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Abstract
Given a simplicial group G, there are two known classifying simplicial set constructions, the Kan clas-
sifying simplicial set WG and Diag NG, where N denotes the dimensionwise nerve. They are known to be
weakly homotopy equivalent. We will show that WG is a strong simplicial deformation retract of Diag NG.
In particular, WG and Diag NG are simplicially homotopy equivalent.

1 Introduction

We suppose given a simplicial group G. KAN introduced in [10] the Kan classifying simplicial set WG. The
functor W from simplicial groups to simplicial sets is the right adjoint, and actually the homotopy inverse, to the
Kan loop group functor, which is a combinatorial analogue to the topological loop space functor. Alternatively,
dimensionwise application of the nerve functor for groups yields a bisimplicial set NG, to which we can apply the
diagonal functor to obtain a simplicial set Diag NG. The latter construction is used for example by QUILLEN [12]
and JARDINE |9, p. 41].

It is well-known that these two variants WG and Diag NG for the classifying simplicial set of G' are weakly
homotopy equivalent (). Better still, the Kan classifying functor W can be obtained as the composite of the
nerve functor with the total simplicial set functor Tot as introduced by ARTIN and MAZUR [1] (?); and CEGARRA
and REMEDIOS [3] showed that already the total simplicial set functor and the diagonal functor, applied to a
bisimplicial set, yield weakly homotopy equivalent results (*). Moreover, the model structures on the category
of bisimplicial sets induced by Tot resp. by Diag are related [4].

The aim of this article is to prove the following

Theorem. The Kan classifying simplicial set WG is a strong simplicial deformation retract of Diag NG. In
particular, WG and Diag NG are simplicially homotopy equivalent.

This commutativity up to simplicial homotopy equivalence fits into the following diagram.

associated
Kan, (simplicial) complex s ( complexes ) homology . (abelian)
classifying sets of abelian groups groups

furitor A
4%
total diagonal

simplicial simplicial simplicial total s .
( grgups ) set set complex approximation
Tot Diag
associated associated
% double spectral
bisimplicial complex double sequence spectral
sets complexes sequences
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LAddendum (December 19, 2011): The fact that WG and Diag NG are weakly homotopy equivalent has been shown by Zis-
MAN [14, sec. 3.3.4, cf. sec. 1.3.3, rem. 1]. He shows that a morphism Diag NG — WG, which is essentially the same as the
morphism Dg we consider in section 3, induces an isomorphism on the fundamental groups as well as isomorphisms on the homol-
ogy groups of their universal coverings.

2This is not the total simplicial set as used by BousFieLD and FRIEDLANDER [2, app. B, p. 118].

3Addendum (December 19, 2011): To this end, CEGARRA and REMEDIOS consider a morphism Diag X — Tot X, which is
essentially the same as the morphism ¢x we consider in section 2.



By definition, the homology of a simplicial group is obtained by composition of the functors in the upper row.
The generalised Eilenberg-Zilber theorem (due to DOLD, PUPPE and CARTIER [6, Satz 2.9]) states that the
quadrangle in the middle of the diagram commutes up to homotopy equivalence of complexes. The composition
of the functors in the lower row yields the Jardine spectral sequence [9, lem. 4.1.3] of G, which has E;yn_p ~
H,,—,(G,), and which converges to the homology of G. Similarly for cohomology.

Conventions and notations

We use the following conventions and notations.

e The composite of morphisms X Ty and Y % Z is denoted by X J9 7 The composite of functors
GoF

¢ -5 D and D - € is denoted by ¢ 255 €.

e If C is a category and X,Y € ObC are objects in C, we write ¢(X,Y) = Mor¢(X,Y) for the set of
morphisms between X and Y. Moreover, we denote by (C,D) the functor category that has functors
between C and D as objects and natural transformations between these functors as morphisms.

e Given a functor I = C, we sometimes denote the image of a morphism ¢ BN jin I by X; ELN X;. This
applies in particular if I = A°P or I = A°P x A°P,

e We use the notations N ={1,2,3,...} and Ng = NU {0}.

e Given integers a,b € Z, we write [a,b] := {z € Z | a < z < b} for the set of integers lying between a and b.
Moreover, we write [a,b] := (z € Z | a < z < b) for the ascending interval and |a,b| = (z € Z |a > z > b)
for the descending interval. Whereas we formally deal with tuples, we use the element notation, for
example we write [[,cry 579i = 919293 and [, 51, 9i = 939201 or (9i)ie3,1) = (93,92, 1) for group
elements g1, g2, g3-

e Given an index set I, families of groups (G;);er and (H;);cs and a family of group homomorphisms (¢, )ier,

where ¢;: G; — H; for all © € I, we denote the direct product of the groups by X,c; G; and the direct
product of the group homomorphisms by X,;c;vi: Xic; Gi = Xier Hi, (9i)ier — (9i9i)ier-

2 Simplicial preliminaries

We recall some standard definitions, cf. for example [5], [8] or [11].

Simplicial objects

For n € Ny, we let [n] denote the category induced by the totally ordered set [0,n] with the natural order, and
we let A be the full subcategory in Cat defined by Ob A := {[n] | n € Ny }.

The category of simplicial objects sC in a given category C is defined to be the functor category (A°P,C).
Moreover, the category of bisimplicial objects s*C in C is defined to be (A°P x A°P (). The dual notion is that
of the category csC := (A, C) of cosimplicial objects in C.

For n € N, k € [0,n], we let [n — 1] LN [n] be the injection that omits k € [0, n], and for n € Ny, k € [0,n], we
let [n + 1] LN [n] be the surjection that repeats k € [0,n]. The images of the morphisms &* resp. o* under a
simplicial object X in a given category C are denoted by dj := Xj«, called the k-th face, for k € [0,n], n € N,
resp. s := Xgr, called the k-th degeneracy, for k € [0,n], n € Ny. Similarly, in a bisimplicial object X one
defines horizontal and vertical faces resp. degeneracies, df} := KXok ia, A = Xijq sk, shi= Xk ids 8y, = Xig,oh-
Moreover, we use the ascending and descending interval notation as introduced above for composites of faces
resp. degeneracies, that is, we write d|; ;) := djd;—1...d; resp. sp; j7 := siSiq1...8;.

The nerve

We suppose given a group G. The nerve of G is the simplicial set NG given by N,,G = G*" for all n € Ny and
by

(95)jein—1,0/(NeG) = ( 11 9j)ie|m—1,0]
JeL(i+1)6—1,i0)



for (9;)jen-1,0) € NoG and 0 € a([m], [n]), where m,n € No.
Since the nerve construction is a functor Grp N sSet, it can be applied dimensionwise to a simplicial group.
This yields a functor sGrp — s2Set.

From bisimplicial sets to simplicial sets

We suppose given a bisimplicial set X. There are two known ways to construct a simplicial set from X, namely
the diagonal simplicial set Diag X and the total simplicial set Tot X, see [1, §3]. We recall their definitions.
The diagonal simplicial set Diag X has entries Diag, X := X, , for n € Ny, while Diagy X := Xy for
0 € a([m],[n]), where m,n € Ny.

To introduce the total simplicial set of X, we define the splitting at p € [0, m] of a morphism [m] LN [n] in A
by Spl,(6) := (Spl.,(0), Spls,(0)), where

Spls,(0)

M [pf] and [m — p] ——— [n — pb)]

[p]

are given by i Spl.,,(0) := i for i € [0, p] and i Spls,(0) := (i + p)0 — pb for i € [0,m — p]. The total simplicial
set Tot X is defined by

Toty X := {(2¢)geino) € X Xgn—q|zedy =z4-1d} for all g € [n,1]} for n € Ny
q€|n,0]

and by
(Z¢)ge|n,0) (Totg X) = (zpo Xsp1 (0))pem.0)

for (24)qe|n,0 € Tot, X and 6 € A([m], [n]), where m,n € Np.
There is a natural transformation

Diag N Tot,

where ¢x is given by 2, (dx)n = (xnd}fn,qﬂj dtqq,oj)qetn,oj for z,, € Diag,, X, n € Ny, X € Obs?Set; cf. [3,
formula (1)].

The Kan classifying simplicial set

We let G be a simplicial group. For a morphism ¢ € a([m], [n]) and non-negative integers i € [0,m], j € [if,n],
we let 0%] € a([], [1]) be defined by k@\{z]] := k@ for k € [i]. KAN constructed a reduced simplicial set WG by

W,G:= X G, for every n € Ny
j€|n—1,0]

and

(95)jein—1,0 WoG := ( 11 ng9|{{]])ieLm—1,0j
FEL(i+1)0—1,i6] '

for (g;)je(n-1,0] € WnG and 0 € a([m], [n]), see [10, def. 10.3]. The simplicial set WG will be called the Kan
classifying simplicial set of G.

Notions from simplicial homotopy theory

For n € N, the standard n-simplex A™ in the category sSet is defined to be the functor A°® — Set represented
by [n], that is, A™ := a(e,[n]). These simplicial sets yield a cosimplicial object A~ € cs(sSet). We set
A= A% € (get (A, AL) for I € [0, 1].

For a simplicial set X we define insg resp. ins; to be the composite morphisms

= idxd? = idxd"®
X S X x A? XN X Al resp. X o X x A 1Dy AL



where the cartesian product is defined dimensionwise and the isomorphisms are canonical.

For k € [0,n + 1], n € Ny, we let T8 € AL = A([n],[1]) be the morphism given by [0,n — k]t* = {0} and
[n — k + 1,n|t* = {1}. Note that (z,,)(insg), = (2,,1°) and (z,,)(ins ), = (z,,, ") for x, € X,,.

In the following, we assume given simplicial sets X and Y.

Simplicial maps f, g € sset(X,Y) are said to be simplicially homotopic, written f ~ g, if there exists a simplicial
map X x Al .YV such that insgH = f and ins;H = g. In this case, H is called a simplicial homotopy from
f tog.

The simplicial sets X and Y are said to be simplicially homotopy equivalent if there are simplicial maps X L} Y
and Y —%5 X such that fg ~idx and gf ~ idy. In this case we write X ~ Y and we call f and g mutually
inverse simplicial homotopy equivalences.

Finally, we suppose given a dimensionwise injective simplicial map Y X , that is, 7,, is assumed to be injective
for all n € Ng. We call Y a simplicial deformation retract of X if there exists a simplicial map X —— Y such
that ir = idy and 77 ~ idx. In this case, r is said to be a simplicial deformation retraction. If there exists

a homotopy ri A, idx which is constant along i, that is, if (Ynin, ™)Hn = Yninfn = Yningn for y, € Y,
k € [0,n+ 1], n € Ny, then we call Y a strong simplicial deformation retract of X and r a strong simplicial
deformation retraction.

3 Comparing W and DiagoN

We have W 2 Tot oN. The natural transformation Diag 25 Tot composed with the nerve functor N yields a
natural transformation

Diag oN N W,
given by (Dg)n = Xieln-1,0) d\n,iv1): Diag, NG — W,.G for n € Ny and G € ObsGrp.
Proposition. The natural transformation D is a retraction. A corresponding coretraction is given by
W -5 DiagoN,
where
(S)n: WiG — Diag, NG, (gi)ic|n—1.0] = (¥i)ie|n-10]

with, defined by descending recursion,

vi= I G'dgeysis-n) T] (@dyaasmin-i1) € Ga
jE€fi+1,n—1] jEn—1,7]

for each i € [n — 1,0/, n € Ny, G € ObsGrp.

Proof. We suppose given a simplicial group G. Then we have to show that the maps (Sg), for n € Ny commute
with the faces and degeneracies of G. o
First, we consider the faces. We let n € N and k € [0,n]. For an n-tuple (g;)ic|n—1,0) € W, G we compute

(gi)ieLn—l,OJdk(SG)nfl = (fi)ie[n—Z,OJ (SG)nfl = (fﬂi)z‘e[n—zoja

where
gi-',-ldk for i € Ln -2, kJJ,
fi = (gkdk)gk—l fori =k — 1,
gi forie |k—2,0]
and
T = H (ffldu,iﬂjsﬁ,jfl]) H (fjd|jit1)8[in—27) for each i € [n —2,0].
jEi+1,n—2] JEIn—2,i



On the other hand, we get

(gi)ietn—l,oj (SG)ndk = (y’L)lG Ln—l,OJdk = (x;)ie[n—Q,Oj

with
Yi 1= H (y; ' yji41)87i5-11) H (95d1j,i41)8[in—17) for i € [n —1,0]
jefi+1,n—1] j€ln—1,i]
and
Yir1dk forie |n—2k|,
CC; = (ykdk)(ykfldk) fori=Fk— 1,
yidy for i e [k —2,0].

We have to show that x; = 2} for all i € [n — 2,0]. To this end, we proceed by induction on i.
For i € |n — 2, k|, we calculate

Ti= H (xfldlj,i+1JSfi,j711) H (f5d1j,i4+1)5Tin—21)
j€lit1,n—2] j€ln—2,i]
—1
= H (@5 dijirnSpig-11) H (f5dji41)57in—21)
jeTi+1,n—2] j€ln—2,i
= H (v ded i1 Spig-11) H (9j+1dkd 5 i41/8in—21)
jefi+1,n—2] JE|n—2,i]
= ( H (yj_ldLj7i+2JS[i+1,j—ﬂ) H (gjdLj,i+2jSH-&-Ln—l]))dk = Yir1dy.
jefi+2,n—1] jeln—1,i+1]

For i = k — 1, we have

Th—1 = H (Tf;ldu,kjs(k—u—l]) H (f5dk)STk—1,n—21)

j€lk,n—2] jE|n—2,k—1]|
—1
= H (=5 dyjrSm-1,4-1) H (f5d5k)STh—1,n—21)
j€lk,n—2] jE€ln—2,k—1]
= H (yj_Jrlldkd\_j7kJS(’C-Lj—l]) H (9j+1dkd | k1STr-1,0-21) * ((96dE)Gr—1)S[k~1,n-2]
j€[k,n—2] JjEIn—2,k]
= I  @l'dywspm-ii—) [ @idyes-ta—2))
jelkrin—1] je€ln—1,k—1]
= (yxdy) H (y; 'y STh—1,-27) H (954155 )5Tk—1,n—21)
j€[k,n—1] j€|ln—1,k—1]
= (ykdk)( H (y; 'dyjkySte-1,j-17) H (gjdu,kJS[k—l,n—n))dk
j€[k,n—1] jE€ln—1,k—1]

= (yrdk) (Yr-1dk)-

For ¢ € |k — 2,0/, we finally get

T = H (251 dji41)57i-17) H (f3d(,i41)8i,n—21)

jefi+1,n—2] jEIn—2,i]
-1

- H (@5 dj,i1)87i,5-17) H (fidjiv1)8Mim—21)
jeli+1,n—2] j€ln—2,i

= JI @ 'dedyisysn—n) (etk-1) " ded g1 i41)87i,5-21)
jeli+1,k—2]
( H (y;£1ddej,i+1jSﬁ,j—1]))( H (Yj+1drdji41]57in—21))
j€[k,n—2] jEIn—2,k|



‘(((gkdk)gk—l)d\_k—l,i-i-ljS[i,n—ﬂ)( H (gjdu,iﬂjsﬁ,n—ﬂ))

jelk—2,]
= JI  Gi'ddyasysnig—1) [ @ dysspg—e)
FEi+1,k—1] jeTkm—1]
T @dyisusiin——z) I (@dyissmn—2)
jeln—1k| jelk—1,i]
= ( H (yfldu,iHJS[i,j—ﬂ) H (gjdu,i+1j5ﬁ,n—1]))dk = yidg.
jelitl,n—1] jeln—1,i)

Next, we come to the degeneracies. We let n € No, k € [0,n] and (9:)ie|n-1,0] € W, G. Then we have

(9i)iein—-1,0/5k(Sc)n+1 = (hi)icn,0] (Sa)n+1 = (Zi)ien0)»

where
gi—1sk fori e [n,k+1],
h;: =<1 for i =k,
gi fori e |k—1,0]
and
Zi = H (Z;ldLj’i_;,_lJS[i)j_l“) H (hjdl_j,iﬂ—ljsﬁ,nW) for each i € LTL, OJ
jei+1,n] JE[Nn,i]

Further, we get

(9i)ic|n-1,0/(SG)nSk = (Yi)ic|n-1,0/5k = (Z;-)ieLn,OJ
with

Yi = H (yj_ldLj,iJrljSH,jfl]) H (95d1j,i41)8[in—17) for i € [n —1,0]
jE€fi+1,n—1] jEn—1,7]

and

Yyi—1sg fori € |n,k+1],
Zii=1<1 for i = k,

YiSk fori e |k—1,0].

Thus we have to show that z; = z/ for every i € |n,0]. To this end, we perform an induction on ¢ € |n,0].
For i € [n,k + 1|, we have

zi = H (z; 'y iv1)872,5-17) H (hjid|ji41)87im])

jeli+1,n] jEn,i]
-1
= H (25 dyjit1)8rig-11) H (hjd|ji41)87in7)
jefi+1,n] JjEn,i]
- H (yj_fllsdej,z‘JrlJS[i,j—ﬂ) H (95-15%dj,i+1)8i,n])
jeli+1,n] j€|nyi
:( H (yfldu,ijan,j—ﬂ) H (gjd[j,ijs[ifl,nfl]))sk:yi—lsk-
jelin—1] jeln—1,i—1]

For ¢ = k, we compute

= I G ldyssmin) TT Badyesmn)
jelk1m] j€lnk]



-1
(25 dyssysteg—1) ] (Padyesassien)
jE€Tk+1,n] jE|n,k|

I
—

(yjlllskdu,/cﬂj STk,j—11) H (9j-18kd | k+1)STk,n7)
] jE|n,k+1]

I
—

—

JjE[k+

(yj_,llduq,mus(k,jfﬂ) H (gj—ldLjfl,kHJS[kM)
J€Ln,k+1]

.

m
— I

3

(yjilﬁkdu,kwjS[k+1,j—1]) H (gjflsdej,k+2JS[k+1,n])
jE€[k+1,n] jE€|n,k+1]

-1
= H (25 djkt2)8ire1,i-11) H (hyd | k425 k+1,n7)
jE€k+1,n] jeln,k+1)

=z I Gildpessmnon) T1 (udyerasmang) = sz = 1
jETk+2,n] jE|n,k+1]

For i € |k —1,0], we get

%= H (Zfldtj»i+1JS(i7jfl1) H (hjd 5 iv18Fimn7)

J€li+1,n] Jj€[n,i]
-1
= II G dyarysrion) TT (udyasgsiim)
jeTi+ln] jelni
= II  Gi'sidyogsig-n) IT 52sedyargsis-1)
jeli+1,k—1] JjE[k+1,n]
H (g5—18kd |5 i415[in7) H (95d1j,i41)57in1)
jE€n,k+1] jEk—1,i]
= H (yj_lsdej,iJrljSﬁgj—l]) H (yj_lskdu-i-l,i-q—ljsﬁ,ﬂ)
JETi+1,k—1] jeTkn—1]
H (gjsdejH,iHjS(i,n}) H (gjdu,iﬂjsu,n})
jeln—1,k] jelk—1,i]
:( H (yfldu,iﬂjsﬁ,j—l]) H (gjd[jﬂ#ljs[i,nfl]))sk:yisk-
jelitln—1] jeln—1,]

Thus (S¢)nen yields a simplicial map
wa 2<, Diag NG.

Finally, we have to prove that D¢ is a retraction with coretraction S¢g, that is,
(Sc)n(Dg)n = idsg, ¢ for all n € No.

Again, we let (yi);c|n—1,0] denote the image of an element (g;);c|n—1,0] € W,,G under (Sg),. Then we have
(gz‘)z'e[n—LoJ (SG)n(DG)n = (yi)ietn—l,oj (DG)n = (yidtn,wrlj)z‘e[n—l,oj-

Induction on i € [n — 1,0] shows that

yid|_7L,z‘+1J: H (yj_ld\_j,i-i-ljS(i,j—l'ldLn,i+1J) H (gjdl_j,i—i-ljsfi,n—l'\dl_n,i—HJ)
jeli+1,n—1] jE|n—1,i]

= ] @'l'dpe) ][ (@dyae)

jeli+1,n—1] jEln—1,i]

= JI Gi'dyy) T @dyisy) =g

je€fi+1n—1] j€ln—1,i]

This implies that (Sg)n(Dg)n = iy, ¢ for all n € Ng.



Theorem. We suppose given a simplicial group G. The Kan classifying simplicial set WG is a strong simplicial
deformation retract of Diag NG with a strong simplicial deformation retraction given by

Diag NG Lo, Wa.

Proof. We consider the coretraction W 5, Diag N as in the preceding proposition. Now, we shall show that
D¢ Sc ~ idpiag NG Via a simplicial homotopy constant along Sg.
A simplicial homotopy H from DgS¢ to idpiag NG is given by

H,: Diagn NG x A711 - Diagn NG? ((gn,i)ié [n—1,0]> Tn+17k) = (y§n+1_k))i€Ln—l,Oj
for all n € Ny, where k € [0,n + 1] and, defined by descending recursion,

Gni forie [n—1,k—1] NNy,
n+l—k n+l—k)\_
yz( )= Hje[i+1,k—2'\ ((yj( )) ldlj,iHJSfi,j—ﬂ)
Tljee-2,) (9nidir—1,i41)873,k-21) for i € [k —2,0].
(

To facilitate the following calculations, we abbreviate g; := yin“_k) for the respective index k € [0, n] under
consideration, if no confusion can arise.

We have to verify that the maps H,, for n € Ny yield a simplicial map.

First, we show the compatibility with the faces. For k € [0,n], I € [0,n+1], n € No, (gn,i)ic|n—1,0] € Diag, NG,

we have

((gn,i)ietn—1.00, T T D dkHp—1 = ((gni)iepn-1,0)de, T dp) Homr = ((fi)ie(n—2,05, 8"t T H, 4

— ((fi)ieLn—Q,Oj,Tnil)an1 for k 2 l7
((fi)ieLn—zoj,TnH_I)an for k <1

= (Zi)ic|n—2,0)s

where
Gni+1dg fori e |n—2,k],
Ji = (9n.kdi)(Gnk—1dr) fori=4k—1,
In,idk forie |k —2,0]

for all i € [n —2,0] and

fi forie |n—2,0—-1],
Hje[iJrl,lfﬂ (jfldu,iJrlJS[i,jfﬂ) if k=1,
5 . HjE [1—2,i] (fjdu_l,i_;'_HSH,l_Q'l) for i € U - 2,0J
v fi fori € |n—2,01—2],
Ijeriviis (jj_ldLj,iJrlJS[iJ*ﬂ) if k<l
: HjE [1—3.i] (fjd\_l—Q,i-ﬁ-ljs(i,l—?ﬂ) for i € U — 3,0J

for all i € [n —2,0]. On the other hand, we have

((gn,i)iein—1,00> T T "D Hndk = () ie|n-1,0)d% = (#)ie[n—2.0

with

- Ini forie|n—1,1-1],
i == )
W crivii o @ ' dpavasrig-11) [e i) Gnidi—1ir1ysri—21) forie [1—2,0]

for i € [n—1,0] and

Yit1dg forie [n—2k|,
1= Gedr) (Geordy) fori =k —1,
Yidk forie |k—2,0]



for i € [n —2,0]. We have to show that Z; = &} for all i € |n —2,0]. To this end, we consider three cases and
we handle each one by induction on i € [n —2,0].
We suppose that k € |n,l]|. For i € |[n — 2, k], we have

Z = fi = gnip1d = i1 di = ;.
Fori=Fk — 1, we get

Tp-1 = frm1 = (Gnkdr)(gnk—1dr) = (Gxdr) (Tr—1dk) = Tp_;-
Forie |k —2,1—1], we get

T = fi = gnadi = §idy, = 7

Finally, for i € |l —2,0], we calculate

T = H (251 d,i41)570,5-17) H (fid|1=1,i+1)S7i,—27)
jelit1,1-2] jeli—2i
= H (&, jir1)870,5-17) H (fid{i=1,i41)87i0-21)
je[i+1,1—2] JEl—-2,i]
= H @j_ldkdu,iﬂjs[i,j—ﬂ) H (gn,5dxd|1—1,i41)57i,1-21)
jefit1,0-2] jeli—2,4
- ( H (gj_ldlj,iHJS[i,jfﬂ) H (gn,jd[lfl,iJrlJS(i,lfQ}))dk = g;dy, = 7.
jefit1,i-2) jell—2,)

Next, we suppose that k =1 — 1. For i € |[n — 2, k], we have

T = fi = gnit1de = Gi1di = T
For ¢ = k — 1, we compute

Tr—1 = fo—1 = (Gnkdk) (gnk—1dk) = (gnxdk) (gn k—1dksk—1dr) = (Grde) (Gr—1dx) = Tj_;-
For i € |k —2,0], we get

z; = H (ffldu,iﬂjsﬁ,j—ﬂ) H (f5d|k—1,i+1)5[i,k—2])
jelit1,k—2] jelk—2,4)
= ] @ 'dyerasig-n) ] Fdikevicasrie—e)
jefi+1,k—2] JjELk—2,i]
= H (gj_ldkd\_j,i-i-ljsﬁ,j—l]) H (9n,5ded | k—1,i+1STi k—2])
jelit1k—2] jelk=2,
= ( H ;' js1ySTi-11) H (gn,jdtk,wusn,kfﬂ))dk = g di = 7.
jelit1k—1] jelk=1,i

Finally, we suppose that k € |l —2,0]. For i € [n — 2,1 — 2], we see that
Zi = fi = gniv1di = Gi1dy, = 7.

For i € |l — 3, k], we have

T = H (5;1dLj,i+1JS[i,j—11) H (fidji—2,i+1)87i1-31)
jEfi+1,1-3] jell—3,i]

= II @ 'dyusig—) ] (Fdu—zisysm—s)
jEfit1,1-3] jell—3.i]

= H (?Jf+11dkdu,i+1jsﬁ,j—1]) H (9nj+1drd|i—2,i+1)51i,1—37)
J€li+1,1-3] jell-3,i]



= ( H (gj_ldl_j7i+2js[i+1,jfﬂ) H (gn,jduq,iwjS[i+17172w))dk = Yir1dr = 7).
jeli+2,0—2] jell—2,i+1]

For i = k — 1, we have

T = H (%5 x)STr—1,j-11) H (fidi—2,k)5Tk—1,1-3])

j€lk,1-3] jell—3,k—1]
= I @ dumsp-i-n) I (Fdu—zsm—1i-s)
JETk,1-3] jell—3,k—1)
:( H (gj-‘rldkd[j,kjs(k:fl,jfﬂ))( H (gn,jﬂ—lddelfQ,kjS(kfl,lfiﬂ))
j€Tk,1—3] jell—3,k]

“(gnkedrd -2,k 81k—1,1-31) (9nk—1dkd |12 k| S[E—1,1-3])
= I  G'dpwsm-ri—2) I (nsdi—imgsir—i-s)

jE[k+1,1—-2] jell—2,k—1]
= @kdk)( H (75 'k STh—1,j-17) H (gn,jdLlfl,kjs[kfl,lfﬂ))dk = (Urdr) (Ur—1dx)
jelki—2] JEll=2,k—1]
= Tp_1-

For i € |k —2,0], we get

g= Il @ ldyasusig-n) [I Gdu—zispies)
Jefi+1,1-3] jE[1-3,4)

= 1T @ 'dyarysig) T (Fidu—earysrio-s)
jEi+1,1-3] jEl-3,4]

=( H (75 drdyie1y87ig-11)) Tt 1 - 1i51)S7ik—21) (T, ded (k- 1,i41]ST7,6-2])

JeTitlk—2]
I Grhdedyasyspig—a)C T] Gngsrdedy—sicaysiii—s) (gnrded 1—2,i41)50,1-37)
jEelki—3] jell=3.k)

“(gne—1drd|—2i41575,1-37)( H (9n.jdrd|1—2,i41/57i,1-31))

JjE|k—2,3]
= H (ﬂ;ldkdu,iﬂjsﬁgfﬂ) H (ﬂ;ldkdufl,iﬂjsﬁ,j—z]) H (gn,jddel72,i+1JS[i,lfiﬂ)
jeli+1,k—1] JjEk,1—-2] JjEl—2,i]
= ( H (75 ' jit1)57i.5-11) H (gn,jd[l—l,i+1JS]'z’,l—2'\))dk = g;dg = .
jEfi+1,1—2] JjEl—2,%]

Now we consider the degeneracies. We let n € No, k € [0,7], 1 € [0,n 4 1], and (gn,i)ic|n—1,0] € Diag, NG. We
compute
((gn,i)iel_n—l,ojan+1il)San+1 = ((gn,i)iel_n—l,oj Sk,Tn+17lSk)Hn+1 = ((hi)iELn—l,OJa Uan+17l)Hn+1
_ ((hi)iein—1,0)> T N Hpyr for k>1, — G
((hl)'LG LnflyoJ,Tn—‘rl_l)HnaFl for k <1 1igln.0);
where
Gn,i—15; forie |n,k+1],
hi=<1 for i = k,
Gn.,iSk fori e |k —1,0]

and
h; forie[n,l—lj,} k>
s I crivir oGy dyasusiig—11) [ep o (Bsdp—1.i1ysrii—ay)  forie [I—2,0] -
hi for i € |n,l], )
W crivi Gy dyavusiig-11) Iep—1i (Pidpisaysrii—1y)  forie [I—1,0] } <t
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Furthermore, we have

((gn,i)ietn—1.00, T T D Husk = (Ti)ien—1,0/% = (Z)ic|n.0)

where

Yi .

_ ) Yns forie|n—1,1—-1],
Hje[i+1,lf2‘| (i‘];ldu,iﬂjs[i,j—l]) Hjetl—Q,iJ (gn,jdufl,zﬁrljs[i,lfﬂ) forie [I—-2,0]
and

Yi—18k fori € [n,k+1],
Z=4<1 for i = k,
YiSk forie |k—1,0].

Thus we have to show that z; = Z] for every i € |n,0]. Again, we distinguish three cases, and in each one, we
perform an induction on i € |n,0].
We suppose that k € |n,l]|. For i € |n,k+ 1], we calculate

Zi=h; = Gni—15k = Gi—15k = Z,.
For i = k, we get

Ge=hy=1=3.
Forie |k — 1,1 — 1], we have

Zi = hi = Gn,iSk = UiSk = Z;.

For i € |l — 2,0/, we get

Z= II Gldpayspin) [T (udp-viiyspia—a)

JElit1,1—2] jeli=2,i

= JI G 'dyasyspg—n) T (udp—risysrii—2)
JElit1,1—2] jeli=2,i]

= H (75 "skdj,i+1)57i,5-11) H (gn,jskd|1—1,i4+1)54,1-2])
j€|—i+1,l72‘| j€Ll72,iJ

:< H (Q;ldu,iﬂjsﬁ,j—l]) H (gn,de—l,i—t-ljS]’i,l—Q]))Sk:gisko
jETi+1,1—2] jell—2,i)

Now we suppose that k =1 — 1. For i € [n,k + 1], we calculate
Zi=hi = Gni—15k = Gi—15k = Z,.

For i = k, we get
Zk = hpdgysy = 1= 2.

For i € |k —1,0], we get

Z= I Gldyausris) T udimsrivysim)

jeli+1,k] ek

= H (23‘_1d[j,i+1jsfi,j71‘\) H (hyd k1,641 ST4,k7)
jefi+1,k] i€k

= H (Q;lskdu,iﬂjsn,j—l]) H (9n.59%d | kt1,i+1)57i,k])
jelitlk—1] jelk-1,
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= ( H (75 ' dyjie1s87i-11) H (gn,jdeJJrlJS[i,kfﬂ))Sk = UiSk-
jefitk—1] jelk—1,)

At last, we suppose that k € [l — 2,0]. For i € |n,l], we have
Zi = hi = gni—15k = Gi-15% = ;.

Forie [l -1,k + 1], we get

= H (gj_ldLj,Hle[i,jle) H (hjdl_l,iJrlJS[i,lfl])

JEfi+1,1-1] jell—1,4)

= H (23’_1dlj’i+1JS[i,jfﬂ> H (hjd|1,i41)876,0-17)
jelit1,1—1] jell—1,i)

- H (g;—llskduwiJrleﬁ,jfl]) H (9n.j—15%d|1i41)80,0-17)
Jeli+1,01-1] jell—1,4)

= ( H (gjildljﬂJSfi—Lj—ﬂ) H (gn,jdLl—l,iJSﬁ—u_z]))Sk = Y;—1Sk = 2:
j€li,1—2] jell—2,i—1]

For i = k, we have

= H (2;1du,k+1Jka7jfl1) H (hyd |1 k41)5[k,1—-17)
jelk+1,0—1] Jell—1,k]

= II & 'dyeensmws—n) TI Bsdpmssma-1)
jelk+1,1—1] JjEl-1,k]

= H (@;flskdu,kJruSm,j—u) H (9n.j—156d |1 k+1]5Tk,1—17)
JE[k+1,1-1] FjEl-1,k+1]

=@ s I @ dumsusiea)C TT (nodi—rmssme-n))
je[k+1,1—-2] JEl—2,k]

=(??;lek)(( II @G ldysegsmg-n) 1 (gn,jdLlfl,kﬂLlJkaJ*?T)>Sk>:(gk_lsk‘)(?jksk)zl
jElk+1,01—2] jell—2,k]

(2571 dyjir1)570,5-11) H (hjd|1,i4187i,0-17)

11
jeli+1,0—1] jell—1,i
11

(2 dyarysrig-1) 1 (adpisysp-n)

jeli+1,0-1] JEl-1,%]
= H (gj_lsdej,i-i-ljsﬁ,j—l]) H (ﬂf_llsdej,i+1JS(i,j—1])

jelitl,k—1] jEMk+1,1-1]

H (9n,j—156d|1,i4+1)5[i,1-17) H (gn,58Kd|1,i41]53,1-17)
JEll=1,k+1] jelb—1,i)

= JI G 'ssdyisuspg—) [ @ sedysrieysig) [ Gnosedinivnsp-n)

jeli+1,k—1] jelk,1-2] jeli—2,i]
= ( H (gfldu,iHJSm—l]) H (gn,de—l,i—HJS]’i,l—Q]))Sk = YiS, = 2;.

jelit1,1—2] jeli—2,i

Altogether, we obtain a simplicial map
Diag NG x A' -2 Diag NG.

To prove that H is a simplicial homotopy from DgS¢ to idpiag NG, it remains to show that insgH = DeSq and
ins; H = idpiagng. For n € No, k € (0,7 4 1], (gn,i)ie|n—1,0) € Diag, NG, n € No, we have

(gn,i)ietn—l,()j (DG)n(SG)n = (gn,id[n,i—o—lj)ietn—l,oj (SG)n = (yi)ie[n—l,oj
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with

vi= I l'dyasusrig—1) T Gnodingendyicspn-i)
jefi+1,n—1] jeln—1,i)

= H (yjildu,iJrlJS[i,jfl‘\) H (9,54 ni+1)5Tin-17)
jelit1l,n—1] jeln—1,]

for i € [n—1,0], and

n+1—k)Hn _ (ygnJrlfk))

((gn,i)ieLn—l,OJ » T i€|ln—1,0]
with
Gn,i forie [n—1,k—1] NNy,
yz(nﬂ_k) = Hje[i+l,k—2'\((y]('n+1_k))_ld[j,i+1jS[i,j—l'\)

e p-2,) (9nidir—1,i41)573,k-21) for i € [k —2,0].

But by descending induction on ¢ € [n —1,0], we get

Yi= H (yj_ldtj’iJrlJS[i,jfﬂ) H (9n,jd|n,i+1)8Tin—11)
jelitl,n—1] jeln—1,i

0)y— 0
= H ((yj( )) 1dLj,i+1JS]'i,j71'|) H (gn,jdLn,iJrljSH,nfl]) = yl( ),
jefi+1,n—1] j€ln—1,i

Hence the simplicial map H fulfills
(gn,i)iel_n—l,oj (inso), Hy = ((gn,i)iELn—l,OJaTo)Hn = (y,(O))ieLn_LoJ
= Wi)ieln-1,0] = (Gn.i)ie(n—-1,0](Dc)n(Sc)n
and
(gn,i)ietn—l,()j (insl)an = ((gn,i)iELn—l,Ojan—i_l)Hn = (gn,i)ietn—l,OJ

for each (gn,i)ic|n-1,0) € Diag, NG, n € Ny.
In order to prove that WG is a strong deformation retract of Diag NG, it remains to show that H is constant
along Sg. Concretely, this means the following. For (g;)ic|n—1,0] € WnG, we have

n41— n4+1— n+l—k
((9)ien-1.01(S)ms TV Hyy = (Wi 1.0, T )V Hy = (0 ic 1.0,

where

Yi 1= H (yj_ldLj,z’-',-ljSH,j—l]) H (95d1j,i41)8Ti,n—11)

jeli+1l,n—1] jEIn—1,4]
and
Yi forie [n—1,k—1] NNy,
n+l—k +1—k)\_
! = Mcrisnpe (W) e sri 1)
. HjGUC*Q,’L'J (ydecfl,i+1JS|—i,k72‘\> for i € |_k? - 2, OJ .
(n+1-k)

Now, we have to show that y; =y foralli € [n—1,0], k € [0,n+1]. For k € {n + 1,0}, this follows

since H is a simplicial homotopy from DgSg to idpiagng and since S¢DgSg = Sg. So we may assume that

k € |n,1] and have to show that yf”“fk) =y, for every i € |k — 2,0]. But we have

Yid | k—1,i+1)STi,k—2] = ( I @ldgegspa-n) ] (gjdLj,iJrljSH,nfl]))defl,z#lJS[i,ka}
jeli+1,n—1] jeln—1,i]
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= H (yj_ld\_j,i—i-ljS(i,j—l]de—l,i—&-lJS[i,k—ﬂ) H (gjd\_j,i+ljS(i,n—ﬂde—l,i-&-ljS[i,k—ﬂ)
j€li+1,n—1] jE€ln—1,i]

- H (yj_ldtjxﬂrljS(ujfl]deijJrlJdu,i+1jSu,ka])
jEfi+1,k—1]

H (v; ' i1 STik—115Thkj— 119 k= 1,i41]STik—21)
j€[k,n—1]

I (Gdyirasin—11simn—11dk—1ir1/Sri0—21)
jeln—1,]

= H (y;ldu,i—i-ljd[i+k—1—j,i+1jS(i,j—l]du,i—i-ljs]'i,k—ﬂ)
jefi+1,k—1]

H (yfldljviHJSW—ﬂde—17i+1JSfi+1,v:+j—k1sri,k—2])
j€[k,n—1]

H (gjdLj,i+1jS[i,k—1'\de—l,i—i—ljS(z'—&-l,i-i—n—k]sfi,k—ﬂ)

jEn—1,i]
= H (y; " d k1,618 ik—27) H (y; 'dyjit1)570.5-11) H (95d1j,i+1/87im—11)s
jeli+1k—1] jelkm—1] jeln—1,i]

and this implies, by induction on ¢ € |k — 2,0/, that

n+l—k n+l—k)\—
gy =TT @S parstigen) ] d e iy Siees)
jelit1,k—2] jelk—2,i]
= H (yj_ldu,iﬂjs[i,j—l]) H (Y5 d | k—1,i+1)5[i,k—27)
jeit1,k—2] jelk—2,i]
= H (yfldu,iﬂjs[i,j—l]) H (yjd[kfl,iqtljsﬁ,k—ﬂ)
JETit1,k—2] jelk—2,i+1]
H (y; ' k—1,i41)STik—21) H (y; Ayt srig—11) H (954 5,i41)5Tin—11)
jeli+1,k—1] j€lk,n—1] jEn—1,%]
= H (yfldu,z’-ujsn,j—l]) H (95d1j,i+1)8Tin—11) = ¥i
jeli+1,n—1] jEn—1,i]
for all i € |k —2,0]. O
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