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Chapter 1

A survival kit of linear algebra

In this chapter we recall some elementary facts of linear algebra, which are needed throughout the
course, in particular to set up notation.

1 Vector spaces and subspaces

Reminder 1.1 (Vector space)
Let IF be a field. An [F-vector space V is a set with two operations

VxV — % and FxV — %
(v,w) — v4w A, w) = A-w

called addition and multiplication by scalars with the usual axioms (see MT3501 for details).

Example 1.2 (Complex row space)
The set of row vectors of length n containing complex numbers is denoted by

CH™" = {[ay, ... 0] | @1y e 0n € C).

It is a C-vector space, we add vectors and multiply them by scalars as exhibited in the following
examples:

and
(=3)-[4,1/2, 2] =[-3-4,(=3) - (1/2), (=2) - (=3)] = [-12, =3/2, 6] = (= D[12, 3/2, 6].
Remarks: Multiplication by —1 is additive inversion, we often leave out the dot - for multiplication.

Reminder 1.3 (Linear combinations, span, spanning set)
If V is a C-vector space, vy, ..., € Vand Ay, ..., A € C, then

k
w = Zkivi = AV + Aovy + - -+ Apup
i=1

is called a linear combination of the v;, we say that “w € V is a linear combination of the v;”,
the coefficients A1, ..., A; are not necessarily uniquely defined!
The set of linear combinations

Span(vy, ..., v) := {w € V | wis a linear combination of the v;}

3
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is called the span of the vectors vy, ..., v;.
If M C V is a (possibly infinite) subset, then its span is the union

Span(M) := U U Span(vy, ..., v,) |,

neN \vi,..., v, EM

of all spans of all finite sequences of vectors in M.
Remember: Linear combinations are always finite sums.

Reminder 1.4 (Subspace)
Let V be a C-vector space. A non-empty subset W C V is called a subspace, if

utveWw and e W forall u,v € Wandall A € C.

In particular, a subspace is itself a C-vector space. In fact, every subspace W is the span of some
vectors vy, .. ., v for some k, and every such span is a subspace.

Example 1.5 (Sub-row space)
The following is a subspace of C'*3:

Span([1, 0, —1], [0, 2, 1], [1,2,0]) = {[x, y,z] € C'*3

Z=y/2—x}.

Exercise: Prove this equality (consider an arbitrary linear combination of the three row vectors)!

2 Bases, dimension and linear maps

Definition 2.1 (Linear independence)
A tuple (vy, ..., v) of vectors in a C-vector space V are called linearly independent, if one of the
following equivalent statements is true:

(i) For arbitrary numbers Ay, ..., A; € C the following implication holds:
k
Zkkvk:O — M=t =---=x =0.
i=1
(i) Every vector in Span(vy, ..., v;) can be expressed as a linear combination of the vectors
v, ..., U in a unique way.

(iii)) No vector v; is contained in the span of the others:
v ¢ Span(v; | 1 < j <k, j#1i) for all i.
Otherwise the tuple is called linearly dependent. Linear dependence is a property of the tuple and
not of the individual vectors.

Example 2.2 (Linear independent vectors)
The tuple of vectors
(5,0, 2],12,3,0],[-1,0,0])

is linearly independent.

Definition 2.3 (Basis of a vector space)
Let V be a C-vector space. A tuple (v, ..., v,) of vectors in V is called a basis of V, if
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e V = Span(vy, ..., v,) and
e (vq,...,vy,) is linearly independent.

Theorem 2.4 (Dimension)
In a C-vector space V any two bases have the same number of elements. The number of elements
in an arbitrary basis of V is called the dimension of V.

Note: In this course, we only deal with finite-dimensional vector spaces.

Example 2.5
The C-vector space C'*" is n-dimensional because

(1,0,...,0],[0,1,0,...,0],...,[0,...,0,1D
is a basis of length n, it is called the standard basis.

Reminder 2.6 (Linear maps)
Let V and W be C-vector spaces. A map ¢ : V — W is called C-linear, if

u+v)p=up+vep and (Av)p = A(ve)
forall u, v € V and all A € C. We write all maps on the right hand side.

Theorem 2.7 (Linear map determined by values on a basis)

Let (vy, ..., v,) be a basis of a C-vector space V and let W be a C-vector space. Then for every
tuple (wq, ..., w,) of vectors in W, there is a unique linear map ¢ : V — W with v;¢ = w; for
1 <i < n, it maps

(Xn: )\.,’Ul‘) to (2’1: Aivi> @ = Xn:)\.iw,’ e W.
i=1 i=1 i=1

Example 2.8 (Example for a linear map)
The map

CY3 - €™, [y, 2l [2x —y 43z, x + 2, —x + Tz 4 6)]
is C-linear. It is uniquely defined by doing

[1,0,0] = [2,1,—1] and [0,1,0]—~[-1,0,6] and [0,0,1]+ [3,1,7].

Theorem 2.9 (Matrix of a linear map)

Let V and W be C-vector spaces, and (v, ..., v,) and (wy, ..., w,) be bases of V and W respec-
tively. Then there is a C-linear bijection between the set of C-linear maps from V to W and the set
C™ " of m x n-matrices with entries in C, given by

n
@ = la;jli<i<mi<j<n where v;¢ = E a; jw; foralli.
j=1

Note that this convention might be different from what you know, it comes from the fact that we
write mappings on the right hand side and use row vectors.

For three spaces, the composition ¢ - i (do ¢ first, then i) is mapped to the matrix product of the
matrices corresponding to ¢ and v respectively, if the same basis is chosen in the range of ¢ and
the source of .
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Example 2.10 (Continuation of Example 2.8)
The matrix of the linear map in Example 2.8 with respect to the standard basis (in both domain and
range) is

2 1 -1
-1 0 6
31 7

since [1,0,0]¢ =[2,1,—-1]=2-[1,0,0]4+1-[0,1,0] 4+ (1) -[0, 0, 1].

Definition 2.11 (Endomorphisms)

For a C-vector space V we denote the set of C-linear maps from V to V by End(V) and call them
linear endomorphisms. The subset (in fact, subgroup) of invertible endomorphisms is denoted by
GL(V). We call an endomorphism ¢ € End(V) nilpotent, if there is an n € N with ¢" = 0.

3 Direct sums

Definition 3.1 (Direct sum)
The C-vector space V is said to be the direct sum U & W of two subspaces U and W of V, if one
and thus both of the following equivalent conditions holds:

o V=U+W=u+wluelU,weWland U NW = {0},

e every vector v € V can be written as a sum u + w of a vector u € U and a vector w € W in
a unique way.

Both statements generalise more than two subspaces: The C-vector space V is said to be the direct
sum U; & --- @ U of k subspaces Uy, ..., Uy if one and thus both of the following equivalent
conditions holds:

o V=U+ - 4+U:={uy+uy+---+u;|u; € U;j} and
UunW+--+U_1+U4 +---+U) ={0}for 1l <i <k.

e Every vector v € V can be written as a sum uy + - - - + uy of vectors u; € U; for1 <i <k
in a unique way.

Theorem 3.2 (Basis of a direct sum)
fV=U®&®Wand (uy,...,u,)isabasis of U and (wy, ..., w,) is a basis of W, then

(ula~~-aumvwls-~~$wn)
is a basis of V and we have dim(V) = dim(U) + dim(W).

Example 3.3 (Direct sum decomposition)
We have

CP3 = Span([1,2,3]) @ {[x, v, 2] € C** | z = x — y}.
Exercise: Prove this statement.

Remark 3.4 (Complements)
Note that for every subspace U of a C-vector space V there is a (not necessarily unique) subspace
WofVsuchthat V=U@W.



Chapter 2

Fundamental definitions

4 Lie algebras

Definition 4.1 (Lie algebra)
A Lie algebra is a vector space L over a field I together with a multiplication

LxL—L,(x,y) [x,y],
satisfying the following axioms:
LD [x+y,zl =[x, z1+ [y, zland [x, y + z] = [x, y] + [x, 2],
(L2) [Ax, y] =[x, Ay] = Alx, y],
(L3) [x,x] =0, and

L4) [[x, y], 2l + Iy, zl, x] + [z, x], y] = O,

whenever x, y,z € L and 1 € F. Axiom (L4) is called the Jacobi identity.
Note that [[x, y], z] is not necessarily equal to [x, [y, z]], we do not have associativity!

Remark: In this course, we will mostly study Lie algebras over the complex field C.

Lemma 4.2 (First properties)
Let L be a Lie algebra over a field IF. Then [x, y] = —[y, x] forall x, y € L. The Lie multiplication
is anticommutative.

Proof. Wehave O =[x+ y,x+ y]l =[x, x]+[x,y]+ [y, x]+ [y, y] =[x, y] + [y, x]. n

Example 4.3 (Abelian Lie algebras)
Every F-vector space L with [x, y] = O for all x, y € L is a Lie algebra. Such a Lie algebra is
called abelian. Abelian Lie algebras are somewhat boring.

Example 4.4 (Lie(+), the Lie algebra of an associative algebra)

Let + be an associative algebra over a field IF. That is, + is a ring with identity together with a ring
homomorphism ¢ : ' — Z(A) where Z(A) := {x € A | xy = yx for all y € 4} is the centre of A,
the set of elements of + that commute with every other element. Such an + is then automatically
an [F-vector space by setting A - @ := ((A) - a for A € F and a € 4. In particular, the multiplication
of A is associative: (x - y) -z =x - (y - 2).

If you do not remember this structure, simply think of A = C"*", the set of all n x n-matrices with
componentwise addition and matrix multiplication. The map ¢ here is the embedding of C into the
scalar multiples of the identity matrix.



8 CHAPTER 2. FUNDAMENTAL DEFINITIONS

Every associative algebra 4 becomes a Lie algebra by defining the Lie product in this way:
[x,y]==x-y—y-x forall x, y € A.

We check the axioms:

ChH x+y.zl=&+y)-z-z-c+y)=x-z+y-z=[x,z]+ [y 2]

@L2) [Ax,y]=Qx)-y—y-(Ax) =x-(Ay) —(Ly)-x =[x, Ay] and thisis equal to A(x - y — ¥ - X).

@L3) [x,x]=x-x—x-x=0.

(L4) [[x,y]l, z] =[xy — yx,z] = xyz — yxz + zxy — zyx, permuting cyclically and adding up
everything shows the Jacobi identity.

For a C-vector space V, the set of endomorphisms End(V) (linear maps of V into itself) is an
associative algebra with composition as multiplication. The map ¢ here is the embedding of C into
the scalar multiples of the identity map.

We set gl(V) := Lie(End(V)). By choosing a basis of V this is the same as Lie(C"*") if dim¢ (V) =
n (see 4.8 below). Thus, we can compute in gl(C!*?)

1 2 -1 1 _r2)p -t -t vrp 2] (-1 -1
341l 1 0] |3 4 1 0 1 0 341 (0 1 |’
using the standard basis.

Example 4.5 (Vector product)
Let L := R"3 be the 3-dimensional real row space with the following product:

la, b, c], [x,y,z]] :=la, b, c] x [x,Vy, 2] :=[bz —cy,cx — az, ay — bx].

This is a Lie algebra over the field R of real numbers.

Note: The vector v := [a, b, c] X [x, y, z] is zero if and only if the vectors [a, b, c] and [x, y, z] are
parallel. Otherwise v is orthogonal to both [a, b, c] and [x, y, z] and its length is equal to the area
of the parallelogram spanned by [a, b, c] and [x, y, z].

Exercise: Check the Jacobi identity for this Lie algebra.

Example 4.6 (sl,)
Let sl, be the subspace of C>*? containing all matrices of trace 0:

s == {M € C¥? | Tr(M) = 0}

(remember, the trace Tr(M) of a square matrix M is the sum of the main diagonal entries).
Then sl, with
[A,B]l:=A-B—B-A forall A, B €sl,

as Lie product is a Lie algebra, since Tr(A - B) = Tr(B - A) for arbitrary square matrices A and B.
This Lie algebra will play a major role in this whole theory! It is somehow the smallest interesting
building block.

Definition 4.7 (Homomorphisms, isomorphisms)
Let L, and L, be Lie algebras over the same field F. A homomorphism of Lie algebras from L,
to L, is a linear map ¢ : L1 — L», such that

[x, ylp = [x¢, yp] forall x,y € L;.

If ¢ is bijective, then it is called an isomorphism of Lie algebras.
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Example 4.8 (g1(C'*") and Lie(C"*") are isomorphic)

Choosing a basis (vq, ..., v,) of the C-vector space C'*" gives rise to an isomorphism of Lie
algebras gl(C'*") = Lie(C"™") by mapping a linear map ¢ : C>" — C"" to its matrix with
respect to the basis (vy, ..., v,) as in Theorem 2.9.

Definition 4.9 (Subalgebras and ideals)
Let L be a Lie algebra over a field F and let H and K be subspaces of L. We then set

[H, K]:=Span ({[h,kl € L |h € H,k € K}).

Note [H, K] = [K, H] and that we have to use Span here to ensure that this is a subspace of L.
A Lie subalgebra or short subalgebra of L is a subspace H with [H, H] < H.

A Lie ideal or short ideal of L is a subspace K with [K, L] < K.

Obviously, every ideal is a subalgebra.

Example 4.10 (Centre and derived subalgebra)
Let L be a Lie algebra over a field F. Then the centre Z(L) := {x € L | [x,y] =0forall y € L}
and the derived algebra [L, L] := Span({[x, ¥] | x, y € L}) are ideals in L.

Definition 4.11 (Normaliser and centraliser)
Let L be a Lie algebra over a field F and let H be a subspace of L (not necessarily a subalgebra!).
We then define the normaliser Ny (H) of H in L to be the space

Np(H):={xeL|[x,H] C H}.
We define the centraliser C; (H) of H in L to be the space
Ci(H)y:={xelL|[x,H]=0}.

Exercise: Use the Jacobi identity to show that both the normaliser and the centraliser are Lie sub-
algebras of L.

Proposition 4.12 (Properties of subalgebras)
Let H and K be subspaces of a Lie algebra L over Fandlet H + K :={h+k|h e H,k € K} be
their sum as subspaces.

(i) If H and K are subalgebras, then H N K is.
(i) If H and K are ideals, then H N K is.

(iii) If H is an ideal and K is a subalgebra, then H 4 K is a subalgebra of L.

Proof. Left as an exercise for the reader. [ |

Example 4.13 (Lie(C"*") revisited)

Let L = C"" withn > 2.

The subspace H of matrices with trace 0 is an ideal since Tr(A - B) = Tr(B- A) for arbitrary matrices
A and B and thus Tr([A, B]) =0 forall A€ H and B € L.

The subspace K of skew-symmetric matrices, i.e. {A eC" | A = —A} where A’ is the trans-
posed matrix of A, is a subalgebra but not an ideal: If A, B € K, then

[A,B]'=(A-B—B-A)' =B'-A'—A'-B' = (—=B)-(—A)— (—A)-(—=B) = [B, A] = —[A, B].

Exercise: Show that K is not an ideal.
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Lemma 4.14 (Kernels of homomorphisms are ideals and images are subalgebras)
Let L and H be Lie algebras over a field F and ¢ : L — H. Then the image / := im (¢) is a Lie
subalgebra of H and the kernel K := ker (¢) is a Lie ideal of L.

Proof. Since ¢ is F-linear, both I and K are subspaces.

Ifx,y € I, there are X, y € L with X9 = x and yp = y. Then [x, y] = [X, y]¢ € I as well.

If x € K, thatis, x¢ = 0, then for y € L we have [x, y]l¢ = [xp, yp] = [0, yp] = 0 and thus
[x, y] € K as well. |

Note: In fact, Lie ideals are exactly the kernels of Lie algebra homomorphisms, as we will see next.

Definition 4.15 (Quotient Lie algebra)
Let L be a Lie algebra over a field F and K an ideal of L. Then the quotient space

L/K:={x+K|xel}
consisting of the cosets x + K := {x + k | k € K} forx € L, is a Lie algebra by defining
x+K)+(y+K):=x+y)+KandA-(x+K):=(A-x)+Kand[x+K,y+ K] :=[x,y]+ K

for all x,y € L and all A € F. This is well-defined because K is an ideal, and it inherits all the
axioms directly from L. There is a surjective homomorphism 7 : L — L/K,x — x + K of Lie
algebras called the canonical map.

Proof. Lots of little details have to be checked here. Most of it is just the standard construction of
the quotient vector space, which can be found in every book on linear algebra and we do not repeat
them here. The most important additional one is the well-definedness of the Lie product: Assume
x+K=X+Kandy+ K =y+K,thatis,X = x+k; and y = y + k, for some &y, k; € K. Then

[-x +k19y +k2] = [X, )’] + [-xakZ] + [klv y] + [klka]
ekK

but all three latter products lie in K because K is an ideal. All statements about 7 are routine
verifications. |

Theorem 4.16 (First Isomorphism Theorem)
Let ¢ : L — H a homomorphism of Lie algebras over a field F and K := ker (¢). Then

v: L/K — im(p)
x+K xXQ

is an isomorphism of Lie algebras.

Proof. The map v is well-defined since x + K = y 4+ K is equivalentto x — y € K = ker (¢p)
and thus x¢ = y¢. This also proves that i is injective, and surjectivity to the image of ¢ is obvious.
The map v is clearly F-linear and a homomorphism of Lie algebras because ¢ is. |

Theorem 4.17 (Second Isomorphism Theorem)
Let L be a Lie algebra, K an ideal and H a subalgebra. Then H N K is an ideal of H and the map

v: H/(HNK) — (H+K)/K
h+(HNK) —  h+K

is an isomorphism of Lie algebras.
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Proof. The ideal K of L is automatically an ideal of the subalgebra H + K (see Proposi-
tion 4.12.(iii)). Define amap ¥ : H — (H + K)/K by setting hy := h + K. This is clearly
linear and a homomorphism of Lie algebras. Its image is all of (H 4+ K)/K since every coset in
there has a representative in H. The kernel of ¥ is exactly H N K and it follows that this is an ideal
in H. The First Isomorphism Theorem 4.16 then does the rest.

Alternative proof (to get more familiar with quotient arguments): The subspace H + K is a
subalgebra by Proposition 4.12.(iii) and K is an ideal in H + K because it is one even in L. The
subspace H N K is an ideal in H because [h,I] € H N K forallh € H and!/ € H N K. Thus we
can form both quotients.

The map ¥ is well-defined, since if h + (H N K) = h + (H N K), thatis, h —h € H N K, then in
particular » —h € K and thus 1 + K = h + K. In fact, this reasoning immediately shows that v is
injective. The map ¥ is clearly linear and a homomorphism of Lie algebras by routine verification.
It is surjective since every coset in (H + K)/K has a representative in H. |

5 Nilpotent and soluble Lie algebras

Definition 5.1 (Simple and trivial Lie algebras)

A Lie algebra L is called simple, if it is non-abelian (that is, the Lie product is not constant zero)
and has no ideals other than 0 and L. A one-dimensional Lie algebra is automatically abelian and
is called the trivial Lie algebra.

Example 5.2 (sl, revisited)
The 3-dimensional Lie algebra L := sl, from Section 4.6 is simple. Let

01 0 0 1 0
I e i R A

we then have L = Span(x, y, i) and the relations
[x,y]=h and [7, x] =2x = —[x, h] and [h, y] = =2y = —[y, h].

Let0 # K < Lbeanideal of L and 0 # z := ax + by 4+ ch € K with a, b, c € C. Then we
have [[z, x], x] = —2bx and [[z, y], y] = 2ay and thus, if either a or b is non-zero, then K = L.
If otherwise a = b = 0, then ¢ # 0 since z # 0 and thus K = L as well because [z, x] = 2cx and
[z, y] = —2cy. Thus the only ideals of L are 0 and L itself.

Definition 5.3 (Lower central series, nilpotent Lie algebra)
Let L be a Lie algebra over a field F. We define the lower central series as L := L and L' :=
[Li~!, L] fori > 1. This gives a descending sequence of ideals

L=L>L'=[L,L]D2L*D--.

The Lie algebra L is called nilpotent, if there is an n € N with L" = 0.
Exercise: Convince yourself that all L' are in fact ideals of L. Remember that [L, L] is the span of
all bracket expressions [x, y] forx, y € L.

Example 5.4 (Strictly lower triangular matrices)

Every abelian Lie algebra L is nilpotent, since L' = [L, L] = 0. No simple Lie algebra L is
nilpotent, since [L, L] is a non-zero ideal and thus equal to L. In particular, sl, from 4.6 is not
nilpotent.

Let L be the subalgebra of Lie(C"*") of stricly lower triangular matrices (with zeros on the diago-
nal). Then L has dimension n(n — 1)/2 and L' is strictly smaller than L'~! fori > 1 and L" = 0,
thus L is nilpotent. This is proved by proving that

L' ={(mjx) € C™" |mjx =0if j <k+i}
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using induction. (See exercise sheet 1.)

Definition 5.5 (Derived series, soluble Lie algebra)
Let L be a Lie algebra over a field F. We then define the derived series as L©® := L and L) :=
[LE=D, L@=D]fori > 1. This gives a descending sequence of ideals

L=LO9>LO=[L,L]2L®D...

The Lie algebra L is called soluble, if there is an n € N with L™ = 0.
Exercise: Convince yourself that all L) are in fact ideals of L. Remember that [L, L] is the span
of all bracket expressions [x, y] for x, y € L.

Example 5.6 (Lower triangular matrices)

Every abelian Lie algebra L is soluble, since L") = [L, L] = 0. No simple Lie algebra L is soluble,
since [L, L] is a non-zero ideal and thus equal to L. In particular, sl, from 4.6 is not soluble.

Let L be the subalgebra of sl, (see 4.6) of lower triangular matrices

L;:{[g _Oa]\a,bec}.

Then LY = [L, L] are the subset of matrices with zeros on the diagonal and L® =0, thus L is
soluble. Note that it is not nilpotent.

Theorem 5.7 (Nilpotent and soluble Lie algebras)
Let L be a Lie algebra H a subalgebra and K an ideal. Then the following hold:

(i) If L is abelian, nilpotent or soluble, then the same is true for H and L/K.
(i1) If K and L/K are soluble then L is soluble, too.
(iii) If L/Z(L) is nilpotent, then so is L.
@v) [Lk, L™ < L¥™ forall k,m € N.
(v) L™ < 12" forallm e N.
(vi) Every nilpotent Lie algebra is soluble.

(vii) If L is nilpotent and L # 0O, then Z(L) # 0.

Proof. If L is abelian, then clearly all Lie products in H and L/K are zero as well which proves
(i) for “abelian”. For nilpotent and soluble the inclusions

Hi C Li and H(l) - L(l)
and the equations
(L/K)Y ={x+K|xeL} and (L/K)?={x+K|xeLD)

immediately imply (i).

For (ii) assume that both K and L/K are soluble, that is, there are m, k € N such that (L/K)™ =
{0+ K} and K® = 0. But the former directly implies L™ C K and thus L™*% = 0 which shows
that L is soluble. Note that the same proof for nilpotent does not work!

To prove (iii) assume L" € Z(L), then L"*! = [L", L] C [Z(L), L] = 0.
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Now we consider (iv). The statement holds for m = 1 by definition of L¥*! = [L*, L] since
[LK, L' = [L*, [L, L]] < [L*, L] = L**'. Next we use induction on m. Suppose (iv) is true for
all m < r and all k. Then

(L5, LY = [L[L7, L1 = [[L", L], L*] 2 [[L*, L"), L] + [[L, L], ']

(é) [Lk+r, L] + [Lk+1, Lr] (35) Lk-‘rr-‘rl’

where the inequality (1) follows from the Jacobi identity [[x, y], z] = —[lz, x], ¥] — [[y, z], x] for
all x, y, z € L and (2) and (3) follow by induction.

Statement (v) now follows by induction on m. Namely, we have LD = [L, L] = L' = L* for the
induction start. Suppose L) < L¥ 7 then L0+D = [LO, LO] < [L¥ ", L <12+ = L?
by using (iv).

For statement (vi) suppose that L is nilpotent, that is, there is an n such that L" = 0 and thus all

L¥ = 0forall k > n. Butthen L™ < L2 = 0 as well since 2"~! > n for all n > n. Thus L is
soluble.

Finally for statement (vii) note that the last non-zero term in the lower central series is contained in
the centre Z(L). |
Theorem 5.8 (Radical)

Let L be a Lie algebra and H,, H, soluble ideals of L. Then H, 4+ H, is a soluble ideal of L, too.
Furthermore, if L is finite-dimensional, there is a soluble ideal rad(L) of L that contains every
soluble ideal of L. It is called the radical or L.

Proof. Suppose H; and H, are soluble ideals. Then (H, + H,)/H; = H,/(H; N H,) by the
Second Isomorphism Theorem 4.17 and it follows from Proposition 5.7.(i) that this is soluble as
quotient of the soluble Lie algebra H,. But then H; is an ideal of H, + H, such that both the
quotient (H; + H»)/H; and the ideal are soluble, so by Proposition 5.7.(ii) the Lie algebra H; + H,
is soluble as well.

If L is finite-dimensional, then there is a soluble ideal K of maximal dimension. By the above rea-
soning and maximality this ideal contains every other soluble ideal and is thus uniquely determined.
It is called the radical and denoted by rad(L). |

Definition 5.9 (Semisimple Lie algebra)
A Lie algebra L over a field I is called semisimple if it has no soluble ideals other than 0.

Lemma 5.10 (Radical quotient is semisimple)
For every finite-dimensional Lie algebra L, the quotient Lie algebra L /rad(L) is semisimple.

Proof. The preimage of any soluble ideal of L /rad(L) under the canonical map L — L /rad(L)
would be a soluble ideal of L that properly contains rad(L) (use Proposition 5.7.(ii) again). |

Example 5.11 (Direct sums of simple Lie algebras are semisimple)
Every simple Lie algebra L is semisimple, since it contains no ideals other than L and 0 and L is not
soluble (see 5.6). The direct sum L & - - - @ L of simple Lie algebras Ly, ..., L is semisimple.

Proof. By the direct sum we mean the direct sum of vector spaces with component-wise Lie
product. It is a routine verification that this makes the direct sum into a Lie algebra, such that every
summand L; is an ideal, since [L;, L;] = 0 for i # j in this Lie algebra.

Assume now that K is any ideal of the sum L; @ --- & L;. We claim that for every summand L;
we either have L; € K or L; N K = {0}. This is true, because L; N K is an ideal in L; and L; is
simple. Thus, K is the (direct) sum of some of the L;. However, if K # {0}, then K is not soluble,
since [L;, L;] = L; for all i and at least one L; is fully contained in K in this case. |
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In fact, we will prove the following theorem later in the course:

Theorem 5.12 (Characterisation of semisimple Lie algebras)
A Lie algebra L over C is semisimple if and only if it is the direct sum of minimal ideals which are
simple Lie algebras.

Proof. See later. |

We can now formulate the ultimate goal of this course:

Classify all finite-dimensional, semisimple Lie algebras over C up to isomorphism.

In view of the promised Theorem 5.12, this amounts to proving this theorem and classifying the
simple Lie algebras over C up to isomorphism.

6 Lie algebra representations

Definition 6.1 (Lie algebra representation)
Let L be a Lie algebra over the field F. A representation of L is a Lie algebra homomorphism

p : L — Lie(End(V))

for some F-vector space V of dimension n € N, which is called the degree of p. This means nothing
but: p is a linear map and

[x, ylp = [xp, yp]l = (xp) - (yp) — (yp) - (xp)

forallx,y € L.

Two representations p : L — Lie(End(V)) and p’ : L — Lie(End(V")) of degree n are called
equivalent, if there is an invertible linear map 7 : V — V' such that (xp) - T = T - (xp’) for all
x € L (the dot - denotes composition of maps).

Definition 6.2 (Lie algebra module)
Let L be a Lie algebra over a field F. An L-module is a finite-dimensional F-vector space V
together with an action

VXL —V, () vl

such that
o (v+ w)x = vx + wx and (Av)x = A(vx) (the action is linear),
e v(x +y) =vx + vy, and

e v[x, y] = (vx)y — (vy)x.
forallv,w € V andall x, y € L and all A € IF respectively.

Lemma 6.3 (Representations and modules are the same thing)

Let L be a Lie algebra over a field F. A representation p : L — Lie(End(F'*")) makes the
row space F'*" into an L-module by setting vx := v(xp). Conversely, if V is an L-module then
expressing the linear action as endomorphisms defines a representation of L of degree n.

Thus, the two concepts are two aspects of the same thing.

Proof. The first axiom in Definition 6.2 is needed to make the action of elements of L on V into
linear maps. The other two axioms are needed to make the map L — Lie(End(V)) a Lie algebra
homomorphism. The remaining details of this proof are left as an exercise to the reader. |
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Example 6.4 (A representation)
Let L be the Lie subalgebra of Lie(C"*") of lower triangular matrices. The map

Ty L — End(C'*?)
a,; ap

lai ili<ij<n >
a1 az»

(and then viewing the 2 x 2-matrices as endomorphisms of C!*?) is a Lie algebra homomorphism
and thus a representation. This makes C'*? into an L-module.

We notice that a representation might not “see all of L”. The map 7, for example has a non-trivial
kernel.

Example 6.5 (The adjoint representation)
Let L be any Lie algebra over a field F. The adjoint representation of L is its action on itself:

ad: L — Lie(End(L))
x = xi=(Gr [y x])

Note that we denote the image of an element x € L under the map ad by x! throughout. The map

ad is in fact a Lie algebra homomorphism and thus a representation. To verify this, we first check
that x% is a linear map from L to L for every x € L:

(y +22)x* = [y + Az, x] = [y, x] + Az, x] = yx*d + A(zx*)
for y,z € L and A € F. The map ad itself is linear, since

2(x + A0 = [z, x + 2y] = [z, x] + Alz, y] = 2x™ + 2 (W)
for all x, y,z € L and all A € F. Finally, the Jacobi identity shows that ad is a homomorphism of
Lie algebras:
zlx, Y1 = [z, [x, y1l = =[x, [y, 21 = [, [z, ©11 = [z, 21, Y] = [z, y], 2] = (2x*)y™ = (zy*)x™
forall x,y,z € L.

Example 6.6 (One-dimensional representation)
A one-dimensional representation of a Lie algebra L over F is simply a linear map p : L — F with

[x, ylp = (xp) - (yp) — (yp) - (xp) =0

for all x, y € L since [ is commutative. So the one-dimensional representations of L are precisely
the F-linear maps to I that vanish on the subspace L' = LMD = [L, L]. This shows for example
that the simple Lie algebra sl, from 4.6 has only one one-dimensional representation which is the
Zero map:

sl - C, x — 0.

Anyway, the kernel of such a representation is an ideal so it can only be 0 or sl, because sl, is
simple. Since C is one-dimensional, the kernel cannot be 0 because of the dimension formula for
linear maps.

Definition 6.7 (Submodules, irreducible modules)
Let L be a Lie algebra over a field F and V be an L-module. A subspace W of V is called a
submodule, if it is invariant under the action of L:

wx e W forallw e Wand x € L.

A module V is called irreducible, if it has no submodules other than 0 and V itself. A module V is
the direct sum W; & - - - & W, of submodules Wy, W,, ..., W,, if it is the direct vector space direct
sum of the W;. A module V is called indecomposable if it is not the direct sum of two non-trivial
submodules.
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Remark 6.8 (Irreducible implies indecomposable)

An irreducible L-module is clearly indecomposable. However, the reverse implication does not
hold in general. There are Lie algebras with modules V that have a proper submodule 0 < W < V,
for which there is no other submodule U with V. =W @ U.

Remark 6.9 (Irreducible adjoint representation)
Let V := L be the L-module given by the adjoint representation (see 6.5). A submodule of V is the
same as an ideal of L. The module V is irreducible if and only if L is a simple Lie algebra.

Definition 6.10 (Homomorphisms of modules)
Let L be a Lie algebra over a field F. A homomorphism of L-modules is an F-linear map

T:V->V

between two L-modules V and V', such that (vT)x = (xv)T forallv € Vandall x € L. Itis
called an isomorphism if there is a homomorphism S : V' — V of L-modules with 7'S = idy and
ST =idy-.

Definition/Proposition 6.11 (Eigenvectors and eigenvalues)
Let V be an F-vector space and T : V — V a linear map. Then an eigenvalue is an element A € F,
for which a vector v € V \ {0} exists with

vl = A-v.

Every such v is called an eigenvector for the eigenvalue A. The set of eigenvectors for the eigen-
value A together with the zero vector is called the eigenspace for the eigenvalue A. Note that an
eigenvector v has to be non-zero, otherwise every A € IF would be an eigenvalue.

For F = C, every endomorphism 7 has an eigenvalue, since the characteristic polynomial of T has
aroot (C is algebraically closed).

Proof. See any linear algebra book and use the fundamental theorem of algebra. |

Lemma 6.12 (Schur I)
Let V and V' be irreducible L-modules for a Lie algebra L over F andlet T : V — V' be an
L-module homomorphism. Then either 7 maps every element of V to zero or it is an isomorphism.

Proof. Theimage im T and the kernel ker T’ of T are submodules of V' and V respectively. Since
both V and V' are irreducible, eitherim7 =0 andker7 = V,orim7T = V' and ker T = 0. |

Corollary 6.13 (Schur II)

Let V be an irreducible L-module for a Lie algebra L over Cand 7 : V — V be an L-module
homomorphism (or shorter L-endomorphism). Then T is a scalar multiple of the identity map
(possibly the zero map).

Proof. LetT :V — V be any L-endomorphism. Then T is in particular a linear map from V to
V so it has an eigenvalue A with corresponding eigenvector v € V by Proposition 6.11. Thus, the
linear map T — A - idy has v # 0 in its kernel, and it is an L-endomorphism, since both 7" and idy
are. By Lemma 6.13, this linear map 7 — A - idy must be equal to zero and thus 7 = A - idy. Note
that A (and thus T) can be equal to 0. |

Theorem 6.14 (Weyl)

Let L be a semisimple Lie algebra over C and V a finite-dimensional L-module. Then V has
irreducible submodules Wy, W,, ..., Wi, suchthat V. = W; & --- & W,, for some k € N. That is,
V is the direct sum of irreducible submodules.

Proof. Omitted. |



Chapter 3

Representations of sl,

For the whole chapter let sl, from Example 4.6, which is the C-span of the three elements

=[5 0] r=[0 8] m=[b O]

with the usual commutator [a, b] := a - b — b - a as Lie product. We know that it is a simple Lie
algebra and the following relations hold (see Example 5.2):

e, f1="h and [h, e] =2e = —[e, h] and h, f1==-2f=—Lf, hl.

We want to classify all its finite-dimensional modules. Since sl, is simple, it is semisimple (see
Example 5.11). Thus by Weyl’s Theorem 6.14 it is enough to classify the irreducible modules,
because all others are direct sums of irreducible ones.

7 The irreducible sl,-modules introduced

Proposition 7.1 (The modules V)
Letd € NU {0} and let C[X, Y] be the polynomial ring over C in two indeterminates X and Y. Let

V= Span(X?, X4y, ..., xXy? ! y9,

this is a C-vector space of dimension d + 1, actually, V; is the set of homogeneous polynomials of
total degree d. For d = 0, the vector space V) consists of the constant polynomials and dim(Vyp) = 1.
The following equations together with linear extension make V; into an sl,-module:

9
XaYb = Y. — XaYb — A Xa_le+l,
( )e aX( )=a

9
XY f = X-W(X“Yb) =b- Xy,
(X‘Y"h = (a—b) XY

allfora+b=dand0 <a,b <d.

Proof. Since we can prescribe a linear map from V; into itself arbitrarily on a basis, this defines
endomorphisms for ¢, f and 4 uniquely. Linear extension gives us a C-linear map

@ : sl — Lie(End(Vy)).

To check that this is a representation of Lie algebras we only have to check that it respects the Lie
product, that is:
v([x, ylp) = (w(xe) (ye) — (v(yp))(xe)

17
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forall v € V; and all x, y € sl,. Since ¢ is C-linear and all (x¢) are C-linear it is enough to check
all this for basis elements, that is, we have to check

XY)e, f1 = ((XY"e)f —(X*Y")f)e and

(XY"[h, el = (XY")h)e — (X*Y")e)h and

XYNh, f1 = (XY)h)f — (XY fHh
forall0 <a,b < d witha + b = d. This is left as an exercise for the reader. |

Illustration 7.2 (The action on V)
Pictorially, this means:

-d (d=2) (d—4) (4 d) (2 d) (= d)
-d «(d-1) (d-2)
0 Xd Xd—lY Xd—2Y2 . X2Yd 2 XYd 1 Y
-0 -1 2 (d 2) (d D

INlustration 7.3 (The action as matrices)
If we express the action of e, f and & by matrices with respect to the monomial basis

(x4, x4y, .., xyd yd

in row convention, we get:

0 d 0 0
0 d—1
e <> 0
) 1
0 - 0 0 |
0 0 0|
1 0 . 0
f < 0
d—1 0 0
|0 0 d 0 |
[ 0 0
Lo 0 d-2
o
0 0 —d

Proposition 7.4 (All V; are irreducible)
For all d € N U {0}, the module V} is irreducible.

Proof. Assume 0 < W < V; is a non-zero subspace that is invariant under the action of sl,.
The endomorphism of W induced by the action of /4 has an eigenvalue A with a corresponding
eigenvector 0 = w € W (see Proposition 6.11). Since & has 1-dimensional eigenspaces spanned
by the monomials X9, XY~ ..., Y9, the vector w is a scalar multiple of one of these. But then
the subspace W contains all such monomials since successive applications of ¢ and f map one to
some non-zero scalar multiple of every other one. Thus W = V; and we have proved that V; is
irreducible. ]
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8 Every irreducible sl,-module is isomorphic to one of the V,

Lemma 8.1 (Eigenvectors to different eigenvalues are linearly independent)

Let V be an F-vector space and ¢ € End(V) an arbitrary endomorphism. Let (vy, va, ..., v,)
be a tuple of eigenvectors of ¢ to pairwise different eigenvalues Aj, A,, ..., A, respectively. Then
(v1, ..., vy) is linearly independent.

Proof. Assume for a contradiction that (vy, ..., v,) is linearly dependent. Let k € N be minimal
such that (vy, ..., vg) is linearly independent and v, € Span(vy, ..., vr). We have k > 1 because
eigenvectors are non-zero and k < n because of our assumption. If vy = Zle w;v; for some
w; € IF, then

k k k
Z)»i C UiV = Z(Mivi)fp = Vkt19 = Apgl - Vg1 = ZMH iV,
i=l i=1

i=1

which is a contradiction since (vy, ..., vy) is linearly independent and the eigenvalues are pairwise
different. |

Lemma 8.2 (Eigenvectors in sl;-modules)
Let V be an sl,-module over C and X be an eigenvalue of & with eigenvector v € V.

e Either ve = 0 or ve is an eigenvector of & for the eigenvalue A — 2.

e Either vf = 0 or vf is an eigenvector of & for the eigenvalue A + 2.
Proof. By the module axioms and the relations [4, e] = 2e and [&, f] = —2f, we get:

(ve)h = (vh)e —vlh,e]=A-(ve) —v-(2e) = —2)- (ve)
wHh = h)f—vlh, fl=41 - Wf)+v-2f)=*+2) (vf)

This proves the lemma, since eigenvectors have to be non-zero by definition. |

Lemma 8.3 (Highest weights)
Let V be a finite-dimensional sl;-module over C. Then V contains an eigenvector w of 4 such that
wf = 0.

Proof. Since we work over the complex numbers C, the endomorphism of V induced by / has
an eigenvalue A with corresponding eigenvector v (see Proposition 6.11). We consider the sequence

v,vf,vfz,...,vfk,...,

where vf* stands for the vector one gets by acting repeatedly with f altogether k times. By
Lemma 8.2 these are all either equal to zero or are eigenvectors of £ to different eigenvalues,
namely A, A + 2, A + 4, .... If they were all non-zero, then they would all be linearly indepen-
dent by Lemma 8.1, which can not be true since V is finite-dimensional. Thus there is a k with
vfk #£ 0 and vf*! = 0, the vector w := vf¥ is an eigenvector of & with wf = 0. [ |

Definition 8.4 (Highest weight vector)
A vector w as in Lemma 8.3 is called a highest weight vector of the sl;-module V and its corre-
sponding eigenvalue is called a highest weight. We shall extend this definition later.

We are now in a position to prove the main result of this chapter:

Theorem 8.5 (Classification of finite-dimensional irreducible sl,-modules)
Let V be an irreducible sl,-module of dimension d + 1, then V is isomorphic to V.
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Proof.  Since V is finite-dimensional over C, the endomorphism /# of V has an eigenvector w
with wf = 0 be Lemma 8.3. Let A be the corresponding eigenvalue. We consider the sequence

w, we, we, ...

where we* stands for the vector one gets by acting repeatedly with e altogether k times. By

Lemma 8.2 these are all either equal to O or eigenvectors of 4 with eigenvalues A, A — 2,1 — 4, ...

respectively. As in the proof of Lemma 8.3 we conclude that there is a k with we**! = 0 and
k

we” # 0.

We claim that W := Span(w, we, we?

, ..., web) is an sl,-submodule of V and that
B = (w, we,..., wek)

is a basis. All these vectors are eigenvectors of &, so W is invariant under 4. By construction
and because of weft! = 0 the space W is invariant under e. Note that Span(w, we, ..., we')e =
Span(w, we, ..., we'th).

Invariance under f comes from the fact that

(we') f = (we' Nef — (we' ™) fe+ (we' ™) fe = (we' Hh+ (we' ) fle forl <i <k

and wf = 0 using induction by i. We have shown that W is invariant under %, e and f and thus
under all elements of sl,. Since W is non-zero and V is irreducible, we have W = V. Since
B = (w, we, ..., we") is linearly independent by Lemma 8.1, it is a basis of W and thus of V and
we conclude k = d because dim(V) = d + 1.

With respect to the basis B the endomorphism induced by % is a diagonal matrix with diagonal
entries A, A — 2, ..., A — 2d, thus its trace is equal to A - (d + 1) — d(d + 1) (recall that Z?:o =
d(d + 1)/2). But since h = [e, f] this trace is zero, from which follows A = d. The eigenvalues of
h in its action on V are therefore d,d —2,d — 4, ...,4—d,2 —d, —d.

Now we modify our basis 8B of V slightly to show that the action of sl, on V is the same as the one on
Vi. Let wy := w and w;y; := #-wie for0 <i < d, forming a new basis B’ := (wop, wy, ..., wy)
of V.

With respect to this basis, the endomorphisms induced by the action of /4 and e are exactly as in
Mlustration 7.3, since we have

w,'h = (d — 2i)w,~ and w;e = (d — i)wi+1

for 0 < i < d where wy4+; := 0. We claim that the same holds for the endomorphism induced
by the action of f. We have wy f = wf = 0 so the first row is zero. Furthermore, we claim that
w; f =iw;_; for 1 <i < d. This follows by induction using a similar computation as above, we
have

1 1 1
Wi f = ——wief = ——(wih + (w; fle) = ——((d — 2D)w; +iw;_ie)
d—1i d—1i d—i
d—2. . d 1_ . .d— .2 d— .
= ! .+ l)wi:$wi:(i+l)wi
d—i d—i
for0 <i < d where w_; := 0.

Since the action of &, e and f, and thus of all elements of sl,, are the same with respect to the bases
(X4, x4y, ..., XY Y% of V; and B’ of V, the linear map XY w; is an isomorphism
of V; onto V, proving the theorem. |

Because of Weyl’s Theorem we have thus proved:

Theorem 8.6 (Representations of sl, (C))

Let V be a finite-dimensional sl, (C)-module. Then V has irreducible submodules Wy, W>, ..., W,
for some k € N, suchthat V = W, & W, & - - - @ W, and there are numbers dy, ..., d;, € NU {0}
such that W; = V. |



Chapter 4

Engel’s and Lie’s Theorems

9 Engel’s Theorem on nilpotent Lie algebras

Definition 9.1 (Nilpotent elements)

Let V be a vector space and T € End(V) an endomorphism. Then T is called nilpotent, if there is
a k € N such that 7% = 0 (the zero map).

Let L be a Lie algebra and x € L. Then x is called ad-nilpotent, if x* € End(L) is nilpotent.
Note that this means that (x!)¥ = 0 for some k € N and this uses the regular composition of maps
rather than the Lie product!

Proposition 9.2 (Eigenvalues of nilpotent elements)
Let V be a finite-dimensional vector space over [F and T € End(V) be nilpotent. Then 0 is the only
eigenvalue of 7.

Proof. Let A be an eigenvalue with eigenvector 0 # v € V and let k € N with T¥ = 0. Then
0 = vT* = A*v so A¥ = 0 and thus A = 0 since F is a field. However, 0 is an eigenvalue since 7T is
not invertible. |

In this section we want to prove the following theorem:

Theorem 9.3 (Engel)
Let L be a finite-dimensional Lie algebra over a field F. Then L is nilpotent if and only if every
element x of L is ad-nilpotent.

We only prove the “only-if”’-part here, the “if”’-part is proved in the rest of this section.

Proof. If L is nilpotent, then there is a k such that L*¥ = 0. This means in particular that every
expression
([ - - [[x0, x1], x2], - - 1, ;] = O

for arbitrary elements xo, X1, ..., xx € L. This implies immediately that
x4 x4 x¥ =0 € End(L)

and in particular that (x*)* = 0 for all x € L. So every element x of L is ad-nilpotent. |
We first prove some helper results:

Lemma 9.4 (Quotient modules)
Let L be a Lie algebra and V an L-module with a submodule 0 < W < V. Then the quotient space
V/W ={v+ W |ve V}isan L module with the induced action

w+W)x:=vx+W.

21
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Proof. Details omitted, but routine verification. Check well-definedness first, the module actions
are directly inherited from V. n

Lemma 9.5 (ad-quotients)

Let L be a Lie algebra and H a subalgebra. Then we can restrict ad : L — Lie(End(L)) to H
and thus get a representation ad|y : H — Lie(End(L)). This makes L into an H-module and H
itself is an H-submodule of L. Thus the quotient space L/H is an H-module as well. If y € H is
ad-nilpotent, then it acts as a nilpotent endomorphism on L/H as well.

Proof. Itis clear that ad|y is a Lie algebra homomorphism and thus that L is an H-module. Since
H is a subalgebra (i.e. [H, H] < H), it follows that H is an H-submodule of L. By Lemma 9.4,
the quotient space L/H (which is not a Lie algebra!) is an H-module as well with action (x +
H)h := xh® + H = [x,h]+ H forallx € Landall h € H. If (h*)k = 0 for some k, then
(x + H)(h*Y* = x(h*)* + H =0+ H forall x € L. [ |

Lemma 9.6 (ad-nilpotency)

Let L be a Lie subalgebra of gl(V) for some finite-dimensional vector space V over [F and suppose
that L consists of nilpotent endomorphisms of V. Then for all x € L the endomorphism x* ¢
End(L) is nilpotent.

Proof. Ifk e N such that x*¥ = 0, then

2k

[' ° [[)” -x]’ -x]’ .. ']7 )C] = ZcixinZk_i

i=0

2k times

for some numbers ¢; € F. Since for every summand in this sum there are at least k factors of x on
at least one side of y, the whole sum is equal to 0. As this holds for all y € L, we have proved that
(xad)Zk =0. [}

Proposition 9.7 (Helper for Engel)
Let V be a finite-dimensional vector space over [F and L a Lie subalgebra of gl(V) consisting of
nilpotent endomorphisms. Then there is a non-zero v € V with vx =0 forall x € L.

Proof. We proceed by induction on dim(L). If dim(L) = 1, then L consists of the scalar multiples
of a single nilpotent endomorphism x € End(V). By Proposition 9.2 it has 0 as eigenvalue, thus
there is an eigenvector 0 # v € V with vx = 0 and we are done.

Now suppose dim(L) > 1 and the proposition is already proved for nilpotent Lie algebras of smaller
dimension. We proceed in two steps:

Step 1: Let H be a maximal subalgebra of L (that is, H is a subalgebra such that there is no
subalgebra K of L with H < K < L). Such an H exists and is non-zero, since every 1-dimensional
subspace of L is a subalgebra and dim(L) < oco. We claim that dim(H) = dim(L) — 1 and that H
is an ideal in L.

As in Lemma 9.5 we view L as H-module with submodule H and thus L/H as H-module with
the action (x + H)h := xh™ + H. This gives us a representation of H on the vector space L/H
and thus a homomorphism of Lie algebras ¢ : H — Lie(End(L/H)). Since L and thus H consists
of nilpotent elements we conclude that H¢ consists of nilpotent endomorphisms of L/H using
Lemma 9.6. Since dim(H¢) < dim(H) < dim(L), we can use the induction hypothesis to conclude
that thereisay € L\ H suchthat (y+ H)h =0+ H forallh € H, thatis, [y, H] < Hbuty ¢ H.
But then H 4 Span(y) is a subalgebra of L that properly contains H. By the maximality of H it
follows that H + Span(y) = L and so dim(H) = dim(L) — 1 and H is an ideal in L.

Step 2: Now we apply the induction hypothesis to H < L < gl(V). We conclude that there is
aw € V withwh =0forallh € H. Thus W := {v € V | vh = 0 Vh € H} is a non-zero
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subspace of V. It is certainly invariant under H (mapped to O by it!) and invariant under y, since
vyh = v[y,h] +vhy =0forallv € W and all h € H, since [y, h] € H. Since y is nilpotent on
V and thus on W, it has an eigenvector 0 # v € W with eigenvalue O (see Proposition 9.2), that is,
vy = 0. However, since vh = 0 forall » € H and L = H + Span(y), it follows that vx = 0 for all
x € L. |

Now we prove a theorem, from which Engel’s Theorem 9.3 follows immediately:

Theorem 9.8 (Engel’s Theorem in gl(V))

Let K be a Lie subalgebra of gl(V) for some finite-dimensional vector space V over a field F, such
that every element x of K is a nilpotent endomorphism. Then there is a basis 8 of V such that
every element x of K corresponds to a strictly lower triangular matrix with respect to 8. It follows
that K is a nilpotent Lie algebra.

Proof. We proceed by induction on dim(V). If dim(V) = 1 then the dimension of K is either O
or 1 and in both cases the matrices with respect to any basis 8 are all zero because they are nilpotent
1 x 1-matrices.

Suppose now that n := dim(V) > 2 and the statement is proved for all cases with smaller dimen-
sion. By Proposition 9.7 there is a vector 0 #= vy € V with vox = 0 for all x € K. Obviously,
W := Span(v) is a K-submodule of V and thus by Proposition 9.4, the quotient space V/W is a
K-module. We denote the Lie subalgebra of gl(V/W) induced by this action of K by K. Since
dim(V/W) =dim(V) —1=n—1 and K consists of nilpotent endomorphisms, we can use the in-
duction hypothesis to conclude that V/W has a basis 8 = (v; + W, ..., v,_; + W) such that every
element of K corresponds to a strictly lower triangular matrix with respect to B. But then every ele-
ment of K corresponds to a strictly lower triangular matrix with respect to 8 := (vg, V1, ..., Uys_1).
This implies that K is isomorphic to a subalgebra of the Lie algebra of all strictly lower triangular
matrices, which was shown to be nilpotent in Example 5.4. Thus K itself is nilpotent as well. W

We can now prove the missing implication in Engel’s Theorem 9.3.

Proof. Suppose that L is a finite-dimensional Lie algebra over a field [F such that every element
of L is ad-nilpotent. Then K := L is a Lie subalgebra of Lie(End(L)) fulfilling the hypotheses
of Theorem 9.8 and is thus nilpotent. Since ad is a homomorphism of Lie algebras with kernel
Z(L) and image K, we have shown that L/Z(L) = K is nilpotent, using the First Isomorphism
Theorem 4.16. Therefore by Theorem 5.7 the Lie algebra L itself is nilpotent. |

Remark 9.9 (A warning)

Not for every nilpotent Lie algebra contained in gl(V') there is a basis of V such that all elements
correspond to strictly lower triangular matrices. For example L := Span(idy) is abelian and thus
nilpotent but it contains the identity, which corresponds to the identity matrix with respect to every
basis of V.

10 Lie’s Theorem on soluble Lie algebras

We want to derive a similar result to Theorem 9.8 for soluble Lie algebras over C.

Definition 10.1 (Dual space and weights)

Let L be any [F-vector space. Then we denote the set of [F-linear maps from L to IF by L* and call it
the dual space of L.

Let L be a Lie algebra over IF and V a finite-dimensional L-module. A weight of L (on V) is an
element A € L* such that

Vii={veV |vx=(xA)-vforallx € L}
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is not equal to {0}. The subspace V; for a weight X is called a weight space. It consists of simulta-
neous eigenvectors of all elements of L and the zero vector.

The following lemma is crucial for what we want to do:

Lemma 10.2 (Invariance)
Let L be a Lie algebra over a field IF of characteristic 0, V a finite-dimensional L-module and K an
ideal in L. Assume that A is a weight of K on V, that is, the weight space

Vi:={veV]|vk=(kAvforallk € K}

is non-zero. Then V, is invariant under the action of L.

Proof. Let0# v eV, andx € L. Then
vxk = v[x, k] + vkx = ([x, k]A) - v + (kL) - vx.

Note, that [x, k] € K since K is an ideal of L. That is, if we could show that [x, k]A = O for all
k € K and all x € L, we would be done.
To this end, we consider the sequence of vectors

v, vX, vXZ, ...

and let m be the least integer, such that (v, vx, ..., vx™) is linearly dependent. We claim that
U := Span(v, vx, ..., vx™~1) is invariant under K and that the matrix M; of the action of any
k € K with respect to the basis B8 := (v, vx, ..., vx""!) is a lower triangular matrix with all
diagonal entries being kA:

Indeed, vk = (kA)v showing that the first row of My is (kA, O, ..., 0). We then proceed by induction
on the rows showing that vx’k = (kA)vx’ 4+ w for some w € Span(v, vx,...,vx' ") forl <i <m
using

vx Tk = vxl[x, k] + vx'kx = (M)ox +u

for some u# € Span(v, vx, ..., vx’) because [x, k] € K and the induction hypothesis.

We have showed that U is invariant under K and under x, so it is invariant under the whole Lie
subalgebra K 4 Span(x) of L. For every element k € K, the commutator [x, k] is contained in K,
so the matrix M, s of its action on U with respect to the basis 8B is lower triangular with [x, k]
on the diagonal. On the other hand, this matrix is the commutator of the matrices M, and My, so in
particular its trace is zero. Thus [x, k]A = 0 and we have proved the Invariance Lemma.

Note that we have proved at the same time that U < V. |

We prove a Proposition analogous to Proposition 9.7:

Proposition 10.3 (Helper for Lie)
Let L be a soluble Lie subalgebra of gl(V) for some finite-dimensional C-vector space V. Then L
has a weight A on V and thus a non-zero weight space.
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Proof. We need to find a simultaneous eigenvector for all elements of L. We proceed by induction
on dim(L) very similarly to the proof of Proposition 9.7. If dim(L) = 1, then L consists of the scalar
multiples of a single non-zero element x. This element has an eigenvalue © with corresponding
eigenvector v by Proposition 6.11 because V isover C. Thus A : L — C,c-x+> c-uforc € Cis
a weight with weight space V, containing at least Span(v).

Now suppose n := dim(L) > 2 and the statement is already proved for all Lie algebras of dimension
less than n. Since L is soluble, the space L") = [L, L] is a proper ideal of L. Let K be an (n — 1)-
dimensional subspace of L containing [L, L] and x € L \ K, such that we have L = K 4 Span(x).
The subspace K is an ideal of L since every commutator in L is contained in [L, L] and thus in K.
Therefore K is in particular a subalgebra of smaller dimension than L and thus by Theorem 5.7 itself
soluble. Using the induction hypothesis we conclude that K has a weight & € K*. Let W := V; be
the corresponding weight space.

Using the Invariance Lemma 10.2 we conclude that W is invariant under x and thus under all of L.
Since we are working over the complex numbers C, the endomorphism induced by x on W has an
eigenvector w with eigenvalue w, that is, wx = u - w. But if we now define A : L — C setting

k+v-x)A ::ki—{—vu
this defines a C-linear map and thus an element A € L*, such that
whk4+v-x)=wk+v- -wx =GkNw+vpw=Gk+v-xX)r-w

for all k € K and all v € C showing that X is a weight of L such that the weight space V, contains
w. |

Theorem 10.4 (Lie)

Let L be a soluble Lie algebra over C and V is a finite-dimensional L-module. Then there is a basis
B of V, such that the matrix the action of every element of L with respect to &8 is a lower triangular
matrix.

Proof. We proceed by induction on dim(V). If dim(V) = 1 then the dimension the matrices with
respect to any basis 8 are lower triangular because they are 1 x 1-matrices.

Suppose now that n := dim(V) > 2 and the statement is proved for all cases with smaller di-
mension. Being a module, V gives rise to a Lie algebra homomorphism ¢ : L — gl(V) and
the image L¢ is soluble using Theorem 5.7 and the First Isomorphism Theorem 4.16. By Propo-
sition 10.3 applied to L¢ there is weight A’ of Ly on V. However, this immediately gives rise
to a weight A := @)’ of L. In particular, we have a non-zero vector vy in the weight space V.
That is, vox = (xA)vg for all x € L. Obviously, W := Span(vy) is an L-submodule of V and
thus by Proposition 9.4, the quotient space V/W is an L-module of smaller dimension. Since
dim(V/W) =dim(V) — 1 = n — 1 we can use the induction hypothesis to conclude that V /W has
abasis 8 = (v;+ W, ..., v,_1 + W) such that every element of L corresponds to a lower triangular
matrix with respect to 8. But then every element of L corresponds to a lower triangular matrix with
respect to the basis B := (vg, vy, ..., Vy—1) of V. |
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Jordan decomposition and Killing form

11 Jordan decomposition
We recall some definitions and results from linear algebra:

Definition/Proposition 11.1 (Jordan normal form)
Let V be an n-dimensional vector space over C and T € End(V). Then V has a basis 8 such that
the matrix corresponding to 7" with respect to 8B is of the block matrix form

J, 0 -+ 0
0o :
.. 0
0 0 J
and each J; is of the form ~ _
X O 0
1 A 0
0 1 A )
: .. .. .0
| 0 - 0 |

for some A; € C. The J; are called Jordan blocks, we say that such a matrix is in Jordan normal
form. The number of Jordan blocks with a given diagonal entry A and a given size is equal for
all choices of such a basis 8. An endomorphism 7 is called diagonalisable, if all Jordan blocks
in its Jordan normal form have size (1 x 1), that is, the Jordan normal form is a diagonal matrix.
Obviously, T is nilpotent if and only if all diagonal entries in all Jordan blocks are equal to 0.

From this result we immediately get:

Definition/Proposition 11.2 (Jordan decomposition)

Let T € End(V) for a finite-dimensional C-vector space V. The Jordan decomposition of T is an
expression of T as T = D 4+ N with D, N € End(V), such that D is diagonalisable, N is nilpotent
and DN = N D. Both endomorphisms D and N are uniquely defined by these conditions. There is
a polynomial p € C[X] with D = p(T).

Proof. We only give a rough idea here:

Choose a basis 8B of V such that the matrix of 7" with respect to 8B is in Jordan normal form. The
matrix of D with respect to 8B is the diagonal matrix containing only the diagonal entries of the

26
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Jordan blocks, such that N := T — D is nilpotent. The endomorphisms D and N commute since
for every Jordan block the two matrices

A0 oo oo 0 o o0 ... ... 0
0 » . 0 1 0 . 0 °:
0 0 A .o and 0 1 o0
T Do

0 - 0 0 A 0 - 0 1 0|

commute. One proves next the existence of the polynomial p, which we skip here.

We need to prove the uniqueness. Let T = D + N = D + N be two Jordan decompositions of T'.
Since D and D are polynomials in 7', they commute with each other and thus can be diagonalised
simultaneously. But then since D + N = D+ N we get D — D=N—-Nis nilpotent which can
only be if D = D. |

Proposition 11.3 (Solubility implies zero traces)
Let L be a soluble subalgebra of gl(V) where V is a finite-dimensional C-vector space. Then for all
x € Landall y € [L, L] we have Tr(xy) = 0.

Proof. We use Lie’s Theorem 10.4: There is a basis 8 of V such that the every element x € L
corresponds to a lower triangular matrix with respect to 8. Since y € [L, L] is a sum of commuta-
tors, the diagonal entries of its matrix with respect to 8B are all zero. But then all diagonal entries of
the matrix of xy are zero and thus the trace of xy is zero. |

For the other direction, we need a slightly stronger hypothesis:

Proposition 11.4 (Zero traces imply solubility)
Let V be a finite-dimensional C-vector space and L a Lie subalgebra of gl(V). Suppose that
Tr(xy) = Oforall x, y € L. Then L is soluble.

Proof. Not extremely difficult, but left out of these notes for the sake of brevity. |

Surprisingly, these two can be put together for this result:

Theorem 11.5 (Criterion for solubility)
Let L be a finite-dimensional Lie algebra over C. Then L is soluble if and only if Tr(x?y*!) = 0
forallx e Landy € [L, L].

Proof.  Assume that L is soluble. Then L is a soluble subalgebra of gl(L) by Theorem 5.7
and because ad is a homomorphism of Lie algebras. The statement of the theorem now follows
immediately from Proposition 11.3 since [u, v]* = [1®¢, v*] by the Jacobi identity.

Assume conversely that Tr(x*y*) = O forall x € L and all y € [L, L]. Then Proposition 11.4
implies that [L, L] = [L*, L%] is soluble (using our hypothesis only for x, y € [L, L]. Thus
L itself is soluble since [L*, L3] = (L2)M, But since L* = L/Z(L) it follows using Theo-
rem 5.7.(ii) that L itself is soluble as Z (L) is abelian. |

12 The Killing form

Definition/Proposition 12.1 (The Killing form)
Let L be a Lie algebra over a field F. Then the mapping

k: LxL — F
(x,y) > Tr(x*y)
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is bilinear, that is, x (x + AX, y) = «(x, y) + Ak (X, y) and k (x, y + Ay) = k(x, y) + A« (x, ¥) for
all x,X,y,y € L and all > € . The map « is called the Killing form. It is symmetric, that is,

k(x,y) =«x(y,x) forall x,y € L.
The Killing form is associative, that is,
k([x,y],2) = «k(x, [y, z]) forall x, y,z € L.

The latter property comes from the fact that Tr((uv — vu)w) = Tr(u(vw — wv)) for all endomor-
phisms u, v, w € End(V) for any vector space V.

We can now restate Theorem 11.5 using this language:

Theorem 12.2 (Cartan’s First Criterion)
Let L be a finite-dimensional Lie algebra over C. Then L is soluble if and only if « (x, y) = 0 for
allx e Landy € [L, L].

999

The Killing form can not only ”‘detect solubility
definitions.

, but also semisimplicity. We need a few more

Definition 12.3 (Perpendicular space, non-degeneracy)
Let V be a vector space over a field F and 7 : V x V — [F a symmetric bilinear form. For any
subspace W < V we define

Wt :={veV]|tw w)=0foralwe W}

and call it the perpendicular space of W. It is a subspace of V. We call T non-degenerate, if
V+ = {0}, that is, there is no 0 # u € V with t(u, v) = 0 for all v € V. Otherwise, we call T
degenerate. If 7 is non-degenerate, then

dimp(V) = dimp(W) + dimp(W)
for all subspaces W < V.

Lemma 12.4 (Perpendicular space of ideals with respect to the Killing form)
Let L be a Lie algebra, K be an ideal of L and « the Killing form of L. Then K+ (with respect to «)
is an ideal of L as well.

Proof.  This uses the associativity of the Killing form: Let x € K+, that is, k(x, z) = 0 for all
z € K. We have «([x, y],z) =«(x,[y,z]) =0forall y € L and all z € K because [y,z] € K. B

Theorem 12.5 (Cartan’s Second Criterion)
Let L be a finite-dimensional Lie algebra over C. Then L is semisimple if and only if « is non-
degenerate.

Proof. Suppose that L is semisimple. By Lemma 12.4, the space L (with respect to ) is an ideal
of L, such that x(x, y) = Oforall x € L+ and all y € [L+, L] (indeed, even for all y € L). Thus,
by Theorem 12.2, the ideal L' is soluble. However, because we assumed that L is semisimple, it
has no soluble ideals except {0} and thus L = 0 and thus « is non-degenerate.

Suppose that L is not semisimple. By Exercise 6 on Tutorial Sheet 2 it then has a non-zero abelian
ideal A. Let a € A be a non-zero element. For every x € L, the map a*!x*a* sends all of L
to 0, since [[z, a], x] € A and thus [[[z, a], x], a] = O for every z € L. Thus (a®*x*)? = 0 and
therefore a®x? is a nilpotent endomorphism. However, nilpotent endomorphisms have trace 0, so
a is a non-zero element of L and « is shown to be degenerate. |
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Lemma 12.6 (Killing form on ideal)
Let I be an ideal in a finite-dimensional Lie algebra over C. Then [ is in particular a subalgebra
and thus a Lie algebra on its own. The Killing form of 7 is then the restriction of the Killing from
of LtoI:

ki(x,y) =«(x,y) forallx,y e I.

Proof. Choose a basis of I and extend it to a basis of L. Then write matrices of x for elements
x € I with respect to this basis. The result follows. |

Lemma 12.7 (Ideals in semisimple Lie algebras)
Let I be a non-trivial proper ideal in a complex semisimple Lie algebra L, then L = I @ I*. The
ideal I is a semisimple Lie algebra in its own right.

Proof. Let « denote the Killing form on L, it is non-degenerate by Cartan’s Second Criterion 12.5
since L is semisimple. The restriction of « to I N I+ is identically 0, so by Cartan’s First Crite-
rion 12.2 we get I NI+ = 0 because L does not have a non-zero soluble ideal. Counting dimensions
now gives L = 1 & I+.

We need to show that 7 is a semisimple Lie algebra. Suppose not, then its Killing form is degenerate
(using Cartan’s Second Criterion 12.5). Thus, there is an 0 #% a € [ such that «;(a, x) = 0 for all
x € I, where k; is the Killing form of /. By Lemma 12.6 this means that x (a, x) = O forall x € I.
But then a € L~ since L = I @ I+ contradicting that L is semisimple. |

Using Lemma 12.7 it is now relatively easy to prove Theorem 5.12:

Theorem 12.8 (Characterisation of semisimple Lie algebras)
A finite-dimensional Lie algebra L over C is semisimple if and only if it is the finite direct sum of
minimal ideals which are simple Lie algebras.

Proof. = We only give the idea for the “only if”” part: Use induction by the dimension, for the
induction step choose a minimal non-zero ideal I and use Lemma 12.7 to write L = I @ I+ and to
show that /= is again semisimple of lower dimension. The ideal I is a simple Lie algebra because
it was chosen minimal. |

13 Abstract Jordan decomposition

Can we have a Jordan decomposition in an abstract Lie algebra?

If L is a one-dimensional Lie algebra, then every linear map ¢ : L — gl(V) is a representation.
So in general, an element x € L can be mapped to an arbitrary endomorphism of V. However, for
complex semisimple Lie algebras, we can do better:

Theorem 13.1 (Abstract Jordan decomposition)

Let L be a finite-dimensional semisimple Lie algebra. Each x € L can be written uniquely as
x = d + n, where d,n € L are such that d*¢ is diagonalisable, n* is nilpotent, and [d, n] = 0.
Furthermore, if [x, y] = 0 for some y € L, then [d, y] =0 = [n, y].

The decomposition x = d + n as above is called abstract Jordan decomposition of x.

Proof.  Omitted. u
This in fact covers all representations of L:

Theorem 13.2 (Jordan decompositions)

Let L be a finite-dimensional semisimple Lie algebra over C and let ¢ : L — gl(V) by any repre-
sentation. Let x = d +n be the abstract Jordan decomposition of x. Then the Jordan decomposition
of xp € gl(V)isxp =do + ne.

Proof. Omitted. |



Chapter 6

Classification of semisimple Lie algebras

When we studied sl,(C), we discovered that it is spanned by elements e, f and /i fulfilling the
relations:
[e, h] = —2e, [f,h]l=2f and [e, f1=h.

Furthermore /7 was diagonalisable in every irreducible representation and H := Span(h) is obvi-
ously an abelian subalgebra. Note that # = h + 0 is the abstract Jordan decomposition of 4, that
H = C.(H) is the weight space of H, acting on L with the adjoint action, corresponding to the
weight 0 € H*. Likewise, Span(e) is the weight space for the weight ¢ - h — —2c¢ for ¢ € C, and
Span( f) is the weight space for the weight ¢ - & — 2¢ for ¢ € C.

This approach can be generalised. Our big plan will be:

1. Find a maximal abelian subalgebra H consisting of elements that are diagonalisable in every
representation.

2. Restrict the adjoint representation of L to H and show that L is the direct sum of weight
spaces with respect to H (“root space decomposition”).

3. Prove general results about the set of weights (“root systems”).
4. Show that the isomorphism type of L is completely determined by its root system.
5. Classify such root systems.

The rest of the course will be more expository than before.

14 Maximal toral subalgebras

Definition 14.1 (Semisimple elements)

Let L be a finite-dimensional semisimple Lie algebra over C. An element x € L is called semisim-
ple, if its abstract Jordan decomposition is x = x -+ 0, that is, the nilpotent part is equal to zero (see
Theorem 13.1). This means, that x acts diagonalisably on every L-module (see Theorem 13.2).

Definition 14.2 (Maximal toral subalgebras)

Let L be a finite-dimensional semisimple Lie algebra over C. A toral subalgebra T is a subalgebra
consisting of semisimple elements. A toral subalgebra T < L is called a maximal toral subal-
gebra if L has no toral subalgebra properly containing 7. It is clear that every finite-dimensional
semisimple Lie algebra over C has a maximal toral subalgebra. All these are non-zero since L
contains semisimple elements (because of Theorem 13.1, note that if all elements of L were equal
to their nilpotent part in the abstract Jordan decomposition, then they would in particular be ad-
nilpotent and thus L would be nilpotent, a contradiction to being semisimple).

30
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Lemma 14.3 (Maximal toral subalgebras are abelian)
Let L be a finite-dimensional semisimple Lie algebra over C. Every maximal toral subalgebra 7' of
L is abelian.

Proof. Omitted. |

Definition 14.4 (Cartan subalgebra)

Let L be a finite-dimensional semisimple Lie algebra over C. A maximal abelian toral subalgebra
is called Cartan subalgebra. By Lemma 14.3 every such L has a Cartan subalgebra since every
maximal toral subalgebra is abelian.

Theorem 14.5 (Cartan subalgebras are self-centralising)
Let H be a Cartan subalgebra of a finite-dimensional semisimple Lie algebra L over C. Then
CL(H)=H.

Proof. Omitted. ]

Theorem 14.6 (Simultaneous diagonalisation)

LetTy, T, ..., T, € End(V) be endomorphisms of a finite-dimensional [F-vector space V. Suppose
that all 7; are diagonalisable and that 7;7; = T;T; forall 1 <i < j < k. Then there is a basis 8 of
V such that the matrices of all 7; with respect to 8B are diagonal.

Proof. Omitted here, see Exercise 3 of tutorial sheet 3 or a text on Linear Algebra. |

For the rest of the chapter L will always be a finite-dimensional semisimple Lie algebra over C and
H a Cartan subalgebra. We denote the Killing form by «.

Definition/Proposition 14.7 (Root space decomposition)
In this situation, L is an H-module by the adjoint action of H on L: The map

adly : H — Lie(End(L))
h — hd

is a representation of H. We consider all its weight spaces (see Definition 10.1). Let ® C H*
be the set of non-zero weights, note that the zero map (& — 0) is a weight and that Ly = H by
Theorem 14.5.

The space L is the direct sum of the weight spaces for H:

L=He& L.

aed

This decomposition is called the root space decomposition of L with respect to H. As defined in
Definition 10.1, we have

L,={xeL|[x,h]l=(ha)-xforallh € H}.

The set @ is called the set of roots of L with respect to H and the L, for « € ® U {0} are called the
root spaces. Note that we immediately conclude from the finite dimension of L that & is finite!

Proof. Let hy,..., h; be a basis of H. Since H is abelian, the endomorphisms 439, ..., h3¢ €
End(L) fulfill the hypothesis of Theorem 14.6. Thus L has a basis 8 of simultaneous eigenvectors
of the h?. Since every element of B is contained in a root space, L is the sum of the weight spaces.
The intersection of two root spaces L, and Lg for o # B is equal to the zero space, since if
ha # hp, then x € L, N Lg implies (ha)x = xh = (hB)x and thus x = 0. A short inductive
argument shows that the sum of all root spaces in the root space decomposition is in fact direct (just
add in one root space at a time). |
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In the sequel we will study the set & of roots.

Lemma 14.8 (Properties of @)
Suppose that o, 8 € & N {0}. Then:

(1) [Lo, Lgl < Logp.
(ii) If e + B # 0, then k (L, Lg) = {0}.
(iii) The restriction of k to L is non-degenerate.
Proof. Letx € L, andy € Lg. Then

[[x, y], Al = [[x, k], y]1 + [x, [y, A]] = (ha)[x, y] + (BB)[x, y] = (h(a + B))[x, y],

thus [x, y] € Ly4p which proves (i).
For (ii), we conclude from « + 8 # O that there is some & € H with h(o + ) # 0. Then

(ho)k(x,y) = «k([x, hl, y) = k(x, [h, y]) = —(hP)k (x, y),

and thus (h(ax + B) - k(x, y) = 0. Therefore, k (x, y) = 0.
For (ii1), suppose that z € L and «(z, xo) = O for all xo € Ly. Since every x € L can be written as

x=x0+2xa

with x, € L,, we immediately get «(z,x) = O for all x € L from (ii) contradicting the non-
degeneracy of k¥ on L. [ |

Quite surprisingly, every semisimple Lie algebra over C contains lots of copies of sl,(C):

Theorem 14.9 (Copies of sl,(C) in L)
Leta € ® and 0 # e € L,. Then —« is a root and there exists f € L_, such that Span(e, f, h)
with i := [e, f]1is a Lie subalgebra of L with

[e, h] = —2e and [f,h]=2f.
Thus, it is isomorphic to sl,.

Note that we can replace (e, f, h) by (re, f/X, h) for some 0 # A € C without changing the
relations. However, & and Span(e, f, h) remains always the same!

Proof.  This proof was not be presented in the class but is contained in the notes for the sake of
completeness.

Since x is non-degenerate, there is an x € L with x(e,x) # 0. Write x = ZaeCDU{O} X Wwith
Xy € Ly. By Lemma 14.8.(ii) we conclude that x_, # 0 and « (e, x_,) # 0. Therefore, —« is a
root. Set f ‘= X_q4. Since o # O there isat € h with ta # 0. Thus

(e, f1,1) = ke, [f,1]) = —(ta) - k(e, f) #0

showing that &1 := [e, f] # 0. Note that f € H = L, by Lemma 14.8.(i).

We claim that ha # 0. Namely, if ha were equal to 0, then [e, fz] = (ﬁoz)e = 0 and [f, ﬁ] =
—(ha) f = 0. Therefore by Proposition 14.10 4*d would be nilpotent. However, A is semisimple,
and the only semisimple and nilpotent element is 0. We can now set f := —2f/(ha) and h :=
le, f1= —2h / (fwe) to get the relations in the theorem. |

Note that by this L is an sl,(C)-module in many ways! This allows us to use our results about the
representations of sl,(C) for every a € @ separately!
We have used:

Proposition 14.10
Let x, y € End(V) be endomorphism of the finite-dimensional complex vector space V. Suppose
that both x and y commute with [x, y] = xy — yx. Then [x, y] is a nilpotent map.
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15 Root systems

We keep our general hypothesis that L is a finite-dimensional semisimple Lie algebra over C with
Cartan subalgebra H and corresponding set of roots .

For this section, let E be a finite-dimensional vector space over R with a positive definite symmetric
bilinear form (—|—) : E x E — R (“positive definite” means (x|x) > 0 if and only if x # 0).

Definition 15.1 (Reflections)
For v € E, the map

s, + E — E
x > x — 2y,
(v[v)

is called the reflection along v. It is linear, interchanges v and —v and fixes the hyperplane orthog-

onal to v. As an abbreviation, we use (x|v) := ((fl'v”)) for x, v € E, note that (—|—) is only linear in

the first component. We have xs, = x — (x|v) v.

Definition 15.2 (Root system)
A subset R C F is called a root system, if

(R1) R is finite, Span(R) = E and 0 ¢ R.

(R2) If a € R, then the only scalar multiples of @ in R are o and —o.
(R3) If a € R, then s, permutes the elements of R.

(R4) If o, B € R, then (x|B) € Z.

Theorem 15.3 (® is a root system)
Then @ is a root system if we take E to be the R-span of ® with the bilinear form induced by the
Killing form «.

Proposition 15.4 (Moving forms)
The Killing form « restricted to H is non-degenerate by Lemma 14.8.(iii). Therefore, the linear
map

H — H*

h — (x—«kh,x))

is injective and thus bijective since H and H* have the same finite dimension. Therefore, for every
a € H*, there is a unique 1, € H with xa = «(t,, x) for all x € H. We set («|B) := k(ty, tg) for
all o, B € H*, this defines a non-degenerate bilinear form on H*, which we call the bilinear form
on H* induced by «.

The proof of Theorem 15.3 works through a series of little results always using all those sl,(C)-
subalgebras and the fact that L is an sl (C)-module in different ways. Here we just look at a few of
them without proofs:

Lemma 15.5
Letao € @. If x € L_, and y € L, then [x, y] = k(x, y)t,.

Proof. Forall h € H, we have

k([x, vl h) =k (x, [y, h]) = (ha)k (x, y) = Kk (to, Wi (x, y) = k(K (X, Y)la, h).

Thus [x, y] — k(x, y)t, € H* and is therefore equal to 0, since « is non-degenerate on H. |
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Lemma 15.6
Leta € ®and 0 # e € L, and sl, := Span(e, f, k) as in Theorem 14.9. If M is an sl,-submodule
of L, then the eigenvalues of /2 on M are integers.

Proof. Follows immediately from Weyl’s Theorem and our classification of sl,-modules. |

Lemma 15.7
Let o € ®. The root spaces L, and L_, are 1-dimensional. Moreover, the only scalar multiples of
o that are in @ are « itself and —o.

Note that it follows that this now identifies the copy of sl,(C) sitting in L, & H & L_, uniquely
since we only have a choice for e € L, up to a scalar. All these choices give us the same sl,. It even
identifies a unique h, € H'!

Lemma 15.8
Suppose thata, 8 € ® and 8 ¢ {«, —a}. Then:

(i) hof = T4i5 = (Ble) € Z.

(i) There are integers r, g > 0 such that for all k € Z, we have 8 + ka € & if and only if
—r < k < q. Moreover, r —q = hyp.

(iii) B — (haB) - a =B — (Bla) & = Bsy € ©.
(iv) Span(®) = H*.

Lemma 15.9
If o and B are roots, then k (hy, hg) € Z and («|B) = k (14, tg) € Q.
It follows, that if {«y, ..., «,} € @ is a basis of H* and 8 € ®, then § is a linear combination of

the o; with coefficients in Q.

Proposition 15.10
The bilinear form defined by (@|B) := « (1, tg) is a positive definite symmetric bilinear form on the
real span E of ®.

16 Dynkin diagrams

In this section we will classify all possible root systems, we will only use the axioms in Defini-
tion 15.2.

Lemma 16.1 (Finiteness Lemma)
Let R be a root system in a finite-dimensional real vector space E equipped with a positive-definite
symmetric bilinear form (—|—) : E x E — R. Leta, 8 € R with 8 ¢ {«, —a}. Then

{a|B) - (Bler) €10, 1,2, 3}.
Proof. By (R4), the product is an integer. We have
(x1y)? = (x]x) - (¥]y) - cos*(®)

if 0 is the angle between two non-zero vectors x, y € E. Thus (x|y) - (y|x) = 4 cos? 6 and this must
be an integer. If cos?> @ = 1, then 6 is an integer multiple of 7 and so « and B are linearly dependent
which is impossible because of our assumptions and (R2). |
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We immediately conclude that there are only very few possibilities for (|8), (8|«), the angle 6 and
the ratio (8|8)/(x|a) (without loss of generality we assume (8|8) > («¢|a)):

@) | oy | o | L2
(@)
0 0 /2 —
| 1 w31
R R A I
1 2 | a4 2
1| =2 |3m/4| 2
1|3 | a6 3
1| =3 56| 3

Lemma 16.2

Let R be a root system with £ as in Lemma 16.1 and let «, 8 € R with (¢|x) < (B]8). If the angle
between « is strictly obtuse, then o + 8 € R. If the angle between « and B is strictly acute, then
oa—pB eR.

Proof. Use (R3) saying that asg = o — («|B) B € R together with the above table. ]

Example 16.3 (Examples of root systems)
The following are two different root systems in R?:

8 B B o+p 2043
-« o -0 o
—(a+B) —B ~(a+p) -B
—(o+B)

Check the axioms yourself. You find examples for most but not all cases in the above table.

Definition 16.4 (Bases for root systems)
Let R be a root system in a real vector space E. A subset 8 C R is called a base of R, if

(B1) B is a vector space basis of E, and

(B2) every @ € R can be written as ¢ = ) peB kgB with kg € Z, such that all the non-zero
coefficients kg are either all positive or all negative.

For a fixed base 8B, we call o positive if all its non-zero coefficients with respect to B are positive
and negative otherwise. We denote the subset of R of positive roots by R* and the subset of
negative roots R~.

Note that some coefficients can be equal to zero, only the non-zero ones need to have the same
sign! Note furthermore that the definition of R* and R~ actually depends on B and that there are
different choices for 8 possible! For example, for any base 8B, the set —&8 is also a base!

Theorem 16.5 (Existence of bases for root systems)
Let R be a root system in the real vector space E. Then R has a base 8.
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Proof. Omitted here. |

Example 16.6 (Example of a root system)
In the following two diagrams we have coloured a base of the root system in blue and one in red:

B yA 8 B 0B 2004+B
////
- o —a o
N
\ -
~(0+) P (20:+) B
\ —(0+p)

So in the first diagram, both (o, §) and (¢ + B, —B) are bases. In the second diagram, both (8, «)
and (@ + B, — (2« + B)) are bases. These are not all possible choices!

Definition 16.7 (Isomorphism of root systems)
Let R; € Ej and R, € E, be two root systems. An isomorphism between the two root systems R
and R, is a bijective R-linear map v : E; — E; such that

(i) Ry = Ry, and
(i1) for any «, B € Ry we have (¢|8) = (¥ |BY).

Note that condition (ii) basically ensures that the angle 6 between «y and 8 is the same as the
angle between « and B since 4 cos? 0 = (a|B) - (Bla).

We can now come up with a graphical way to describe root systems. At first however, it seems that
we describe a basis of a root system!

Definition 16.8 (Coxeter graphs and Dynkin diagrams)

Let R be a root system in a real vector space E and let B = (by, ..., b,) be a base of R. The
Coxeter graph of 8B is an undirected graph with n vertices, one for every element b; and with
(bi1b;) - (bj|b;) edges between vertex b; and b; for all 1 < i < j < n. In the Dynkin diagram,
we add for any pair of vertices b; # b; for which (b;|b;) # (bj|b;) (which are then necessarily
connected) an arrow from the vertex corresponding to the longer root to the one corresponding to
the longer root.

Example 16.9 (Dynkin diagrams)
Here are the two Dynkin diagrams for the base («, 8) in each of the two root systems in Exam-
ple 16.6:

o B o B

Surprisingly, the information in the Dynkin diagram is sufficient to describe the isomorphism type
of the root system:

Proposition 16.10 (Dynkin diagram decides isomorphism type)

Let Ry € E; and R, C E, be two root systems and let 81 be a base of R; and B, one of R,. If
there is a bijection ¢ : 8; — B, such that ¥y maps the Dynkin diagram of 8B; to the one of B;,
then R; and R, are isomorphic in the sense of Definition 16.7.
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More formally, if
(] B) - (Blar) = {ay[BY) - (BYlay)

and (¢|a) < (B|B) if and only if (¥ |ay) < (BY|BY¥) for all o, B € By, then the R-linear
extension of ¥ to an R-linear map from E; — E; is an isomorphism between the root systems R;
and R,.

Proof. Omitted. |

Proposition 16.11 (Dynkin diagram is property of isomorphism type)
If two root systems are isomorphic then they have the same Dynkin diagram. In particular, the
Dynkin diagram does not depend on the choice of base.

Proof. Omitted. [ |

So Dynkin diagrams are the same as isomorphism types of root systems.

17 How everything fits together

Definition 17.1 (Irreducible root systems)
A root system R is called irreducible, if it cannot be written as the disjoint union R; U R, such that
(@|B) = 0 whenever @ € Ry and B € R;.

Lemma 17.2 (Root systems can be decomposed into irreducible ones)
Let R be a root system in the real vector space E. Then R is the disjoint union R = Ry U --- U Ry

of subsets Ry, ..., R, where each R; is an irreducible root system in E; := Span(R;) and E is an
orthogonal direct sum of the subspaces Ey, ..., Ej.
Proof. Omitted here. |

Note that both root systems in Example 16.3 are irreducible.

Proposition 17.3 (Irreducibility in the Dynkin diagram)
A root system is irreducible if and only if its Dynkin diagram is connected.

Proof. Follows immediately from the definitions of “irreducible” for root systems and of Dynkin
diagrams. |
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Theorem 17.4 (Classification of irreducible root systems)

Every irreducible root system has one of the following Dynkin diagrams and these diagrams all
occur as Dynkin diagrams of a root system:

An(n > 1):

B,(n > 2):

C,(n>3):

D,(n > 4):

E73

0 0 O -~ -O 0
O O O— —Q O
0 0 o~ - -G 0
0 O O -
O O O O O
O O I O O O
O O I O O O O
Fy: O O————=0 O
G, C‘L > (3

The first four types A, to D, cover each infinitely many cases. Each diagram has n vertices. The
restrictions on n are there to avoid duplicates.

Proof.

Very nice, but omitted here, unfortunately.
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We have now done the following:

’ F.d. semisimple Lie algebra L over C ‘

we choose

’ Cartan subalgebra H ‘

which gives

Root space decomposition L = H & ED L,

aed

which defines

’ Root system & € H*

we choose

’ Base 8B of root system & ‘

which defines

’ Dynkin diagram ‘

The big plan is:

We know all resulting diagrams that can possibly occur.

The result does not depend on our choices (we need to show this!).
Two isomorphic Lie algebras give the same Dynkin diagram.

Two non-isomorphic Lie algebras give different Dynkin diagrams.
All Dynkin diagrams actually occur.

L is simple if and only if the Dynkin diagram is irreducible.

To this end, we would need to prove the following results:

Theorem 17.5

Let L be a finite dimensional semisimple Lie algebra over C and let H; and H, be two Cartan
subalgebras with associated root systems ®; and ®,. Then ®; and @, are isomorphic as root
systems.

Theorem 17.6 (Serre)

Let ® be an irreducible root system with n vertices and base 8 = (b, ..., b,) and let¢; ; = (bi |bj)
for 1 <i, j < n (the so-called Cartan matrix).

Let L be the Lie algebra over C generated by generators ¢;, f; and &; for 1 < i < n subject to the
relations

(S1) [hi,hjl=0forall 1 <i, j <n,

(S2) [ei, hjl =cijei and [ f;, hj] = —c; ) fi,

(S3) [ei, fil =h;foralll <i <nandle;, fj]=0foralli # j,

(S4) (e)(ei)! =i = 0 and (f;)(f2)' = = 0if i # j.

Then L is finite dimensional and semisimple, H := Span(hy, ..., h,) is a Cartan subalgebra and its
root system is isomorphic to .

Theorem 17.7
Let L be a finite dimensional simple Lie algebra over C with root system ®. Then @ is irreducible.
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