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Abstract

Let k£ be an algebraically closed field of characteristic p and G a
finite group. Then the permutation module kG of G’ on the cosets of a
Sylow p-subgroup P is via Fitting correspondence strongly related to
its endomorphism ring Endy(k§). On the other hand, each Green cor-
respondent in G of a weight module of G occurs as a direct summand
of kg. This fact suggests to analyze both structures, the permuta-
tion module and the associated endomorphism ring towards hints at a
proof for Alperin’s weight conjecture. We present a selection of such
investigations for different groups and characteristics. In particular we
focus on the socle and head constituents of the indecomposable direct
summands of kG and of the PIMs of &¢.

1 Introduction

This paper is motivated by Alperin’s suggestion to investigate his weight
conjecture ([Alp87]) through the endomorphism rings of certain permutation
modules. Let k be an algebraically closed field of positive characteristic
p, G a finite group, and P a Sylow p-subgroup of G. We then write k:g
for the permutation kG-module on the cosets of P in G, and put & :=
Endie(k$). In this paper we present a collection of explicit computational
results for such endomorphism algebras. In particular, we find their Cartan
matrices and study the socles and heads of their PIMs. Alperin showed
in [Alp87, La. 1] that the Green correspondents in G of weight modules
(which we call weight Green correspondents in the sequel) are isomorphic to
indecomposable direct summands of kg. In our computations we identify the
weight Green correspondents in a decomposition of klcj into indecomposable
direct summands.

The special property of € being quasi-Frobenius has been examined by Green
in [Gre78]. Green’s results show, that in the case where € is quasi-Frobenius,
the number of isomorphism types of simple constituents in the socle of € is
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equal to the number of indecomposable direct summands of k‘g and to the
number of isomorphism classes of simple kG-modules. We use his results
to give the following equivalent formulation of Alperin’s weight conjecture
in this case. Let k,G, P, and & be as above. Assume furthermore that &
is quasi-Frobenius. Then Alperin’s weight conjecture is true for G if and
only if each isomorphim type of indecomposable direct summand of kg is a
weight Green correspondent.

The question arises if there is a structural relation between the constituents
of soc(€¢) and the weight modules not only when € is quasi-Frobenius,
but in the general case. In this context, we focussed on the analysis of the
socle constituents of the PIMs of &g in correspondence to the indecompos-
able direct summands of kzg. The investigations indicate that it might be
worthwhile to concentrate on groups for which the number of simple socle
constituents of g (up to isomorphism) is equal to the number of simple
kG-modules (up to isomorphism). In this case, we might use the simple so-
cle constituents of E¢ as an intermediate tool to structurally connect simple
kG-modules with weight Green correspondents. There are several million
pairs (G, p) for a finite group G and a prime p which we proved to satisfy this
assumption. But it should be noted that we have also found one exception,
namely M, p = 3 (see Page 20).

The results presented here arose from my dissertation under the supervision
of Prof. Gerhard Hiss.

2 Preliminaries

Throughout this section we fix an algebraically closed field k of characteristic
p > 0 and a finite group GG. We assume that all modules are right modules.
Homomorphisms are written on the left, and for two homomorphisms ¢, 9,
the composition is given as ¢ o ¥(x) = p(1p(x)). With this convention,
Endygg (M) and Homyg (M, N) are right Endgg (M )-modules for kG-modules
M,N.

Definition 2.1. Let @ be a p-subgroup of G. If S is a simple kNg(Q)-
module with vertex @, we call (Q, S) a weight of G with respect to Q.
In this case, Q) is a weight subgroup, S is a weight module and the
Green correspondent of S in G a weight Green correspondent.

If the weight module S belongs to the block b of kNg(Q) with defect group
Dy, then Cg(Dp) < Cg(Q) < Ng(Q). Hence B := b® is defined. In
this case we say that the weight (@, S) belongs to B. Note that the Green
correspondent of S belongs to B by [Alp93, Cor. 14.4]. Note also that
conjugation induces an equivalence relation on the set of weights of G.

Remark 2.2. (a) If @ < G is a weight subgroup then @ is p-radical, i.e.
@ is equal to the largest normal p-subgroup of Ng(Q) (compare [Lin04, p.
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229)).

(b) Let (@, S) be a weight of G. Then S is a simple projective kNg(Q)/Q-
module. Conversely, each projective simple kNg(Q)/Q-module is a weight
module after inflation along Q.

We are now ready to state Alperin’s weight conjecture, proposed in [Alp87].

Conjecture 2.3 (Alperin’s Weight Conjecture). Let B be a block of G.
Then the number of weights (up to conjugation) belonging to B is equal to
the number of simple kG-modules (up to isomorphism) belonging to B.

Note that a weaker form of the conjecture states that the number of weight
modules for G (up to conjugation) is equal to the number of simple kG-
modules (up to isomorphism). The conjecture has been proved for many
different families of groups and blocks, such as for blocks with cyclic de-
fect groups ([Dad66]), for p-solvable groups ([Oku], [IN95]), for symmetric
groups ([AF90], [FS82]), for groups of Lie type in defining characteristic
([Cab84]), for general linear groups in non defining characteristic ([AF90])
and for many sporadic groups ([AC95], [An97], [Dad92], [EP99], [Sz598])
etc. Weight modules are strongly related to trivial source modules, as can
be seen in the following lemma.

Lemma 2.4 ([Alp87, La. 1]). Let P € Syl,(G) be a Sylow p-subgroup of G.
If S is a weight module of G, then its Green correspondent is isomorphic to
an indecomposable direct summand of kg.

In view of a general proof of the weight conjecture, Alperin has suggested to
analyze certain alternating sums (the relation of which to the weight conjec-
ture is treated in [KR89]) as well as the endomorphism ring € := Endyg (k%)
of the permutation module k:g of G on the cosets of a Sylow p-subgroup
P € Syl,(G). The latter proposal is the motivation for the present work. In
[Nae08] we analyzed, for a large number of finite groups in different char-
acteristics, the endomorphism rings of the associated permutation modules
k:g. We present a selection of this analysis here. The hope is to find patterns
in the structural properties of these endomorphsim rings which could give a
hint for a proof of the weight conjecture.

As indicated in the previous lemma, we need to identify weight Green cor-
respondents in a decomposition of kg. This is possible by the following
observation.

Lemma 2.5 ([Sz698, Prop. 6.1.5]). Let (Q,S) be a weight with p* := |G :
Ql|p.- Denote the Green correspondent of S by Xg. Then dim(Xg), = p®
and Xg is the only indecomposable direct summand of S¢ with dimension
not divisible by p**1.

The above Lemmas give us a strategy to identify weight Green correspon-
dents in a decomposition of k]G;. We start with a p-radical subgroup @) and
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check if there are projective simple kNg(Q)/@Q-modules. If so, we induce
these to G and decompose them into indecomposable modules. By the previ-
ous lemma we can easily identify the associated weight Green correspondent.

Remark 2.6. (a) Let X be an indecomposable direct summand of k4.
Then X is also a direct summand of S¢, where S is some weight module
with vertex P (even if the vertex of X is @ S P): We may write k§ =
(kgG(P))G, and the indecomposable direct summands of kgG(P) are exactly
the weight modules with weight subgroup P. This observation helps to find
decompositions of induced weight modules in some cases (compare G =
L5(13) in characteristic 3, Page 34).

(b) If P <4 G is a normal Sylow p-subgroup, then € is isomorphic to (the
semisimple algebra) kG/P as k-algebra. In this case P is the only weight
subgroup and each simple kG-module is a weight module.

(c) If X is an indecomposable direct summand of k%, then Homyq(kG, X)
is a PIM of & by Fitting correspondence.

(d) Note that each isomorphism type of simple kG-module occurs as head
and socle constituent of k‘g.

Definition 2.7. We denote the covariant and left exact fixed point functor
Fixp by F, i.e. for a finitely generated kG-module M we have

F(M)={me M :mzx=mfor all x € P}

and homomorphisms are mapped to the respective restrictions. Note that
F(M) and Homkg(kg, M) are isomorphic as k-vector spaces. Via this iso-
morphism F (M) may be equipped with a right &module structure.

3 Quasi-Frobenius

We keep the assumptions and notation as in the previous section. If the
endomorphism ring of the permutation module kg is quasi-Frobenius, we
can use the results of Green’s work ([Gre78]) to get Alperin’s conjecture in
terms of the indecomposable direct summands of kg. The decomposition of
kg into indecomposable direct summands will be denoted as follows:

kg:@GZ}Xﬁa (1)

i=1 j=1
where X;; = X, if and only if ¢ = [. By Fitting correspondence we get an

associated decomposition of the regular module &g into PIMs.

Theorem 3.1 ([Gre78, Thm. 1, Thm. 2]). Let the notation be as above.
Moreover, assume that € is quasi-Frobenius, i. e. injective as right E-module.
Then, for any 1 <i,l <n:
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(a) soc(X; 1) and hd(X; 1) are simple.

(b) F(soc(Xi1)) =soc(F(X;1)) and F(hd(X; 1)) = hd(F(X;1))-

(¢) The kG-modules X;1 and X1 are isomorphic if, and only if soc(X; 1) =
soc(Xy1) or hd(X; 1) = hd(X;1).

(d) The map M — F(M) induces a bijection between the simple kG-modules
and the simple E-modules.

Remark 3.2. (a) For a similar approach as Green’s, compare also with
[GecO01] and [GHI7].

(b) In view of Alperin’s weight conjecture, the case where € is quasi-Frobenius
is of special interest. From Lemma 2.4 we know that the number of weights
of kG (up to conjugation) must be less than or equal to the number n of
isomorphism types of indecomposable direct summands of kg. On the other
hand, by Fitting correspondence, & has n isomorphism types of simple mod-
ules.

Suppose now that & is quasi-Frobenius. Then we have by Theorem 3.1

[{weights}.| < |{indecomposable direct summands of k& }~|
= |{simple E-modules}~|
= |{simple kG-modules}~]|.

This implies that Alperin’s conjecture is true if and only if each direct sum-
mand of kg is a weight Green correspondent. Since each indecomposable
direct summand X of kg has trivial source, so has its Green correspondent
T. This implies that the vertex @) of T lies in the kernel of T and T has
a kNg(Q)/Q-module structure. As @ is the vertex, T is even a projective
kNG (Q)/Q-module. Hence Alperin’s conjecture is true if and only if the
Green correspondent of each indecomposable direct summand of k‘g is a
simple kNg(Q)-module.

Note that the assumption that all indecomposable direct summands of k:g
are weight Green correspondents does not imply that € is quasi-Frobenius,
as can be seen in the examples Mas in characteristic 2 (compare Page 27) and
Us(3) in characteristic 2 (compare Page 29). Each indecomposable direct
summand X of k:g is a weight Green correspondent in those examples. But
the socle constituents of the corresponding PIMs of & show that € is not
quasi-Frobenius.

Cabanes proved the weight conjecture in [Cab84] for groups of Lie type
in defining characteristic. In this case the endomorphism ring € is in fact
quasi-Frobenius ([Tin80]). Cabanes succeeds in linking the representations
of a group of Lie type in defining characteristic and the representations of
its parabolic subgroups by means of the Brauer homomorphism. In this
way Cabanes shows that the image of each indecomposable direct summand
of kG (with vertex Q) under the Brauer homomorphism, i.e. the Green
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correspondent of X, is projective simple as kNg(Q)/Q-module and hence a
weight module.

As we have seen above, the case when € is quasi-Frobenius is of special
interest. On the one hand, we then have an equivalent assertion for Alperin’s
weight conjecture. On the other hand, Cabanes succeeded with the help of
this property in proving the weight conjecture for groups of Lie type. It
would perhaps be worthwhile to prove Alperin’s conjecture just from the
assumption that € is quasi-Frobenius. This motivates for a characterization
of pairs (G, P) such that the endomorphism ring & of kg is quasi-Frobenius.
Therefore each example below is also analyzed with respect to this property.

4 The socle of ¢

Let the notation be as above. With Green’s theorem in mind we focus on the
socles and heads of the PIMs of € and determine them not only in the quasi-
Frobenius case, but in all cases. This analysis gives rise to an equivalence
relation on the set of PIMs of € and on the set of socle constituents of &g,
which we describe now.

Let the decomposition of k% be as in (1). We write €¢ = @], D, Py,
where Xj;; is associated to P;; by Fitting correspondence.

Remark 4.1. (a) Define the following relation ~ on the set of isomorphism
classes of PIMs of &: P;{ ~ P, if and only if P;; and P, 1 have a socle
constituent in common. The transitive closure ~ of ~ then induces an
equivalence relation on the set of isomorphism classes of PIMs of €. The
equivalence classes of ~ are denoted by P; for 1 <[ < s.

(b) The previous equivalence relation obviously induces an equivalence rela-
tion on the set of isomorphism classes of indecomposable direct summands
of k:g by Fitting correspondence.

(c) Let S := {S < soc(€g) : S simple}~. The equivalence relation in (a)
induces an equivalence relation ~ on S as follows: S ~ S’ if and only if
there is an equivalence class P such that S is a socle constituent of P;; € P
and S’ is a socle constituent of P;; € P. The equivalence classes of ~ are
denoted by ;.

Our experiments have led to the idea of investigating groups for which the
following hypothesis holds.

Hypothesis 4.2. Let k£ be an algebraically closed field of characteristic
p. Then for G, P € Syl,(G), € := Endye(k§) and S := {S < soc(€¢) :
S simple}~ the following holds:

(a) |S| = {(S,Q) : (S,Q) is a weight of G} |.

(b) |S| = {M : M is a simple kG-module}~|.
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Remark 4.3. (a) If one can characterize the groups for which the above
hypothesis is satisfied, then Alperin’s weight conjecture holds for these group
as well. It is therefore a promising question how the groups for which the
hypothesis holds can be classified.

(b) We have found one example, namley M, in characteristic 3, for which
Hypothesis 4.2 is not satisfied.

(c) GAP provides a data base with all small groups up to order 2000. We
have checked and proved the hypothesis on several millions of such groups
without finding but the one in (b).

(e) There is a further observation we have made. We fix an equivalence class
P on the PIMs of & and let ¢ be the number of simple socle constituents
(up to isomorphism) belonging to P via ~. Assume that there are ¢ simple
indecomposable direct summands of k:g associated to the PIMs in P whose
p-part of their dimensions is less than the p-part of the dimensions of the
remaining summands belonging to 7P. Then these ¢ summands are weight
Green correspondents in all our examples we have analyzed so far. It turns
out, that the assumption we have made on ¢ is satisfied in most cases. An
exception can be found in P, of S7 in characteristic 2 (see Page 13).

5 Computational methods

In all our computations we used the system GAP4 ([GAPO08]) and the
MeatAxe ([Mea0Q7]).

We computed the constituents and their multiplicities of the (ordinary) per-
mutation character 11@. For a splitting field K of charactertistic 0 of G, we
have dimy (Hom(K§, M,)) = m, for each such constituent x with corre-
sponding module M, and multiplicity m, in IIGD (see [CR81, Thm. 11.25]).
This information helped us to associate direct summands of kg to PIMs
of €. The GAP-function MeatAxeStringRightCoset(G,P,q), which we
wrote, first computes generators of the permutation group of G on the right
cosets of P in G. Then it returns these generators as permutation matrices
over a field of order ¢ in MeatAxe-readible form. These matrices are passed
on to the MeatAxe. In [Sz598], Szoke has developed programs which allow
to compute the decomposition of modules into indecomposable direct sum-
mands as well as the radical and socle series of a module. We used these
programs for decomposing the permutation module, the right regular rep-
resentation for the endomorphism ring, and for determining the socles and
heads of the summands. With the help of the Modular Atlas', the com-
position series of each direct summand of kg, the dimensions of the simple
modules of € in characteristic 0, and the composition series of each PIM
of €, we determined the irreducible consituents of the lift of each indecom-
posable direct summand of kg. After that we were able to associate an

"http://www.math.rwth-aachen.de/MOC/decomposition/
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indecomposable direct summand of k& to a PIM of € (in characteristic p).
Finally, we had to determine the weight Green correspondents among the
indecomposable direct summands of kg. For this matter, we used the GAP-
function TableOfMarks (G), to filter possible p-subgroups of P which might
be weight subgroups. If @) was such a candidate, we then tested if there
were simple projective kNg(Q)/Q-modules. If so, we passed the matrices re-
turned by MeatAxeRightCoset (Ng(Q),Q@,q) to the MeatAxe, extracted the
matrices mats for the projective simple modules and induced them in GAP
with the function InducedGModules(G, Ng(Q),mats) to G. This module
was then decomposed by the MeatAxe. With Lemma 2.5 we could determine
the weight Green correspondent in the induced module.

6 Examples

In this section we present a collection of examples which have been analyzed
in [Nae08]. If kG has no projective simple modules, we print two matri-
ces, marked by kg and Cg, respectively. The columns of these matrices
correspond to the indecomposable direct summands of k'g and €&g, respec-
tively, and are indexed by their are dimensions. An exponent indicates the
multiplicity of the respective summand in the decomposition. The rows of
the matrices correspond to the simple kG- and &-modules, respectively and
are indexed by their dimensions. An entry a;; then denotes the multiplic-
ity of the simple module of row i in the summand of column j. Thus Cg
contains the Cartan invariants of €. This part of the matrix will be called
the body of Cg. The projective simple kG-modules correspond to projective
simple &-modules and therefore to 1 x 1-blocks in the Cartan matrix of €.
We omit these summands in the matrix indexed by kg and the associated
PIMs in C’g. If kG has projective simple modules, we additionally print the
decomposition of k'g into indecomposable direct summands.

The rows of the matrices indexed by "soc* and ”hd“ display the isomor-
phism type of the socle and head of the corresponding direct summand,
respectively. If these modules are not simple and if there is no risk of misun-
derstanding we will omit @-signs. The Fitting correspondence is indicated
in the first row, labeled by k&, below the body of the matrix Cg. The weight
Green correspondents are printed boldly.

Moreover, the row labeled by p* gives the p-part of the direct summand of the
corresponding column. Finally, the second to the last row of the matrix is C’g
indexed by EC and displays the equivalence classes as described in Remark
4.1. The corresponding equivalence classes S; are not printed separately
but can be read off right from the rows indexed by soc and EC. Instead,
we indicate in the last row the number s of constituents belonging to the
respective S;.

We will always denote a weight module of dimension m with vertex @ by
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"Sng(@)- We write N := Ng(P). As far as possible we have also given the
decomposition of the induced weight modules.

The selection of examples cover —apart from the sporadic groups we examined—
some particular cases: We chose the pair of groups A;/S7 to illustrate how
Clifford theory applies. Moreover, M1 has in characteristic 5 a cyclic block
which is not only a real stem. The group Lo(17) is of special interest, as it
has in characteristic 3 a cyclic defect group of order 32. Finally we chose
some groups of Lie type in defining characteristic to present some of the
special properties we have described in the previous sections.

6.1 Ag mod 2

p=2,G=Ag, PcSyl,(G), No(P)=P, |G| =2%-32.5

The permutation module decomposes into indecomposable direct summands
as follows:

kS =1@8, @8, @ 14; @ 14,

G 11 144 14, CS 1111 31 1 3
11 2 2 1] 1 |
4 2 1 1o 2
49 1 2 13 1o 2
soc| 1 41 49 ES 110141 14,
hd |1 4 4 201200 2 1 2
sSocC 11‘ 12 I 13
hd | 111 1o 1 13
EC Pl: P2 : Ps
s 110111

The computations show that all indecomposable direct summands of k:g are
uniserial.

Note that Ag = Sp,(2)’, the first derived group of a group of Lie type.
We apply Baer’s criterion to prove that € is quasi-Frobenius. From the
Cartan matrix it is easy to find the regular representation of the algebra
¢ = €1€e1 @ e2€ey, where €1 and £ are the idempotents in € associated
to 31 and 32, respectively. Considering all possible ideals of ¢, and all
homomorphisms from those ideals to 3; and 33, respectively, we see that all
such homomorphisms may be extended to €. Hence € and therefore € is
quasi-Frobenius.

Both indecomposable direct summands 8; und 85 of k:g are simple projec-
tive kG-modules. Moreover, the vertices ()1 and Q2 of the indecomposable
direct summands 147 and 145 of kg, respectively, have order 4 and are not
conjugate in G.
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For the induced weight modules (each of dimension 2) we find:

2SRy = 141 ®8 8,
SN0y = 14288 88,

For the trivial weight module we have:
1S =1®8, ®8 @14 ® 14y,

Finally we notice that each PIM lies in an equivalence class with one element.

6.2 Sg mod 3

p=3,G=Ss PeSyl4(G), |G| =2*-32.5

The permutation module decomposes into indecomposable direct summands
as follows:

kG =1101® 9 © 9 @ 10; ® 10, @ 20%.

kG |11 12 107 102 202 CG 111 1p0 21 1 29 1 42
L |1 11 |1, } }
1o 1 1 1 15 : 1 : : :
44 2 1 15 | P2 \
4s 2 1 14 S 2
6 2 2 I I I 92
soc |15 1, 4; 4y 6 kG [1; 115 1105 1 105 1 20
hd |13 1o 4 49 6 3¢ 130,39 30 39 |30
soc | 11 : 15 : 13 : 14 : 2
hd 13 1 19 15 I 16 P2
EC | PPy, Ps | Ps | Ps
s 1110111 11

Remark: The Sylow 3-subgroups are isomorphic to C3 x Cj.

The indecomposable direct summands 107, 102 and 20 of k‘g have simple
head and socle but are not uniserial as computation has shown. Moreover,
each indecomposable direct summand of kg is a weight Green correspondent.
Thus Sg satisfies Hypothesis 4.2 in characteristic 3 as each PIM of € lies in
an equivalence class with one element.

The socle of each PIM of € is simple. From the Cartan matrix we deduce
that € is quasi-Frobenius.

All indecomposable direct summands of kg, except for the simple projective
ones 91 and 99, lie in the principal block and have a Sylow 3-subgroup as
vertex. The induced weight modules decompose as follows:
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Lgl = 1,@9, LG¢ = 1,®9,, 285G = 20,
sg§ = 104, 148¢ = 10,

6.3 A; mod 2 and A; mod 3

p=2,G=A; PeSyl(G), No(P)=P, |G| =2%-32.5-7

ES|1 141 562 64 70 6 20 142 143
1)1 2 2 2
14 1 1 3 2
20 2 1 2

soc|1 14 20 14 14420 6
hd|1 14 20 14 14®20 6

'3 72 8 10,2 5,

1
1
6 1 2
6
6

[a—
N W = =
W N DN =

14, 56 64 70
2 23 926 9
13 2 13 13

soc | 11
1 1o 2 13 14

Remark: Note that we have omitted the ®-sign in the socle of the PIM
10 of €. The weight Green correspondents 6, 145, 143 und 70 have a vertex
@1 of order 4. The induced weight modules decompose as follows:

21 oG 29 oG
;S]CV,(Q” 70, ;Sg(Ql) 6 ® 64,
G0y = 142056, 48§, = 145 56.

The weight Green correspondent 147 has vertex Q2 of order 4 which is not
conjugate in G to Q1. We have:

2 oG 2
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From the latter decomposition we see, that the direct summand 20 of kg
has a vertex Q3 of order less than 4 = |Qs|, hence |A7 : Q3|2 € {22,23}. As
|20]2 = 22 we see that the order of Q3 must be 2.

As Ng(P) = P we have 15’1%(@) = k§ for the induction of the trivial weight
module, and the trivial module is the only weight module with vertex P.

p=3,G=A; PecSyly(G), |G| =2%-32.5-7

ES|1 152 36 62 107 45, 105 45, 28 63
111 2 2 2 4
15 1
6 1 1
104 1 2 1 1
10, 1 1 2 1
13 1 1 2 3
soc|1 15 15 6 10y 10; 10, 10, 13 13
hd|1 15 15 6 10; 10; 10, 10, 13 13
CS|1 1132 49,221 25 51123 5y 14y 7
L1, D 1 1
21 1 11 I I I
L| 11 2. | l 1
22| 1 1 1
13 [ [ o1 1 1 [
| S 1 1 1
L o SR
1g | \ | 1 1 2 1
17| o 1 22
1g 1 L 1 12 3
kS| 1115 361 6 1107 45, 1102 455128 63
3130, 3 32,33 32,3 32 30 32
SOC 11 : 12 12 : 22 : 14 14 : 16 16 : 18 18
hd [ 1; 121 191200 13 140 15 1 1 17 1g
EC|Py, P Ps, Ps , Ps | Ps
s| 1 1 11 1 | 1 1

Remark: The Sylow 3-subgroups are isomorphic to C3 x Cj.
The weight Green correspondents 6 and 15 have vertex (1 of order 3. The
corresponding induced weight modules decompose as follows:

31 G _ 32 G —

From this it follows that 36, 451, 452 and 63 are projective indecomposable
direct summands of k‘g. The remaining weight Green correspondents 1, 28,
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101, and 109 have P as a vertex. The decompositions of the induced weight
modules are given as:

Lol = 13663, gl = 28®6® 36,
LS¢ = 101 © 15 @ 459, Lgl = 102 @ 15 @ 45;.

6.4 S;mod 2 and S; mod 3

p=2 G=25;, PeSyl,(G), |G| =2432.5.7

kzg 1 6 20 28 14 112 64 70
171 4 2 2
6 1 2 2
8 1 2
14 1 2 3 2
20 4 1 2
soc|l 6 6 & 14 20 14 14620
hd{1 6 6 8 14 20 14 14420

C8|l 112 4 3,13 71 T, 8
L1 1

19 : 1 1 :

13 1 1

14 | 1 2

15 | 1 1 1
Ig [ [ 4 1 2
17 | 11 32
1g ! 12 2 3
S| 116 20 28,14 112 64 70
2012002 22 2212 20 26 9
soc | 11 : 13 1314 14 : 17 1 1gl7y 1417
hd| 17 119 13 1415 1 17 1g
EC | P; : Pa : Ps

s| 1 2 | 2

Remark: Our computation has shown, that the indecomposable direct
summands 6, 20 and 28 of kg are uniserial and belong to a block whose
defect groups have order 23. Note that the corresponding PIMs of & do not
all have simple socles.

The weight Green correspondent 28 has a vertex )1 of order 4. Inducing
this weight module we get:

1qG —
SSio =28 @112,
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The weight Green correspondents 70, 14 and 6 have pairwise non conjugate
vertices 1, Q2 and @3, respectively, of order 8. The decompositions of the
induced weight modules are given as:

2 oG _

SSi0y = TO®28®112,
2 oG _

SSi0, = 148208648112, (2)
2 oG

The indecomposable direct summand 20 of k:g has a vertex of order 22 by
Equation (2) and the fact that |20 = 22.
As Ng(P) = P, we have 1S§ = k§ for the trivial module.

p=3,G=5:, PeSyly(G), |Gl =21 3257

G| 1, 12 287 637 28 632 202 90° 62 63 152 36; 153 36
1] 1 12 1 2 2

1o 11 2 1 2 2

131 2 3 1

139 2 3 1

20 1 1 1 3

61 1 1

62 1 1
151 12

159 12
SOC 11 12 131 131 132 132 20 20 61 62 151 151 152 152
hd | 1; 1o 137 137 133 132 20 20 61 62 151 151 155 159
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1

1
2

3 32! 3
soc | 14

Remark: The Sylow 3-subgroups are isomorphic to C3 x Cj.
The weight Green correspondents 151, 159, 61, 62 have a vertex () of order 3.
The corresponding induced weight module decompose as follows:

31 QG
SN
33 QG
SN

151 & 90, 228G 00 = 61® 363 @063,

@
155 @ 90, 34555(@ 62 @ 362 @ 63.

@)
@ =

From the decomposition matrix of kG we see that the indecomposable direct
summands 61, 62, 151, 159, 367 and 364 of kzg belong to blocks of kG with
cyclic defect group of order 3. From this it is clear that the weight Green
correspondents among them are uniserial ([Alp93, La. 22.3]). Note that
the indecomposable direct summands 361, 362, 631, 632 and 90 of kg are
projective.

The remaining induced weight modules decompose as follows:

11S1€/ = 1, ®61®63, 12516\7; = 281 @61 D 364,
Lg¢ = 1@ 62 @639, 1350 = 285 @ 65 P 369,
25G¢ = 20@ 151 @ 159 @ 90.

6.5 Ag mod 3

p=3,G=As, PeSyly(G), |G| =20-32.5-7

32
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The permutation module kzg decomposes as follows:

ES = 1045045507021 @272 28 @343 352 @ 630903 99° $ 1623 @ 225°,

ES |11 21% 63 7 277 34 90 352 992 225% 1623 28
11 1 2 1 2 1

21 1 3

7 1 2 1 2 2 1

13 1 2 3 1

28 12 3 1
35 1 1 2 4 2
soc|1 21 21 7 7 13 13 35 35 35 28 28
hd|1 21 21 7 7 13 13 35 35 35 28 28
c§l15* 703 73 6 10073 152 25% 1 18% 4
L1 1 1 1

4 | 1 1 | | |

L| 11 3, 1 1

13 : 11 : :

2 | 12 1 1! |

14 \ \ 1 2 2 \

| 1 12 3, L

2 N

23 | | Pl 2 2 11

3 | | 1,1 2 4,2

32 | | | 1 23 1
16 I I I 1 1
EG] 1721 63,7 27 34 90,35 99 225,162 28
3213003 32130 3% 30 32130 32 323 30
soc |1y "1y 10127 1527 15 15! 3y 31 31 ' 39 39
hd |1, 4 To013 20 14 1512 235 311 35 lg
EC|P1| P | Py | Ps Py

s| 1 1 2 | 1 1

Remark: The indecomposable direct summands 45; and 459 of kg are
simple projective modules. Moreover the summands 21 and 63 of kzg lie in a
block with defect 1. The remaining summands belong to the principal block.
Let Q1 be a vertex of order 3 of the summand 21 of k:g. The corresponding
induced weight module decomposes as follows:

65G

NQ) = 21 & 451 ¢ 455 @ 225.

In particular, 225 is a projective indecomposable kG-module. The remaining
induced weight modules have vertex P and decompose as follows:
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Lol = 1927390 @ 162,

gl = 7T@®21 @45, @45, ® 162,
b5¢ = 28®27®63® 162,

gl = 3421 @225,

26¢ = 35®21 @457 @453 ® 99 @ 225.

6.6 Ay mod 2 and Ay mod 3

p:27G:A9aPGSylZ(G)aNG(P):P7 ‘G|:263457

kzg 1 8 48 3842 432 126; 1262 120; 1202 252 258 576
111 2 2 2 2 4 4 8
81 1 2 2
48 1 1 2
160 2 2
82 2 2 2 2
83 2 2 2 2
204 1 1 1 1 1 1 3
209 1 1 1 1 1 1 3
26 2 2 2 4 4
78 1 1 2 1 4
soc|1 8 48 160 48@ 160 89 83 204 202 26078 26 78
hd |1 8 48 160 48@® 160 8 83 209 200 2678 26 T8
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C§|l 1111502 62 8 1 63 1 65 1 4 4o 9 11 9
L1, I I I

12 | 1 | | | |

] 0+ 1 2 3, 1 1

L o 1 1 l l

2 | | 2 2 | | |

| 2 2 2

ls| 22 2

17 o | | ! 1 1 1
1g | | | | | 1 1 1
1o L 1 1 L1 1 3 2 2
11o o 2 2 2 4 1
111 ! ! ! ! I | 1 2 1 4
ES| 1 8 148 384 4321267, 1265 120; 120, 252 258 576
20 | 20 123 124 T 94 2 1o 123 93 22 2 26
soc |1y 11013 2 1321 15 v 1g '1Ipnlg 11117 110l11 liplin 11n
hd |1, 1 1g 1y 2 130 15 1 1 1 1g 1s Ig lio  1n
EC | P1 | Pa, Ps " Py Ps o Ps

s| 111 2 11 4

Remark: From the decomposition matrix of kG we know that the inde-
composable direct summands 8, 48 and 432 of kg belong to a block with
defect group of order 8.

The weight Green correspondent 432 has a vertex ()1 of order 4. The corre-
ponding induced weight module decomposes as follows:

8 oG —
SS 0y = 432 @ 5T6.

Moreover, the weight Green correspondents 1201, 1202 and 48 have pairwise
non conjugate vertices Q1, Q2 and @3, respectively, of order 8. We find as
decomposition of the corresponding induced weight modules:

8 oG
G
8SN(Q3) = 1202 @ 384 @ 576,
8 oG _
SSiQn = 488Y,

where Y denotes a sum of indecomposable direct summands whose dimen-
sions have 2-parts greater than 8.

The weight Green correspondent 252 has a vertex Q)5 of order 16. The
corresponding induced weight module decomposes as follows:

4 oG —
SN(Q5) =252 ® 432 @ 576.
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Finally, the weight Green correspondents 258,126, and 1262 have pairwise
non conjugate vertices Qg, Q7 and Qg of order 32. The induced weight

modules decompose as follows:

Sfigs = 258@48@ 120, & 1205 @ 384 & 576,
2 oG

Sfn = 1261 120) @252 384 @ 432 & 576,
2SNi0s = 1262® 1200 @ 252 @ 384 432 @ 576.

As Ng(P) = P, the induced trivial weight module decomposes as 15§ = k.

p=3,G=Ag, PeSyly(G), |G| =20-3".5.7

kS 84 118 252 435 27 189 4052
11 3 4

7 1 3 3

21 2 2

35 1 3 7

41 3 3

27 1 1
189 1 2

soc|1 21 7@21 41 35 27 189 189

hd |1 21 7@21 41 35 27 189 189
CE 1,1 4 61 6 9 11y 3 5
L 1 o

19 2 1 Lo

13 o1 4 1 | |

14 } 1 3 2

15 1 2 6 1

16 I 1
| SR
2 I I 1 2
kG| 11 84 118 252 435,27 189 405
313, 3 30 32 3,3, 3 3
soc | 17 ' 191315 121314 1415 141§: lg | 2 2
hd | 1; 1+ 19 13 14 15 1 1g 1 1y 2
EC | P1 | P Pa

s| 1 1 1
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Remark: The summand 162 of kg is simple projective.

The weight Green correspondents 27, 189 lie in a block with defect groups of
order 3%. Furthermore, they have a vertex @ of order 3. The decomposition
of the induced weight modules is as follows:

NS0y = 189 @ 1620405, 255, = 27 & 162 & 567.

Note that the indecomposable direct summand 405 of k‘g is projective.
The weight Green correspondents 252, 84 and 435 have vertices of order 9.
But only the vertices of 84 and 435 are conjugate in G. The induced weight
modules decompose as follows:

9qG _ 2 2
SfiQs = 252®243®162° @ 405% @ 891,
31 ¢G —
1SS0, = 435405,
SN0y = 849162 189 405.

Finally, the trivial module and 118 have P as a vertex. Inducing the corre-
sponding weight modules, we get:

Ll = 1@27@®405@ 435 @ 252,
Lg¢ = 118 @84 @ 405 @ 1622 @ 189.

6.7 M;j; mod p for p=2,3,5,11

p=2,G= My, PeSyly(G), No(P) =P, |G| =2*-3-5-11

The permutation module decomposes as follows:
kS =1@®16; @162 ® 10 @ 44 @ 120 @ 1442,

S| 1 10 44 120 1442

111 2 2
10 1 3 1
44 1 2 3

soc|1 10 44 10944 44
hd|1 10 44 10®44 44
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c§l1,02 4 10 92
1] 1]

1o 1 1

13 | 111
14 11 42
2 ! 1 2 3
S| 1110 44 120 144

2t | 201 9 92 93 od

|
soc | 13 : 1 2 142 2
hd | 17 1 1o 13 14 2
EC | P; : P2
s| 1 2

Remark: The indecomposable direct summands 16; and 169 of k:g are
simple projective.

The weight Green correspondent 44 has vertex ()1 of order 4. The induction
of the corresponding weight module gives:

2S5 = 44 @16, & 165 © 120 & 144.

The weight Green correspondent 10 has vertex )2 of order 8. Here we get
the following decomposition of the induced weight module:

G
2SNy = 10 ® 161 © 165 @ 144,

As Ng(P) = P we have 1S = k§ for the trivial weight module.

p=3,G= M, PeSyl4(G), |G| =2*-32.5-11

The permutation modules decomposes as:

1®45° © 10 @ 112 @ 54 @ 551 © 559 © 657 @ 653 @ 992

E$|1 10 54 11?2 55; 555 652 6522  99°
1]1 11 1 1 1 1
51 1 1 2 1 1 1 2
59 11 2 1 1 1 2
10 1 1 1
10, 1 2 1 1
103 1 1 2 1
24 1 11 1 1 2
soc|1 107y 107 51 105 5 105 ® 24 103 24
hd|1 10; 107 59 104 91 109 103 P24 24
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cSl 112 6,32 7 72 92 92 112
L] 1 1

1o 11

21 | Pl 1

13 12, 1 1
14 | 11 2 1
15 \ | 1 1 1 1
29 | | 1 2 11
23 | | 1 1 2 1
24 | 1 1 1 1 1 2
kK11 10 54,11 55; 552 65; 652 99
37|30 130 33130 30 3030 30 3
soc | 17 ' 13 131 14 13142124 29 2024 1423 24
hd |11y 1302 Ly 15 2 2% 2
EC|P1| P2 | Ps

s| 11 2 | 6

Remark: The indecomposable direct summand 45 of kg is simple pro-
jective. The remaining weight Green correspondents 1, 551, 559, 10, 651,
652 and 11 have the Sylow 3-subgroup P as vertex. We get the following
decomposition from the corresponding induced weight module:

Led = 1@54, Lg¢ = 55y,
LS¢ = 10@ 45, L1g¢ = 55,
18¢ = 651 @45, 280 = 652 @45,
BSE = 11®99.

This is the only example we have found so far, where Hypothesis 4.2 does
not hold. To the equivalence class P3 correspond less weight Green corre-
spondents than socle constituents.

p=5,G= M, PeSyly(G), Ng(P) =P, |G| =2%-32.5-11

S =1a3 102 ®45° @551 @ 11 @ 553 & 161 @ 165 & 603 & 603

S |11 11 553 161 603 162 603

11 1 1 1
11 1 2 1 1
164 1 1 2 1
169 1 1 1 2

soc|1 11 11 167 167 162 162
hd |1 11 11 167 16; 162 169
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CS| 113 112 4 123 4y 123
L1, 1 1

19 1 1 1 I

% 12 1 1
la| | 11

31 ! 1 1 2 1
| 1 C 11
35 j 1! 11 2
kS| 1111 55,1161 601 1 162 609
50150, 59 5,5 5,5 5
SOC 11 : 24 24 : 31 31 : 32 32
hd |17 11, 2 1 13 31 1 1y 39
EC | P : P1 : Po : Ps

s| 1 1 1 | 1

Remark: The indecomposable direct summands 107, 102, 103, 45 and 55
of k:g are simple projective modules. Moreover the indecomposable direct
summands 555, 607 and 60y are projective kG-modules. The remaining
summands of kzg are weight Green correspondents. The decomposition of
the corresponding weight modules are given as follows:

LSS = 161 @101 @ 102 @ 602 @ 45° @ 553,
126G = 1145 559 @ 55, @ 601 & 605,

136¢ = 1@ 10245 @ 557 @ 55, & 601 & 602,
4SS = 162 @ 101 @ 102 @ 60, © 45° @ 555.

p=11,G = M, P € Syl;;(G), No(P) =P, |G| =2" - 3*-5 11

The permutation module decomposes as follows:

S =111 @ 44* @ 55° @ 451 ® 459 @ 453 ® 454 ® 77.

ES |1 45, 45, 455 454 77
11

9 r 1 1 11
10, 1 1 1 1 1
10, r 1 1 1 1
16 1 1 1 1 3
soc | 1 9 104 10 16 16
hd|1 10, 16 10, 9 16
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CS| 11 1 51 1 5y 1 b3 1 by 7
L] 1 L

1y I
13 1 +1 1 11 1
14 1,1, 1,1 1
15 L O
1g 1+ 1 1 1 3
kG| 1 |45, 452 453 45,4 77
117110 0110 P 11® 110 11 11
soc | 14 1s 1+ 19 1 13 1 1§ 1g
hd | 1p 1o 1 13 1 14 1 15 g
EC| P1 | P : Ps : Pa : Ps

s| 111 11

Remark: The indecomposable direct summands 11, 44 and 55 of kg are
simple projective. Moreover, the summand 77 of k:g is projective. The
remaining summands of kg are weight Green correspondents. The decom-

position of the respective induced weight module is given as follows:

11 S]%
1o S]%
13 S]C\?f
14 S]%
15 S]%

1911®550 77,
451 & 44 @ 55,
454 & 44 @ 55,
453 & 44 & 55,
454 & 44 & 55.

6.8 M12 mod 2 and M12 mod 3

p=2, G =My, PeSyL(G),|G|=2°-3°-5-11

The permutation module decomposes as follows:

kG =116, @ 161 @ 144 ® 320° @ 318 & 350.

ES|1 161 162 144 3202 318 350
11 4 6

164 1 1

164 1 1

144 1 2

10 5 8

44 6 6

soc|1 167 169 144 144 442 10644
hd |1 16; 169 144 144 44> 10644
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CG| 1111, 113 3 52, 13 15
Ly 1

19 [ I I

Is| 1 1

S N

2 | | o1 2

N T 6
le| , 69
ES| 1 116711621144 3201 318 350
2u [ 20 1 94 | 24 94 96 1 9 2
soc| 1! 1 1y 2 2 M2l 1513
hd | 171 1o 1+ 13 1 14 2 1 15 1g
EC | Py : Po : Ps : P4 : Ps

s| 1 1 1 1 1 | 2

Remark: The indecomposable direct summand 320 of kg is projective.
The remaining summands are weight Green correspondents. Among those
the summands 161, 169 and 144 have vertex ()1 of order 4. For the decom-
position of the induced modules we get:

21 @G _ 4

1SSy = 144©320' @384 @ 832,
22 @G _ 4

2SS0y = 16191926 320" @ 384 & 768,
258G 0) = 162@192® 320" & 384 @ 768.

The indecomposable direct summands 350 and 318 of kg have vertices Q2
and @3, respectively, of order 32 which are not conjugate in G. The decom-
position of the induced weight modules is:

2 oG 2 oG
S0y = 350 @ 320, S0 = 318 @ 161 © 16 © 320.

Finally, we have 15’%’; = kg, as Ng(P) = P.

p=3,G= My, PcSyly(G), |G|=25-3%.5-11

The permutation modules decomposes as follows:

S = 19542 @452 992 @ 189 @ 243 & 66, @ 665 ® 663 P 664
®175, @ 1755 ® 297 ® 3511 @ 351 @ 592.
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EG |1 189 452 99 243 66, 662 297 663 664 351; 351y 175, 175 592
1[1 2 2 5 2 2 2 2 4
45, 2 1 1
99 1 1 2
10, 2 1 2 2 1 1 2
104 1 2 2 1 2 1 2
15, 2 1 1 2 2 1 1 4
159 2 1 1 2 2 1 1 4
34 1 1 3 1 1 1 1 2
45, 1 3 2 2 1 4
45, 1 2 3 1 2 4
soc |1 45; 99 45, 99 10, 10, 15, 15y 45; 45, 34 45, 45,  45,45,34
hd |1 451 99 45, 99 10, 105 151 15y 45, 453 34 45y 455 45945534
CS| 1, 7 32,52 93, 4 4y 11 43 44 13; 13, 9y 93 26
11 1 | | |
L| 2 1, 1
2 11 |
25 | I S S
3 1 12
13 | | L2 1 1
14 ! ! b 2 1
15 | | L1 1 3 1 1 1 1 2
1g ! ! ! 1 1 1 1
1, | | | 11 1 1
1g ! ! ! 1 3 2 2 1 4
1o | | | 1 2 3 1 2 4
110 ! ! ! 2 1 2 1 3
1 | | | 1 2 1 2 3
112 ! ! ! 2 1 1 4 4 3 3 8
EG | 1 189 45,99 243, 66; 662 297 663 664 351; 351, 175, 175, 592
3% | 30 | 33 32 | 32 3P 3 3 3% 3 3 33 33 30 30 30
sS0C 11 | 12 12\ 3 3 \1315 1415 15 1517 1516 18 19 18 19 151819
hd | 1; Pl 20020 3 13 s 15 1 17 1s 19 110 111 112
EC|Piy P2 | P Py
s| 1 1 | 1 | 7

Remark: The indecomposable direct summand 54 of kg is simple pro-
jective. Moreover, the indecomposable direct summands 45, 99, 189 and

243 of kg lie in a block with cyclic defect group of prime order. Among

those, 45 and 99 are weight Green correspondents with vertex )1 of order
3. Note that the indecomposable direct summands 189 and 243 of kg must
be projective modules, as can be seen by the following decomposition of the
induced weight modules belonging to this block.

31 SG _

N(Q1)

32 SG _

N(Q1)

99 @ 54 @ 189 @ 243* @1 2 297; @ 2973 ®;—1 2 3517,
45 © 547 @ 1897 @ 243" © 2971 Bi—1.2 (3517 @ 378;).
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The remaining indecomposable direct summands of kzg belong to the prin-
cipal block. We find 664, 662 and 663, 664 to have vertices of order 9, where
the first two and the last two modules have conjugate vertices, respectively.
We find for the decomposition of the induced modules:

315]%(@2) = 661 @54 243 P 297,
32Sﬁ(Q2) = 662 ¢ 243 @ 351,
B SN0y = 663® 540243 297,
2550y = 664®243@351.

Finally the weight Green correspondents 1,1751, 1759 and 592 have a Sylow
3-subgroup as vertex. We get the following decomposition of the correspond-
ing induced of weight modules:

LG = 19542 @66, @ 663 ® 99 @ 243 @ 297,
Lol = 175, ®45® 663 ® 243 & 3511,

LG = 175, @45 ® 664 & 243 @ 3515,

LG = 592@99 @ 189.

6.9 M22 mod 2

p=2,G= M, PcSyl,(G), |G|=2"-32.5-7-11

k:g 1 848 1078 616; 6162 230 76
1 1 12 14 8 8 4 2
104 ) 6 3 3 3 2
102 ) 6 3 3 3 2
34 6 8 ) 5) 2 1
701 1 2 2 2

702 1 2 2 2

98 4 4 1 1 1

soc |1 98 34®98 70; 700 101 ® 34 109
hd |1 98 34®98 702 70; 102®34 109
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c§l 1, 11 20 L To 9 5
T

1y 4 4 1 1 1

15 4 8 2 2 3 1
14 1 2 2 2

15 1 2 2 2

1g L1 3 3 2
17 j 1 2 2
kS 111848 1078 616; 6162 230 76
2r | 20 | 9t 2 23 23 2 22
SOC 11: 12 1%131415 15 14 121317 1617
hd | 1; 1 1y 13 14 15 1g 17
EC | P1 2

s I 6

Remark: All indecomposable direct summands of kg are weight Green
correspondents. The weight Green correspondent 848 has vertex ()1 of order
8. The induced weight module decomposes as follows:

¥ SN0, = 848 © 896, @ 896,

The two weight Green correspondents 616; and 6162 have vertex Q)2 of order
16. We get as decomposition of the corresponding induced weight modules:

81 @G —
ISN(QQ) — 6161,
82516\;/'(Q2) - 6162

The indecomposable direct summand 76 of k:g has vertex Q3 of order 2°.
Here we get for the induced weight module:

2qG —
SN(Qg) = T6 @ 8961 @ 8962 @ 848 @ 1904.

The weight Green correspondents 230 and 1078 have non conjugate vertices
Q4 and Qs, respectively, of order 26. We have:

25};‘@4) = 230 @ 616, © 6165 @ 848,
G
*S¥, = 1078 @616, @ 616,.

As Ng(P) = P, the trivial module is the only weight module with vertex P
and we have 15’%’; = kg.

6.10 U;3(3) mod 2

p=2,G="Us3), PeSyly(G), No(P) =P, |G| =2°-3 7
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The permutation module decomposes as follows:

kS =1@32, @329 62 ®62;.

EG|1 621 622 C8l131 5 1 6
11 2 4 1] 1] |
6 3 5 1y 32
14 3 2 13 2 0 4
soc|1 14 6 ES | 11621 629
hd|1 14 6 2v 1200 2 1 2
soc 11\12\1§
hd | 1y 1y 1 13
EC P1:772:773
s| 1111

Remark: All indecomposable direct summands of kg are weight Green
correspondents. Note that the endomorphism ring is not quasi-Frobenius.
The indecomposable direct summands 32; and 329 are simple projective
modules. The weight Green correspondents 621 and 625 have non conjugate
vertices of order 16. We get the following decomposition for the induced
weight modules.

2511?7(@1) =62 © 321 © 322, 25]%(@2) =621 © 321 © 32-.

As Ng(P) = P, we have 1S = k§.
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6.11 G =J; mod 2

p=2 G=.Jy PeSyly(G), |G| =27-3%.52.7

kg 1 154 364 5251 5255 7627 7625 160 288; 2885 896
11 2 8 9 9 10 10

61 2 6 6 6 7 7

69 2 6 6 6 7 7
144 2 2 3 3 5 5
145 2 2 3 3 5 5

36 2 4 3 3 3 3

84 1 3 3 5 5
644 1 1 2
645 1 1 2
160 1 1 1 4
soc |1 14114536 36 61 69 84 84 160 644 64, 160
hd |1 14714536 36 69 61 84 84 160 644 645 160
c$l1, 6 8 10, 109 11, 11, 2 31 39 7
L[ 1] |

1o D4 2 |

15 2 4 1 (.

14 ‘ 3 3 2 2

15 ! 3 3 2 2

1g | 1 P P 3 3

1, ! 1 2 2 3 3

1g | L1 1 1 1
1o ! L1 1 1 1
1o | | 1 1 1
114 ‘ ‘ 4
kG| 1 154 364 762, 762, 525; 525, 160 288; 288, 896
27201 2 22 2 2 20 20 128 25 25 27
soc | 11 1313 13lgly 1415 1415 13lalgly 131s516l7 | 11 liolin lolin  11g
hd | 1, : 1o 13 14 15 1g 17 : 1g 19 lio 1nn
EC | P1, Po | Ps3

s| 1 ! 6 ! 3

Remark: The indecomposable direct summands 160, 2881, 2885 and 896
of kg belong to the block of G with defect group of order 4. Since the di-
mensions of the induced weight modules are too large to apply the MeatAxe
directly, we use M. Szoke’s results in [Sz698] to identify the weight Green
correspondents.

6.12 G = Ly(11) mod 2

p=2,G=Ly(11), P € Syl,(G), |G| =2%-3-5-11
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The permutation module k:g decomposes as follows:

kG =112} @ 123 @ 161 @ 51 © 162 ® 52 ® 20 @ 10°.

kS 11 16, 51 162 52 20 103

1 1 1 1

91 2 1 1

92 1 2 1

10 2 1

soc|1 57 51 5y by 10 10
hd |1 51 571 5y 5y 10 10

CEl 114 2114 2,5 43
L1, 1 1

1, 2 101 |

13 11 1

14 1 2 1!

15 | 1 1

lg 1 1 21
3 | | | 1 1
kG 1 116, 51 16; 52120 10
2r |20 ) 24 90 9t 90192 9
SOC 1 : 12 12 : 14 14 : 16 16
hd | 1; 15 131 14 1511 3
EC | Py : Pa : Ps : P4
s 11 1 1

Remark: The indecomposable direct summands 12; and 129 of kg are
simple projective. The summand 10 of kg is a weight Green correspondent
with vertex Q1 of order 2. It lies in a block with cyclic defect group of prime
order. We get the following decomposition of the induced weight module:

SN e(on = 108 12] €125 & 16, & 165 & 20.

From this decomposition we see that the summands 161, 169 and 20 of Kg
are projective. Moreover 1, 51 and 59 are weight Green correspondents with
vertex P which occur in the following decomposition of the induced weight
module:

Lol = 1910812, 12, @ 20,
L2 g¢ 5, @100 12, & 12, @ 164,
LSG¢ = By @109 12 ® 12, ® 165.
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6.13 L5(13) mod 2 and Ly(13) mod 3

p=2,G = Ly(13), P € Syl,(G), |G| =22-3-7-13

ES=10123 @123 @123 20, @ 131 @ 200 @ 13, @ 282 @ 14°,

S |1 20, 137 20 132 282 14°
1 [1 2 1 2 1

61 2 1 1 1

65 11 2 1

14 2 1
soc | 1 61 61 62 62 14 14
hd |1 6, 6, 6, 6, 14 14
CEl 1151 4 15 49,7 5
no 1 | |

1o 2 1 01 1

13 11,1 1

14 112 1!

15 1 1 11 1

2 | | 21
3 | | | 1 1
kG 1 120, 131120, 13 28 14
2r |20 1 92 90 192 90 192 9
SOC 11 : 12 12 ! 14 14 : 2 2
hd | 17 1 1o 13 1 14 15 + 2 3
EC | Py : Pa : Ps : Py

s I T |

Remark: The indecomposable direct summands 12; of k:g for1 <i<3
are simple projective. The weight module 14 has vertex ()1 of order 2. The
decomposition of the associated induced weight module is:

2S5 (o) = 14 © 201 & 20, & 287 @ 36°.

Note that the summands 201,202 and 28 are projective.

The weight Green correspondents 1,131,132 have a

Sylow 2-subgroup as

vertex. We get the following decomposition of the associated induced weight

modules.

Ll = 1®14®20; ® 20, ®r<ics 125,

LG = 13, ®14® 28 ®Bi<ic3 125,
135]?’7 = 13,914 @ 28 D1<i<s 12;.
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We remark that all indecomposable direct summands of k:g are uniserial as
direct computation has shown.

p=3,G = Ly(13), P € Syl,(G), |G| =22-3-7-13

The permutation module kzg decomposes as follows:

S =1o12i@12i0 1207 @7, @13 213 @ 213 @ 274

ES |1 13 27 7; 212 7, 213
1 |1 1

13 1 2

7 1 2 1
) 1 1

soc |1 13 13 71 71 72 72
hd |1 13 13 71 71 Ty 7o
CE|l1,15 9131 7313, 73
oo | |

19 1 11 I

4 12, l
| 11

21 ! Pl 2 1
14 1 1 11
2 1 1 11 2
ES [ 1018 27171 215172 21y
3¢ [30,30 333 3 .3 3
SOC 11 : 4 4 : 21 21 : 22 22
hd | 1; 11 4 113 27 114 29
EC | Py : Pa : Ps : Pa
s O R T |

Remark: The indecomposable direct summands 127, 129 and 123 of k:g
are simple projective. The remaining weight Green correspondents have
the Sylow-3-subgroup P of order 3 as vertex. For the decomposition of the
induced weight modules, we have:

Lol = 1@27 ®r<ics 124,
125% = 13® 211 ® 21 B1<i<3 12,
LG = 71®21,®27 ®1<icz 125,

14S]C\;f = T2®@ 212 @27 D1<i<3 12;.
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The last decomposition could not be computed directly. An application
of Remark 2.6 (a) shows that this decomposition must be as above when
considering the first three decompositions and that of kg.

6.14 G = Ly(17) mod 2 and Ly(17) mod 3

p=2,G=Ly(17), P € Syl,(G), |G| =2*-3%-17

The permutation module kg decomposes into indecomposable direct sum-
mands as follows:

kS = ©1<ics16; © 1D 44 @ 44,.

kS |1 44, 44, CS 1151 51 1 5
1 [1 4 4 I, | 1] |
81 32 1o 312
85 2 3 13 2 103
soc|1 8 & ES 11441 44,
hd |1 8 & 2v | 201 22 1 22
socC 11‘12‘13
hd |1y 1y 1 13
EC |Py| P, | Ps
s |11 101

Remark: The indecomposable direct summands 16; of k‘g for1 <i<4
are simple projective. The weight Green correspondents 44; and 445 have
non conjugate vertices Q1 and s, respectively, of order 4. The associated
induced weight modules decompose as follows:

'SSqy = 4418161616, @ 163 163 & 80,
'SNi0y = 442616, @ 162 @ 163 @ 163 & 80.

As Ng(P) = P we have k§ = 15§.

p=3,G=Ly(17), P € Syly(G), |G| =24 -32 .17

The permutation module kg decomposes into indecomposable direct sum-
mands as follows:

kg =1®9 © 92 Di<i<s 1812 @ 81 @ 64.
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S |1 81 64 c§l1,19 8

1 [1 1 1 |1

16 5 4 1o 5 4

soc |1 16 16 13 44

hd |1 16 16 S 11,81 64
3¢ 13013t 30
S0oC 11‘12 12
hd | 1511 13
EC 'Pl: P2
s 1 1

Note: The indecomposable direct summands 91, 92, 181, 185, and 183 of
kg are simple projective while the weight Green correspondent 64 has vertex
P. For the associated induced weight module and the induced trivial weight
module we get the following decompositions:

Lel = 199,09 @182 @81, 260 — 64® 182 @ 182.

6.15 G = Ly(19) mod 2 and G = Ly(19) mod 3

p=2,G=Ly19), P e Syl,(G), |G| =2%-3%2-5-19

kS =1 @1<i<s 200 ©i1 0 (287 © 187 @ 367) © 91 @ 9.

ES |1 91 282 95 282 367 18;% 365 1823

1 1 1 1

91 1 2 1

99 1 1 2

184 2 1

184 2 1

soc | 1 91 91 92 92 181 181 182 182
hd |1 91 91 92 92 18 18 18 189
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2 1
1 1

1
|
T
|
|
|
|
|
|
|
|
|
|
|
|
|
|

1 281192 285,36, 187,36, 18,

20 22 \22 20 | 22 2 | 22 92
|

21 29 :22 2 | 31 31

o 29 013 290 31 32

SOC

Note: The weight Green correspondents 181, 185 have vertex ()1 of order
2. We get the following decompositions for the corresponding induced weight
modules:

215§(Q1) = 18 Di=1.2 361 P 363 B1<i<q 207,
225’]?[(@1) = 185 Dij=1,2362 @ 36% D1<i<a 20?.

The induced weight modules with a Sylow 2-subgroup as vertex decompose
as follows:

LS = 1@iz10 (18, ©36; © 28;) ® 203 @acicy 205,
GG = 91 @12 (18; ® 36;) @ 281 ® 201 Bi—a.3.4 207,
I3 Sﬁ = 92@i=12 (18; @ 36;) @ 282 @ 20, BDi=2,3,4 20?.

p=3,G = Ly(19), P € Syl4(G), |G| =2%-32-5-19

The permutation module k‘g decomposes into indecomposable direct sum-
mands as follows:

G =1 @i=1,2 9; P1<i<4a 182 ® 19 @ 99°.
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ES |1 19 992 C§ |1, 3 112
1 |1 4 1 |1
19 1 5 D) 11
soc|1 19 19 2 | 5
hd |1 19 19 S 1 719 99
3@ 130130 32
soc | 11+ 2 2
hd |1, 1, 2
EC | P, : P
S 1 1

Remark: The Sylow 3-subgroup P is a cyclic group of order 32.

The indecomposable direct summand 99 of k:g is not a weight Green cor-
respondent while the remaining are. Note that 9; and 18; for ¢ = 1,2 are
simple projective. We get the following decompositions for the induced
weight modules with P as a defect group:

Lol = 1999@9, @9y @ 182 @ 182,
126G = 19@©990 183 @ 187
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