homp(E2 , E}&EY), Homp(E{©E", E" ) > 140+2+1+1 = 5.

€1

In particular, from Lemma , E} ® EY is not irreducible.
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So we may now assume (from Lemma that

dim Endsn#y?(DﬂSniQ’Q) = dimEndg, ,(D*g ) +1,
dim Ends, ,,(D"|g, ,,) = dimEnds, ,(D"}g, )+ 1.

n—1

From Lemmas and we then have that A and p are JS-partitions.
From Lemma [6.2| we have that (E @ Ei)iAn%z = D’\¢An72,2 has only 2

composition factors (since so does D)‘¢Sn72 , and none of these composition

factors is fixed under tensoring with sign). In particular Eg\l by, 18 simple.
From Lemma 1.1 of [7] and from Lemmamwe have that (E} ®E*)] 4 =

n—3,3
D] A,_s5 18 semisimple and has at least 3 composition factors. In particular

E31¢ An_s5 18 semisimple with at least 2 composition factors. So
dimEndy,_,,(E2 L4, ,,) > dimEnda,_,,(EX 1, ,,).
Similarly
dimEndg, ,, <Eg2¢An_3,3) > dimEndy, ,, (E£2¢An_272).
From Lemmas [2.1] and it then follows that
dim Endy, (E2 ® EX) = dim Hom, (Endp(E2 ), Endp(E)) > 140+1 =2,

so that again E2 ® E* is not irreducible. O
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