
Solution to Exercise 3.3.3

By Theorem 3.3.8 and (3.11) in Lemma 3.3.9

λ = λ′ if and only if χλ(σ) = 0 for all σ ∈ Sn \An .

Observe that (abbreviating χ := χλ, χ′ := χλ′ = εSn · χ)

δχ,χ′ = (χ, χ′)Sn =
1
|Sn |

(
∑
σ∈An

χ(σ)χ(σ−1)−
∑

σ∈Sn \An

χ(σ)χ(σ−1))

=
1
2

(χAn , χAn)An −
1
|Sn |

∑
σ∈Sn \An

χ(σ)χ(σ−1).

Thus (χAn , χAn)An = 2 if χ = χ′. On the other hand, if χ 6= χ′ we conclude∑
σ∈An

χ(σ)χ(σ−1) =
∑

σ∈Sn \An

χ(σ)χ(σ−1)

and hence 1 = (χ, χ)Sn = 1
2 (χAn , χAn)An + 1

2 (χAn , χAn)An .

Note that the argument can be generalized and strenghtened to give:

Lemma: Let λ be a linear character of a finite group G with kerλ = N and
χ ∈ Irr(G). Then χN ∈ Irr(N) if and only if λi ·χ 6= λj ·χ for 0 ≤ i 6= j < n :=
[G : H]. If χ = λ · χ then (χN , χN )N = n.

Proof: (a) Since N �G Definition 3.2.6 shows that

(χN )G(g) =
{

0 for g ∈ G \N
n · χ(g) for g ∈ N.

Writing ρ for the inflation of the regular character ρG/N to G we thus get

(χN )G = ρ · χ =
n−1∑
i=0

λi · χ.

By Frobenius Reciprocity we have ((χN )G, λi · χ)G = (χN , χN )N . Thus χN is
irreducible if and only if λi · χ 6= λj · χ for 0 ≤ i 6= j < n.

(b) As above we have χ = λ · χ if and only if χ(g) = 0 for all g ∈ G \ N .
Hence (χN , χN ) = n in that case.
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