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Abstract

We give an algebraic proof for the result of EILENBERG and MAC LANE that the second cohomology group
of a simplicial group G can be computed as a quotient of a fibre product involving the first two homotopy
groups and the first Postnikov invariant of G. Our main tool is the theory of crossed module extensions of
groups.

1 Introduction

In [12], EILENBERG and MAC LANE assigned to an arcwise connected pointed topological space X a topological
invariant k% € H3 (71 (X), 12(X)), that is, a 3-cohomology class of the fundamental group 7t; (X)) with coefficients
in the 711 (X)-module 713(X), which is nowadays known as the first Postnikov invariant of X. Thereafter, they
showed that the second cohomology group of X with coefficients in an abelian group A only depends on 711 (X),
12(X) and k. Explicitly, they described this dependency as follows. We let Ch(m;(X), A) denote the cochain
complex of 711 (X') with coefficients in A and Homy, (x)(m2(X), A) denote the group of 7r; (X )-equivariant group
homomorphisms from 715(X) to A, where 711 (X) is supposed to act trivially on A.

Theorem (EILENBERG, MAC LANE, 1946 [12, thm. 2]). We choose a 3-cocycle 23 € Z3(mt;(X), m2(X)) such
that k% = 23B3(m;(X), m2(X)). The second cohomology group H?(X, A) is isomorphic to the quotient group

7%/ B?,
where Z2 is defined to be the fibre product of

HOIIIT[1 (X) (7'(2 (X) s A)

1%}

Ch*(m;(X), A) Ch* (1, (X), A)

with vertical map given by ¢ ++ 23, and where B? is defined to be the subgroup
B? := {0} x B¥(m;(X), A) < Z? < Homy, (x)(m2(X), A) x Ch*(m;(X), A).

In this article, we give an algebraic proof of the simplicial group version of the theorem of EILENBERG and
MaAc LANE, cf. theorem (5.4)(b). Since simplicial groups are algebraic models for path connected homotopy
types of CW-spaces, this yields an algebraic proof for their original theorem mentioned above.

It turns out to be convenient to work on the level of crossed modules. To any simplicial group G, we can
attach its crossed module segment Trunc® G, while to any crossed module V, we can attach its simplicial group
coskeleton Cosk; V. We have H?(G, A) = H?(Cosk; Trunc' G, A). Moreover, the crossed module segment of G
suffices to define the Postnikov invariant k3 of G via choices of certain sections, see [4, ch. IV, sec. 5] or [32,
sec. 4]. These sections pervade our algebraic approach.
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Related to this theorem, ELLIS [14, th. 10] has shown that there exists a long exact sequence involving the
second cohomology group H?(V, A) of a crossed module V starting with

0 — H*(mo(V), A) — H?*(V, A) — Homy, (v (m1(V), A).

This part of his sequence is also a consequence of our EILENBERG-MAC LANE-type description of H?(V, A), cf.
theorem (5.4). (1)

Concerning Postnikov invariants, cf. also [8], where general Postnikov invariants for crossed complexes, which
are generalisations of crossed modules, are constructed.

Outline In section 2, we recall some basic facts from simplicial algebraic topology, in particular cohomology
of simplicial groups. We will recall how simplicial groups, crossed modules and (ordinary) groups interrelate.
Finally, we will give a brief outline how a cohomology class can be attached to a crossed module — and hence
to a simplicial group — and conversely.

In section 3, we will consider the low-dimensional cohomology groups of a simplicial group. The aim of this
section is to give algebraic proofs of the well-known facts that the first cohomology group depends only on the
group segment and the second cohomology group depends only on the crossed module segment of the given
simplicial group. This gives already a convenient description of simplicial group cohomology in dimensions 0
and 1, and can be seen in dimension 2 as a reduction step allowing us to work with crossed modules in the
following.

In section 4, we introduce a certain standardised form of 2-cocycles and 2-coboundaries of a crossed module,
which suffices to compute the second cohomology group. On the other hand, this standardisation directly yields
the groups Z2 and B? occurring in the description of EILENBERG and MAC LANE.

We apply our results of sections 3 and 4 in section 5 to simplicial groups, thus obtaining the analogon of
EILENBERGs and MAC LANEs theorem. Finally, we discuss some corollaries and examples.

Acknowledgement I thank MATTHIAS KUNZER for many useful discussions on this article and for directing
me to the article of EILENBERG and MAC LANE [12].

Conventions and notations
We use the following conventions and notations.

e The composite of morphisms f: X — Y and ¢g: Y — Z is usually denoted by fg: X — Z. The composite
of functors F': C — D and G: D — & is usually denoted by Go F: C — £.

e We use the notations N ={1,2,3,...} and Ny = NU {0}.

e Given amap f: X — Y and subsets X' C X, Y’ CY with X'f CY’, we write f|§/, X =Y 2 —af.
Moreover, we abbreviate f|x: := f|% and f|¥ = f|%.

e Given integers a,b € Z, we write [a,b] := {z € Z | a < z < b} for the set of integers lying between a
and b. If we need to specify orientation, then we write [a,b] := (z € Z | a < z < b) for the ascending
interval and |a,b] = (2 € Z | a > z > b) for the descending interval. Whereas we formally deal with
tuples, we use the element notation; for example, we write Hie[l,iﬂ gi = 919293 and Hiq?,,u gi = 939201

or (gi)iqs,u = (93, g2, 91) for group elements g1, g2, gs3.
o Given tuples (z;);ca and (x;);ep with disjoint index sets A and B, we write (z;);ea U (x;);jep for their
concatenation.

e Given groups G and H, we denote by triv: G — H the trivial group homomorphism g — 1.

e Given a group homomorphism ¢: G — H, we denote its kernel by Ker ¢, its cokernel by Coker ¢ and its im-
age by Im . Moreover, we write inc = inc®*¥: Ker¢ — G for the inclusion and quo = quo®¥'¢: H —
Coker ¢ for the quotient morphism.

e The distinguished point in a pointed set X will be denoted by % = *X.

e The fibre product of group homomorphisms ¢;: G; — H and ¢2: G2 — H will be denoted by G1,, X, Ga.

1Our notation here differs from ELLIS’ by a dimension shift.



A remark on functoriality Most constructions defined below, for example M, Ch, etc., are functorial,
although we only describe them on the objects of the respective source categories. For the definitions on the
morphisms and other details, we refer the reader for example to [30].

A remark on Grothendieck universes To avoid set-theoretical difficulties, we work with Grothendieck
universes [1, exp. I, sec. 0] in this article. In particular, every category has an object set and a morphism set.
We suppose given a Grothendieck universe $1. A $l-set is a set that is an element of 4, a {-map is a map between
$l-sets. The category of i-sets consisting of the set of i-sets, that is, of i, as object set and the set of {-maps
as morphism set will be denoted by Set(y). A U-group is a group whose underlying set is a i-set, a -group
homomorphism is a group homomorphism between U-groups. The category of U-groups consisting of the set of
U-groups as object set and the set of t-group homomorphisms as morphism set will be denoted by Grp .
Because we do not want to overload our text with the usage of Grothendieck universes, we may suppress them
in notation, provided we work with a single fixed Grothendieck universe. For example, instead of

Remark. We suppose given a Grothendieck universe 4. The forgetful functor Grp ) — Set(y) is faithful.
we may just write
Remark. The forgetful functor Grp — Set is faithful.

Grothendieck universes will play a role in the discussion of crossed module extensions, cf. section 2.16.

2 Preliminaries on simplicial objects, crossed modules, cohomology
and extensions

In this section, we recall some standard definitions and basic facts of simplicial algebraic topology and crossed
modules. Concerning simplicial algebraic topology, the reader is refered for example to the books of GOERSS
and JARDINE [16] or MAY [26], and a standard reference on crossed modules is the survey of BROWN [5].

The main purpose of this section is to fix notation and to explain how the cocycle formulas in the working
base (3.1) can be deduced. The reader willing to believe the working base (3.1) can start to read at that point,
occasionally looking up notation.

2.1 The category of simplex types

We suppose given a Grothendieck universe containing an infinite set. For n € Ny, we let [n] denote the category
induced by the totally ordered set [0,n] with the natural order, and we let A be the full subcategory in Cat
defined by Ob A := {[n] | n € Ny}, called the category of simplex types.

For n € N, k € [0,n], we let 8*: [n — 1] — [n] be the injection that omits k, and for n € Ny, k € [0,n], we let
o%: [n + 1] — [n] be the surjection that repeats k.

There is a shift functor Sh: A — A given by Sh[n| := [n + 1] and

i for i € [0,m],
n+1 fori=m+1,

i(Sh9) := {

for i € [0,m + 1], morphisms 6 € a([m], [n]), where m,n € Ny.

2.2 Simplicial objects

The category of simplicial objects in a given category C is defined to be the functor category sC := (A°P,().
Moreover, the category of bisimplicial objects s°C in C is defined to be (A°P x A°P C). The objects resp.
morphisms of sC are called simplicial objects in C resp. simplicial morphisms in C. Likewise for s2C.

Given a simplicial object X in a category C, we abbreviate X, := X, for n € Ng. Moreover, given a
morphism 0 € a([m], [n]), where m,n € Ny, we write Xy for the image of § under X and call this morphism
the simplicial operation induced by 6. Similarly for bisimplicial objects. The images of the morphisms 5* resp.
o® under a simplicial object X in a given category C are denoted by dj = di( := X;, called the k-th face, for
k € [0,n], n € N, resp. s = sji := Xy, called the k-th degeneracy, for k € [0,n], n € Ny. For the simplicial



identities between the faces and degeneracies in our composition order, see for example [30, prop. (1.14)]. We
use the ascending and descending interval notation for composites of faces resp. degeneracies, that is, we write
disk) = didj—1 ... dg T€SP. S[17 = SkSk41 - - - Si-

Given an object X € Ob(C, we have the constant simplicial object Const X in C with Const,, X := X for n € Ny
and Constyg X := 1x for 0 € a([m],[n]), m,n € No.

Given a bisimplicial object X € Obs?C, we have the diagonal simplicial object Diag X, defined by Diag,, X :=
Xn.n and Diagy X := Xy g for 0 € a([m],[n]), m,n € No.

A simplicial set resp. a simplicial map is a simplicial object resp. a simplicial morphism in Set ) for some
Grothendieck universe . A simplicial group resp. a simplicial group homomorphism is a simplicial object resp.
a simplicial morphism in Grpy for some Grothendieck universe 4l.

2.3 Complexes of groups

We denote by Cat(Z) the ordered set Z considered as a category. Given m,n € Z with m < n, the unique
morphism from m to n will be written by (m,n). A compler of groups is a functor G': Cat(Z) — Grpy, for
some Grothendieck universe Y such that G(n,n + 2) is trivial for all n € Z. The groups G = G_,, :== G(n)
for n € Z are called the entries, the homomorphisms § = 99" = 9%, := G(n,n + 1) for n € Z are called the
differentials of G.

We suppose given complexes of groups G and H. A complex morphism from G to H is a natural transformation
¢: G — H. The group homomorphisms ¢" = ¢_,, := ¢(n) for n € Z are called the entries of p.

When defining a complex of groups G by declaring entries G and differentials 9™ only for n € Ny resp. G,,
for n € Ny and 95 for n € N, this means that the not explicitly defined entries and differentials are set to be
trivial. Likewise for morphisms of complexes of groups.

Given a complex of groups G, we define Z"G := Ker 9" and B"G := Im9%"~! for n € Z. A complex of
groups G is said to be normal if B"G is a normal subgroup in Z"G for all n € Z. If G is normal, we define
H"G := Z"G/B"G for n € Z. Moreover, we also write Z,,G := Z~ "G, etc.

2.4 The Moore complex of a simplicial group

We suppose given a simplicial group G. The Moore complexr of G is the complex of groups MG with entries
M,G = ﬂke[l’n] Kerd, < G, for n € Ny and differentials 0 := dongg for n € N. In particular, MyG = Gj.
The boundary group B,MG is a normal subgroup of G,, for all n € Ny, so in particular, the Moore complex

MG is a normal complex of groups.

2.5 Simplicial group actions

We suppose given a category C and a group G. Recall that a (group) action of G on an object X € ObC( is a
group homomorphism «: G°? — Aute X.

A G-set consists of a set X together with an action a of G on X. By abuse of notation, we often refer to
the G-set as well as to its underlying set by X. The action « is called the G-action of the G-set X. Given a
G-set X with G-action «, we often write gx = g -z := z(ga) for x € X, g € G. For an element x € X, we let
Gr:={gr | g€ G} and X/G :={Gzx |z € X}.

A G-module consists of a (not necessarily abelian) group M together with an action « of G on M, that is,
a group homomorphism a: G°°® — Autgrp M. By abuse of notation, we often refer to the module over G
as well as to its underlying group by M. The action « is called the G-action of the G-module M. Given a
G-module M with G-action «, we often write 9m := m(ga) for m € M, g € G. A G-module M is said to be
abelian if its underlying group is abelian. (?) As usual, we often write M additively in this case, and we write
gm = g-m:=m(ga) for m € M, g € G, where a denotes the G-action of M.

A G-module structure on G itself is provided by the conjugation homomorphism G°? — Aut G, g — 9(—), where
Ix = grg~! for 2,9 € G.

We suppose given a simplicial group G. A G-simplicial set consists of a simplicial set X together with actions
of Gy, on X, for n € Ny such that (g,2,)Xe = (9.Go)(xnXp) for all g, € G, z, € X,, 0 € a([m], [n]), where

2In the literature, a G-module for a given group G is often called a G-group while an abelian G-module is just a G-module.
However, the module part of a crossed module is in general a non-abelian module over the group part, cf. section 2.6; this would
be more complicated to phrase using the terms from the literature.



m,n € Ng. Given a G-simplicial set X, we obtain an induced simplicial structure on the sets X,,/G,, for n € Ny,
and the resulting simplicial set is denoted by X/G.

An (abelian) G-simplicial module consists of a simplicial (abelian) group M together with actions of G,, on M,
for n € Ng such that (92m,,) My = 925¢(m,, My) for all 6 € a([m], [n]), where m,n € Ny.

2.6 Crossed modules

A crossed module consists of a group G, a G-module M and a group homomorphism p: M — G such that the
following two axioms hold.

(Equi) Equivariance. We have (9m)pu = 9(myp) for all m € M, g € G.
(Peif) Peiffer identity. We have " m = "m for all m,n € M.

Here, the action of the elements of G on G resp. of M on M denote in each case the conjugation. We call
G the group part, M the module part and p the structure morphism of the crossed module. Given a crossed
module V' with group part G, module part M and structure morphism p, we write GpV := G, MpV := M and
= pnY := pu. For a list of examples of crossed modules, we refer the reader to [14, sec. 2| and [30, ex. (5.2),
ex. (5.6)].

We let V and W be crossed modules. A morphism of crossed modules (or crossed module morphism) from V
to W consists of group homomorphisms ¢g: GpV — GpW and ¢;: MpV — Mp W such that p;u"V = u¥ g
and such that (9m)p; = 99°(mey) holds for all m € Mp V', g € Gp V. The group homomorphisms g resp. ¢1
are said to be the group part resp. the module part of the morphism of crossed modules. Given a crossed module
morphism ¢ from V to W with group part ¢y and module part 1, we write Gpp = g and Mpy := ;.
Composition of morphisms of crossed modules is defined by the composition on the group parts and on the
module parts.

We let 4 be a Grothendieck universe. A crossed module V is said to be a iU-crossed module if GpV is a i-group
and MpV is a {-G-module. The category of U-crossed modules consisting of {l-crossed modules as objects and
morphisms of {l-crossed modules as morphisms will be denoted by CrMod = CrMod ).

Given a crossed module V', the image Im i is a normal subgroup of GpV and the kernel Ker u is a central
subgroup of Mp V. Moreover, the action of GpV on MpV restricts to a trivial action of Imp on Ker pn. In
particular, an action of Coker 1 on Ker p is induced. See for example [5, sec. 3.1, sec. 3.2] or [30, prop. (5.3)].

Notation. Given a crossed module V', the module part Mp V resp. its opposite (Mp V)P act on (the underlying
set of) the group part GpV by mg := (mp)g resp. gm := g(mu) for m € MpV, g € GpV. Using this, we get
for example ™9n = " (9n) and gm = g(mu) = (9m)g for m,n € MpV, g € GpV, cf. [32, p. 5]. Also note that
(mg)n = m(gn) for myn e MpV, g € GpV.

Given a set X and a map f: GpV — X, we usually write mf := muf for m € MpV. Similarly for maps
GpV xGpV — X, etc.

Moreover, given crossed modules V and W and a morphism of crossed modules ¢: V — W, we may write mep
and gy instead of m(Mp ¢) and g(Gp ¢). Using this, we have (mg)p = (my)(gp) for m e MpV, g € GpV, cf.
again [32, p. 5].

2.7 Truncation and coskeleton

Groups, crossed modules and simplicial groups can be related to each other in the following way.

We suppose given a simplicial group G. Then we define the group Trunc’ G := MoG/BoMG = Go/ByMG,
called the group segment (or the 0-truncation) of G. Moreover, we define a crossed module Trunc! G, called the
crossed module segment (or the 1-truncation) of G, as follows. The group part is defined by Gp Trunc! G :=
MG = Gy, the module part is defined by Mp Trunc' G := M;G/B;MG, the structure morphism is given by
(nglMG)LLT’“““C1 G = g10 = g1dg for g; € M;G and the group part acts on the module part by 9% (¢;B;MG) :=
90s0 g, B1 MG for g; € M;G, i € [0,1].

Next, we suppose given a crossed module V. We define a group Trunc(l) V := Coker u, called the group segment
(or the 0-truncation) of V. Moreover, we obtain a simplicial group Cosk; V', the coskeleton simplicial group
(or just the coskeleton) of V, constructed as follows. We suppose given n € Ny. Denoting the elements in
(MpV)*™ x GpV by (m4,9)ic|n-1,0] = (Mi)ic|n-1,0) U (9), We equip this set with a multiplication given by

(Mmis 9)ic|n—1,0] (mgyg,)ie[n—l,oj = (m; (Mreti-10) mk)gm§7ggl)ieLn—1,oj



for m;,m}, € MpV, where i € [n — 1,0/, g,¢' € GpV. The resulting group will be denoted by MpV ,x Gp V.
For 6 € a([m], [n]), we define a group homomorphism MpV gx GpV: MpV ,x GpV — MpV ,,x GpV by

(mj,9)jein-1,0(MpV gx GpV) := ( H M, ( H ME)g)ic|m—1,0]-
ke|(i+1)0—1,i0] ke00—1,0]

The resulting simplicial group Cosk; V := MpV ,x GpV is the coskeleton of V. (?)

Finally, we suppose given a group G. Then we obtain a simplicial group Cosky G := Const G, the coskeleton
simplicial group (or just the coskeleton) of G. Moreover, we obtain a crossed module Coské G, called the
coskeleton crossed module (or the 1-coskeleton) of G, as follows. The group part is defined by Gp Cosky G := G
and the module part is defined by Mp Coskg G := {1} (and the structure morphism and the action of the group
part on the module part are both trivial).

All mentioned truncation and coskeleton constructions are functorial and the resulting truncation functors are
left adjoint to the resulting coskeleton functors. The unit ¢: idsgrp — Coskg o Trunc? is given by g,(eg)n =
gnd|n,1)BoMG for g, € G, n € Ng, G € ObsGrp, cf. [30, prop. (4.15)]. The unit ¢: idsgrp — Cosk; o Trunc!
fulfills go(ec)o = (go) for go € Go and g1(eq)1 = (91(g91d150) 'BiMG, g1d;) for g; € G1, G € ObsGrp, cf. for
example [30, def. (6.11), def. (6.15), rem. (6.14), prop. (6.9), th. (5.25)].

Further, we have Trunc® o Cosko = idgrp, Trunc' o Cosk; = idcrmoda and Trunc(l) o Cosktl) 2 idgrp, as well as
Coskg = Cosk; o Cosky and Trunc® = Trunc! o Trunc’.

Trunc!

sGrp CrMod
Cosky
Cosk(l, Trunc(l)
Trunc®
sGrp Grp
Coskg

Given a group G, we have
M(CoskoG) =(... — 1 —1— Q),

and given a crossed module V', we have

\%4
M(Cosk; V)= (... — 1 — MpV £ GpV);
cf. [30, prop. (6.22)].

2.8 Homotopy groups

Given a simplicial group G, we call 7, (G) := H,MG the n-th homotopy group of G for n € Ny. It is abelian
for n € N, and we have 7p = Trunc’.

The homotopy groups of a crossed module V' are defined by

Cokerp  for n =0,
7, (V) = ¢ Kerp forn =1,
{1} for n € No \ {0,1}.

As remarked in section 2.6, the first homotopy group 7t; (V') carries the structure of an abelian 7tp(V)-module,
where the action of my(V) on m;(V) is induced by the action of GpV on MpV, that is, for £ € m; (V) and
p € p(V') we have Pk = 9k for any g € GpV with g(Imp) = p.
We remark that the definitions of the homotopy groups of a crossed module are adapted to the definition of
the homotopy groups of a simplicial group: Given a crossed module V', we have 7, (V) = 7,,(Cosky V') for all
n € Ny, cf. for example [30, ch. VI, §3]. Moreover, given a simplicial group G, we have 7, (G) = m, (Trunc' G)
for n € {0,1}. (%)

3The category of crossed modules is equivalent to the category of (strict) categorical groups, cf. [6, thm. 1], [27, sec. 6, thm.]
or [30, thm. (5.25)]. The coskeleton functor from crossed modules to simplicial groups can be obtained via a nerve functor from the
category of categorical groups to the category of simplicial groups. Cf. [7, sec. 1] and [30, ch. VI, §§1-2]. For another truncation-
coskeleton-pair, cf. [2, exp. V, sec. 7.1] and [11, sec. (0.7)].

4In particular, given a simplicial group G, we have 7, (G) = 7, (Cosk; Trunc! G) for n € {0,1}. This property fails for the
truncation-coskeleton pair in [11, sec. (0.7)].




2.9 Semidirect product decomposition

We suppose given a simplicial group G. The group of n-simplices G,,, where n € Ny, is isomorphic to an iterated
semidirect product in terms of the entries MG for k € [0,n] of the Moore complex MG. For example, we have
Go = MOG and G1 = M1G Dall MoG and GQ = (MQG bell M1G) Dall (MlG bal 1\/10(;)7 where MoG acts on MlG via
gogy 1= 99%0g; for g; € M;G, i € {0,1}, M;G acts on MyG via 91gy := 91%¢, for g; € M;G, i € {1,2} and
MlG X MoG acts on M2G X MlG Via (gl’go)(gg,hl) = ((9131)(903081)(92(hlso)) (9180)(908081)((hlso)*l)’g1(goso)h1)
for g;, h; € M;@G, i € [0,2]. The isomorphisms are given by

@1: G1 = M1G x MoG, g1 — (g1(g1d150) ™", grd),

@1 M1G x MoG — G, (g1, 90) + 91(goSo)
and

©2: GQ — (MQGN MlG) X (M1G>4 M()G),

g2 = ((92(gadas1) ™" (g2d2s0)(g2dis0) ", (g2di)(g2d2) "), ((92d2)(g2dadiso) ', gadady)),
pa s (MaG 3 My G) % (MiG x MoG) = Ga, ((92,h1), (91, 90)) = g2(h1so)(g151)(gosos1)-

For more details, see [9] or [30, ch. IV, §2].

2.10 Cohomology of simplicial sets

We suppose given a simplicial set X and an abelian group A. The cochain complex of X with coefficients
in A is the complex of abelian groups Chgget (X, A) with abelian groups Chgige (X, A) := Map(X,,, A) for
n € Ny and differentials defined by z(cd) := Eke[o,nﬂ](_l)k(ﬂcdk)c for x € X119, ¢ € Chig(X,A4). We
call Chigee (X, A) the n-th cochain group of X with coefficients in A. Moreover, we define the n-th cocycle
group Zoge (X, A) 1= Z"Chyge (X, A), the n-th coboundary group Blg (X, A) := B"Chgge (X, A) and the n-th
cohomology group Hlge, (X, A) := H"Chygey (X, A) = Zlget (X, A)/Blgo (X, A) of X with coefficients in A (7).
An element ¢ € Chyge (X, A) resp. z € Zlgo (X, A) resp. b € Blgo (X, A) resp. h € Hlg (X, A) is said to be
an n-cochain resp. an n-cocycle resp. an n-coboundary resp. an n-cohomology class of X with coefficients in A.

2.11 Nerves
Given a group G, we define a simplicial set NG, called the nerve of G, by N,,G := G*™ for n € Ny and by
(95)jein-1,0/(NoG) == ( H 9j)ie|m—1,0]
JEL(i+1)0—1,i0]

for (9;)jein-1,0) € NoG and 0 € a([m], [n]), where m,n € No.

Moreover, given a simplicial group G, the nerve functor for groups (in a suitable Grothendieck universe) yields
the nerve of the simplicial group G, defined by NG := N o G. We obtain a simplicial object in sSet. By abuse
of notation, we also denote the corresponding bisimplicial set by NG.

sSet

5T

A ¢, Grp

2.12 Cohomology of simplicial groups with coefficients in an abelian group

Cohomology of simplicial sets can be used to define cohomology of a simplicial group G. This is done via the
Kan classifying simplicial set WG of G, see KAN [21, def. 10.3], which is given by W,,G := X jeln-1,0) Gj for
all n € Ng and

(95)jeln—1,0)(WeG) := ( 11 ngQH{]])iemeLOJ
FEL(i+1)0—1,i6] ’

SIn the literature, Z7 , (X, A) resp. Bl'g (X, A) resp. Hg (X, A) are often defined by an isomorphic complex of abelian

groups (cf. for example [30, def. (2.18)]) and are just denoted Z™(X, A) resp. B"(X, A) resp. H"(X, A).



for (g;)je(n-1,0] € WaG and 0 € a([m],[n]), where m,n € Ny, cf. for example [30, rem. (4.19)]. In particular,
the faces are given by

o (9j+1d(?)jqn—2,oj for k=0,
(95)jetn-1,0000 % = S (gj+14)je -2k U (91d$)gr—1) U (9;)jes_2,0) for k € [L,n — 1],
(95)jeln—2.0] for k = n,

for (g;)jein-1,0] € W.,.G, n € N. The cochain complex of G with coefficients in an abelian group A is defined
to be Ch(G, A) = Chyg,p(G, A) := Chygo (WG, A). Moreover, we define the n-th cocycle group Z"(G, A) =
ZlGep(Gy A) = 25t (WG, A), etc., for n € Ny. The differentials of Ch(G, A) are given by

(9))je1n0)(c0) = (g541d0)jen-10i¢ + Y (=1 ((gj1dk)je(n—16) U (96dk)gk—1) U (9;)je r-2.0))C
ke[l,n]

+ (_1)n+1(9j)jeLn—1,oj c

for (gj)jEI_'rl,OJ € Wn+1G, ceE Chn(G,A), n e NQ.

Instead of WG, one can also use Diag NG, the diagonal simplicial set of the nerve of G, see for example [15,
app. Q.3], [19, p. 41] and [30]. The simplicial sets Diag NG and WG are simplicially homotopy equivalent [31,
thm.], cf. also [10, thm. 1.1], and thus H"(G, A) = H’g,, (WG, A) = H,, (Diag NG, A) for n € Ny, where A is
an abelian group.

2.13 Cohomology of simplicial groups with coefficients in an abelian module

To generalise cohomology of a simplicial group G with coefficients in an abelian group A to cohomology with
coefficients in an abelian 715(G)-module M, we have to introduce a further notion on simplicial sets: Given
a simplicial set X, the path simplicial set of X is the simplicial set PX := X o (Sh)°P, which is simplicially
homotopy equivalent to Const Xy [33, 8.3.14]. The faces de: P,X — X, for n € Ny form a canonical
simplicial map PX — X.

Now we follow QUILLEN |28, ch. II, p. 6.16] and consider for a given simplicial group G the Kan resolving
simplicial set WG := PWG. The simplicial group G acts on WG by 9(9i)jein0) = (99n) U (95)je|n-1,0]
for g € Gn, (9j)jein0] € WnG, n € Ny, and the canonical simplicial map WG — WG given by W,,G —
W..G, (95)ieln0] = (9j)je|n—1,0) induces a simplicial bijection WG /G — WG.

We suppose given an abelian 7t9(G)-module M. Then Const M is a simplicial abelian 7t9(G)-module, and the
unit €: idsgrp — Coskg oy of the adjunction 7y = Trunc’ 4 Coskg turns Const M into an abelian G-simplicial
module via g,2y, := (gn(€c)n)Tn = (gnd|n,1 BoMG)z, for g, € Gy, 2, € My, n € Ny. Since e¢ is a simplicial
group homomorphism, we have ¢,Go(ec)m = gn(eg)n for all g, € Gy, 6 € a([m], [n]), m,n € No.

We consider the subcomplex Chy,,, (G, M) = Chygrp hom (G, M) of the cochain complex Chyget (WG, M) with
entries Chy,, (G, M) := Mapg, (W,,G, M) and differentials given by

(9j)jerns10)(cd) = > (=1*((g5)je(n+1.0/dr)e
ke[0,n+1]

for (g9j)jein+1,0) € Wnt1G, ¢ € Chy,, (G, M), n € Ny, called the homogeneous cochain complex of G with
coefficients in M. We want to introduce an isomorphic variant of Chy (G, M) using transport of structure.
We have

(95)je1n+1,0)(€0) = gnt1d|nt1,1BoMG - (((1) U (gj4+1d0) je[n—1,0))C

+ > (D) U (gi41dk) je n—1,k) U ((g6dk)gr—1) U (95) e (k=20 )¢
ke(l,n]

+ (_1)n+1(gnd[n,1JB0MG) (1)U (gj)jeLn—l,oj)C)
for (gj)jeint1,0, € Wnn1G, ¢ € Chy,, (G,M), n € No. Thus Chy,, (G, M) is isomorphic to a complex

Ch(G, M), called the cochain complex of G with coefficients in the abelian 7o(G)-module M, with entries
Ch"™(G, M) := Map( X jc|n_1,0] Gj, M) = Chige, (WG, M) and differentials given by

(9j)jen0)(€d) = (gi41d0)jen-100c+ D (~DF((gj41dk)je(n-1,0) U ((96dr)gk-1) U (95) e k—2.0) )€
ke[l,n]



+ (=1)"" (gnd[,1)BoMG) - (9;)jen-1,0/C

for (g;)je(n.0] € Wnt1G, ¢ € Ch™(G, M), n € Ny, and where an isomorphism ¢: Chy,,, (G, M) — Ch(G, M) is
given by

(95)jeln—1,0)(ce™) = ((1) U (g5)je|n—1,0))¢
for (gj)jein-10] € WaG, ¢ € Chy,, (G, M), n € Nyg. Moreover, we set Zlq, (G, M) = Z"(G,M) :=
Z"(Ch(G, M)), etc., and call Ch"™(G, M) the n-th cochain group of G with coefficients in M, etc. We see
that this definition coincides with Ch(G, A) for an abelian group A considered as an abelian 7(G)-module with
the trivial action of my(G).
Isomorphic substitution of G with its semidirect product decomposition, cf. section 2.9, leads to an isomorphic
substitution of the cochain complex Ch(G, M) to the analysed cochain complex Ch,, (G, M) = Chygyp an(G, M).
Similarly, isomorphic substitution yields Zy, (G, M) = Z{g,p (G, M), ete., and we call Chy, (G, M) the n-th
analysed cochain group of G with coeflicients in M, etc. See (3.1) for formulas in low dimensions.
Altogether, we have

Chhom(Ga M) = Ch(Ga M) = Chan(GvM)'

2.14 Cohomology of groups and cohomology of crossed modules

Since groups and crossed modules can be considered as truncated simplicial groups, the cohomology groups of

these algebraic objects is defined via cohomology of simplicial groups.

Given a group G and an abelian G-module M, we define the cochain complex Ch(G, M) = Chg,,(G, M)

i= Chygyp(Cosko G, M) of G with coefficients in M. Similarly, we set Z"(G,M) = Zg,,(G, M) =
ZiGrp(Cosko G, M) for n € Ny, ete., and call Ch"(G, M) the n-th cochain group of G with coefficients in

M, etc. Since Diag N Cosky G = W Cosky G = NG, this definition of cohomology coincides with the standard

one via BG := NG and EG := PBG.

Given a crossed module V' and an abelian 7y(V)-module M, we define the cochain complex Ch(V,M) =

Chormod (Vs M) = Chygup(Cosky V, M) of V' with coefficients in M. Similarly, we set Z"(V,M) =

Zomoa (Vo M) = 2, (Cosky V, M) for n € Ny, etc., and call Ch"(V, M) the n-th cochain group of V with

sGrp
coefficients in M, etc.

Cosk} Cosk, Chygrp(— M) H"
Grp————CrMod —— > sGrp ——— C(AbGrp) ————— AbGrp

COSkO

The semidirect product decomposition of Cosk; V' is — up to simplified notation — already built into the defi-
nition of Cosk; V. So the cochain complex and the analysed cochain complex of Cosk; V' are essentially equal.
Therefore there is no need to explicitly introduce analysed cochains for crossed modules.

ELLIS defines in [14, sec. 3] the cohomology of a crossed module V' with coefficients in an abelian group A
via the composition DiagoN. In this article, we will make use of the Kan classifying simplicial set functor
W instead of DiagoN since W provides smaller objects, which is more convenient for direct calculations. For
example, a 2-cocycle in Z?(Diag N Cosk; V, A) is a map (MpV)** x (GpV)*? — A, while a 2-cocycle in
Z2(V, A) = Z?(W Cosk; V, A) is a map Mp V x (GpV)*? — A.

2.15 Pointed cochains

We let G be a simplicial group and M be an abelian 7y(G)-module. As we have seen above, an n-cochain of
G with coefficients in M is just a map ¢: W,G — M, where n € Ny. Since the sets W,G = X jeln-1,0] G;
carry structures as direct products of groups for n € Ny, they are pointed in a natural way with 1 = (1)1,
as distinguished points. Moreover, the module M is in particular an abelian group and therefore pointed with
0 as distinguished point. An n-cochain ¢ € Ch"(G, M) is said to be pointed if it is a pointed map, that is,
if 1¢ = 0. The subset of Ch"(G M) consisting of all pointed n-cochains of G with coefficients in M will be
denoted by Chy (G, M) := {c € Ch"(G, M) | c is pointed}. We set Z}, (G, M) := Chy (G, M) NZ"(G, M) for



the set of pointed n-cocycles, By (G, M) := Chy, (G, M) N B™(G, M) for the set of pointed n-coboundaries and
Hp (G, M) := 73 (G, M) /B (G, M) for the set of pointed n-cohomology classes of G with coefficients in M.
We suppose given an odd natural number n € N. Every n-cocycle z € Z"(G, M) is pointed, and hence
we have Z3 (G, M) = Z"(G, M), By (G, M) = B"(G, M) and H}, (G, M) = H"(G,M). Moreover, we have
By (G, M) = (Chp (G, M))d.

So we suppose given an even natural number n € N and an n-cocycle z € Z"(G, M). The pointisation of z is
given by zP' := z — p,d, where the pointiser of z is defined to be the (n — 1)-cochain p, € Ch"il(G, M) given
by (9j)je|n-2,0/Pz = (1)je|n—1,0)2 for g; € G;, j € [n —2,0]. We obtain

(95)je1n-1,012"" = (9j)jeln-1,0)% — gn—1d]n—1,1)BoMG - (1) je(n-1,0/2

for g; € G4, j € [n—1,0]. In particular, the pointisation zP* of every z € Z"(G, M) is pointed. Moreover, we
have Z% (G, M) = {z € Z"(G,M) | 2** = 2} and the embedding Z7 (G, M) — Z"(G, M) and the pointisation
homomorphism Z"(G, M) — Z (G, M), z — zP* induce mutually inverse isomorphisms between H?, (G, M) and
H™(G, M).

Altogether, we have

H" (G, M) = H}, (G, M)

for all n € N.
Given a crossed module V' and an abelian 7t5(V)-module M, we write Ch,(V, M) := Ch(Cosk; V, M), etc.
Similarly, given a group G and an abelian G-module M, we write Ch, (G, M) := Ch,(Cosko G, M), etc.

2.16 Crossed module extensions

We suppose given a group Ily and an abelian IIy-module II;, which will be written multiplicatively.
A crossed module extension (or 2-extension) of Il with II; consists of a crossed module F together with a group
monomorphism ¢: II; — Mp E and a group epimorphism 7: Gp E — Il such that

I, - MpE - GpE 511,

is an exact sequence of groups and such that the induced action of IIy on II; caused by the action of the crossed
module E coincides with the a priori given action of Iy on IIy, that is, such that 9(kt) = (97k). for g € Gp E
and k € II;. By abuse of notation, we often refer to the crossed module extension as well as to its underlying
crossed module by E. The homomorphisms ¢ resp. 7 are said to be the canonical monomorphism resp. the
canonical epimorphism of the crossed module extension E. Given a crossed module extension E of Il with Iy
with canonical monomorphism ¢ and canonical epimorphism 7, we write t = 1¥ := ¢, and m = ¥ = 7.

We suppose given a Grothendieck universe {{. A crossed module extension is said to be a i-crossed module
extension if its underlying crossed module is a {-crossed module. The set of {-crossed module extensions of G
with M will be denoted by Ext?(G, M) = Ext% (G, M).

By definition, we have my(E) = Il and 7y (E) = II; for every crossed module extension E of II with II;.
Conversely, given an arbitrary crossed module V', we have the crossed module extension

inc

(V) =5 MpV -5 GpV 2% my (V),

again denoted by V. That is, the canonical monomorphism of V is (" = inc™ (V)

is 1 = quo™ (V).
We let E and E be crossed module extensions of IIy with II;. An extension equivqlence from E to E is a

morphism of crossed modules ¢: E — E such that (¥ = FE(Mp ) and 7f = (Gp ¢)n”.
IT,
1

We suppose given a Grothendieck universe 4 and we let ~ = ~¢ be the equivalence relation on Exti(ﬂo, I1;)
generated by the following relation: Given extensions E, E € Exti(Ho,Hl), the extension E is in relation to

, and the canonical epimorphism

E E

MpE ' GpE =

E
I,
J Mp ¢ J Gpe
B E B
L 7T
I,

Mp E " GpFE

L
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the extension F if there exists an extension equivalence E — E. Given Y-crossed module extensions F and F
with F =~ E, we say that E and E are extension equivalent. The set of equivalence classes of i-crossed module
extensions of ITy with II; with respect to ~ is denoted by ExtQ(Ho, M) = EXti(Ho, M) := Mﬁ(ﬂo, ITy) /=2y,
and an element of Ext? (ITp, 1) is said to be a iU-crossed module extension class of Ty with IT;.

The following theorem appeared in various guises, see MAC LANE [25] and RATCLIFFE [29, th. 9.4]. It has
been generalised to crossed complexes by HoLT [17, th. 4.5] and, independently, HUEBSCHMANN [18, p. 310].
Moreover, there is a version for n-cat groups given by LODAY (23, th. 4.2].

Theorem. There is a bijection between the set of crossed module extension classes Ext; (ITo, IT;) and the third
cohomology group H3(IIg, IT; ), where 4 is supposed to be a Grothendieck universe containing an infinite set.

This theorem can also be shown by arguments due to EILENBERG and MAC LANE, see [13, sec. 7, sec. 9]
and [24, sec. 7]. A detailed proof following these arguments, using the language of crossed modules, can be
found in the manuscript [32], where a bijection Ext; (Tly, IT;) — H3(ITo, I} ), [E]~y — 25 B3 (T, IT;) is explicitly
constructed. This construction is used throughout section 4. The inverse bijection z3B3(Ily,I1;) + [E(2?)]~,,
is used in corollary (4.10). We give a sketch of these constructions. That is, we indicate how a 3-cohomology
class of IIy with coefficients in II; can be associated to a crossed module extension (class) of IIy with II;, and
conversely, how a crossed module extension can be constructed from a given 3-cohomology class.

Given pointed sets X; for ¢ € I and Y, where [ is supposed to be an index set, let us callamap f: X,;c; X; =Y
componentwise pointed if (x;)ierf = * for all (x;);er € X5 X; with z; = * for some ¢ € I. So in particular,
interpreting groups as pointed sets in the usual way, a 3-cochain ¢3 € Ch®(IIy,II;) is componentwise pointed
if it fulfills (¢,p,1)c® = (q,1,p)c® = (1,q,p)c®> = 1 for all p,q € Ily. The set of componentwise pointed
3-cochains of Iy with coefficients in II; will be denoted by Ch? (I1p,I1;), the set of componentwise pointed

cpt
3-cocycles by Z2,,(Tg,I11) = Z3(Ily,II1) N Ch2,, (TIp, 1), the set of componentwise pointed 3-coboundaries
by B2, (Mo, 1) := B3(Io, ;) N Chfpt(Ho,Hl) and the set of componentwise pointed 3-cohomology classes
by HZ, (o, I0y) := 23, (Ilo, I1;) /B2, (o, II;).  With these notations, we have H3(IIo,II;) = HZ (I, Iy ).

Analogously in other dimensions, cf. for example [32, cor. (3.7)].

We suppose given a crossed module extension E of Il with II;. First, we choose a lift of idy, along the
underlying pointed map of 7, that is, a pointed map Z': Iy — Gp E with Z'm = idy,. We obtain the
componentwise pointed map

2’ =17y 5t Uy x g — Imp, (q,p) = (¢Z")(pZ")((qp) Z")

fulfilling the non-abelian 2-cocycle condition

(r,q)2%(rq, p)z* = "2 ((¢,p)2")(r, qp)2°

for p,q,r € Ily. Therefore, we will call z2 the non-abelian 2-cocycle of E with respect to Z'. Next, we choose
a componentwise pointed lift of z2 along w|™*", that is, a componentwise pointed map Z2: Iy x Iy — Mp E
with Z2(pu|'™*) = z2. This leads to the map

23 = Z3E7(ZQ,Z1): HQ X HO X Ho — H17
— 1 — m —
(r,q,p) = ((r, ) Z2%(rq,p) Z*((r,qp) Z*) ("% ((¢.p)Z%)) ") (1|™ ),

which is shown to be a componentwise pointed 3-cocycle of IIy with coefficients in II;, that is, an element of
ngt(Ho,Hl). One shows that the cohomology class of z3 is independent from the choices of Z1, Z? and the
representative F in its extension class.

A pair (Z2, Z*') of componentwise pointed maps Z!: Ily — Gp E and Z2: Ty x Iy — Mp E such that Z1mt = id,
and Z%(p|'™ ) = 22 is called a lifting system for E. Moreover, a pair (s',s°) of pointed maps s°: Iy — Gp E
and s': Impu — Mp E such that s = idp, and s!(p|™ ") = idpy . is said to be a section system for E. Every
section system (s!,s?) for E provides a lifting system (Z2, Z!) for E by setting Z! := s° and Z? := z%ﬁsosl,
called the lifting system coming from (s',s°). The 3-cocycle z* € Z3, (Ily,II;) constructed as indicated above
will be called the 3-cocycle of E with respect to (22, Z%). If (Z2, Z') comes from a section system (s!,s"), we
also write z> = Z%’(Sl’sg) = Z%KZQ’Z]) and call this the 3-cocycle of E with respect to (s!,s?). Finally, we call
cl(E) :=2°BE,;(Ily, IT;) the cohomology class associated to E.

We note two more facts: First, for every componentwise pointed 3-cocycle z* € Z2 (Ilo,II;) with cl(E) =
2°B?

2,t(Io, I1;) there exists a lifting system (Z2, Z') such that Z%,(Z2,Z1) = 23, cf. for example [32, prop. (5.19)].
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Second, given crossed module extensions E and E and an extension equivalence p: E— E, there exist a section
system (s!, s%) for F and a section system (5!, §%) for F such that §° = s°(Gpyp) and s' (Mp ¢) = (Gp @)Hi ﬁi st
2%7(5150), cf. for example [32, prop. (5.16)(b), prop. (5.14)(c)].

Conversely, for a componentwise pointed 3-cocycle z® € Zg’pt (I1p,I1;), the standard extension of ITy with II;
with respect to 2% is constructed as follows.

We let F be a free group on the underlying pointed set of Iy with basis s = Z': II; — F, that is, F is a free
group on the set Il \ {1} and s” maps = € Ily \ {1} to the corresponding generator xs® € F, and 1s° = 1.
We let m: F — Iy be induced by idp, : IIp — Ily. The basis s¥ is a section of the underlying pointed map of
7. We let 22: Ty x Iy — Ker, (q,p) — (gs°)(ps®)((gp)s®)~t. We let ¢: II; — II; x Kerm,m — (m,1) and
w: Mg xKerm — F, (m, f) = f. Welet s': Kerm — IIp xKer, f — (1, f) and we let Z2: Iy x Iy — II; x Ker 7
be given by Z2 := 22s'. The direct product II; x Ker7 is generated by Im¢ U Im Z? and carries the structure
of an F-module uniquely determined on this set of generators by "2 (ki) := ("k)¢ for k € II;, r € Il, and
"7 ((,2)2%) = ((r,0,p)2°) " ((r,0) 22)((rq, ) Z2*)((r, qp) 2*) " for p,q,7 € G.

These data define the standard extension E(z%) and the standard section system (sls,s%) for E(z3): The
group part of E(z%) is given by GpE(2?%) := F, the module part is given by Mp E(23) := M x Ker7 and the
E(z

3 _
and moreover such that Zp (s1,50) =

*) .= 4 and the canonical

1

structure morphisrsn is given by HE(ZS) := p. We have the canonical monomorphism t
) := 7. The section system (sig,sgg) is defined by sgg = 5% and Sig, = st.

epimorphism 7t*(*

By construction, the 3-cocycle of E(z3) with respect to the section system (simsgg) is z3. In particular,
c(E(2?%)) = ,z?’ngt(G7 M).

3 Low dimensional cohomology of a simplicial group

In this section, we will show that the zeroth cohomology group of a simplicial group depends only on the
coefficient module, that the first cohomology group depends only on the O-truncation and that the second
cohomology group depends only on the 1-truncation.

Our results shall be achieved by means of calculations with analysed cocycles and coboundaries in low dimen-
sions. Therefore, we restate their definitions explicitly.

(3.1) Working base.

(a) We suppose given a simplicial group G and an abelian 7(G)-module M. The analysed cochain complex
Ch,, (G, M) starts with the following entries. (%)

Chy,, (G, M) = Map({1}, M),

Chl (G, M) = Map(MG, M),

Ch2 (G, M) = Map(M;G x MyG x MyG, M),

Ch? (G, M) = Map(MaG x M;G x M;G x MG x M;G x MG x MG, M).

The differentials are given by

(90)(c0) = 1e — goBoMG - 1c
for go € MoG, c € Ch? (G, M), by

(91, ho, 90)(cd) = (g1ho)c — (hogo)c + hoBoMG - (go)c
for go, ho € MoG, g1 € M1 G, ¢ € Ch}, (G, M), and by

(927 kla hla kOa g1, hOa gO)(Ca)
= ((920)k1, (h10)ko, (910)ho)c — (k1h1, ko, hogo)c + (h1 % g1, koho, go)c — koBoMG - (g1, ho, go)c

for go,ho,ko € M()G, gl,hl,kl S MlG, go € MQG, cc Ch2 (G, M)

an

6To simplify notation, we identify (M;G x MoG) x (MpG) with M1G x MoG x MoG, etc.

12



(b) We suppose given a crossed module V' and an abelian 7y(V)-module M. The cochain complex Ch(V, M)
starts with the following entries.

Ch"(V, M) = Map({1}, M),

Ch'(V, M) = Map(GpV, M),

Ch?(V, M) = Map(MpV x GpV x GpV, M),

Ch*(V, M) = Map(MpV x MpV x GpV x MpV x GpV x GpV, M).

The differentials are given by
(9)(c0) = lc — g(Imp) - 1c
for g € GpV, c € Ch°(V, M), by
(m,h, )(cd) = (mh)e — (hg)e + h(Im ) - (g)e
for g h e GpV, m e MpV, ce Chl(V,M), and by
(p,n, k,m, h, g)(cd) = (p,nk,mh)c — (pn, k, hg)c + (n*m, kh, g)c — k(Im ) - (m, h, g)c
for g,h,k € GpV, m,n,p € MpV, ¢ € Ch*(V, M).
Proof.

(a) We show how the differential 8: Ch2 (G, M) — Ch3_ (G, M) of the analysed cochain complex is computed
using transport of structure, the easier lower dimensional cases are left to the reader.

The corresponding entries of the cochain complex are Ch? (G, M) = Map(G; x Gog, M) and Ch? (G, M) =
Map(Gy x Gy x G, M). Now the semidirect product decompositions of Gg, G; and G2 are given by the
isomorphisms

vo: Go = MoG, go — 9o,

@y " MoG — Go, go = 9o,

©1: G1 — MG x MG, g1 — (91(g91d150) "1, g1dy),
pr s MiG x MG — G, (g1, 90) = 91(goso);

w2: Go = (MaG x M1G) x (MG x MpG),

g2 — ((92(g2d2s1) " (g2d280) (g2d1s0) ", (92d1)(g2d2) 1), ((92d2) (g2dadiso) ~', gadady)),
902_15 (M2G % M1G) x (M1G x MoG) — G, ((92, 1), (91,90)) — g2(h150)(9151)(g0S051).

Moreover, the image ¢'0 € Ch?’(G7 M) of a 2-cochain ¢’ € Ch?(G, M) is defined by

(92,91, 90)(c'0) = (g2do, g1do)c’ = (g2d1, (g1d1)go)c’ + ((92d2)g1, 90)¢" — (92d2diBoMG)(g1, go)<’-

Hence we obtain

ChZ (G, M) = Map((M;G x MoG) x MoG, M),
Ch3 (G, M) = Map((M2G x M1G x M1G x MoG) x (M1G x MoG) x MoG, M),

and, using the isomorphisms ¢; for i € {0,1,2}, the image cd € Chin(G,M ) of an analysed 2-cochain
c € Ch2 (G, M) is given by

cd = (p3" x o7 x g (01 % ©0)0)D),

that is, we have

((92, k1, h1, ko), (915 7o), 90)(¢d) = (g2, 1y b, ko) L, (91, ho)er b 9o ) (01 X ¢0)e)d)
= (g2(k150) (h181) (Kkosos1), g1 (hoso), go) (((¢1 X $0)c)0)
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= ((92(k150) (h1s1) (Kosos1))do, (91 (hoso))do)(
— ((g2(Kk150) (h1s1)(kosos1))d1, ((g1(hoso)
+ (((g2(k180) (h1s1) (kosos1))dz2) (g1 (hoso)
— (92(k1s0) (h1s1) (kosos1))d2diBoMG - (g1(hoso), go) ((¢1 X ¢o)c)

= (((920)k1(h10s0)(koso)) 1, ((919)ho)po)c — ((k1hi(koso))e1, (hogo)po)c
+ ((h1(kos0)g1(hoso))e1, gowo)c — koBoMG - ((g1(hoso))#1, gopo)c

= (((920)k1(713s0) (koso) (koso) " (P1so) ™, (R1)ko), (918)ho)e — (kb (oso) (Koso) s ko), hogo)e
+ ((h1(Koso)g1 (hoso) (hoso) ™" (Koso) ™", koho), go)e — koBoMG - ((g1(hoso) (hoso) ™, ho), go)e

= (((920)k1, (h10)ko), grho)e — (((k19)ha, ko), hogo)c + ((h1 g1, koho), go)c
— koBoMG - (g1, ho) go)c

for g0, hOa kO € MOG7 gl7h17k1 S M1G> g2 € MZG

(1 X @o)c)
)d1)g0)((¢1 X ¢o)c)
), 90)((#1 X o)c)

(b) This follows from (a) and the definition of crossed module cohomology via Cosk;, cf. section 2.14. O

We immediately obtain the following result about the zeroth cohomology group, which states that it only
depends on the module of coefficients (and therefore implicitly on the zeroth homotopy group by our choice of
coefficients).

(3.2) Proposition. Given a simplicial group G and an abelian 7y(G)-module M, we have
HY(G, M) = H(mo(G), M) = {m € M | pm = m for all p € 75(G)}.

(3.3) Corollary. Given a crossed module V' and an abelian 7t9(V)-module M, we have
HY(V, M) 2 H(mo(V), M) = {m € M | pm = m for all p € mo(V)}.

We suppose given a simplicial group G, an abelian group A and n € {0,1}. In propositions (3.5) and (3.13),
we will show that H**1(G, A) =2 H**!(Trunc” G, A). Using homotopy theory of topological spaces, this can be
seen as follows.

We consider the unit component ¢¢: G — Cosk,, Trunc™ G of the adjunction Trunc™ - Cosk,, and claim that
T, € is an isomorphism for k € [0, n], cf. section 2.7. If n = 0, one reads off that Trunc? e¢ is an isomorphism and
hence mye is an isomorphism since p = Trunc?. Ifn = 1, one reads off that Gp(Truncl ea) and Mp(Truncl €a)
are isomorphisms, hence Trunc! e is an isomorphism and thus e = 7'c;€(Truncl €¢) are isomorphisms for
k € [0,1], cf. [30, prop. (6.25)].

The canonical simplicial map WG — WG is a Kan fibration with fiber G, and WG is contractible, see [16, ch. V,
lem. 4.1, lem. 4.6]. Analogously for Cosk,, Trunc” G, so the induced long exact homotopy sequence [22, ch. VII,
4.1, 4.2, 5.3 shows that 7, (Weg) are isomorphisms for k € [0, n+1]. It follows that 71, (|Weg|) are isomorphisms
for k € [0,n+1], see [16, ch. I, prop. 11.1] and [22, ch. VII, 10.9]. The Whitehead theorem [3, ch. VIL, th. 11.2 I(b)]
provides isomorphisms Hy (|Weg|) for k € [0,n + 1]. The universal coefficient theorem [3, ch. V, cor. 7.2] yields
isomorphisms H*(|Weg|, A) for k € [0,n + 1]. Finally, H*(Weg, A) are isomorphisms for k € [0,n + 1] by [20,
th. 6.3]. In particular, one obtains H**1(G, A) =2 H"*!(Cosk,, Trunc" G, A) = H"*!(Trunc" G, A), as desired.
However, we will not make use of these topological arguments. Following the overall intention of this article,
we will give direct algebraic proofs of these results. Moreover, we will use proposition (3.11)(b) several times in
section 4, in particular in the proofs of proposition (4.4) and proposition (4.7).

(3.4) Proposition. We suppose given a simplicial group G and an abelian 75 (G)-module M. The first analysed
cocycle group Z! (G, M) is the kernel of

inc? MoG M) ChL(9ME Nr): 7Y (MG, M) — Ch'(M; G, M),
that is, we have

Zon (G, M) = {z € Z'(MoG, M) | zo|goma = 0}
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Proof. For every element z € ZL (G, M), we have

0= (1, ho, go) (20%"an(GM)) = (hg)z — (hogo)z + hoBoMG - (g0)z = (ho, go) (20" MG M))
for all gg, hg € MG as well as
0= (g1,1,1) (20 (M) = (g,0)2

for all g; € MG, that is, Z! (G,M) C Z' (MG, M) and z|g,mc = 0. Conversely, given a l-cocycle zy €
ZY (MoG, M) with z9|p,mc = 0, it follows that
(91, ho, 9o) (200Pen(GM)Y = ((g19)ho)z0 — (hogo)zo + hoBoMG - (go)zo0
= (91)20 + (910)BoMG - (ho)z0 — (hogo)zo + hoBoMG - (go)20
= (ho)zo0 — (hogo)zo + hoBoMG - (g0)z0 = (ho, go) (200" Moy = 0

for g1 € M1G, go, ho € MoG, that is, zg € Z1 (G, M). Altogether, we have
Zr}Ln(GvM) = {ZO € Zl(MOG7 M) | ZO|B0MG = 0} O
Recall that Ch(Trunc’ G, M) = Ch,, (Cosko Trunc® G, M) for every simplicial group G.

(3.5) Proposition. Given a simplicial group G and an abelian 71y(G)-module M, the unit component e : G —
Coskg Trunc® G of the adjunction Trunc® - Cosk, induces an isomorphism

7 (eq, M): ZY(Trunc’ G, M) — 7. (G, M),
which in turn induces isomorphisms Bl (eg, M) and H (eq, M). In particular, we have
HY(G, M) = H! (Trunc’ G, M).

Proof. We let m: MG — MG/BoMG = Trunc’ G denote the canonical epimorphism, cf. section 2.7. The
induced group homomorphism Z! (eq, M) is given by (go)(2'Zl, (e, M)) = (gom)z’ for go € MoG, 2/ €
7' (Trunc® G, M). Thus we have 2'ZL (eq, M) = 0 if and only if already 2’ = 0, that is, Z (eq, M) is in-
jective.

To show surjectivity, we suppose given an analysed 1-cochain z € Z! (G, M). We choose a section of the
underlying pointed map of 7, that is, a pointed map s: Trunc’ G — MG with sm = idpyuue0 . Then
(gs)(ps)((gp)s)~! € Kerm = BoMG and therefore, by proposition (3.4),

((g5)(ps))z = ((gs)(ps)((qp)s) " ((qp)s))z = ((g5)(ps)((ap)s) ")z + ((gs)(ps)((qp)s) " )BoMG - ((qp)s)z
= ((gp)s)=

for all p,q € Trunc® G. Now the pointed map 2’: Trunc® G — M defined by (p)z’ := (ps)z for p € Trunc’ G is
a 1-cocycle in Z'(Trunc® G, M) since

)(z'Ch(Trune" G — ()2 — (qp)z’ +q - (p)2' = (g5)z — ((qp)s)z + gs7 - (ps)=

= (qs)z — ((g5)(ps))z + (gs)BoMG - (ps)z = (1, gs, ps) (20 an(@M)) = 0

(g;p

for all p, ¢ € Trunc’ G. Further, go(go7s)~" € Kerm = BoMG implies, using proposition (3.4),

0 = (go(goms) ™)z = (g0)z + goBoMG - ((go7ts) ™)z = (g0)z + (goms)BoMG - ((gorts) ™)z
= (g0)z — (g9oms)z + ((go7s)(go7s) ")z = (90)2 — (90)(2'Zan(ec:, M)

and therefore (go)(2'Z}, (eq, M)) = (go)z for all gg € MoG, that is, 2’Z. (eq, M) = z. Thus Z! (e, M) is
surjective. Altogether, Z! (e, M) is an isomorphism of abelian groups.

Now the injectivity of Z. (eq, M) implies the injectivity of the restriction Bl (eq, M). To show that this is
also an isomorphism, it remains to show that for every analysed 1-coboundary b € B} (G, M), the 1-cocycle

¥ € Z'(Trunc’ G, M) given by (p)b' := (ps)b for p € Trunc’ G is in fact a 1-coboundary, that is, an element
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in B'(Trunc’ G, M). Indeed, given b € Bl (G, M) and an analysed O-cochain ¢ € Ch (G, M) with b =
cOCPan(G:M) it follows that

(p)b' = (ps)b=1c — (ps)BOMG - lc =1lc—p- lc = (p)(c@Ch(Tr““CO M)

for all p € Trunc® G and hence b/ = cdCh(Trunc® G.M) ¢ B! (Trunc’ G, M).
Thus we have shown that Z! (¢g, M) and B} (eg, M) are isomorphisms, and hence H
isomorphism. In particular, we have

1
an

(eq, M) is also an

HY(G, M) =H. (G, M) =H (Trunc’ G, M). O
(3.6) Corollary. Given a simplicial group G and an abelian 71y(G)-module M, we have

HY(G, M) = H (7 (G), M).
(3.7) Corollary. Given a crossed module V' and an abelian 7t9(V)-module M, we have

HY(V, M) = H' (70 (V), M).
We recall a simple fact of 2-cocycles of (ordinary) groups:

(3.8) Remark. We let G be a group and M be an abelian G-module. For every 2-cocycle z € Z%(G, M), we
have (g,1)z =g¢-(1,1)z and (1,9)z = (1,1)z for all g € G.

Proof. Given a 2-cocycle z € Z*(G, M), we have

0= (gv L, 1)(Z6) = (g’ 1)2: - (gv 1)2 + (97 1)Z -9 (17 1)2 = (gv 1)Z —g- (17 1)27

that is, (g,1)z =g - (1,1)z, and

0= (17 lvg)(za) = (17 1)Z - (l,g)z + (Lg)Z - (179)Z = (17 1)2 - (1,9)2,
that is, (1,9)z = (1,1)z for all g € G. O

(3.9) Corollary. We let G be a group and M be an abelian G-module. A 2-cocycle z € Z2(G, M) is compo-
nentwise pointed if and only if it is pointed.

To simplify our calculations, we give a bit more convenient description of the analysed 2-cocycles.
(3.10) Definition (Moore decomposition of analysed 2-cochains).

(a) We let G be a simplicial group and M be an abelian 75(G)-module. Given an analysed 2-cochain ¢ €
ChZ (G, M), the 1-cochain ¢y, € Ch' (MG, M) defined by (g1)ewm, := (91,1, 1)¢ for g1 € MG is called the
M; -part of ¢, and the 2-cochain ey, € Ch? (MG, M) defined by (hy, go)em, = (1, ho, go)c for go, ho € MoG
is called the Mg-part of c.

(b) We let V be a crossed module and M be an abelian 71(V)-module. Given a 2-cochain ¢ € Ch*(V, M), we
call the M;-part of c also the module part of c and write eyp := ey, , and we call the My-part of ¢ also the
group part of ¢ and write cgp := cm,. That is, (m)emp = (m, 1,1)c for m € Mp V and (h, g)cgp = (1, b, g)c
for g,h € GpV.

(3.11) Proposition.

(a) We suppose given a simplicial group G and an abelian 715(G)-module M. An analysed 2-cochain z €
Chzn(G, M) is an analysed 2-cocycle if and only if it fulfills the following conditions.
(i) We have (g1, ho,90)z = (g1)2m, — (910, ho)2m, + (o, go)2m, for g1 € MiG, go, ho € MoG.
(i) The Mg-part 2y, is a 2-cocycle of MpG with coefficients in M, that is, 2y, € Z2(MoG, M).
(i) We have (h1g1)zm, = (h1)2Mm, + (91)2m, — (P10, 10)2Mm, for g1, h1 € M1 G.
(iv) We have (9°%0g;)zm, = goBoMG - (g1)2m, + (9°(919), 90) 2nm, — (90, 910) 20, for g1 € M1 G, go € MoG.
(v) We have (g20)2m, = (1)2m, for g2 € MaG.
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(b) We suppose given a crossed module V and an abelian 7o (V)-module M. A 2-cochain z € Ch*(V, M) is a
2-cocycle if and only if it fulfills the following conditions.

(i
(ii

(iii

We have (m, h, g)z = (m)zmp — (M, h)zap + (R, g)zgp for m € Mp V', g,h € Gp V.
The group part zgp is a 2-cocycle of Gp V' with coefficients in M, that is, zq, € Z*(GpV, M).

We have (nm)zmp = (n)2mp + (M) 2mp — (0, m)zgp for m,n € Mp V.

~— — — —

(iv) We have (9m)znmp = g(Im ) - (m)zmp + (9m, 9)zap — (9, m)zgp for m e MpV, g € GpV.
Proof.
(a) First, we suppose given an analysed 2-cocycle z € Z2 (G, M). We verify the asserted formulas:
(ii) We have
0= (17 17 17 kOv 17 h07 go)(za)
= (1, ko, ho)z — (1, ko, hogo)z + (1, koho, go) 2 — koBoMG - (1, ho, go)z
= (ko, ho)2m, — (Ko, hogo)zm, + (Koho, 90)2m, — koBoMG - (ho, go)2m,
for go, ho, ko € MoG, that is, 2y, € Z2(MoG, M).
(i) First, we prove the formula for hy = 1, then for go = 1 and finally for the general case.
We have
0=(1,91,1,1,1,90, 9 )(20) = (g1, 1,90)z = (91,1, 1)z + (1,90, 95 ")z — (1, 90,95 ')2
= (917 1)90)'2 - (gl)lea
that is, (¢1,1, 90)z = (g1)2m, for g1 € M1 G, go € MyG.
Next, we obtain
0= (17 17917 17 17 h07 1)(’28> = (1;918, hO)Z - (917 1u hO)z + (gla h07 1)2 - (17 h07 1)2
= (910, ho)2m, — (91)2m, + (91, o, 1)z — (ho, 1)2M,,
that iS, (gl,ho, 1)Z = (91)2M1 — (gla, hO)ZMo + (ho, 1)ZMO for g1 € MlG, h() S M()G
Finally, we get, using (ii) and remark (3.8),
0= (1791; 17 h07 17 1790)(26) = (917 h07 1)2 - (gla hOago)Z + (la ho,go)Z - hOBOMG ! (la l,go)Z
(91)2m, — (910, ho) 2, + (ho, 1)2at, — (915 hos 90)2 + (ho, go)2m, — hoBoMG - (1, go) 2,
(91)2m, — (910, ho)zm, — (915 ho, go)z + (ho, go)2m,

that is, (g1, ho,90)z = (91)2m, — (910, ho)2m, + (ho, 90)2m, for g1 € My G, go, ho € MoG.
(iii) We have
0= (17 17 h17 17917 17 1)(28) = (la hla7gla)z - (h17 17 1)Z =+ (hlgla 13 I)Z - (gla 13 I)Z
= (h10, g10)2m, — (h1)2m, + (h1g1)2m, — (91)2m;,
that iS, (h1g1)2M1 = (h1)2M1 + (91)21\/[1 - (h18, 918)2’1\/{0 for g1,h1 S M1G.
(iv) We have, using (i),
0= (]-7 ]-7 17907917 ]-7 1)(28) = (13907918)2 - (13907 1)2 + (905091790, ]-)Z - gOBOMG : (gla ]-7 ]-)Z
= (90, 910)2m, + (7% g1) 2, — (7°(910), 90) M, — 90BoMG - (g1) 2,

that is, (9°%0g;)2m, = goBoMG - (g1)2m, + (9°(910), 9o)2m, — (90, 910)2m, for g1 € MG, go € MoG.
(v) We have

0=1(92,1,1,1,1,1,1)(20) = (920,1,1)z — (1,1, 1)z + (1,1, 1)z — (1,1,1)z
= (gza)le - (1>ZM17
that is, (g20)2m, = (1)2m, for g2 € MaG.
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Now let us conversely suppose given an analysed 2-cochain z € Ch2 (G, M) that fulfills the properties (i)
to (v). Then we compute

(92, k1, h1, g1, ko, ho, go)(20)
= ((920)k1, (h10)ko, (910)ho)z — (Kb, ko, hogo)z + (R "% g1, koho, g0)z — koBoMG - (g1, ho, go)
— (920)k1)2ny — (knD, (R @)ko) 2ty + (1o, (910)ho)oaty — (k) oa, + ()@, ko)
= (ko, hogo) 2, + (ha *%g1)zm, — ((ha *%g1)0, koho)zm, + (koho, go) 2u,
— koBoMG - (91)2Mm, + koBoMG - (¢10, ho)zm, — koBoMG - (ho, g0)2M,
= ((920)k1)2m, — (k1hi)zm, + (By Fo%0g1)2m, — koBoMG - (g1)2m, — (k10, (h10)ko)2m,
+ ((P10)ko, (919)ho) a1, + ((k10)(h10), ko)2n, — ((h10) ¥ (910), koho)2m,
+ koBoMG - (¢10, ho)zm, — (Ko, hogo)2m, + (Koho, go)2m, — koBoMG - (ho, go)2M,
= (920)2m, + (k1)2m, — (1,k10)2m, — (k1ha)zar, + (ha)za, + (P g1)2a, — (ha0, (7% g1)0) 20,
— ("% g1)zm, + ((F%91)0, ko) 2nt, — (ko, 910)2m, — (K10, (h10)ko)2n, + ((7h10)ko, (910)ho)2u,
+ ((k10)(h10), ko) 2nt, — ((h10) ™ (910), koho)zm, + koBoMG - (910, ho)zm, — (Ko, ho) 2w,
= (k1)aa, — (kiha)zm, + () 2n, — (h18,%0(910))2m, + (*(910), ko) 2w, — (Ko, 910) 20,
— (k19, (h10)ko) 2v1, + ((h10)ko, (910)ho)2v, + (k1) (m18), ko)zate — ((718) * (919), koho)zn,
+ koBoMG - (910, ho)zm, — (ko, ho)2m,
= (k10, h10)2m, — (K10, (h10)ko)2m, + ((k10)(h10), ko)znt, — (h10,%0(910)) 2,
— ((h10) % (g10), koho)zm, + (% (910), ko) 2, — (Ko, ho)zat, — (Ko, 910) 2n,
+ koBoMG - (910, ho)zm, + ((h19)ko, (910)ho)2m,
= (10, ko)zm, — (7 (910), koho)zm, — (h19, 0 (910)koho)zm, + (7 (910), koho) 2,
— (*(g10)ko, ho)zn, — (Ko, (910)ho)2a, + (Ko(910), ho)za, + ((R10)ko, (910)ho)2u,
= (h10, ko)zm, + ((h19)ko, (g10)ho)2m, — (h10, ko(g10)ho)2m, — (Ko, (910)ho)2m, = 0
for all go, ho, ko € MoG, g1, h1, k1 € M1G, go € MaG, that is, z € Z2, (G, M).

(b) This follows from (a) by definition of the 2-cocycles of V' via Cosk; V and the fact that Mg Cosky V = Gp 'V,
M; Cosk; V =MpV and Mz Cosk; V' = {1} (up to simplified notation). O

With the preceeding proposition we can now establish a description of the second analysed cocycle group of a
simplicial group resp. of a crossed module as a pullback. This can be seen as a continuation of proposition (3.4).

(3.12) Corollary.

(a) Given a simplicial group G and an abelian 719(G)-module M, the diagram

M ‘zgn(G,M)

72.(G, M) Ch'(M,G, M)
—Mo\igiﬁ’iﬁ” (oCRMGM) oy onl(aMC ar))
inc 2oMG | a ap(1,
72(Mo G, M) LTI 20 MO o\ @ M) x Ch (ML G x MoG, M) x Ch! (MaG, M)

is a pullback of abelian groups, where (g1, go)(c1a1) := (9°%°g1)c1 — goBoMG - (g1)c1 and (g1, go)(coa) :=
(9°(¢19), go)co — (g0, 910)co for g1 € M1 G, go € MG, ¢; € Chl(M1G7M), co € ChQ(MOG,M), and where
M is considered as a trivial M; G-module.

(b) Given a crossed module V' and an abelian 7y(V')-module M, the diagram

*Mp|22(v,M)

Z*(V, M) Ch'(Mp V, M)
~oola (o™ J (0O VAD )

inc (Ch2(u,M) ag)
N

Z>(GpV, M) Ch*(MpV, M) x Ch'(MpV x GpV, M)
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is a pullback of abelian groups, where (m,g)(cia1) = (9m)e; — g(Imp) - (m)e; and (m, g)(coap) =
(9m, g)co — (g,m)co for m € MpV, g € GpV, 1 € Chl(MpV,M)7 co € ChQ(Gp V, M), and where M is
considered as a trivial Mp V-module. In particular, we have an isomorphism

Z3(V, M) — {(c1,20) € Ch'(MpV, M) x Z*(GpV, M) | (nm)c, = ncy + mey — (n,m)zo and
(gm)cl = g(Im H) ' (m)cl + (gm,g)zo - (g,m)zo for all m,n & Mp V7 g€ Gp V}a

2+ (2My, 2M,)-

Proof.

(a) We note that ap and a; are group homomorphisms. By proposition (3.11)(a)(ii) to (v), the diagram is
well-defined and commutes. To show that it is a pullback, we suppose given an arbitrary abelian group
T and group homomorphisms ¢o: T — Z2(MoG, M) and ¢1: T — Ch'(M;G, M) with ¢, dPMGM) —
©oincCh? (M M), 1a; = poincagy and o Ch*(OME, M) = pgincMap(1, M). For every t € T, we define
a 2-cochain ty € Ch2, (G, M) by (g1, ho, 90)(te) := (g1)(te1) — (910, ho)(two) + (ho, go)(two) for g1 € MG,
9o, ho € MpG. Since

(g1)(tp)m, = (91,1, 1)(tp) = (91)(te1) — (910, 1)(tpo) + (1, 1)(tpo) = (g91)(te1)

for all g1 € M;G and

(ho, go)(tp)m, = (1, ho, go) (te) = (1)(te1) — (1, ho)(tpo) + (ho, go)(tpo) = (ho, go)(teo)

for all go, ho € MoG, it follows that (to)u, = te1 and (tp)m, = tpoe and hence tp € Z2, (G, M) for allt € T
by proposition (3.11)(a). Thus we obtain a well-defined group homomorphism ¢: T — Z2 (G, M) with
(to)m, = ter and (tp)m, = teo for all ¢ € T. The uniqueness of such a map follows from (3.11)(a)(i). O

Now we are able to show that the second cohomology group of a simplicial group only depends on its 1-segment.

(3.13) Proposition. Given a simplicial group G and an abelian 7y(G)-module M, the unit component e¢: G —
Cosk; Trunc! G of the adjunction Trunc' + Cosk; induces an isomorphism

72 (eq, M): Z*(Trunc' G, M) — 72

an

(G, M),
which in turn induces isomorphisms B?(eg, M) and H?(eg, M). In particular, we have
H?(G, M) = H?(Trunc' G, M).

Proof. For n € Ny, we denote by ¢, the isomorphisms from G,, to its semidirect product decomposition, cf.
section 2.9. Then we have (go)¢g ' (ec)o = (go) and (g1, ho)p;  (ec)1 = (9171, ho) for g1 € MyG, go, ho € MoG,
where we let m: MG — M;G/B1MG = Mp Trunc' G denote the canonical epimorphism, cf. section 2.7.
Therefore the group homomorphism Z2 (eq, M) is given by (g1, ho,g0)(2'Z2,(ec, M)) = (g17, ho, go)2' for
g1 € M1G, go, ho € MoG, 2’ € Z?(Trunc' G, M). Thus we have 2'Z2 (eq, M) = 0 if and only if already 2’ = 0,
that is, Z2, (eq, M) is injective.

To show surjectivity, we suppose given an analysed 2-cochain z € Z2 (G, M). We choose a section of the
underlying pointed map of 7, that is, a pointed map s: Mp Trunc! G — M;G with sm = idyp Trunct - Then
(ns)(ms)((nm)s)~! € Kert = BiMG and therefore

((ns)(ms))zar, = ((ns)(ms)((nm)s) ™! ((nm)s)) 2, = ((nm)s)za,
for all m,n € Mp Trunc' G. Moreover, ((9m)s)(9% (ms))~! € Kermm = B;MG implies
((Um)s)am, = (((Fm)s)( (ms)) ™! &0 (ms))zag, = (% (ms))2u,

for all m € MpTrunc' G, g € GpTrunc' G. Defining ¢}: MpTrunc' G — M by (m)c; := (ms)zy, for
m € Mp Trunc! G, we obtain

(nm)cy = ((nm)s)zm, = ((ns)(ms))zn, = (ns)zar, + (ms)zm, — (ns0, msd) = (n)cy + (m)cy — (n,m)zn,
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for all m,n € Mp Trunc! G as well as

(Pm)cy = ((“m)s)zu, = (*(ms)) 2, = gBoMG - (ms)zu, + (?(ms0), g)za, — (9, ms0) 2w,
g(Imu) - (m)ey + (!m, g)2m, — (9, m)2m,

for all m € Mp Trunc' G, g € Gp Trunc' G. Thus we get a well-defined 2-cocycle 2’ € Z?(Trunc' G, M) with
(m)2yr, = (ms)zm, for m € Mp Trunc' G and 2Gp = 2M, by corollary (3.12)(b). Further, gi(g17s)~" € Kermt =
B1MG implies

0= (gl(glﬂs)_l)le - (1)ZM1 = (gl)ZMl + ((glns)_l)le - (9187 (917'[8)_18)2]\/[0 - (1)ZM1
= (g1)2m, + ((17ts) ™ am, — (917080, (g17s) ™1 0) 2, — ((g17s) (ga7es) ™ )am, = (91)2m, — (91708) 2,

for all g; € M;G. But now it follows that 2'Z2 (eq, M) = z since

(91, ho, 90)(2'Z2, (e, M) = (170, ho, 90)Z' = (9170) 20, — (9278, o) 26, + (hos 90) 26
= (q17s)zm, — (910, ho)zm, + (o, go) 2,
= (gl)ZM1 - (9187 hO)ZMo + (h0790)ZM0 = (glahO»QO)Z

for all g1 € M1G, go, ho € MoG. Thus Z2, (g, M) is surjective. Altogether, Z2 (e, M) is bijective and hence
an isomorphism of abelian groups.

The injectivity of Z2, (eq, M) implies the injectivity of the restriction B2 (ec, M). To show that this is also
an isomorphism, it remains to show that for a given analysed 2-coboundary b € B2 (G, M), the 2-cocycle
Y € Z?(Trunc' G, M) given by (m)byr, = (ms)bu, form € Mp Trunc' G and bap = b, is in fact a 2-coboundary
in B?(Trunc' G, M).

We choose ¢ € Chl_ (G, M) = Ch!(Trunc' G, M) with b = cd%Pan(GM) that is, with (g1, ho, go)b = ((g10)ho)c—
(hogo)c + hoBoMG - (go)c for g1 € M1G, go, ho € MoG. Tt follows that

(m)byg, = (ms)brr, = (msd)e = (m)e = (m)(cgCh(Trunc’ GAD),
for all m € Mp Trunc' G, that is, Wyrp = (c@Ch(FH“nCl G’M))Mp, as well as

/Grp — (cachan(G,M))Mo _ (CaCh(Trunc1 G7M))Gp-
Hence we have b = ¢dCh(Trunc’ G.M) ¢ B2(Trunc! @, M).

We have shown that Z2 (eq, M) and B2 (e, M) are isomorphisms, and hence H2 (eg, M) is also an isomor-
phism. In particular, we have

H*(G, M) = H2 (G, M) = H?(Trunc' G, M). O

4 Crossed module extensions and standard 2-cocycles

Throughout this section, we suppose given a group Iy and abelian IIy-modules II; and M, where II; is written
multiplicatively. Moreover, we suppose given a crossed module extension E of IIy with II; and a section system
(s',s%) for E. The lifting system coming from (s!,s”) will be denoted by (Z2,Z%'), that is, Z! = s* and
7% = 725!, Cf. section 2.16.

(4.1) Notation. In this section, we use the following conventions and notations: For p,q,r € Iy, we write
[p] :== pZt, [q,p] == (¢,p)Z? and [r,q,p] := (r,q,p)z>. For g € Imu, we write [g] := gs'. So for m € Mp E, we
usually write [m] = [mu] = mus!, following our convention from section 2.6. Finally, for g € Gp E, we write
g := gTt. L

Wih these conventions, we have [p] = p, [¢,p] = [[g][p]lap] '] and [r,q,p]t = [r,q][rq, p][r, qp] " " ([g,p] ") for
p,q,r € Iy and [m]p = mp for m € Mp E.

We have seen in section 2.15, how the computation of cohomology groups in positive dimension can be reduced
to that of pointed cohomology groups. In this section, we will see a further reduction in the case where we
consider the second cohomology group of the underlying crossed module of a crossed module extension.
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(4.2) Definition (standardisation of pointed 2-cocycles).

(a) Given a pointed 2-cocycle z € Z2,(E, M), the standardisation of z (with respect to (s',s°)) is given by

. 140
2= o0l s) = 5 5.0,

(s',5%)

where the standardiser of z (with respect to (s!,s%)) is defined to be the pointed 1-cochain s, = s €

Chy(E, M) given by

for g e Gp E.

(b) A pointed 2-cocycle z € Z2 (E, M) is said to be standard (with respect to (s',s%)) (or a standard 2-cocycle,
for short) if 25* = 2. The subgroup of th (E, M) consisting of all standard 2-cocycles of E with coefficients
in M will be denoted by

ZL(E,M) =72 (o1 00)(B, M) :={z € Z} (E,M) | 2* = z}.

st,(s1,s

Likewise, the subgroup of Bit (E, M) consisting of all standard 2-coboundaries of E with coefficients in
M will be denoted by

BL(E, M) = B, (1 w0)(E, M) := {b € B}, (E, M) | 0™ = b}.
Moreover, we set
Hgt(Ev M) = Hgt,(sl,so)(Ev M) = th(Ev M)/Bgt(Ev M)
(4.3) Remark. We have
(9)s= = (lglg ™ Namp — (g[8 ", [8)2cp
for ge GpE, z € Z2,(E, M).
Proof. This follows from proposition (3.11)(b)(i). O
In the next proposition, we give more detailed formulas for the standardisation.
(4.4) Proposition.
(a) For every pointed 2-cocycle z € Z2 (E, M), we have
(m)2, = (mlm] ™)z

for m € Mp E, and
(hy 9)28, = ([ *(lglg) 1~ [hglhg) ™ Dzaap — ([, 9, [PG]) 26 + ([A, [9) 26
for g,h € Gp E.

(b) For every pointed 2-coboundary b € B (E, M), we have
(m)byg, =0
for m € Mp E, and, given ¢ € Chpl,t(E7M) with b = cd, we have
(h, 9)b¢, = (7, 9)(c00)

for g,h € Gp E, where ¢ € Ch'(ITy, M) is given by (p)co := ([p])c.
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Proof.

(a) We suppose given a pointed 2-cocycle z € Z2 (E, M). By proposition (3.11)(b), we have

(m)zls\/t[p = (m)zmp — (M)(8:0)mp = (Mm)2mp — (M)s.
= (m)znp — ([m))2atp = (M) 2mp + ([M] ™) 2aap — (mym ™) zgp = (mm] ™)z

for m € Mp E, and

(h,9)2&, = (hy9)zap — (R, 9)(5:0)ap = (hy 9)2Gp — (h)s: + (hg)s. — h - (g)s-
= (h, g)sz ([h[R] N 2np + (B[R] [R ])ZGp + ([hglhg] ™) 2np — (hglhg) ™, [hg])zap
e (gl D) zwp + - (g[g) !
s 9)zap + (AR 2mp — (A[R] 7Y, h] Yzap + (h[R] 1, [B)zap + ([hglhg) ') 2ap
— (hglhg) ™, [hg])zap + k- (l9lg) ) amp — k- (9[g]~ 17[’] Dzap +h- (glg] 7 [9)2ap
v9)zap + ([RIA) 7™ zap — (R[] (AR ) zap + (B[R [R]) zap + ([hglhg) ™' ])2ap
— (hglhgl ™", [hgl)zcp + ("(l9lg) "1™ aap — (“([Glg ™), W) zap + (hs (gl ") 2ap
E ( [9) " [9lg™)zap + h- (glg] ™ [])sz
1)ZM +("([9[@ 17" ) 2w + ([hglhg) ™ Dantp + (hy 9)zap — (B[R], (AR zqp
Y[ zap — (hglhg) ™ [hgl)zap — ("([glg™"), h)zap + (ks [glg™ ") zap
- ] “Hzap +h- (9917 [9) zap
wp + ("([g[g =17 [hglhgl ') 2ap + (hlglg™ " hglhgl ™) zep + (B, 9)zcp
— (h[R] ™", [RIh™Y)zap + (B[R] 7Y, [R])zGp — (Rglhg] ™", [Rg))zap — ("([glg "), h)zap
(h.[glg™)2ap — R (9lg) " [9lg ™ )zap + - (9[g) " [9])2an
! 1717 Yhglhg)™ D zmp + ([RA1, h[gllhg] ™) zap + (hlglg™ h ™", hglhg) ™) zap
(h h[R) =Y, [Bh™Y) 2y + (R[B) Y [R])zap — (hglhg) ™ [hg))zap — (h[glg~"h~", h)zayp
(h, [9lg~)zep — h- (9la) ", [9lg™zap + h - (9[a) ™", [9)) zap
7 " ([glg) =Y [Ralhg] ) 2 + ((RI[G), [Rg) ™) zap — (B[] [Rg] ) zap
+ (A", hlg)zcp + (h[g], [hg) ™) zap — (hg, [hg) ™ )zap + (hlglg ' h™ ", hg)zap + (b, 9)zayp
+ (hg, [hg) Nzap — (hyh™Yzap + ([B], h™ 1) zap — by - ([hg) ™", [hgl)zap — (hlgl, g7 )zap
+ (hlgl,g~'h ™ Nzap —hg - (97 h ™" h)zap + (hlgl, 9~ zap — b ([9l,97 ) zap + (B [9) zap
—h-(9,9 zap + - ([g,97")zap
= (B[R~ M((glg) 11D [hglhg) ™ Dzmp + ([BI[G), [Rg) ") zap + ([RIA, R[g))2ap

+ (hlglg™"h™ 1, hg)zap + (hy 9)zap — (™) zap + (B, A1) zap — hg - ([hg] ™", [hg)) zap
+ (h[gl, g~ h ™ Nzap —hg - (97 A h)zap + (b, [9)zap — B (9,97 1) 2cp
= ((p[R) 1 " ((glg) "1 D) Ihglhgl ™ Dz + ([B[g), [hg) ") zap + ([B], [9)zap — (B, [9])zap
+ ([Rh™" h)zap — (R[], g ' h™ N zap + hg - (97 A hg)zap + (B, 9)zap — (b, h™Y)zap
+ ([h],h™Y)zep — hg - ([hg) ™, [hg])zap + (h[gl, g~ h ™ )zap — hg - (97 h ™ h)zap + (B, [g]) 2ap
—h-(9,9)zap
= (W)~ ((glg) 11D [hglhg) ™ D 2mp + ([RI[G), [Rg] ™) zap + (B, [@)2cp + (R, h)zap
+hg- (g7 hg)zap + (hyg)zap — (hyh™Y)zap + ([B), h™Y)zap — g - ([hg) ™Y, [hg))zcp
hg- (g7 'h™" h)zap —h- (9,97 )zap

= (B[R~ ((glg) 1Y [halhgl ™ D zmp + (R[], [hg) ™) 2ap + ([ R, [g)zap — ([h],h™H)zap
+h- (b1 h)zagp + hg - (gfl,g)z(;p —(h,g)zap +hg - (g~ = h)sz (h,9)zap — (h, hil)z(;p
+ ([h,hNzap — hg - ([hg) ™", [hg))zap — hg - (g7 R~ h)zap — h- (9,97 ") zap
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= ([p[R]~ 7" ([QH - )[hg[hg] N + ([R)[G], [hg) ™) zap + (A, [@)zap + R+ (B, h)26p
+hg ( g)ZGp (h,h™")zap — hg - ([hg) ™", [hg])zap — h - (9,97 ") zap
(g - -
I

[hg
171 )[hg[hg] Naap + (B[, [hg) ™) zap + (7], [9)zap + (b h ™) 2cp
+h- (9,9 )zap — (b h ™ )zap — hg - (hg) ™, [hg))zap — B~ (9,97 ") 2ap
+ ([h][g

= ([h[A =17 " (l9lg) =) [hglhgl ™ Damp + ([RI[g), [hg] ™ )zcp — hg - ([hg) ™", [hg))zcp + ([R], [9])2cp
= ([p[R =17 ™(lglg] ")~ hglhg] D omp — ((R)[G)Rg] ™, Thg))zap + (B, [9)) 2cp
= (R~ (g lg) =™ D hglhg) ™ Daat — ([, 7). [hgl)zep + (), [9])2cp

for g,h € Gp E.
(b) By (a), we have
(m)bAg, = (m[m]~)byp = (m[m] ™) (cd)np = (mm™")e =0

for m € Mp E and

(h, 9)b%, = (AR~ " ([9lg) =1~ [hglhg) ™ Dbsp — ([h, ), [Rg)bap + (B, [g])bay
= ([p[R) =11 (Mg~ [hglhg) D (d)mip — (B, ), (RG] (cD)ap + (B, [9]) (D) cp
= ((h[A] =)~ "((glg) 1) ") (hglhg]))e — ([h,q])e + ([, gl[Rig))e — ([hg))e + ([R])e — ([R][g))e
+h-([g)e
= —([hg))c + ([h))e + h - ([g))e = (h)eo — (hg)co + h - (G)co = (h,§)(co0)
for g,h € Gp E.
(4.5) Corollary.
(a) Given a pointed 2-cocycle z € Z2,(E, M), we have
([m) 23, = (9lg] ™" [g)2, = 0
formeMpFE, g€ GpE.
(b) We have

Z5(B, M) = {z € Z3,(E, M) | ([m))2mp = (9[9] ", [g])2cp = 0 for all m € Mp E, g € Gp E}.
In particular, the standardisation 2% of every z € Z2(E, M) is standard.

(¢) The embedding 22 (E, M) — Z2,(E, M) and the standardisation homomorphism 72, (E, M) — Z% (E, M),
2+ 2% induce mutually i 1nverse isomorphisms between HZ (E, M) and HZ (E, M ) In particular,

H?(E, M) = H2 (E, M).
Proof.
(a) We suppose given a pointed 2-cocycle z € Z2 (E, M). Proposition (4.4)(a) implies
(1)) = (] oaep = 0
for m € Mp E and

(9g1™", [8D) =5, = (glal "1 lglgl ™" Damp — ([1.3). [F)2cp + (1, [g)2ep = 0

for g € GpE.
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(b) Given a standard 2-cocycle z € Z2(E, M), we have ([m])zmp = ([m])23f, = 0 for all m € Mp E and
(g[g) ™" @) zep = (g9lg) 71, [g])2&, = 0 for all g € GpE by (a). Conversely, given a pointed 2-cocycle
z € th(E,M) with ([m])zmp = (9[g) 7, [9])2cp = 0 for all m € Mp E, g € Gp E, it follows that
(9)5= = (9[g] " Daatp — (9la) ™", [9]) 2cp = 0
for all g € Gp E, that is, s, = 0. Hence 2% = 2z — 5,0 = z, that is, z is standard. Altogether, we have
Z%(B,M) = {z € Z3,(E, M) | ([m])zzp = (9[g] ™", [9])26p = 0 for all m € Mp E, g € Gp E}
and a further application of (a) shows that 25¢ € Z% (E, M) for all z € Z?(E, M).

(c) By definition of the standardisation, we have z = 25! 45,0 for every pointed 2-cocycle z € Zf)t(E , M) and
since the standardisation 2% is standard by (b), it follows that

HR (B, M) = Z3,(BE, M) /B (B, M) = (Z3(E, M) + By (E, M)) /B3, (E, M).
Moreover,
H (B, M) = 75 (B, M) /B (B, M) = Z3(E, M)/ (23, (E, M) N By, (E, M)),
and thus Noether’s first law of isomorphism provides the asserted isomorphisms
HZ (E,M) — H(E, M),z + B3 (E,M) — 2+ B}, (E, M) and
H?)t(E7M) - Hft(EaM)7Z + B?)t(EaM) = ZSt + Bgt(E7M)
In particular, we have
H?(B, M) = H, (B, M) = Hg, (B, M),
cf. section 2.15. O

Similarly to proposition (3.11), we will give in proposition (4.7) a characterisation of standard 2-cocycles and
2-coboundaries. For convenience, we introduce the following abbreviation first.

(4.6) Notation. For g, h € Gp E, we abbreviate (h, g)x := [R[R] Y7 "([9[g] ']~ Y)[hglhg]*][h,g]~* € Ker p.
(4.7) Proposition.
(a) A pointed 2-cochain z € Chgt(E, M) is a standard 2-cocycle if and only if the following conditions hold:
(1) We have (m, h, g)z = (m)zmp — (M, h)zgp + (h, g)zgp for m € Mp V', g,h € Gp V.

(ii) We have (m)zmp = (m[m]~1)2mp for m € Mp E.

)
)
)
)

We have (h, g)zap = ((h, 9)k)2mp + ([1], [§])2zgp for g,h € Gp E.
We have tzy, € Homyy, (ITh, M).

(i
(iv
v) We have ([r, ¢, p]t)2mp = (r,q,p)(((s° x so)sz)B) for p, q,r € .

(
(b) A pointed 2-cochain b € Chf)t (E,M) is a standard 2-coboundary if and only if the following conditions
hold:

(i) We have by, = 0.
(ii) There exists a pointed 1-cochain ¢g € Ch;t (o, M) such that (h, g)bcp = (h,7)(cod) for g,h € Gp E.

Proof.
(a) First, we suppose given a standard 2-cocycle z € Z% (E, M). We verify the asserted formulas:

(i) Since z is in particular a 2-cocycle, this property holds by proposition (3.11)(b)(i).
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(ii) By corollary (4.5)(b), we have

(m)zvp = (mm] ™! [m])2mp = (m[m] ™) zap + (Im])2arp — (1,m)26p = (mlm] ™) 2np
for m € Mp E.
(iii) By proposition (4.4)(a), proposition (3.11)(b)(iii), corollary (4.5)(b) and (ii), we have

(h g)ZGp ( g)Z &

= ([p[r] '] "(lglg] 1Y) [hglhg) ') 2w — ([R. ), [Rg))2cp + (] [9))2cp
= ([ " ((glg) 1)) [hglhg) ][R, 9]~ )[R, gD 2wy — ([R)[g)Rg] ", [hg)) 2cp + (A, [9))2cp
= ([h[A] 1] "([glg] "1~ [hglhg) (R, 9]~ ) 2mp + (] [9])2cp
= ((h, g)r)zmp + ([A], [9])zcp
for g,h € Gp E.

(iv) We have tzyp € Homyy, (I1;, M) by proposition (3.11)(b)(iii) and (iv).
(v) Using proposition (3.11)(b) and corollary (4.5)(b), we compute
q

([r. a0, 1) 2mp = ([, dllra, pllr,apl (Mg ) ™ amp = ([ dllra, 2w — (g, pllr ap) 2wy

= ([r,q))zmp + ([ra. p)) 2mp — ([ al, [ra. p)) 2 — (g, p) 2atp — (7, ap]) 2np
+ ("g,p), [r,qp ])Zcp
]

—([r.ql. [ra. p))zap — - (la:pD)2mp — (Ma. pl, 1) zep + (7], [0, 2] 2ep + (Mg, 2], [ ap)) zap
= —([r, ql, [rdl[pllrap]™ )sz ([l PIlr) = ) zap + ([r] (g, ) 2cp
+ ([7]lg, PIlr) ", [r)apllrap) ) zap

—([r, ql[rd], [p] [qu} Yzap + ([rdl, pl[rap) ) zap — ([, d), [ra) zap + (7], [0, p)[r] ™) zap
- ([q, pllr) =, [P zap + ([7): [as Pllapllrap) ) zap — ([7]: [ P)F] ) 26
+r- (g, pl[r] [r]lapl[rap) ) zap
= —([rlla), [Pllrapl ") zap + ([rdl, Ipllrap) " zap — ([rlldllrd " [ral)zap — - (g, p)Ir) ", [r])zap

+ (7], [d)pl[rap) ) zap + 7 - (g, ][], [r)ap)frap] ™) zap
= ([r), [9)zap — 7 - ([a], [Pl [rap] ") 2cp + ([rqllpl, [rap) ") zep — rq - ([P, [rap] ") 2ep + ([rq), [p]) 2cp
+7 - ([q,2], [gpllrap) ™) zap — ([r], lap)lrap) ) zcp
= ([r], la)zap — 7 - ([d)lp), [rap) ") zep — - ([d), [p)) 2ep + ([rdllp), [rapl ) zap + ([rdl, [p))zap

[

= ([r]

[r

[r

+r - ([q,pllap), [rapl ") zap — 7+ (lgp), [rapl ™M) zap + 7+ ([0, 2], lap])zap — ([Fllgp), [rap) ™) zap
+7 - (lgpl, [rap) ") zap — ([r], [ap) 2cp
(I, laD)zap — 7 - ([a), [p)) zap + ([rg, pllrap], [rap) ™) zap + ([ra), [P)2cp
= ([r ap)rap], [rap) ") zap — ([r], [ap) 2cp
= ([}, [d))zcp — 7 - (g [P)) 2ep + ([ra, p), D zap — ([rq, 0l [rap))zap + ([rapl, [rap) ™) zap
+ ([rql, [P) 2ap — (I, ), V)zap + ([r, qpl [rap)) zap — ([rap), rap] ™) zap — (7], [9p]) 2cp
= ([}, [a))zap — ([r], lap])zcp + ([rdl, [P))zap — - (lal; [p)) 2ap
= (r,9)((s” x 8°)zap) — (r,qp)((s” x s%)zcp) + (rq, p)((s° x 8°)zap) — 7 (4, ) ((s” x 8°)2cp)
= (r,,p)(((s” x 5)2Gp)0)

for p,q,r € .

P

Conversely, we suppose given a pointed 2-cochain z € ChfDt (E, M) that fulfills conditions (i) to (v). To
show that z is a 2-cocycle, we use the characterisation given in proposition (3.11)(b). First of all, we show
that zg, € Z?(Gp E, M). Indeed, we have

(k, h)r(kh, g)k((k, hg)r) " (P ((h, g)r)) "1k, ], gt
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- dﬂgvnhy-w-lnk[} 1) kR ) (7 (gfa] )b {RR) ) b [Rhg) )
(P (nglig) ) K{FI 1 IehglRhg) 1)~ (U7 [glg) 1) P [h(F) ) Pnglfg) 1)
1) k] ) T (glg) ) h (RF] ) g [Rhg) ! khglihg] ] k(R
[

— [K] )
F nglhg)=1)(P[hglhg) =) ~* M n[R) =1 PP [g[g) )
= F((RR) 1Y) K[E) 7Y (kA lTR) ) B ([glg) =)~ e kR )~ k(K] 1) )R]~ 1) PR [gg]) )
= B[] =)t W R R R (g 5] =)= 1) I8 ) =] IR g g]
= F (R~ B (g[g) =Y~ BR[R) 1 B g [g] ]
= B (R " (glg) 1Y) R M glgl ) = BT (gl =71 Plglg) )
= F( (g7~ Pglg) ) = 1
and hence

(k, hy 9)(26p0) = (k, h)zap — (k, hg)zap + (kh, 9)zap — k- (h, 9)2Gp
= ((k, W)K)2vp + ([K], [R])zap — (K, hg)w)znp — (K], [hg])2ap + (KR, g)k)2mp + (KR, [])2cp
— k- ((h,g)r)zmp — k- ([1], [9])zap
= ((k, )(kh, g)((k, hg)r) ™ FI(
= ((k, h)(kh, g)r((k, hg)r)~* (
for g, h,k € Gp E, that is, zgp € Z +(Gp

)z
((hy g9)&) ™)) 2nap + (R, R, ) (((5° % 5%)26p)0)
H(h,9)R) ™ Ry gl za = 0

E, M). Moreover, we have
(nm)zmp — (n)2mp — (M) 2mp + (1, M) 26p
= (nm[nm] ™ )zmp — (n[n] ™) zmp — (m[m] ™) 2mp + (0, m)K) 2010
(nm[nm] =) (n[n] 1) " (mlm] ™) 7 (0, m)K) 2np
(n[n] ™)~ n(m[m] ™"
[m]m ™ mn] =t ™ ([m] ™) [nm]fnm] ™) 2up

nlfm] ]~ " (fm] ™) zmp = (Mm] ™ (] ™)) 2 = 0

for m,n € Mp F and

), m)wlnm] )

=,
3
3

(Im)zmp — G- (Mm)amp — (IM, 9)zap + (g, m)zcp

= (*m["m] ) amp =7 - (mlm] ) zmp — ((Pm. g)k)2mp + (9, m)K) 2mp

= ((@m[*m] =) ((m[m] ") ~)((“m, g)r) ™" (g, m)K) 2m1p
= ((“[m]) * (m= ") (Tm[Tm] =) ((“m. g)k) (g, m)k) 2a1p
= (/[m](g, m)s((*m, g)K) ™" ['m] ™) 2np
= (/[m](lglg] 1~ 19([ 17 Hlgmlgl = D(Em) = " (glal =1 Emglg) D) T Im) T e
= (“[m][glg] 1" 2([m]~")lgmlg] " 1F'mglg] ']~ " glgl I m]Em] ) 2w
= (“[m]lg[g) ") ([m) ) " lalg) " Dame = T (lglg) M) T glg] T ) 2w = 0

for m € Mp E and g € Gp E. Altogether, z € th(E, M). Finally, we have
([m])zmp = ([m][m] ™) 2mp = 0
for m € Mp E and
(9g1™", [8D)zep = ((9lg] ™ [9)m)2mp + (L. [9])2cp = ([9g] ™1 glg] ™ )2y = 0

for g € Gp E. Hence z € Z (E, M) by corollary (4.5)(b).
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(b) We suppose given a standard 2-coboundary b € B (E, M) and we choose ¢ € Chll)t(E,M) such that
b = cO. Letting ¢g € Ch;,t (I1g, M) be defined by (p)co := (lp])c7 proposition (4.4)(b) implies that (m)by, =
(m)b3g, = 0 for m € Mp E and (h, g)bap = (h, 9)b&, = (h,9)(cod) for g,h € Gp E.

Conversely, let us suppose that by, = 0 and suppose given a pointed 1-cochain ¢y € Chét (Tlg, M) with
(h, 9)bcp = (h,7)(cod) for g,h € Gp E. Defining c € Chlljt(E, M) by (g)c:= (g)co for g € Gp E, we have

(m)(cO)mp = (m)c = (M)co =0
for m € Mp E and
(h, 9)(cd)ap = (h)e = (hg)e + h - (g)c = (h)eco — (hg)co + h - (9)co = (h,7)(cod)

for g,h € GpE, that is, cd = b. Moreover, ([m])by, = 0 for all m € Mp E and (g[g]™*, [9])bcp =
(1,9)(cod) = 0 for all g € Gp E. Hence b € Z2 (E, M) N B2 (E, M) = B (E, M) by corollary (4.5)(b). O

(4.8) Definition (cocycle, coboundary and cohomology group of a 3-cocycle). For a 3-cocycle z® € Z3(Ilg, 1),
we set

72 ((Ty, Ty, 2%), M) := Homyy, (I1;, M) x5 ChZ, (g, M),

Ma‘p(z37]VI)|HomHO(H1,JVI)
B2((H07H1723)7 ) - {0} X Bcpt(H()vM) and
H?((Io, Ty, 2%), M) := Z*((To, Iy, 2°), M) /B? (I, Iy, 2%), M).

(4.9) Corollary. We have group homomorphisms ®;: Z2 (E, M) — Homp, (Il;, M) and ®q: Z2(E, M) —
Ch?)t(HO,M) given by (k)(2®1) = (kt)zmp for k& € II; and (¢,p)(2®0) := ([¢], [p])2zcp for p,q € Iy, z €
72, (E,M). These group homomorphisms fit into the following diagram, which is a pullback of abelian groups.

72 (E, M) N Homp, (I, M)
&, J JMap(ZS, M)|omyy, (11, 0)

17}

ChZ , (Tly, M) ———— Ch?

cpt

(H()vM)

cpt
The induced isomorphism

®: 72, (B, M) — Z*((Iy, Iy, 2%), M), 2 — (2®1, 2®0),
whose inverse

U: 7%((o, Iy, 2%), M) — Z2 (E, M)

s v by (o1, ,0) (o1, 0)%) = (] (m ) () 3 gy form € Mp . .1 Gp
induces in turn isomorphisms B (E, M) — ((HO,Hl, 3),M) and H(E, M) — H?((Ilp,1y,2%), M). In
particular, we have

H*(E, M) = H?((My, 11, 2%), M).

Proof. By proposition (4.7)(a)(iv) and (v), the group homomorphisms @, and ®; are well-defined and the
quadrangle commutes. To show that it is a pullback of abelian groups, we suppose given an arbitrary abelian
group T as well as group homomorphisms ¢g: T' — Ctht(HO,M) and ¢1: T — Homyy, (IT3, M) such that
Qleap(ZB?M”HOmnO (II4,M) = 90087 that is, with ([Ta Q7p})(tsﬁ1) = (T,q,p)((t@o)a) for all p,q,r € Iy, t € T. For
t € T, we define a pointed 2-cochain ty € Chit(E, M) by

(m, h, g)(tg) = ((m[m] ™! ((m, h)r) "' (h, 9)R) (L") 7)) (te1) + (b, 9) (t0)

for m € MpE, g,h € GpE. Then we obtain (m)(te)mp = ((m[m]=1) (/"™ ")~1)(tp1) for m € MpE and
(hy g)(tp)ap = ((h, g)k(L|™ ) =) (te1) + (h, 9)(tpo) for g, h € Gp E. To show that tp is a standard 2-cocycle, we
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verify the conditions in proposition (4.7)(a). Indeed, using [m[m]~!] = ([h],[g])x = (1,h)k = 1 for m € Mp E,
g,h € Gp E, we have

(m, h, g)(tp) = ((m[m] = ((m, h)r) ™! (h, 9)R) (L") ")) (te1) + (b, 7) (t0)
)Rt

= ((mlm] ™) (™) ™) (ter) = ((m, W)™ ) 7Y (ko) + ((h, g)s
= (m)(te)mp — (m, h)(tp)ap + (h, 9)(t)ap

since ty; is componentwise pointed as well as

(m)(to)up = (mlm]~)(tp1) = (mm] =) (te)mp

™)™ (1) + (B, 7) (o)

and

(hy 9)(t@)ap = ((h, @)r(L™ ) ") (tp1) + (B, 9) (t0) = (B, 9)5) (te)mp + ([R], [3]) (t0)ap
for m € Mp E, g,h € Gp E. Moreover, t(t@)mp = teo1 € Homyy, (111, M) and

(Iry @ ) (to)np = ([r, @, P]L) (tp1) = (r, ¢, p) ((tp0)) = (1,4, ) (((s* x s°)(tp)ap)D)

for p,q,r € Ilp. Altogether, tp € Z%(E,M) for all t € T, and we have constructed a well-defined group
homomorphism ¢: T — Z2 (E, M). Finally, we have

(k) ((tp) 1) = (k1)(to)mp = (K)(te1)
for k€ Ily, t € T, and

(0, 2)((t9)®o) = (al, [P (tp)ap = ([l DA™ ) ) (t1) + (4, ) (to) = (¢, ) (tp0)
for p,q € Iy, t € T, that is, p®; = 1 and Py = ¢y.
Conversely, given an arbitrary group homomorphism ¢: T — Z% (E, M) with p®1 = 1 and p®y = ¢, we
necessarily have

(m)(te)np = (mlm] ™) (E)mp = ((mlm] =) (L™ ) ™) (tp®1) = ((m[m] =) (1™ )71 (te1)

for m € Mp E, and

(h, 9)(t0)ap = ((h, 9)k) (t)mp + ([, [9]) (t0)ap = ((h, 9)R) (t)mp + (h, ) (tePo)
= ((hy @)&(L/™ )™ (te1) + (h,7) (o)

for g,h € Gp E. This shows the uniqueness of the induced homomorphism. Altogether, the diagram under
consideration is a pullback of abelian groups.

Our next step is to show that the induced isomorphism ®: 72 (E, M) — Z?((Iy,11;,23), M) restricts to an
isomorphism B2 (E, M) — B2((Ilp,I11,z%), M). Given a standard 2-coboundary b € BZ(E, M), proposi-
tion (4.7)(b) states that by, = 0 and that there exists a pointed 1-cochain ¢y € Chét(Ho, M) with (h, g)bgp =
(h,9)(co0) for g,h € Gp E. In particular, b®; = 0 and

(¢,p)(b®0) = (lg], [P])bap = (¢,p)(co0)

for p,q € Tlp and hence b®, € B?(Ily, M). Conversely, we suppose given a standard 2-cocycle b € Z2 (E, M)
with b®; = 0 and b®Pq € Bgt (TIp, M), that is, there exists a pointed 1-cochain ¢g € Chét(Ho, M) with b®g = 0.
Then

(m)bsp = (m[m] ™ )bup = ((mlm] )™ )71 (b@1) =
for all m € Mp E and
(h. g)bcp = ((h, 9)k)brtp + ([], [9])bap = (7, 9)(b®o) = (7, G)(co)

for all g, h € Gp E. Hence b is a standard 2-coboundary by proposition (4.7)(b).
Altogether, ® restricts to an isomorphism B2 (E, M) — B?((Ily,I1,2%), M) and hence induces also an isomor-
phism H2 (E, M) — H?((Ily,I1;,2%), M). Moreover, corollary (4.5)(c) implies that

H*(E, M) = 0% (E, M) = H?((Iy, ;,2%), M). O
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(4.10) Corollary. For z*, 2% € 72, (Ilo,II;) with 2°B3 (I, IT;) = Z°B2 (Ily, 111 ), we have
H?((Ip, Iy, 2°), M) = H?((Ip, 11y, 2%), M).

Proof. We suppose given 3- cocycles 23, 2% € 73, (o, I1y) with 2°BE, (Ilo, I1;) = Z°B2, (Ily, 111 ). By construc-

tion of the standard extension E(2?%), the 3-cocycle of the standard extension E(2%) with respect to the standard

section system (sl;,s%) is given by Z%(zg,) (y0y) = 3. cf. section 2.16. Moreover, by [32, prop. (6.5)] there
exists a section system (§',s%) for E(z?%) such that ZE(ZS) (51,80) = 73, Thus corollary (4.9) implies
Hz((HOa Hla 23)7 M) = H2(E(23)7 M) = Hz((HOa Hla g3)7 M) U

We finish this section by a direct algebraic proof that extension equivalent crossed module extensions yield
the same second cohomology group, as to be expected from a weak homotopy equivalence, cf. for example [32,
rem. (4.5)].

(4.11) Proposition. We suppose given crossed module extensions £ and E of Iy with II; and an extension

equivalence p: 2 — E. Moreover, we suppose given a section system (s',8%) for E and a section system (3!, 59)

for E such that 5% = s°(Gp¢) and s*(Mp¢) = (Gp g0)|%$ﬁ st. (M
The induced group homomorphism 72(p,M): Z2(E,M) — Z*(E,M) restricts to a group isomorphism

72 (& SU)(E, M) — 72 )(E, M), which induces in turn isomorphisms Bgt,(gl’go)(E7 M) — B2 (E, M)
)(E, M).

st,(st,s0

\(B, M) — H?

st,(st,s0

st,(s1,s9)

and H2

st, (51,50

Proof. To show that Z2(p, M) restricts to a homomorphism Z2 (E, M) — 72,(E,M), we have to show that
Z7%(p, M) € ZZ(E, M) for every given standard 2-cocycle z € ZZ(E,M). By corollary (4.5)(b), we have
(ms') Zup - (g(gTEEsO) 1 gnP5%)zq, = 0 for all m € MpE, § € Gp E. Since s°(Gpy) = 5° and s'(Mpy) =
(Gpp)[i™ “ , it follows that

(ms")(ZZ*(p, M) )mp = (ms'9)2np = (mp3') 2up = 0
for all m € Mp E and

(g9(gn®s0) =, gr® ) (ZZ% (9, M))ap = ((g90) (9" s%¢0) ™", g s°0) Zap

for all g € Gp E, that is, 2Z2(p, M) € Z2,(E, M) by corollary (4.5)(b). Hence Z?(¢, M) restricts to a well-defined
homomorphism

2(B,M)

Z (0. M)l3 2

Z3(E,M) — Z%(E,M).

3

B, (51,50)" By corollary (4.9), we have isomorphisms

Now, [32, prop. (5.14)(c)] implies that Z%)(81750) =z
®: 72(E, M) — 7%((Ty, Ty, 2%), M), z = (2®1, 2®0)

given by (k)(2®1) := (k\F)z\p, for k € 11y and (g,p)(2P0) = (¢s°, ps®)zqp for p,q € Iy, 2z € Z2,(E, M), and
®: 72 (E, M) — 7%((Ty,I1,,2%), M), 2 — (3®1, 2®)

given by (k)(3®;) := (kLE)EMp for k € TI; and (g, p)(2®0) := (¢3°,p3°)zqp for p,q € Ty, 2 € Z4(E, M). To

show that Z2(p, M) ;zﬁﬁi thg A]V/gfb Indeed,

given z € Z2,(E, M), we have

is an isomorphism, it suffices to verify that ® = (Z2(p, M))

R(Z22 (0, M)®1) = () (ZZ2 (0, M)ap = (P 0)2nap = (kiP) 2, = k(Z1)

7Such section systems exist, cf. for example [32, prop. (5.16)(b)].
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for all k € I} and

(¢,p)(FZ* (¢, M)®0) = (qs°,ps°) (222 (0, M))cp = (5", ps° ) Zcp = (45°,p5°) Z6p = (q.P)(2P0)

for all p, q € T, that is, ® = (Z*(p, M)) ;2 Eg %;CD

Moreover, the induced homomorphism B2(<p, M) also restricts to a well-defined homomorphism

st (E M)

B2, M) 5 0

B%(E, M) — BZ(E, M),
cf. definition (4.2)(b), which is an isomorphism since

|BEM((H07H1)Z ), M) (BQ(()O,M) th(E)M))((b|BEIVI H07H17Z3):N[))

(B, M) B2, (B,M) BZ, (E,M)
2
and since <I>|g§“(‘é(rj\l4°)’nh M) and ‘I>|E’;Mé(?;)’nl’z )M are isomorphisms by corollary (4.9).

Finally, it follows that we get an induced isomorphism

5 Second Eilenberg-Mac Lane cohomology group

Until now, we have worked with crossed module extensions. Since every crossed module gives rise to a canonical
crossed module extension, we can now formulate EILENBERGs and MAC LANEs theorem in the context of crossed
modules and simplicial groups.

(5.1) Definition (first Postnikov invariant).

(a) Given a crossed module V, the cohomology class associated to the canonical extension
m (V) 25 MpV -5 GpV 1% 7o (V)
will be denoted by ki, := cl(V') € H2(70(V), m1(V)) and is called the (first) Postnikov invariant of V.

(b) Gfi\gzn a simplicial group G, we call k¢, := k3, ., € H3  (m(G), 1 (G)) the first Postnikov invariant
of G.

(5.2) Definition (second Eilenberg-Mac Lane cohomology group, cf. [12, sec. 3]).

(a) We suppose given a crossed module V and a componentwise pointed 3-cocycle z* € Z2, (mo(V), w1 (V)
w1th ki, = 2°B2  (mo(V), 1 (V). The second Eilenberg-Mac Lane cohomology group of V with respect to
23 and with coefficients in M is defined by

H s (V, M) i= H((mo(V), mu(V), 2%), M).

(b) We suppose given a simplicial group G and a componentwise pointed 3-cocycle 2 € 73, (70(G), 1 (G))

with k¢, = 2°B2, (70(G), m1(G)). The second Eilenberg-Mac Lane cohomology group of G with respect to

23 and with coefficients in M is defined by
HI%]M,Z3 (G7 M) = HQ((TEO(G)v 7'[1(G), 23)3 M)

We have already seen that the isomorphism class of the second Eilenberg-Mac Lane cohomology group of a
crossed module does not depend on the choice of a specific 3-cocycle in its associated cohomology class:

(5.3) Remark. Given a crossed module V' and componentwise pointed 3-cocycles 2%, 2% € Z2 (1o (V), 71 (V')
with k‘{‘, = z?’Bg’pt( o(V),m(V)) = ~‘Sngt( o(V),m(V)), we have

EMz3(VM) EMz3(VM>

Proof. This follows from corollary (4.10). O
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(5.4) Theorem (cf. [12, th. 2]).

(a) We suppose given a crossed module V' and an abelian 7o(V)-module M. We choose a componentwise
pointed 3-cocycle 2% € Z2  (10(V), 1 (V) with ki, = 2°BE (19(V), 71 (V)). Then we have

H2(V, M) = Higy s (V. M).

(b) We suppose given a simplicial group G and an abelian 719(G)-module M. We choose a componentwise
pointed 3-cocycle 2* € Z2 (10(G), m1(G)) with k&, = z°B2,, (70(G), 71 (G)). Then we have

H2(G, M) = Hiy (G, M).
Proof.
(a) This follows from corollary (4.9) and remark (5.3).
(b) Applying proposition (3.13) and (a), we obtain
H?(G, M) = H?(Trunc' G, M) = H},\; s(Trunc' G, M) = HEy, _s(G, M). O
(5.5) Corollary (cf. [12, sec. 4]).
(a) We suppose given a simplicial group G and an abelian 71y(G)-module M.
(i) If k% =1, then
H?(G, M) = Homy, g (M (G), M) & H?(m(G), M).
(ii) If Homy,(q)(m(G), M) = {0}, then
H*(G, M) = H?(my(G), M).
(b) We suppose given a crossed module V' and an abelian 71y(V')-module M.
(i) If k3 =1, then
H?(V, M) = Homy, vy (m (V), M) & H? (0 (V'), M).
(ii) If Homy,(v)(mi(V), M) = {0}, then
HE(V, M) 2 H (o (V), M),
Proof.

(a) (1) If k& = 1, then we have Z*?((mo(G), ™ (G),1), M) = Homy, () (m1(G), M) x 72, (m0(G), M) and

hence

cpt

H*(G, M) = EM (G, M) = B (m(G), m1(G), 1), M)
2 Hom () (1 (G), M) x B2y, ((G), M) 2 Homy, ) (m (G), M) & B (mo(G), M)
by theorem (5.4).
(ii) If Homy,(q)(m(G), M) = {0}, then we get
H*(G, M) = Hiy, .4 (G, M) = H(m0(G), m(G), 2%), M) = H, (m0(G), M) = H(m0(G), M),

where 23 € Z2,(10(G), 11 (G)) with k¢, = 2°B2 (70(G), 1 (G)).

cpt

(b) This follows from (a) applied to the simplicial group Cosk; V. O
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(5.6) Question (cf. [12, sec. 5]).

(a) We suppose given a crossed module V' and an abelian 7y(V)-module M. How can theorem (5.4) be
generalised to obtain a description of H"(V, M) for n > 3 in terms of mto(V'), 7; (V) and k$,? What about
such descriptions for homology?

(b) We suppose given a simplicial group G and an abelian 7y(G)-module M. How can theorem (5.4) be
generalised to obtain a description of H*(G, M) for n > 3 in terms of homotopy groups and Postnikov
invariants? What about such descriptions for homology?

Finally, we discuss some examples.

(5.7) Example. We suppose given a group II; and abelian IIp-modules IT; and M. We let V be the crossed
module

triv

I, — Il,.
Then we have
H?(V, M) = Homp, (ITy, M) @ H?(Tly, M).

Proof. The 3-cocycle of the crossed module extension

triv

m, 2m , 2 gp, M, yy
with respect to the unique section system (triv,id,) is trivial and hence

H2(V, M) = Homyy, (T1;, M) @ H? (T, M)
by corollary (5.5)(b)(i). O
(5.8) Example. We suppose given a simplicial group G such that 711 (G) is finite. Then we have

H*(G,7Z) = H*(n(G), 7).
Proof. Since m;(G) is finite, we have Hom (g (71 (G), Z) = {0}, whence corollary (5.5)(a)(ii) applies. O
(5.9) Example. We suppose given a simplicial group G with 71y(G) = 711 (G) = Cs. For n € Ny, we have

H2(sz/n) o {Hom(CQ,Z/n) @HZ(CZ’Z/H) if k‘é = 1,}

H2(Cy, Z/n) it k3, £ 1,
7)2 if n =0,
~ ) {0} ifneN, 21n,
Z/2®Z/2 ifneN, 2|n k%=1,
72 ifneN,2|n, k& #1,

where Z/n is considered as a trivial Co-module.

Proof. The assertion for k3, = 1 is a particular case of corollary (5.5)(a)(i), so let us suppose that k3, # 1. For
n = 0, we get the assertion from example (5.8). So let us suppose given an n € N. By the additivity of H?(G, —)
resp. H2(19(G), —) and the Chinese Remainder Theorem, it suffices to consider the case where n = p° for a
prime p and e € N. If p > 2, we have Hom () (71(G), Z/p¢) = {0} and hence

H2(G7 Z/pe) = H2(7TO(G)7 Z/pe)

by corollary (5.5)(a)(ii).
It remains to consider the case n = 2° for some e € N. We let z be the generator of 7y(G), we let y
be the generator of m1(G) and we let 2z* € Z2 . (7m(GQ), 1 (G)) be a componentwise pointed 3-cocycle with

cpt
kg = 2°B2  (m0(G), 71 (G)). Since kg, # 1, we have 2 # 1 and hence

1 f
(T,q,p)z3 — or (TaQ7p) 7& (Jf,ﬂf,l'),
y for (r,q,p) = (z,2,2).
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Now Homy(c)(m1(G),Z/2°) = Hom(mt1(G), Z/2°) has a unique non-trivial element z;: 71, (G) — Z/2¢, which
maps y to yz; = 2°~1. But for all ¢g € ChZ,,(10(G), Z/2¢), we have
(z,2,2)(cod) = (x,x)co — (2,1)co + (1,2)co — (x,2)co = 0 # 27 = yz; = (z,2,2)2%2.

Hence there does not exist a cochain ¢y € Chcpt( 0(G),Z/2°) with 2321 = ¢o0. It follows that

Zipn (G, 2/2°) = {0} x 22, (0 (G), Z/2°)
and thus
H*(G,2/2°) = Hpyy s (G, 2/2°) = H2 (10(G), 2/2°) = B (0(G), Z/2°). O

(5.10) Example. We consider the crossed module V with group part GpV = (a | a* = 1), module part
MpV = (b | b* = 1), structure morphism given by bu = a? and action given by %b = b1, cf. [30, ex. (5.6)].
Then we have

Z/2 for n € Ny even,

BV, Z/n) = {{0} for n € Ny odd.

Proof. The homotopy groups of V are given by (V) = (x) With 2 :=a(Imp) and 7t; (V) = (y) with y := b2,
and we have 7'[0(V) =~ (V) 2 Cy. Now (s, ) defined by s°: mo(V) — GpV, 1+ 1,2+ a and s*: Imu —
MpV,1+ 1,a® — b is a section system for V We let (22, Zl) be the lifting system coming from (s',s%). Tt
follows that (ac,a;)z2 = (25%)(25°)(1s%) 7! = @? and therefore (x,2)Z? = a?s' = b. Finally,

(z,2,2)2° = (x,2)Z*(1,2) Z*((, 1)22)_1(mzl(x,x)Z2)_1 =b(b" ) =b =y
and therefore z> # 1. Since
(z,2,2)(c*0) = (z,2)c*((x,1)*) T (1,2)c* (*(z,2)c*) ' = (2,2)c*((z,2)c*) 7 =1

for every componentwise pointed 2-cochain ¢? € Chcpt( 70(V), m1(V)), we conclude that z° ¢ B2 (10 (V), 711 (V)
and hence k}, # 1. The assertion follows now from example (5.9). O

References

[1] ARTIN, MICHAEL; GROTHENDIECK, ALEXANDER; VERDIER, JEAN-LOUIS. Théorie des topos et cohomolo-
gie étale des schémas. Tome 1: Théorie des topos. Lecture Notes in Mathematics, vol. 269. Springer-Verlag,
Berlin-New York, 1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963-1964 (SGA4). With the
collaboration of N. BOURBAKI, P. DELIGNE and B. SAINT-DONAT.

[2] ARTIN, MICHAEL; GROTHENDIECK, ALEXANDER; VERDIER, JEAN-LOUIS. Théorie des topos et cohomolo-
gie étale des schémas. Tome 2. Lecture Notes in Mathematics, vol. 270. Springer-Verlag, Berlin-New York,
1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963-1964 (SGA4). With the collaboration of
N. BOURBAKI, P. DELIGNE and B. SAINT-DONAT.

[3] BREDON, GLEN E. Topology and Geometry. Graduate Texts in Mathematics, vol. 139. Springer-Verlag,
New York, 1993.

[4] BRowN, KENNETH S. Cohomology of Groups. Graduate Texts in Mathematics, vol. 87. Springer-Verlag,
New York-Berlin, 1982.

[5] BROWN, RONALD. Groupoids and crossed objects in algebraic topology. Homology, Homotopy and Appli-
cations 1 (1999), pp. 1-78.

[6] BROWN, RONALD; SPENCER, CHRISTOPHER B. G-groupoids, crossed modules and the fundamental
groupoid of a topological group. Indagationes Mathematicae 38(4) (1976), pp. 296-302.

[7] BULLEJOS, MANUEL; CEGARRA, ANTONIO M.; DUSKIN, JOHN W. JR. On cat™-groups and homotopy
types. Journal of Pure and Applied Algebra 86(2) (1993), pp. 135-154.

33



19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

20]
21]
22]

23]

24]

25]
[26]

27]
(28]

29]

BULLEJOS, MANUEL; FARO, EMILIO; GARCIA-MUNOZ, MIGUEL A. Postnikov invariants of crossed com-
plexes. Journal of Algebra 285(1) (2005), pp. 238-291.

CARRASCO, PILAR; CEGARRA, ANTONIO M. Group-theoretic algebraic models for homotopy types. Jour-
nal of Pure and Applied Algebra 75(3) (1991), pp. 195-235.

CEGARRA, ANTONIO M.; REMEDIOS, JOSUE. The relationship between the diagonal and the bar con-
structions on a bisimplicial set. Topology and its Applications 153(1) (2005), pp. 21-51.

DuskiIN, JOHN W. Simplicial methods and the interpretation of “triple” cohomology. Memoirs of the
American Mathematical Society, vol. 3(2), no. 163. American Mathematical Society, 1975.

EILENBERG, SAMUEL; MAC LANE, SAUNDERS. Determination of the second homology and cohomology
groups of a space by means of homotopy invariants. Proceedings of the National Academy of Sciences of
the United States of America 32 (1946), pp. 277—-280.

EILENBERG, SAMUEL; MAC LANE, SAUNDERS. Cohomology theory in abstract groups. II. Group Exten-
sions with a non-Abelian Kernel. Annals of Mathematics 48(2) (1947), pp. 326-341.

ELLis, GRAHAM J. Homology of 2-types. Journal of the London Mathematical Society 46(1) (1992),
pp. 1-27.

FRIEDLANDER, ERIC M.; MAZUR, BARRY. Filtrations on the homology of algebraic varieties. Memoirs of
the American Mathematical Society, vol. 110, no. 529. American Mathematical Society (1994).

GOERSS, PAUL G.; JARDINE, JOHN F. Simplicial Homotopy Theory. Progress in Mathematics, vol. 174.
Birkh&user Verlag, Basel, 1999.

Horr, DEREK F. An interpretation of the cohomology groups H" (G, M). Journal of Algebra 60(2) (1979),
pp. 307-320.

HUEBSCHMANN, JOHANNES. Crossed n-fold extensions of groups and cohomology. Commentarii Mathe-
matici Helvetici 55(2) (1980), pp. 302-313.

JARDINE, JOHN F. Algebraic Homotopy Theory, Groups, and K-Theory. Ph.D. thesis, The University of
British Columbia, 1981.

KAN, DANIEL M. On c.s.s. complexes. American Journal of Mathematics 79 (1957), pp. 449-476.
KAN, DANIEL M. On homotopy theory and c.s.s. groups. Annals of Mathematics 68 (1958), pp. 38-53.

LAMOTKE, KLAUS. Semisimpliziale algebraische Topologie. Die Grundlehren der mathematischen Wis-
senschaften, Band 147. Springer-Verlag, Berlin-New York, 1968.

LobpAy, JEAN-LOUIS. Spaces with finitely many non-trivial homotopy groups. Journal of Pure and Applied
Algebra 24(2) (1982), pp. 179-202.

MAc LANE, SAUNDERS. Cohomology theory in abstract groups. I11. Operator Homomorphisms of Kernels.
Annals of Mathematics 50(3) (1949), pp. 736-761.

MAc LANE, SAUNDERS. Historical Note. Journal of Algebra 60(2) (1979), pp. 319-320. Appendix in [17].

May, J. PETER. Simplicial objects in algebraic topology. Chicago Lectures in Mathematics. University
of Chicago Press, Chicago (IL), 1992.

PoORsT, SVEN S. Strict 2-groups are crossed modules. Preprint, 2008. arXiv:0812.1464v1 [math.CT].

QUILLEN, DANIEL G. Homotopical Algebra. Lecture Notes in Mathematics, vol. 43. Springer-Verlag,
Berlin-New York, 1967.

RATCLIFFE, JOHN G. Crossed extensions. Transactions of the American Mathematical Society 257(1)
(1980), pp. 73-89.

34


http://arxiv.org/abs/0812.1464v1

[30] THOMAS, SEBASTIAN. (Co)homology of crossed modules. Diploma thesis, RWTH Aachen University, 2007.
http://www.math.rwth-aachen.de/~Sebastian.Thomas/publications/

[31] THOMAS, SEBASTIAN. The functors W and Diag o Nerve are simplicially homotopy equivalent. Journal of
Homotopy and Related Structures 3(1) (2008), pp. 359-378.

[32] THOMAS, SEBASTIAN. The third cohomology group classifies crossed module extensions. Manuscript, 2009.
arXiv:0911.2861v1 [math.KT].

[33] WEIBEL, CHARLES A. An introduction to homological algebra. Cambridge studies in advanced mathe-
matics, vol. 38. Cambridge University Press, Cambridge, 1997.

Sebastian Thomas

Lehrstuhl D fiir Mathematik

RWTH Aachen University

Templergraben 64

52062 Aachen

Germany

sebastian.thomas@math.rwth-aachen.de
http://www.math.rwth-aachen.de/~Sebastian.Thomas/

35


http://www.math.rwth-aachen.de/~Sebastian.Thomas/publications/
http://arxiv.org/abs/0911.2861v1
http://www.math.rwth-aachen.de/~Sebastian.Thomas/

	Introduction
	Preliminaries on simplicial objects, crossed modules, cohomology and extensions
	The category of simplex types
	Simplicial objects
	Complexes of groups
	The Moore complex of a simplicial group
	Simplicial group actions
	Crossed modules
	Truncation and coskeleton
	Homotopy groups
	Semidirect product decomposition
	Cohomology of simplicial sets
	Nerves
	Cohomology of simplicial groups with coefficients in an abelian group
	Cohomology of simplicial groups with coefficients in an abelian module
	Cohomology of groups and cohomology of crossed modules
	Pointed cochains
	Crossed module extensions

	Low dimensional cohomology of a simplicial group
	Crossed module extensions and standard 2-cocycles
	Second Eilenberg-Mac Lane cohomology group

