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Abstract

We give an elementary proof of the well-known fact that the third cohomology group H*(G, M) of a
group G with coefficients in an abelian G-module M is in bijection to the set Ext?(G, M) of equivalence
classes of crossed module extensions of G with M.

1 Introduction

This manuscript does not claim originality.

Perhaps the best-known result from group cohomology is the Schreier theorem, which gives an interpretation
of the second cohomology group H?(G, M) of a group G with coefficients in an abelian G-module M. More
precisely, it states that H2(G, M) classifies group extensions of G with M in the sense that there is a bijection
from H?(G, M) to the set of extension classes Ext'(G, M) of group extensions of G with M. By such a group
extension we mean a short exact sequence of groups

M-5EFE-5S G

for which the induced G-module structure on M coincides with the given one.

To give an interpretation of H3(G, M), one has to consider crossed module extensions of G with M instead
of group extensions. Roughly said, a crossed module extension of G with M is a four term exact sequence
equipped with extra data such that the middle two terms form a crossed module.

The aim of this manuscript is to prove the following well-known theorem.

Theorem (cf. [7, th. 4.5], [8, p. 310], [14, th. 9.4]). Given a group G and an abelian G-module M, we have
Ext®(G, M) = H3(G, M).

A priori, the set of crossed module extension classes Ext? (G, M) is actually only a set, while the third cohomology
group H3(G, M) is an abelian group. So “isomorphic” in this theorem means that there is a bijection between
Ext?(G, M) and H3(G, M), which can of course be used to transport a group structure to Ext?(G, M). However,
we will not pursue that possibility in this manuscript.

The proof presented here follows a sketch of BROWN [2, ch. IV, sec. 5], while the techniques involved originally
go back to EILENBERG and MAC LANE [4], [5], [12]. The cohomology class associated to a given crossed module
extension class is constructed using certain lifts or sections in the underlying exact sequence of a representing
crossed module extension. Conversely, to a given cohomology class we attach the extension class of a standard
extension. Our proof allows to conclude that extensions in the same extension class are connected by at most
two elementary steps (see corollary (6.8), cf. also [7, lem. 3.3]).

This manuscript sets the stage for [16], where we study the second cohomology group of a crossed module and,
more generally, of a simplicial group. In that article, we will make explicit use of the constructions presented
in this manuscript, in particular of the chosen sections and the 3-cocycle constructed from them.

The result also appears in [14, th. 9.4]. There is a more general result giving an interpretation of H**1(G, M) in
terms of extensions for all n > 1. It has been independently proven by HOLT [7, th. 4.5] and HUEBSCHMANN |8,
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p. 310] and states that there is a bijection between H" ™1 (G, M) and the set of equivalence classes of so-called
crossed n-fold extensions. To prove this theorem, HOLT uses universal delta functors, while HUEBSCHMANN
works with projective crossed resolutions. The author does not know whether there exists a proof of this more
general result using lifts and sections in the spirit of SCHREIER and of EILENBERG and MAC LANE. A summary
of the development leading to this result can be found in the historical note of MACLANE [13]. A version in
terms of LODAYs n-categorical groups can be found in [11, th. 4.2]. Finally, an interpretation of H*(G, M) using
CONDUCHEs 2-crossed modules can be found in [3, th. 4.7].

Outline We start in section 2 with some preliminaries on groups and crossed modules. We show in section 3
that group cohomology can be expressed using componentwise pointed cochains. In section 4, we give the
definitions of crossed module extensions and consider some examples. Thereafter, we show in section 5 how a
3-cohomology class can be associated to a given crossed module extension. Conversely, in section 6 we construct
a standard extension with respect to a given cocycle and show that both constructions are mutually inverse.
This finally proves the classification theorem.

Conventions and notations
e The composite of morphisms f: X — Y and g: Y — Z is usually denoted by fg: X — Z.

e Given a complex of abelian groups A such that A™ = 0 for n < 0, we usually do not denote these zero
objects.

e We use the notations N ={1,2,3,...} and Ny = NU {0}.

e Given amap f: X — Y and subsets X’ C X, Y’ CY with X'f CY’, we write f|§/, X =Y 2 —af.
Moreover, we abbreviate f|x: := f|%, and f|¥ = f|¥% .

e Given integers a,b € Z, we write [a,b] := {z € Z | a < z < b} for the set of integers lying between a
and b. If we need to specify orientation, then we write [a,b] := (z € Z | a < z < b) for the ascending
interval and |a,b] = (z € Z | a > z > b) for the descending interval. Whereas we formally deal with
tuples, we use the element notation, for example we write Hidl,iﬂ g; = g19293 and HiGL&lJ Ji = 9392901

or (gi)ic|3,1] = (93,92, 91) for group elements g1, ga, g3.

e Given tuples (z;);cr and (z;);jes with disjoint index sets I and J, we write (2;)icr U (2;);jes for their
concatenation.

e Given groups G and H, we denote by triv: G — H the trivial group homomorphism g — 1.

e Given a group G, a subgroup U of G and a quotient group Q of G, we denote by inc = incV: U — G the
inclusion v — u and by quo = quo®: G — @ the quotient morphism.

e Given a group homomorphism ¢: G — H, we denote its kernel by Ker @, its cokernel by Coker ¢ and its
image by Im .

e The distinguished point in a pointed set X will be denoted by * = xX.

e The Kronecker delta is defined by

1 forz=y,
dpy =
0 forx #y,

where x and y are elements of some set.

A remark on Grothendieck universes To avoid set-theoretical difficulties, we work with Grothendieck
universes [1, exp. I, sec. 0] in this manuscript. In particular, every category has an object set and a morphism
set.

We suppose given a Grothendieck universe 4. A l-set is a set that is an element of 4, a -map is a map between
$l-sets. The category of i-sets consisting of the set of i-sets, that is, of i, as object set and the set of {-maps
as morphism set will be denoted by Set(y). A U-group is a group whose underlying set is a t-set, a -group



homomorphism is a group homomorphism between iU-groups. The category of iU-groups consisting of the set
of Y-groups as object set and the set of {-group homomorphisms as morphism set will be denoted by Grp -
Similarly for (abelian) G-modules, etc.

Because we do not want to overload our text with the usage of Grothendieck universes, we may suppress them
in notation, provided we work with a single fixed Grothendieck universe. For example, instead of

Remark. We suppose given a Grothendieck universe 4. The forgetful functor Grp ) — Set(y) is faithful.
we may just write
Remark. The forgetful functor Grp — Set is faithful.

Grothendieck universes will play a role when we consider extension classes of crossed module extensions, cf.
section 4.

2 Preliminaries

Sections and lifts

We suppose given a category C, objects X,Y, Z € ObC and morphisms f € ¢(X,Y), g € ¢(Z,Y). A section of
f is a morphism s € ¢(Y, X) such that sf = 1y. A lift of g along f is a morphism [ € ¢(Z, X) such that g = If.
If f is a retraction, then the sections of f are exactly the lifts of 1y along f. Moreover, every section s of f
defines a lift [ of g along f by [ := gs.

Free groups

We suppose given a set X. Recall that a free group on X consists of a group F' together with a map e: X — F
such that for every group G and every map f: X — G there exists a unique group homomorphism ¢: F — G
with f = ep.

By abuse of notation, we often refer to the free group (consisting of the group F' and the map e) as well as to
its underlying group by F. The map e is said to be the (ordered) basis of the free group F. Given a free group
F on X with basis e, we write e = e’ := e. The elements of Ime” are called free generators of F.

There exists a free group on every set X, see for example [10, ch. I, prop. 12.1]. Moreover, the Nielsen-Schreier
Theorem states that every subgroup U of a free group F' is again a free group, and it describes explicitly a set
of free generators of U, see for example [9, §36, p. 36]. We will apply this theorem in proposition (6.3).

Since a group has a natural underlying pointed set with the neutral element as distinguished point, we can also
define free groups on pointed sets: We suppose given a pointed set X. A free group on X consists of a group F'
together with a pointed map e: X — F such that for every group G and every pointed map f: X — G there
exists a unique group homomorphism ¢: F — G with f = ep.

By abuse of notation, we often refer to the free group as well as to its underlying group by F. The morphism
e is said to be the (ordered) basis of the free group F. Given a free group F' on X with basis e, we write
e = ef" ;= e. The elements of Ime!" are called free generators of F.

We suppose given a pointed set X. Roughly speaking, a free group on X is a free group on the set X \ {x}.

More precisely: Given a free group F on the pointed set X, we obtain a free group F”’ on the set X \ {*} with



underlying group F and basis ef = eF |x\{+}. Conversely, given a free group F’ on the set X \ {*}, we obtain

a free group F on the X pointed set with underlying group F’ and basis e’ defined by

P {xeF/ ifve X\ {x},

re' =
1 if & = *.

Group actions

We suppose given a category C and a group G. Recall that a (group) action of G on an object X € ObC(C is a
group homomorphism «a: G°P — Aute X.

A G-module consists of a (not necessarily abelian) group M together with an action a of G on M, that is,
a group homomorphism a: G — Autg,p M. By abuse of notation, we often refer to the module over G
as well as to its underlying group by M. The action « is called the G-action of the G-module M. Given a
G-module M with G-action «, we often write 9m := m(ga) for m € M, g € G. A G-module M is said to
be abelian if its underlying group is abelian. As usual, we often write M additively in this case, and we write
gm = g-m:=m(ga) for m € M, g € G, where « denotes the G-action of M.

A G-module structure on G itself is provided by the conjugation homomorphism G°? — Aut G, g — 9(—), where
Ix = gxg~! for z,g € G.

Cohomology of groups

We suppose given an abelian G-module M. The cochain complex of G is the complex of abelian groups
Ch(G, M) = Chg,,, (G, M) with entries Ch"(G, M) := Map(G*", M) and differentials given by

(9)jen0)(¢0) = (g541)jein—100¢+ Y (=D ((g41)jen-1.k) U (9rg5-1) U (95) e r—20))C
ke(l,n]

+ (=1 gn(g5) e n-1.0)

for (g;)jein0) € G*", ¢ € Ch™(G,M), n € Nyg. Moreover, we define the n-th cocycle group 7Z"(G, M) =
Z"Ch(G,M), the n-th coboundary group B™(G,M) := B"Ch(G,M) and the n-th cohomology group
H"(G,M) := H"Ch(G, M) = Z"(G,M)/B"(G, M) of G with coefficients in M. An element ¢ € Ch"(G, M)
resp. z € Z"(G, M) resp. b € Z"(G, M) resp. h € H*(G, M) is said to be an n-cochain resp. an n-cocycle resp.
an n-coboundary resp. an n-cohomology class of G with coefficients in M.

Crossed modules

A crossed module consists of a group G, a G-module M and a group homomorphism p: M — G such that the
following two axioms hold.

(Equi) Equivariance. We have (9m)pu = 9(mp) for all m € M, g € G.
(Peif) Peiffer identity. We have "m = "m for all m,n € M.

Here, G acts on G via conjugation, and so does M on M. We call G the group part and M the module part of
the crossed module. The group homomorphism p: M — G is said to be the structure morphism of the crossed
module. Given a crossed module V' with group part G, module part M and structure morphism pu, we write
GpV:=G,MpV :=M and u=pu" :=p.

We let V and W be crossed modules. A morphism of crossed modules (or crossed module morphism) from V
to W consists of group homomorphisms ¢g: GpV — GpW and ¢;: MpV — Mp W such that o;u"V = Vg
and such that (9m)p; = 99°(mey) holds for all m € MpV, g € Gp V. The group homomorphisms g resp. ¢
are said to be the group part resp. the module part of the morphism of crossed modules. Given a crossed module
morphism ¢ from V to W with group part ¢y and module part 1, we write Gpy = ¢o and Mpp = ;.
Composition of morphisms of crossed modules is defined by composition on the group parts and on the module
parts.

Let us consider two examples: Given a group G and a normal subgroup N < G, the inclusion inc: N — G
together with the conjugation action of G on N yields the crossed module [N < G], called normal subgroup
crossed module. On the other hand, given a group G and an abelian G-module M, the trivial homomorphism
triv: M — G yields the crossed module [M G], called trivial homomorphism crossed module.



We let 4 be a Grothendieck universe. A crossed module V is said to be a U-crossed module if GpV is a i-group
and Mp V is a {-G-module. The category of H-crossed modules consisting of {l-crossed modules as objects and
morphisms of U-crossed modules as morphisms will be denoted by CrMod = CrMod ).

Given a crossed module V', the image Im i is a normal subgroup of GpV and the kernel Ker 1 is a central
subgroup of Mp V. Moreover, the action of Gp V on Mp V restricts to a trivial action of Im p on Ker 1. See for
example [15, prop. (5.3)].

The homotopy groups of V are defined by

Cokeru for n =0,
(V) =< Kerp forn=1,
{1} for n € No \ {0,1}.

Thus 71 (V') carries the structure of an abelian 715 (V')-module, where the action of 7o(V') on 711 (V) is induced
by the action of GpV on MpV, that is, for k € m;(V) and p € my(V') we have Pk = 9k for any g € GpV with
g(Imp) = p.

Given crossed modules V' and W, a crossed module morphism ¢: V. — W is said to be a weak homotopy
equivalence if it induces isomorphisms 7, (V') — 7, (W) for all n € Ny.

Notation. Given a crossed module V', the module part Mp V resp. its opposite (Mp V)P act on (the underlying
set of) the group part GpV by mg := (mp)g and gm := g(mp) for m € MpV, g € GpV. Using this, we get
for example

mgy, — (Mg, MK (9p) = " (9n)
and

gm = g(mp) = ?(mp)g = ((“m))g = (Ym)g

for m,n € MpV, g € GpV. Also note that (mg)n = m(gn) for m,n € MpV, g€ GpV.

Given a set X and a map f: GpV — X, we usually write mf := mupf for m € MpV. Similarly for maps
GpV xGpV — X, etc.

Moreover, given crossed modules V' and W and a morphism of crossed modules ¢: V — W, we may write my
and gy instead of m(Mp ¢) and g(Gp ¢). Using this, we have

(mg)e = ((mu")g)(Gp¢) = (mu” (Gp¢))(9(Gp ¢)) = (m(Mp @)u")(g(Gp ¢)) = (mep)(ge)

forme MpV,ge GpV.

3 Componentwise pointed cochains

We suppose given a group G, an abelian G-module M and a non-negative integer n € Ny. Then G resp. M can
naturally be considered as pointed sets with 1 resp. 0 as distinguished points. We want to make use of those
cochains of G with coefficients in M that preserve these distinguished points.

This section follows [4, ch. II, sec. 6].

(3.1) Definition (componentwise pointed maps). We suppose given pointed sets X; for i € I and Y, where
I is an index set. A map f: X,c;X; — Y is said to be componentwise pointed if (z;)icrf = * for all
(xi)ier € Xer X; with z; = * for some ¢ € I.

(3.2) Definition (componentwise pointed cochains). The subset of Ch™ (G, M) consisting of all componentwise
pointed n-cochains of G with coefficients in M will be denoted by
Chy,

oot (G M) = Chéspp opi (G, M) := {c € Ch" (G, M) | ¢ componentwise pointed}.

Moreover, we set

Zet (G, M) = L pp epi (G, M) := Ch (G, M) N 2" (G, M)

cpt



for the set of componentwise pointed n-cocycles and

ngt(G’ M) = %rp,cpt (Ga M) := Chy,

cpt

(G,M)NB"(G, M)
for the set of componentwise pointed n-coboundaries and
HE (G M) = Hepp i (G M) := 28,0 (G, M) /BEL (G, M)
for the set of componentwise pointed n-cohomology classes of G with coefficients in M.
The next definition is for technical purposes.

(3.3) Definition (k-pointed cochains). We suppose given k € [0,n]. An n-cochain ¢ € Ch"(G, M) is said to
be k-pointed if (g;)jc|n—1,0)c = 0 for all (g;);e|n-1,0) € G*" with g; = 1 for some j € [k —1,0].

By definition, a 0-pointed m-cochain is just an arbitrary m-cochain, while an n-pointed n-cochain is actually a
componentwise pointed n-cochain.

(3.4) Remark. We suppose given k € [0,n] and an n-cochain ¢ € Ch" (G, M).
(a) If ¢ is k-pointed, then ¢d is k-pointed.
(b) If ¢ is componentwise pointed, then ¢d is componentwise pointed.

Proof.

(a) We suppose that c is k-pointed, and we let g; € G for j € |n,0] be given with g; = 1 for some [ € |k—1,0].
For [ = 0, we have

(9j)jen0)(€d) = (gi41)jen—10/c+ Y (=1 ((g541)jeln—1.1) U (9igi-1) U (95) e i=2,0))
1€[1,n]
+ (_1)n+lgn(gj)j€ [n—1,0]€C
= (9j+1)jeln-1,0¢ — ((gj+1)jen—1,1) YU (g1))c =0,

and for [ € |k —1,1], we have

(95)jeln,0(cO)

= (gi+1)jein-r0c+ Y (=)' ((gj+1)jeln-1,) U (9igi-1) U (g)jeli-2,0))C
i€[1,n]

+ (*Unﬂgn(gj)jem—l,ojc
= (=)' ((gj41) e n-1,1) Y (91-1) U (97) e 1-2,0) )C
+ (=" ((gj+1) e n-1.051) YU (941) U (95) jei-1,0))C
= (D' ((g741)jetn-14 Y (g5)jeui-1.0))¢ + (=1)'F ((gj1+1) e n—-14) U (95) e i-1.0) )¢ = 0.

Hence ¢0 is also k-pointed.

(b) We suppose that ¢ is componentwise pointed. Then ¢d is n-pointed by (a). Moreover, given g; € G for
j € |n—1,0], we have

(1) U (95)jen-1,0))(cd)
= (U (gj+1)jemn—z0)c+ D (D (D) U(gjr1)jein—2.) U (gigi-1) U (9))jeli-20))c

i€[1,n—1]
+ (=1)"((gn-1) U (gj)jeln—20))c + (=1)"(g;)jen-1.0)C
= (=1)"(gj)je(n-1,00¢+ (=1)""(g;)je[n-1,0/¢c = 0. O



(3.5) Definition (componentwise pointisation of n-cocycles). Given an n-cochain ¢ € Ch"(G, M), the k-pointi-
sation cP** € Ch"™(G, M) of ¢ for k € [0,n] is given recursively by

Cpt,k? — C if k = 07
PRl _pkg if k€ [1,n),

where the k-pointiser of ¢ for k € [1,n] is defined to be the (n — 1)-cochain p¥ € Ch" (G, M) given by

(95)ieln-2,0/PF = (=1)*((gj-1)je n-1,5) U (1) U (g;) e p—2,0 )" F !

for g; € G, j € [n—2,0].
(3.6) Proposition. We suppose given an n-cochain ¢ € Ch"(G, M) such that ¢0 is componentwise pointed.
Then cP** is k-pointed for all k € [0,n)].

Proof. We proceed by induction on k € [0,n], where for £ = 0 there is nothing to do. So let us suppose given
k € [1,n] and let us suppose that cP?**~! is (k — 1)-pointed. Then p¥ is (k — 1)-pointed by definition and hence
Pk = Ptk _ kg is (k — 1)-pointed by remark (3.4)(a). It remains to show that

((95)jeln—1,5) U (1)U (gj)jqka,oJ)Cpt’k =0

for gj € Gj, j € |[n—1,k] U |k —2,0]. Indeed, if k¥ € [1,n — 1], then we have, since cP?**~1 and pF are
(k — 1)-pointed,

((95)iein—1,4) U (1) U (g5) e h—2,0))PVF
= ((95)jeln—1,k) YU (1) U (9))jelr—2,0))c PRl ((95)jen-1,5) U (1)U (gj)jELk—Q,OJ)(p]ga)
= ((gj)yem 1,k] u (1) (gj)jeLk 2 OJ)Cp kol

= Y (Dg+0) e -2 YU (9i9i-1) U (g)jei—20) U (1) U () je k2,01 )DE
i€lk+1,n—1]

— (=1)"gn-1((g;)jen-2.) U (1) U (g;) e 5—2,0) )P
= ((gj)jqn—l,kj U (1) U (9j)je[k—2,0j)cp k=1

= Y D) jern—rit1) U (9igi-1) U (g5-1)jeli—1k41) U (1) U (1) U (95) e k—20) )P
i€lk+1,n—1]

U
U

k—1

— (=)™ g 1 ((g5-1)jetn—1h11) U (1) U (1) U (g5) e k2,0 )V F
= ((9/)jeln-1,,) U (1)U (gj)jelk_m”cpt,k—l
+ Z DN (g))jen—14) U (9i-19i-2) U (g5-1)je[i—2.k11) U (1) U (1) U (g7) e [k—2,0) )P
i€[k+2,n]
+ (_1)n+kgnfl((gjfl)jetn_l,k_i,.lj U((l)u(u (gj)jqk_mj)cpt,kq
= (_1)k_1(<_1)k+1((gj)j€Ln71 R U@)U (gj)je[k—2,0J)Cpt’k_1
Y (FDUG5)setn—r U (9i-19i-2) U (g5-1)jeli-2,p41) U (1) U (1) U (g) e [6-2.0)) !

i€[k+2,n]
+ (—1)n+1gn71((gj71)jetn,17k+u U((l)u()u (gj>j€[k72,0J)Cpt’k_1)
= (_1)k_1<(gj—1)j€Ln,k+1J U (1) U (1) U (gj)jGkaloj)(Cpt’k_la)
= (=1 ((gj-1)jenr+1) YU (D) U Q) U (g5)je(k-20)(cd) = 0.

Moreover, for k = n, we have n > 1 and obtain, since ¢! and p? are (n — 1)-pointed,

(1) U(g))jetn—200)c"" = (1) U (9;)je[n-2,0))c”"" " = (1) U (9;) je|n—2,0)) (PrO)
= (DU (gj)jeln—20)P"" " = (=1)""H((1) U (1) U (g))je[n—2,0)) (" 1D)
= (=)™ (1)U (1) U (g5)jen-2.0))(cd) = 0. O



(3.7) Corollary (cf. [4, lem. 6.1, lem. 6.2]).
(a) We have

7o (G M) ={z € Z"(G, M) | z2P"F = 2P" =1 for k € [1,n]} = {z € Z"(G, M) | 2" = z}.

(b) If n € N, then we have
ngt (G7 M) = (Chnil (Ga M))a

cpt

(c) The embedding Zg, (G, M) — Z" (G, M) and the n-pointisation homomorphism Z"(G, M) — Zg, (G, M),

2+ 2P induce mutually inverse isomorphisms between HE (G, M) and H"(G, M). In particular,

H™(G, M) = HZ (G, M).

Proof.

(a) We suppose given an n-cocycle z € Z"(G, M). If z is componentwise pointed, we inductively have p]; =0
and hence zPYF = zPUE=L for k€ [1,n]. If 2PY% = 2PYF=1 for k € [1,n], it follows inductively that
2Pt = 2P0 — & Finally, if 2P%" = z, it follows from the componentwise pointedness of zP*"0 = 20 = 0
that z = 2P%" is n-pointed by proposition (3.6), that is, z is componentwise pointed.

remar . , wWe have " , - , . Conversely, we suppose given an n-cobound-
b) By k (3.4)(b have (Chl ' (G, M))d C Bl (G, M). C ly gi bound

ary b € B*(G, M) and we choose an (n — 1)-cochain ¢ € Ch" (G, M) with b = ¢d. Then we also have
b = cP""~19, and by proposition (3.6) it follows that if b is componentwise pointed, then so is cPt"1.
Thus we also have B2, (G, M) = (Ch”.*(G, M)).

cpt cpt
(c) By definition of the n-pointisation, we have z = zP®" + (Xrein p¥)a for every n-cocycle z € Z"(G, M)
and since the n-pointisation zP*™ is componentwise pointed by (a), it follows that
H"(G, M) =7"(G,M)/B"(G, M) = (Z¢, (G, M) + B"(G, M))/B" (G, M).

Moreover,

Hi (G, M) =7,

cpt

(G, M)/B".,(G, M) = Z"

cpt cpt

(G7 M)/(Z?pt(G7 M) N Bn(G? M))a
and thus Noether’s first law of isomorphism provides the asserted isomorphisms

Hepe (G, M) — H™"(G, M), 2 + B (G, M) — z + B"(G, M) and

cpt
H"(G,M) — H},((G, M),z +B"(G,M) — z°"" + B (G, M). O

cpt

4 Crossed module extensions and their equivalence classes

In this section, we suppose given a group G and an abelian G-module M.
(4.1) Definition (crossed module extension).

(a) A crossed module extension (or 2-extension) of G with M consists of a crossed module E together with a
group monomorphism ¢: M — Mp E and a group epimorphism 7: Gp F — G such that

M-~ MpE % GpE -5 G

is an exact sequence of groups and such that the induced action of G on M caused by the action of the
crossed module E coincides with the a priori given action of G on M, that is, such that ¢(m¢) = ((em)m)e
fore € GpE and m € M.

By abuse of notation, we often refer to the crossed module extension as well as to its underlying crossed
module by E. The morphism ¢ is said to be the canonical monomorphism and the morphism = is said to
be the canonical epimorphism of the crossed module extension F.

Given a crossed module extension E of G with M with canonical monomorphism ¢ and canonical epimor-
phism 7, we write t = (¥ := ¢, and m = 7P := 7.



(b) We suppose given a Grothendieck universe 4 such that G and M are in 3. A crossed module extension is
said to be a i-crossed module extension if its underlying crossed module is a {-crossed module. The set
of $l-crossed module extensions of G with M will be denoted by Ext*(G, M) = Ext} (G, M).

(4.2) Remark.
(a) We have mp(F) = G and m(E) =2 M for every crossed module extension E of G with M.

(b) Conversely, given an arbitrary crossed module V', we get a crossed module extension of 71o(V') with 711 (V'),
where t = inc™ V) and 7 = quo™ (V).

inc

(V) —>MpV—>GpV—>7t0(V)

(4.3) Example.

(a) The trivial homomorphism crossed module [M G] provides a crossed module extension together with idp,
as canonical monomorphism and idg as canonical epimorphism, the trivial crossed module extension of G
with M.

M id s M triv G idg G
(b) We suppose given a group Ey and a group epimorphism 7: Fy — G. Then the normal subgroup crossed

module [Kerm < Ey] yields a crossed module extension of G with 0, where the canonical monomorphism
is trivial and the canonical epimorphism is 7.

O—)Kerﬁm—C>E0i>G

(4.4) Definition (equivalence of crossed module extensions).

(a) We let E and E be crossed module extensions of G with M. An (extension) equivalence from E to Eis
a morphism of crossed modules ¢: E — E such that (¥ = (#(Mp ¢) and n¥ = (Gp ¢)nc?

E E

ML MpE -t GpE T

E N B

M- MpE M GpE T G

(b) We suppose given a Grothendieck universe 4l such that G is a 4-group and M is a H-G-module. We let = =
~% be the equivalence relation on Extu(G M) generated by the following relation: Given extensions F, E €
Extu(G M), the extension E is in relation to the extension E if there exists an extension equivalence
E — E. Given crossed module extensions £ and E with E ~ FE, we say that E and E are (extension)
equivalent. The set of equivalence classes of i-crossed module extensions of G with M with respect to ~
is denoted by Ext?(G, M) = ExtZ (G, M) := Ext? (G, M)/~y, and an element of Ext?(G, M) is said to be
a U-crossed module extension class of G with M.

(4.5) Remark.

(a) Every extension equivalence ¢: E — E between crossed module extensions E and E of G with M is a
weak homotopy equivalence between the underlying crossed modules of E and E.

(b) Given a weak homotopy equivalence ¢: V' — W between crossed modules V' and W, there exist structures
of crossed module extensions on V' and W such that ¢ is an extension equivalence.

(4.6) Example. We suppose given a group Ey and a group epimorphism 7: Ey — G. Then
[Kerm < Ep] = [0 G]

since m induces an extension equivalence.

O%Kerﬂ%EO—»G

T

0 G




5 The associated cohomology class

During this section, we suppose given a group G and an abelian G-module M.

The aim of this manuscript is to show that there is a bijection between the set of crossed module extension classes
Ext*(G, M) and the third cohomology group H3(G, M), see theorem (6.11). Since H*(G, M) = HZ (G, M) by
corollary (3.7)(c), we are able to work with componentwise pointed cocycles and coboundaries. Most steps of
the construction can be done with “unpointed” data, but it seems to the author that componentwise pointedness
cannot be avoided in the proofs of proposition (5.19) and proposition (6.6). So for convenience, we will work
with pointed sets and componentwise pointed maps throughout the whole procedure.

We start by constructing for a given crossed module extension class of G with M a cohomology class in
H2 (G, M). The arguments used here are adapted from [5, sec. 7].

(5.1) Remark. We suppose given a group Fy and an epimorphism 7: Ey — G. For every section s” of the
underlying pointed map of 7, the map

72 = Z%O)SO: G x G — Kerm, (h,g) — (hs)(gs")((hg)s®) !
is well-defined, componentwise pointed and fulfills

(k. D)2 (kh, g)a* = " (1. 9)2") (k. hg)<®
for g,h, k € G.

Proof. We suppose given a section s°: G — Ejy of the underlying pointed map of 7. Since 7 is a group
homomorphism, we have (hs®)(gs®)((hg)s’)~! € Kerm for g,h € G. That is, we obtain a well-defined map
7?: G x G — Ker given by (h, g)z? := (hs®)(gs")((hg)s®)~1, that is, such that

(hs”)(gs°) = (h, g)2" (hg)s®
for g, h € G. Since s is pointed, we have

(9, 1)2% = (g5")(15°)((91)s°) " = 1 and
(1,9)2° = (1s°)(9s%)((19)s) ' =1

for all g € G, that is, z? is componentwise pointed. By computing the product (ks)(hs®)(gs®) in Ey for
g,h,k € G in two different ways, we get on the one hand

((ks”)(hs”))(gs") = (k, h)2*(kh)s®(gs°) = (k, h)2* (kh, g)z* (khg)s®,
and on the other hand
(k%) ((hs®)(g5”)) = (ks®)(h, )22 (hg)s® = "= ((h, 9)22) (ks)(hg)s® = *" ((h. 9)z) (k. hg)z* (khg)s®.
Hence z? fulfills
((k, h)z?)((kh, g)22) =" ((h. g)z*)((k, hg)z?)
for g,h,k € G. O

(5.2) Definition (non-abelian 2-cocycle of a crossed module extension).

(a) We suppose given a group Ep and an epimorphism 7: Ey — G. Given a section s of the underlying
pointed map of 7, we call

72 = Z2E0,so: G x G = Kerm, (h,g) — (hs)(gs°)((hg)s®) ™!

the non-abelian 2-cocycle of Ey with respect to s¥. (1)

IThe G-module Ker 7 is non-abelian in general. However, if Ker 7 is abelian, then z? is the well-known 2-cocycle in Z2(G, Ker )
of the group extension Ey of G with Ker .
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(b) Given a crossed module extension E of G with M and a section s° of the underlying pointed map of T,
the non-abelian 2-cocycle zépE <0 of Gp ¥ with respect to s¥ is also said to be the non-abelian 2-cocycle

of E with respect to sY9 and is also denoted by 72 = Z2E 0 = zépE <0

In the situation of definition (5.2)(a), the identity z! := idg: G — G fulfills the “non-abelian 1-cocycle condition”
h((g)z!)((h)2Y) = (hg)z* for g, h € G. Setting Z! := z1s° = s°, we have (h, g)z2 = "2’ ((9)Z*)((h) Z)((hg) Z*)
for g, h € G. Cf. definition (5.6) and definition (5.8).

(5.3) Definition (lifting and section systems for crossed module extensions). We suppose given a crossed
module extension E of G with M.

(a) A lifting system for E is a pair (22, Z') consisting of a lift Z': G — Gp E of idg along the underlying
pointed map of 7t and a lift Z2: G x G — Mp E of z% 1 along the underlying pointed map of w|'™mH such
that Z2 is componentwise pointed.

(b) A section system for E is a pair (s',s") consisting of a section s°: G — Gp E of the underlying pointed
map of 7t and a section s': Imp — Mp E of the underlying pointed map of p|™*.

(5.4) Example. The unique section system for the trivial crossed module extension [M G] of G with M is
given by (triv,idg).

(5.5) Remark. We suppose given a crossed module extension E of G with M. Every section system (s!, s%)
for E provides a lifting system (Z2, Z!) for E, where Z! := s° and Z? := z2s!.

Proof. We suppose given a section system (s!, s%) for E. Then Z! := s" is a section of 7t and hence a lift of idg
along the underlying pointed map of 7t. Further, Z2 := z2s! is a lift of z? along the underlying pointed map
of u|'™ . Tt is componentwise pointed since z? is componentwise pointed by remark (5.1) and s* is pointed by
assumption. L]

(5.6) Definition (lifting systems coming from section systems). Given a crossed module extension E of G
with M and a section system (s!,s°) for E, we say that a lifting system (Z2, Z') for E comes from (s',s°) if
Z' = s% and Z? = 7?5t

(5.7) Remark. We suppose given a crossed module extension F of G with M. For every lifting system (Z2, Z1)
for F/, the map

2 =1 (g2 51y G X G X G = M,
(ks hyg) = ((ky 1) 22 (kh, 9) 2% ((k, hg) 22) (M2 ((h, ) 2%) ) (1)~
is a well-defined componentwise pointed 3-cocycle of G with values in M.
Proof. We suppose given a lifting system (Z2, Z') for E. By remark (5.1), we have
(k. b2 (kh. g)2* = *7"((h,9)2®) (K, h)z*

for g,h,k € G. Hence it follows that (k,h)Z2(kh,g)Z2((k,hg)Z2)~(*2' ((h,9)Z2))"! € Kerp = Imu for
g,h,k € G. Since ( is injective, we obtain a well-defined map z*: G x G x G — M given by (k, h,g)z® :=
((k,h)ZQ(k:h,g)ZQ((k‘,hg)ZQ)_l(kZI((h, 9)Z%))7 1) (1" +) 71, that is, such that

(k, h) Z2(kh, 9)Z* = (k, h, g)2* 7 ((h, 9)Z2)(k, hg) Z°.

Since Z' and Z? are componentwise pointed, we have

(h,g,1)7* = ((h,9)Z*(hg, 1) Z%((h,9)Z%)* ("# (g, 1)2%) 1) (™) 7F = 0,
(h, l,g)z3 — ((h, 1)Z2(h,g)ZQ((h,g)ZQ)fl(th((l,g)ZQ))fl)(LPm‘)*l -0,
(13 h,g)23 = ((1,h)Z2(h,g)Z2((1, hg)Z2)71(1Z1((h’g)ZQ))*l)(qu L)—l =0

for all g,h € G, that is, z? is also componentwise pointed. To show that z> € ngt(aM), we compute

(1, k) Z%(lk, h) Z*(Ikh, g) Z* for g, h,k,l € G in two different ways. On the one hand, we have

(1, k) Z%(1k, h) Z2(Ikh, 9) Z° = (I, k) Z2(Ik, b, 9)2° L (7 ((h, 9) Z%)(Ik, hg) Z*
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Ik, h,g)z3u(1 k:)Z2 )2 ((h, g)Z2)(1k, hg) Z*

Ik, h, g)z3 WRIZ*URZY (. g)722)(1, k) Z2(Ik, hg) Z>
)
)z’

Ik, h, g)2* WZDFZ0 (B, g) Z2)(1, k, hg)z* 2 ((k, hg) Z°) (1, khg) 22
Ik, h, )28 (1, k, hg)z® (220 (b, ) Z2) 12 ((k, hg) Z2)(1, khg) Z2
= ((Ik, b, 9)2° + (1, k, hg)z* )L WZDEZD (n, g) Z2) 2 ((k, hg) Z°) (1, khg) 22,

(
(
(
(

and on the other hand, we get

(1, k) Z2(1k, h) Z2(lkh, 9) Z% = (I, k, h)Z* 2 ((k, h) Z2)(1, kh) Z2(lkh, g) Z*
(1, k, W22 (K, h) Z2) (1, kh, 9)23 2 ((kh, 9) Z2)(1, khg) Z*
(1, k, W23, kh, g)z3 2 ((k, h) Z22) Y2 ((kh, 9) Z2)(1, khg) Z*
(1, k, W22 (1, kh, 9)z3 2 ((k, h) Z2(kh, 9) Z%) (1, khg) Z2
( 3 zZt
(14,
(

{,
(@, ((

Lk, )z (L, kh, )22 ((k, h, 9)2* P2 (h, 9) 22) (k. hg) Z*) (1, khg) 22

1k, h)Z3 (1, kh, 9)2° 2 (K, b, g)z%0) (ZDEZD) (1, 9) 22) 12" ((k, hg) Z2)(1, khg) Z2

(I k h)2® + (1. kR, 9)2° + 1 - (k, b, 9)2° ) W22 (R, g) Z2) 2 ((k, hg) Z2) (1, khg) Z*.

By the injectivity of ¢, we conclude that
(k, by 9)7° + (I, k, hg)z® = (L k, h)2® + (I, kh, 9)2° + 1 - (k, h, 9)7°

for g, h,k,l € G, that is, z° € Z2

cpt

(G, M). O

(5.8) Definition (3-cocycle of a crossed module extension with respect to a lifting system). We suppose given
a crossed module extension E of G with M.

(a) Given a lifting system (Z2, Z!) for E, we call
2% =15 (g2 g1y G X G X G = M,
(k. h.g) = ((k, k) Z2(kh, g) Z2((k, hg) %)~ (2" ((h, g)2%)) ") (1™ ) !
the 3-cocycle of E with respect to (Z2,Z%).

(b) Given a section system (s, s"), the 3-cocycle of E with respect to the lifting sybtem (Z 2z 1) coming from
1

(s!,5%) is also called the 3-cocycle of E with respect to (s', s) and denoted by z* = ZE,(S $0) 2%7(Z27Z1)
(5.9) Example. As we have seen in example (5.4), the unique section system for [M G] is given by (triv,idg).

The 3-cocycle of [M G] with respect to (triv,idg) is the trivial 3-cocycle 0 € Z3 (G, M).

(5.10) Proposition. We suppose given a crossed module extension E of G with M and a lifting system (22, Z1)
for F.

(a) The maps Z2: G x G — Mp F such that (22 Z%') is a lifting system for E are exactly the maps of the form
G x G — MpE, (h,g) — (h,g)c*i(h,g)Z? for some componentwise pointed 2-cochain ¢? € Ch2 (G, M).

cpt

(b) For every 2-cochain ¢? € Chcpt(G M), the 3-cocycle z3 B.(22.21) of F with respect to the lifting system

(22, 7", where (h,g)Z? := (h,g)c2i(h, g)Z2 for g,h € G, is given by 73 (@22 C26+Z3E7(Z2)Zl).

Proof.
(a) First, we suppose given a componentwise pointed 2-cochain ¢? € ChCpt (G, M). Then the map Z%: GxG —
MpE (h,g) — (h, g)c t(h,g)Z? is componentwise pointed since 2, Z2 and L are componentwise pointed.

Moreover, we have Z2pu|[mH = Z2p|mk = 72 that is, Z2 is a lift of z? along the underlying pointed map
of u|"™ . Hence (22, Z1) is a lifting system for E.

Conversely, we suppose given a lifting system (Z 2. ZY) for E. Then Z? and Z2 are componentwise pointed
and lifts of z2 along the underlying pointed map of p|™ " that is, we have (h, ) Z?u = (h, 9)Z*un = (h, g)z*
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for g,h € G. Tt follows that (h, )Z ((h,9)Z%)~! € Kerp = Im 1 for g,h € G. Hence we obtain a map
2 GxG— M,(h,g)~ ((h, ) Z2((h,9)Z%)~1) (1™ )=, that is, such that

(h,9)Z* = (h,9)c*\(h, 9) Z*
for g, h € G. Finally, ¢? is componentwise pointed since Z2, Z2 and ( are componentwise pointed.

(b) We suppose given ¢® € ChZ, (G, M) and we define Z2: G x G — Mp E, (h, g) + (h,g)c*'(h, g)Z*. By (a),
(Z2,Z%) is a lifting system for E. We get

(k,h)Z2(kh,g)Z% = (k,h)c*i(k,h)Z ( ,9) kb, 9)Z% = (k,h)c(kh, g)c*(k, h) Z2 (kh, g) Z?
= (k,h)c*u(kh, g)c*(k, h, 9)2; (72 71) Z((h, 9)2%)(k, hg) Z*

= (k, h)c*u(kh, g)c*(k, h, 9)75; (72 71y 2 (((hy 9)c*0) " (h, ) Z2%)((k, hg)c*) ™ (k, hg) 2

= (k,h)c*L(kh, 9)c*u(k, h, 9)2%; (72 71 ’“Zl((( 9 2 (h, 9) Z2)((k, hg)e®) ™ (k, hg) 22
= (k, h)c*(kh, 9)c?u((k, hg)e®) ™ F2(((h, g)c*) ") (k. b, g)2, (z2 gt Z((h, 9)2*)(k, hg) Z*
= ((k, )¢ + (kh, g)c* — (k,hg)e® = k - (h,g)¢* + (k, h, 9)2% (52 y1y)L " Z((h, 9)2*)(k, hg) Z*
= (ks hy 9)(c20) + (K, by 9)235 (72, 1y U2 ((h, 9)2%)(k, hg) 22

and thus (k, h’g)z?é,(22,zl) = (k,h, g)(c*0) + (k, h,g)z%’(ZQ’Zl) for g, h, k € G, that is,
g = P04y :

(5.11) Proposition. We have a map
ol: Ext*(G, M) — H2,, (G, M)

that assigns to every crossed module extension E of G with M the cohomology class of the 3-cocycle of E with
respect to an arbitrarily chosen lifting system. The map cl is independent from the chosen lifting system.

Proof. We suppose given a crossed module extension E of G with M and we choose a lifting system (22, Z1)
for E. By proposition (5.10), the cohomology class of z% (22,21) is independent from the choice of Z2. Thus it

remains to show that the cohomology class of z% (22,71 is independent from the choice of Z'. To this end, we

let Z! be an alternative to Z!, that is, a section of the underlying pointed map of 7. Then (9Z")(g2") 1
Kermt = Imp for g € G, and we obtain a well-defined pointed map c¢': G — Imu, g — (gZ')(gZ*)~1, that is,
such that

9Z* = (gc")(9Z*)
for g € G. This implies
(hZY)(9Z") = (he')(hZY)(get) (921) = (he') " (ge")(hZY) (g Z") = (he') "2 (g ) (h, 9)722 51 (hg) 2
= (he') "2 (gc*)(h, 9)2% 1 ((hg)c') " (hg) Z*
and hence
(h, )72, 51 = (he') " (ge")(h, )7, 1 ((hg)e') ™!

for g,h € G. Welet C': G — Mp E be a lift of c along the underlying pointed map of /™", that is, a pointed
map C': G — Mp E such that C*(u|™*") = ¢!. Moreover, we define a lift Z2: G x G — MpE of z -, along

1

the underlying pointed map of p|™ " by (h,g)Z2 := (hC') "2 (gC)(h, ) Z2((hg)C')~! (2), that is, such that

(h, 9)Z%(hg)C" = (hCY) " (gC")(h, g) 22

2This is possible since the independence from the choice of this lift has already been shown.
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for g,h € G. Since Z', C' and Z? are componentwise pointed, we have
(9.1)2° = (9C") 7 (1C") (9, ) Z*(9C") ™ = 1 and
(L.9)Z° = (1C") 7 (4C")(1,9)2°(9C) " = 1

for all g € G, whence Z2 is also componentwise pointed. Finally, we compute

(k,h)Z2(kh, 9)Z*(khg)C* =

= w)"‘”(how (k2" )(h2) <g01><k,h,g>z%,(zz,zl>LkZl((h,g>ZQ><k,hg>ZQ
JUKCY) RZ (RO BZDMZD (4CV) 2 (h, 9) 2%) (K, hg) 22

(2 L<k01> K2 ((hCMY M (9O (h, ) Z%) (k, hg) Z2*
JL(ECY)YEZ ((h, g) 22 (hg)C") (k. hg) 22
KCVRZD) (h, g) Z*) (KCY) ¥ ((hg)C") (K, hg) 22

= (k. h, 9)2% (2, )t FVEZ ((h, 9) Z22) (k, hg) 2% (khg)C

(2.2 2 (h,9) Z%) (k, hg) Z2 (khg)C*

for g, h,k € G. It follows that

~ ~ 51 ~ ~
(k,h)Z*(kh, 9) 2% = (k. h, 9)2}; (g2 71yt 7 ((h, 9)Z%)(k, hg) Z°

for g, h,k € G, that is, z>

_ .3
B,(22,2Y) ~ ZE.(22,2Y) =

(5.12) Definition (cohomology class associated to a crossed module extension). Given a crossed module
extension E of G with M, the cohomology class cl(E) := z3, (72,71 +B2,.(G, M) € H3, (G, M) for an arbitrarily

chosen lifting system (Z2, Z') for E is called the cohomology class associated to E.
(5.13) Example. Following example (5.9), we have cl([M G]) =0

Our next aim is to show that the cohomology class associated to a crossed module extension is independent
from a chosen representative in its crossed module extension class.

(5.14) Proposition. We let E and E be crossed module extensions of G with M and we let ¢: E — E be an
extension equivalence.

E

W K
M —— MpFE GpE

G
e, o
~ E G

M- Mp Bt Gp BT

7_[E

(a) We suppose given a section s’ of the underlying pointed map of ¥ and a section 3% of the underlying
Im uE

pointed map of 72 with 50 = s9(Gp ). Then we have z% o= Z2E750(Gp )i -

E,

(b) We suppose given a lifting system (Z2, Z!) for E and a hftmg system (22 Zl) for E with Z! = ZYH(Gp )

and Z2 = Z?(Mp ). Then we have ZzE,Zl = zE,Zl(Gpcp)Hﬁ ﬁE and 7% (22,21 Z%7(z2vzl).

In particular, cl(E) = cl(E).

(c) We suppose given a section system (s',5%) for E and a section system (5',3°) for E with 3% = s°(Gp ¢)
and s*(Mp ¢) = (Gp go)|i$ ﬁEsl Moreover, we let (Z2, Z1) be the lifting system coming from (s!, s%) and
(Z2,Z") be the section system Comlng from (5',3°). Then we have Z' = Z'(Gpy) and Z2 = Z2(Mp ¢)
as well as Z2E’§D =73 ,(Gp Q) EE and 7% (150 = 2% (51,50
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Proof.
(a) We have

(h3°)(93°) = (hs’©)(g5°¢) = ((hs°)(95°))p = ((h, 9)z}; 0 (hg)s®)p = (h, g)z3; oo (hg)s"
= (h, 9)z; 0 p(hg)5°

Im uE

for g, h € G and thus z%jo = Z2E’SO (GP o)l -

(b) By (a), we have z% 5= ZQE 51 (Gp ap)|i$ ﬁi Further, we obtain

(k, h) 22 (kh, 9)2* = (k. h) 2% p(kh, 9) Z%p = ((k, h) Z2* (kh, 9) 2*)
1
= ((ks by 925 (72, 7y *2 (R, 9) 2°) (R, hg) Z2)
1
= (k. h, )2 (2 71y 0 "7 A(h, 9) 2 0) (K, hg) 2%
o - -
= (ks hs 97, 2" 7 (R, 9) 2°) (ke hg) 22
for g, h, k € G, that is, ZE (222 =z (22,71)- In particular, it follows that
CI(E) = Z%7(2272 1) cpt(G M) - ZE (Z2,Z1) +Bcpt(G M) - Cl( )
(c) First of all, we get ZQE o = ZE «0(Gp c,o)|I y (a). Since the lifting systems (22, Z') resp. (2%, Z')
come from the section systems (s!,s”) resp. (s ,8%), we have (22, Z') = (23 5", ") and (22,2") =

(Z% 51,53%). This implies

7' =3 =5"Gpy) = Z'(Gpy)

as well as
Z® =2, 8 =125 0(Gp so)liﬁﬁ =23, 08 (Mpy) = Z°(Mp o).
Now (b) yields
Z%,(;&gO) = Z%,(Z?,Zl) =2 (72 21) = 2 (s1,20)- O

(5.15) Proposition. We let E and E be crossed module extensions of G with M and we let ¢: E — E be an
extension equivalence.

(a) For every section s’ of the underlying pointed map of 7t¥, the pointed map 3¢ := so(Gp ) is a section of
the underlying pointed map of 7¥.

(b) We suppose given a lifting system (Z2,Z') for E. Setting Z! := Z'(Gpy) and 2% := Z>(Mpy), w
obtain a lifting system (22, Z') for E.
1 of the underlying pointed map of pZ|m ”E, there exists exactly one section s' of

E|fm w” with s'!(Mpy) = (Gp go)\%z tEsl It is constructed as fol-

(¢) For every section §
the underlying pointed map of p

lows: For an arbitrarily chosen section s'l of the underlying pointed map of p|m “E, we have gs! =
((903") (g 0) ™) (VPP 5) 7107 (gs™) for g € Tm .
Proof.
(a) We suppose given a section s° of the underlying pointed map of 7. Setting §° := s%(Gp ), we get
9P = s%(Gp <p)7tE = 97" = idg,
that is, 3° is a section of the underlying pointed map of nE.
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(b) We have Z'm¥ = idg by (a) and therefore Z2E~, 51 = 25 71(Gp Q) ﬁZ by proposition (5.14)(a). Further,

72 is a lift ofz~ - E‘ImuE

along the underlying pointed map of p since

1

Z2 (WP = Z2(Mp ) (WF ™) = Z2 (W) (G @)l ie) = 7 zl((Gpw)lﬁﬁ ) =125 715

and it is componentwise pointed since Z2 and Mp ¢ are componentwise pointed. Thus (Z 2 7 1) is a lifting
system for E.

(c) We suppose given a section §' of the underlying pointed map of uE |t *” and we choose a section s'! of
the underlying pointed map of pf|'™ H” Then

95" ouP = g5 1P = gp = gpa'u”
and hence (gp3')(gs' p)~! € Ker uE = Im (Z for g € Im u¥. Thus we obtain a well-defined pointed map

B Ny B B
s': Imp” — MpE, g — ((995")(gs™ )7 ) (™) 1P (gs)
with

- _ D E,_
gsluE _ (((gtpsl)(gs/lgo) 1)(LE|ImL ) 1LE (98/1))HE :gslluE =y

for all g € Im pu, that is, s! is a section of the underlying pointed map of uf|m ne Moreover, we have

95" = (((g95") (95" ) ) (F ™ f)-%E (951)¢ = ((995) (95" ) ) (E[™ )1 s (g5 )
= (95" (95" ) H(E™ )" 1E (g5 0) = (g5") (95" ) " (95" ) = gt

for g € Im uF, that is, s'(Mp ) = (Gp <p)|i$ﬁ st

Conversely, given arbitrary sections s! and s'! of the underlying pointed map of puZ|™ “” such that
st fulfills s'(Mpp) = (Gp ap)ﬂﬁﬁ 51, it follows that gs'u? = g = gs'*'u® for all g € Imu¥, that is,
(gs1)(gs') "t € Ker uf = Im (¥ and hence

gs' = (gs)(gs™) "M gs™) = ((gs1)(gs™) 1) (| 7) "1 (gs™)
= ((g5")(gs™) )™ )1 (gsh) = (951 0) (g™ ) 1) (P 5) 710 (g
= (995 ) (g o)1) (E 51 (g
for all g € Im u”. O

(5.16) Corollary. We let £ and E be crossed module extensions of G' with M and we let ¢: E — E be an
extension equivalence.

(a) There exists a lifting system (Z2, Z') for E and a lifting system (Z2, Z') for E with Z' = Z'(Gp¢) and
Z* = Z*(Mpyp).

1.59) for E and a section system (5',3°) for E with §° = s°(Gp ¢) and

(b) There exists a section system (st
s'(Mpy) = (Gp)| 5!
Proof.
(a) This follows from proposition (5.15)(b).

(b) We choose a section 5% of the underlying pointed map of 7t and a section 3! of the underlying pointed
map of uF|m™ w” By proposition (5.15)(a), 5 := sq(Gp ) is a section of the underlying pointed map of
n? and by proposition (c), there exists a unique section s of the underlying pointed map of p?|™ w”

such that s'(Mpp) = (GPW”Imu 5. -
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We remark that corollary (5.16)(b) will be used in [16, prop. (4.11)].

(5.17) Corollary. The map cl: Ext*(G, M) — H? (G, M) induces a well-defined map

cl: Ext*(G, M) — H?

cpt

(G, M), |E]~ ~ cl(E).

Proof. We suppose given crossed module extensions E and E of G with M and an extension equivalence
¢: B — FE. Then by corollary (5.16)(a), there exists a lifting system (72,7 for E and a lifting system
(Z2,Z%Y) for E with Z1 = Z'(Gp ) and Z? = Z?(Mp ) and proposition (5.14)(b) implies cl(E) = cl(E). O

(5.18) Definition (cohomology class associated to a crossed module extension class). Given a crossed module
extension E of G with M, the 3-cohomology class cl([E]x) = cl(E) € H2 (G, M) is also called the cohomology
class associated to [E]x.

(5.19) Proposition. We suppose given a crossed module extension E of G with M and a 3-cocycle z® €
ngt(G, M) with cl(E) = 23 + ngt(G, M). For every lift Z' of idg along the underlying pointed map of 7,
there exists a map Z2: G x G — Mp E such that (Z2, Z') is a lifting system for E with Z?’E (z2,71) = 23,

Proof. We suppose given a lift Z I of idg along the underlying pointed map of 7t and we choose an arbitrary
componentwise pointed map Z2: G x G — Mp E such that (Z2, Z!) is a lifting system for E, that is, with

Z2(uB[me”y = z2 ,1. Then we have

7y, .y + Bt (Gy M) = Cl(E) = 2° + B, (G, M),

that is, there exists a componentwise pointed 2-cochain ¢? € Ctht(G, M) with z3E

22z = (c20) + 3. Set-
ting (h,9)Z? = ((h, g)c*®)~1(h, g)Z?, proposition (5.10) implies that (Z2, Z') is a lifting system for E with
Z3E‘7(Z2,Z1) = 23, O

We let E be a crossed module extension of G with M and we let 2* € Z2, (G, M) be given with cl(E) =

22+ ngt (G, M). By the preceding proposition, every lift Z! of idg along the underlying pointed map of 7t can
be completed to a lifting system (Z2, Z') for E such that 2? is the 3-cocycle of E with respect to (Z2,Z'). A
lift of idg along the underlying pointed map of 7t is nothing but a section of the underlying pointed map of 7.
The following example shows that in general not every section s° of the underlying pointed map of 7t can be

completed to a section system (s!,s°) for E such that z® is the 3-cocycle of E with respect to (s!,s°).

(5.20) Example. We suppose that G, M and the action of G on M are non-trivial. Then the coboundary
group B2 . (G, M) has also at least one non-trivial element: We choose gy € G \ {1} and mg € M \ {1} such

cpt
that gomg # mo, and we define ¢ € ChZ (G, M) by (h,g)c? := 8(h,9),(g0,90)™M for g, h € G. This leads to

cpt
(90790790)(023) = (90790)02 - (9079(2))02 + (93790)02 — 9o - (90790)62 =moy — gomo # 0.

By example (5.9), the 3-cocycle of the trivial crossed module extension [M G] with respect to the unique section
system for [M G| is the trivial cocycle 0 € Z2 (G, M). Thus there cannot be a section system for [M G] leading
to ¢?9.

6 The standard extension

In this section, we construct for a given cocycle 23 € Zg’pt(G,M ), where G is a group and M is an abelian

G-module, a crossed module extension of G with M whose associated cohomology class is z* + B2, (G, M). The
arguments are adapted from [12, sec. 7], [5, sec. 9]. At the very end, this leads to the classification theorem (6.11)
due to HoLT [7, th. 4.5], HUEBSCHMANN |[8, p. 310] and RATCLIFFE [14, th. 9.4].

Throughout the whole section, we suppose given a group G and an abelian G-module M.

Before we begin with the construction of the standard extension, we recall two facts from group theory.

(6.1) Remark. We suppose given group homomorphisms p;: G; — H and po: Go — H. The map
p: G1 x Goa = H,(g1,92) = (911)(g2p2) is a group homomorphism if and only if

(9101)(g92¢02) = (g202)(91¢1)
for all g1 € G1, g2 € Gs.
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Proof. If ¢ is a group homomorphism, then we necessarily have

(9101)(g2902) = (91, 92) = ((1,92)(g1, 1)) = (1, 92)0(g1, 1) = (L1)(g2p2) (911) (1p2) = (g2¢02)(911)

for all g; € Gy, g2 € Ga. Conversely, if (g101)(g2p02) = (9292)(g1¢1) for all g1 € Gy, g2 € G2, then we obtain

((91,92)(91,92))¢ = (9191, 9292) 0 = (9191)¢1(9295) 02 = (9101)(9101)(9202) (gap2)
= (g1%1)(9202)(9101) (gap2) = (91, 92) (91, 92) %

for all g1, g7 € G1, g2, 95 € Ga, that is,  is a group homomorphism. O

(6.2) Remark. We let F be a free group on the underlying pointed set of G with basis s': G — F, and we let
7 be the extension of idg: G — G to F.

(a) The kernel Ker is a free group on the pointed set Im Z%—v750.
(b) Given g,h € G, we have (h,g)zfv,s0 =1lifandonlyif g=1or h = 1.
(c) Given g,¢',h, I € G\ {1} with (R, 9)z3, .0 = (h', )2}, ,0, it follows that (A, g) = (K, ¢').
Proof.
(a) This follows from the Nielsen-Schreier theorem, see for example [9, §36, p. 36] (cf. also [12, sec. 7, p. 747]).

(b) For g,h € G, we have (h, g)z?> = 1 if and only if (hs®)(gs") = (hg)s". But since F is freely generated on
the underlying pointed set of G' and the length of (hg)s" for g,h € G is less than 2, this is equivalent to
g=1lorh=1.

(c) We suppose given g,¢’,h,h' € G\ {1} with (h, g)z? = (h', ¢')z*. Tt follows that
(9's") "1 (W's%) " (hs®)(gs°) = ((W'g)s°) " (hg)s

and hence the length of this element is less or equal than 2. But since g,¢’, h,h’ # 1, this implies that
(h's°)~1(hs") = 1, that is, hs® = h/s” and therefore h = h’. Thus we have

(hg')s(g's") " (gs°) = (hg)s°

and hence the length of (hg')s®(g's?) 71 (gs) is less or equal than 1. But now g, ¢’ # 1 and hg' # ¢’ implies
9 =g O

(6.3) Proposition. We suppose given a 3-cocycle 2° € Z3 (G, M).

We let F be a free group on the underlying pointed set of G' with basis s = Z': G — F. We let 7w be
the extension of idg: G — G to F. The basis s’ is a section of the underlying pointed map of 7. We let
t: M — M x Kerm,m+ (m,1) and u: M x Kerw — F, (m,7) — r. We let s*: Kerm — M x Kerm,r +— (1,7)

and we let Z?: G x G — M x Kerrw be given by Z? := ZQESOSl. The direct product M x Kerm is gen-

erated by Im¢ U Im Z? and carries the structure of an F-module uniquely determined on this set of gen-
erators by *2' (mu) := (km). for m € M, k € G, and *2' ((h,g)2?) := ((k,h,g)zBL)fl(kzl((h,g)zz))sl =
(ks by 9)230) = (k, h) 22 (kh, ) 23((k, hg) 22) ) for g.h,k € G.

These data define a crossed module extension E(z?) and a section system (sl;,s%) for E(z®) as follows. The
group part of E(z%) is given by GpE(2%) := F, the module part is given by Mp E(23) := M x Ker7 and the
structure morphism is given by uE(ZS) := p. We have the canonical monomorphism (EG") .= | and the canonical
epimorphism 7BG") .= 7. The section system (siy,, sgg) is defined by sgg = 5% and sig, = sl.
By construction, the 3-cocycle of E(2*) with respect to the section system (s!;,s%;) is

3 3
Z 3 =Zz".
E(zd)v(si3 ,523 )

In particular, cl(E(2?)) = 22 + B2 (G, M).

cpt
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Proof. Since the kernel Ker 7 is a free group on the pointed set Imz? = {(hZ')(9Z")((hg)Z')~' | g,h € G} by
remark (6.2)(a), the direct product M x Ker 7 is generated by Im: U Im Z2. By definition of ¢, u and 7, we
have an exact sequence of groups

M- M x Kernr 2 F 25 @

with ¢ injective and 7 surjective. The pointed map s' is a section of the underlying pointed map of p|'™# and
hence Z? is a lift of z? along the underlying pointed map of j|™#.

We want to define an action of F' on M x Ker , that is, a group homomorphism a: F°P — Aut(M xKer 7). Since
F is a free group on the underlying pointed set of G, it suffices to define a pointed map a: G — Aut(M x Ker 7).
So we suppose given a group element k£ € G. Since M is a G-module, we have a group automorphism M — M,
m — km and hence a group homomorphism M — M x Kerw,m — (km)c. Moreover, since Ker is a free
group on the pointed set Im z2, the pointed map Ker 7 — M x Ker, (h, g)z2 + ((k, h, g)z31) "2 (*2" ((h, g)z2))s*
which is well-defined by remark (6.2), extends to a group homomorphism Ker m — M x Ker 7. By remark (6.1),
we obtain a group homomorphism ka: M x Kerm — M x Ker 7, which is given on the elements of Im ¢ UIm Z?2
by mu(ka) = (km). for m € M resp. by (h,g)Z%(ka) = ((k, h,g)z3L)*1(kZ1((h,g)z2))51 for g,h € G. Now
remark (5.1) implies that

(h, 9)Z%(ka) = ((k, h, 9)2*1) " (" ((h, 9)22))s" = ((k, h, 9)2°1) ™" ((k, h)2* (kh, g)2*((k, hg)z*)~")s"
= ((kv h, g)ZBL)il(ka h)Z2(kh7 g)ZQ((kv hg)ZZ)il

for all g,h € G. To show that ka is an automorphism on M x Ker 7w, we show that the group homomorphism
kb: M x Kerm — M x Ker 7, which is defined on the elements of Im ¢ UIm Z?2 by mu(kb) := (k~1m). for m € M

resp. (h,g)Z2(kb) = ((k=1, h, g)z31) "1 (*Z) 7" ((h, g)z2))s!, is inverse to ka. (The proof that kb exists and is
uniquely determined on Im: U Im Z? is done in the same way as that of ka.) Indeed, we have

mu(ka)(kb) = (km)u(kb) = (k™ 'km)L = mu
and
mu(kb)(ka) = (k" m)u(ka) = (kk™ m)e = mue
for all m € M as well as
(h, 9)Z* (ka)(kb) = (((k h,9)2*0) " (k, h) Z2(kh, 9) Z*((k, hg) Z*) ™) (kb)
= ((k,h,g)2*u(kb)) "~ ( (k,h)Z* (kb)) ((kh,g)Z b))((k hg)Z2 (kb)) ™"
(k" (s 9)2%)0) ™ (R ey )220 1 (B2 (k, h)22))sh) (K Kb, g)2°0) = (B2D 7 (K, g)72))s")
(k™ &, hg)2) = (F207 (s, hg)2?)) s )
— (k™ k 0)23) (B ke, hg)220) (K1 kb, 9)2%0) (k™ (ky hy 9)2%)0) (W20 (R, h)2))sY)
(707 ((kh, 9)22)s") (P77 ((k, hg)2?))st)
= (= (k" k,n)2* + (k7' k hg)2® — (k' kR, g)2° — k™ (k, h,g)2°)e
(27 ((k, h)2? (K, g)2* (K, hg)z®) ™))"
= (P20 (2 ((h, 9)22)))s" = (h, g)7%s" = (h, 9) 2

and
9)Z%(kb)(k > (k=1 , 9)2%0) " H(*ZD 7 ((h, )22))s) (ka)
(k™ “H(RZDTHETZN T2 (1, g)22))st) (ka)
= (((k Lk, g)22 ) " (TR T (R R)22 (K, )22 (K1, hg)z®) ~1))st) (ka)
(K" b)) T (R ) 22 (k0 g) 22 (K hg) 2%) 7)) (k)
(k™1 by g)2Pu(ka)) ~H (ETHRZ2 R (k=1 1) 22 (ka)) (k™ R, 9) 2% (ka)) (k1 hg) Z2 (ka)) ™)
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= (b1 By g)2%)e) ™ (k™ 22 X DS T ((k, k0, )2 (B2 (K2, h)a?))s")
(ks k™R, 9)2%0) (2 (k™ hy 9)22))sY) (((k, k™Y hg)22) " (W2 (K1, hg)2?))st) Y
= ((k, k™Y, 1)2%0) T (B, kY, hg)2%0) (R, kb, g)2%0) ((k(k—l h,g)Z*)) "
1

(k™D (B2 (1, R)22))s (P2 (K2R, 9)22))sM (2 (k™1 hg)2?))s') )
= (— (b, k=t h) 2% + (k k™1 hg)2® — (k, k™ h, g)2 — (k(E™Y b, g)2° )L

(R (R m)2) (ke g)2”) (K hg)2*) ™)'
= (M (hg)2)st = (hg)es' = (hog)Z?

for all g, h € G, that is, (ka)(kb) = (kb)(ka) = idasxKker» and hence ka € Aut(M x Ker 7). Altogether, we have
defined a map a: G — Aut(M x Kern). This map is pointed since

me(la) = (Im)e = me
for all m € M and
(h,9)Z%(1a) = (1, h, 9)2%) ("7 ((h, 9)2*))s" = (h, 9)7%s" = (h,9)Z”

for all g,h € G. Therefore, we get a group homomorphism a: F°P — Aut(M x Ker7) with a = Z'a, turning
M x Kerm into an F-module with

kZl(mL) = mu(ka) = me(ka) = (km)e
forme M, k € G, and
K2 ((h9)2%) = (h, 9) 2% (ka) = (h, g) Z*(ka) = ((k, b, 9)2"0) ' (*7" ((h, 9)7))s"
= ((ka hvg)zz‘jb)_l((kj’ h)ZQ)((kh,g)ZQ)((k, h’g)ZQ)_l
for g, h, k € G. So we have
(k1) Z%)((kh, 9)2*) = ((k, h, 9)2°0) EZ (R, 9) Z%)((k, hg) Z?)

for g,h, k € G.
We want to show that the group F, the F-module M x Ker 7 and the homomorphism p: M x Kerm — F' define
a crossed module.

(Equi) We have

M2 (mo))p = (km)ip =1 ="*2" (mup)

for m € M and

*2 (h.g)Z2)) = (((k, hyg)2*0) "1 (M2 ((h, 9)2%))s ) = *2" ((h, g)22) = ¥ ((h.9)Z%n)
for g,h € G.
(Peif) We have

M my) =me= (n+m+ (—n))e = "(mue)
for m,n € M as well as

"H((h,9)2%) = (h,9)Z* =" ((h,9)Z*)
for g,h € G, n € M. Moreover, we have

(2020 (me) = 12" (52" (ma)) =12 ((km)e) = (1(km))e = ((1k)m)e = P2 ()
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for m € M, k,l € G, and therefore
(l,k)ZQn(mb) _ (1L,k)z? (mu) = (lZl)(kZI)((lk)Zl)’l(mL) - (1,k)z* (me)
for m € M, k,l € G. Finally, we have

”ZlW”((h 9)2%) =7 (*%'((h,9)2?)) = ((khgu )N ((k, 1) Z2)((kh, 9) Z%)((k, hg) Z*) ™)
2 ((k, b, g)220) T2 ((k, h) 22) 2 ((kih, 9) 22) (7 ((k, hg) 2%)) !

= 1k, 1y 9)2%)0) " (1 K h)220) 1<lZI<<k 1)z%))sY) (L kh, 9)2*0) 71 (7 ((kh, g)22))s")

(1, k. hg)2*0) 7 (1" ((k, hg)z?))s') ™

= ((U(k, b, 9)2*)0) " (L ke h)220) M (L kb, 9)220) T (L ey hg) 220 (2 (K, h)22))s* (12 (K, g)22)) s

(%" ((k, hg)z®))s")

( (I,k,h)2% + (1L, k,hg)z® — (I, kh, g)2° — 1(k, h, g)z ) (Zl((k,h)ZQ(th,g)ZQ((kJ,hg)ZQ)_l))s1

(—(lk, b, @)2* ("2 (K2 ((h, g)z)))s! = ((k, h, 9)2°0) 7 (122D (B, g)a?))s!

(1, h, g)20) = (WR= D ZY (B, g)a?))st = (I, h, g)2%0) = ERZ (2 ((h, g)2))s")

= URZ (1, h, g)2%0) ™" (I ((h, g)2))s") = W22 (RZ((, g) 2?))

for g, h,k,l € G, and hence we get

5 2 1 1 1\—1
W70 ((h, g)2%) = R (1, )22) = (ZIGZNEIZY (1, ) 72)
— (lzl)(kzl)(((lk)zl)’l((h7g)22)) - (hk)Zz((h,g)ZQ)

for g, h,k,l € G.

Altogether we have constructed a crossed module E(2%) with MpE(2%) = M x Kerm, GpE(2%) = F and
uE(z = p. Since the induced action of G on M is by definition given by the a priori glven action of G on M,

we even have a crossed module extension E(2%) of G with M, where v B(=") =, and nPG") = 7. O

(6.4) Corollary. We suppose given a Grothendieck universe 4 that contains an infinite set and we suppose G

to be a U-group and M to be an abelian 4-G-module. The map cl: Extg (G, M) — H? (G, M) is surjective.

Proof. This follows since the free group construction can be done in i, provided 4 contains an infinite set. [

(6.5) Definition (standard extension with respect to a 3-cocycle). We suppose given a 3-cocycle z® €

73,.(G,M). The crossed module extension E(23) as constructed in proposition (6.3) is called the standard
extension of G with M with respect to 23 The section system (s ig,sg3) as also defined in loc. cit. is said to be
the standard section system for E(z3) resp. 2°.

Roughly said, the next proposition states that every 3-cocycle of the standard extension E(z®) with respect to
a given 3-cocycle 22 comes from a section system. This is a particular feature of the standard extension, cf.
example (5.20).

(6.6) Proposition. We suppose given a 3-cocycle 2% € Z2

opt(G, M).  For every componentwise pointed

2-cochain ¢? € Chgpt(G,M ), the group homomorphism §': Im uE(Z3) — MpE(2%) uniquely determined by
(h,g)zE(za) 0 5l = (h,g)cQLE(Z3)(h,g)z%(Z3) &0 sly for g,h € G is a section of the underlying pointed map of
S 3 S 3

23
pBE) |tm W7 guch that
3 _ 2 3
P29 (31,60 = € O 27

Proof. By remark (6.2), we have a well-defined pointed map Imz* — MpE(z?%), (h, g)z> — (h,g)c*(h, g)z*sl,.
Since Im p is freely generated by the pointed set Im z2, it follows that there exists a unique group homomorphlsm
§': Imp — MpE(2®) with (h, g)z28* = (h, g)c?(h, g)z sly for g,h € G. This group homomorphism 5! is a

section of the underlying pointed map of w and thus (3%, Sgg) is a section system for E(2®). We denote the lifting
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system of E(z%) coming from (sl5,8%) by (Z2,7'), and the one coming from (5!,5%) by (Z2,Z'). Then we
have

(h,9)Z* = (h,9)z*5" = (h,g)P1(h, 9)z%sLs = (h,g)*1(h,9)Z
and hence
Zh(0) (51 s0y) = €O+ 27

by proposition (5.10)(b). O
roposition. We suppose given a crossed module extension E o wit , and we choose 2° €

6.7) P iti W i d dul ion E of G with M d h 3
23,(G, M) with cl(E) = 2° + Bcpt(G,NM). Moreover, we suppose given a lifting system (Z2, Z!) for E with
z% (z2,71) = = 23 and we denote by (Z2, Z!) the lifting system of E(z3) coming from the standard section system

(si3,523). There exists a unique extension equivalence w: E(z?) — E with ngw = gZ' for ¢ € G and
(h,9)Z2w = (h,g)Z* for g,h € G.

(BG) HE(Z3) oo BED
M —— MpE(z%) —— GpE(z?*) =— G
pre o fo
E E E
M— MpEF—" - GpE—" G

In particular,
E(z*)~ E.

Proof. Since GpE(z?) is a free group on the underlying pointed set of G, the pointed map Z':G = GpE
extends uniquely to a group homomorphism wg: GpE(2?) — Gp E with (9Z')wg = gZ* for g € G. Further, by

remark (6.1) there exists a unique group homomorphism w; : Mp E(z%) — Mp E given by miP Dwi = miE for
m € M and ((h,g)Z?)w; = (h,g)Z? for g,h € G. We get

mEE ) 1P = mlPpf =1 = 1wy = mPE ) BE

for all m € M and

(hag)ZQWML = (h,9)Z%n g = (h, g)ZE 72 = (h, g)Z%(Zg)’leo = (h,g)ZQuE(ZB)wo
for all g,h € G, that is, wu” = uE(Z3)w0. Moreover, we have

2 () )wr = (km) P wy = (km)P =42 (i) = 210 (m By
foralme M, k € G, and

("7 (h.9)2%)n = (k. h. @) °CD) 7 (. 1) 2% (k. 9) 22 (k. 9h) 2%) e

)23 ECED w1 )k, B) 22w, (kh, ) Z%w1 ((k, h)z%Jl) 1
)22 )T (e, h) 22 (kh, g) 22 ((k, gh) 22) ™" = "7 ((h, 9) 2?)
(

for all g,h,k € G, that is, we have a morphism of crossed modules w: E(z?) — E with Mpw = w; and
Gpw = wp. Since (P )(Mpw) = (¥ and (Gpw)n? = 7PG") by construction, we even have an extension
equivalence w: E(z3) — E. O
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(6.8) Corollary. We suppose given crossed module extensions F and E of G with M, and we choose 2% €
73,.(G, M) such that cl(E) = 2* + B2 (G, M). Then E = E if and only if there exist extension equivalences

w: E(z%) = E and @: E(2%) — E.

E E E
M- MpEF—" L GpE—" G
L
(E(=%) I 5 ABED)

M ——— MpE(z*) —— GpE(z*) =— G
N
B . B - B
M—“  MpE—" L GpE—"—qG

Proof. If there exist extension equivalences w: E(23) — F and @: E(2%) — E, then £ ~ E by definition. So we
suppose conversely that E ~ E. By corollary (5.17), this implies cl(E)=c ( ) We choose a componentwise
pointed 3-cocycle z3Z3 (G, M) with cl(E) = (E) = 2% + B2,.(G,M). By proposition (5.19), there exist
lifting systems (Z2,Z') for E and (Z%,2") for E with ZE7(Z2721) = z% 2y = 23, and we are done with

proposition (6.7). O

-~

As a further corollary, we obtain the fact that the standard extensions with respect to cohomologous cocycles
are extension equivalent.

(6.9) Corollary. Given cocycles 23,23 € ngt(G7M) with 23 + B3 (G, M) = z3 + B3 (G, M), we have

E(23) ~ E(23). That is, given a Grothendieck universe {l that contains an infinite set and supposed that G is a
$-group and M is a -G-module, we obtain an induced map

H2 (G, M) — Ext (G, M), 2> + B2 (G, M) — [E(2%)]~.

Proof. We suppose given cocycles 23,73 € Zcpt(G,M) such that 23 + B2 (G, M) = (G, M), and we

let ¢? € Chcpt(G, M) be given such that z3 = ¢?9 + 23. By proposition (6.6), there exists a section system
(81,8%;) for E(2%) such that z° is the 3-cocycle of E(2?) with respect to (s',s%). Hence E(z*) ~ E(z%) by
proposition (6.7). O

cpt cpt

(6.10) Definition (crossed module extension class associated to a componentwise pointed 3-cohomology class).
For every 3-cocycle 2° € Z2,,(G, M), the crossed module extension class e(z® + B2 (G, M)) = [E(z%)]~ is called

the crossed module extension class associated to z3 + B3 (G, M).

Finally, we can deduce the desired bijection.

(6.11) Theorem (cf. [7, th. 4.5], [8, p. 310], [13], [14, th. 9.4]). We suppose given a Grothendieck universe £l
that contains an infinite set and we suppose G to be a {-group and M to be an abelian ${-G-module. The maps

cl: Ext3 (G, M) — HZ, (G, M) and
e: H?

cpt(Gv M) - EXtﬂ(Gv M)

are mutually inverse bijections, where the extension class of the trivial crossed module extension [M G] corre-
sponds to the trivial cohomology class 0 € Hcpt(G, M). In particular,

Ext? (G, M) = H3(G, M).
Proof. By proposition (6.3), we have
cl(e(2” + By (G, M) = cl([E(2°)]x) = cl(E(z%)) = 2% + B, (G, M)

for every 3-cocycle z® € Z32

opt (G, M), that is, cloe = idys  (,m)- Thus it remains to show that eocl =

dgy2(@,ar)- To this end, we suppose given a crossed module extension E and we choose 23 € cpt(G M)
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with cl(E) = z* + B2 (G, M). By proposition (5.19), there exists a lifting system (22, Z") for E such that

z?]i;,(zazl) = z3. Hence proposition (6.7) implies that E(2%) ~ E and thus

e(cl([E))) = e(cl(E)) = e(z* + B,y (G, M)) = [E(z*)]~ = [El=.

cpt

The assertion on the trivial crossed module extension has been shown in example (5.13). Finally, corol-
lary (3.7)(c) yields

Ext (G, M) = H2, (G, M) = H*(G, M). O

The standard extension E(z%) with respect to a given 3-cocycle z* € Z3 (G, M) involves free groups. So even

if G and M are both finite, the module part and the group part of E(z3) are both infinite. The question occurs
whether there exists a crossed module extension E with cl(E) = 2® + B3 (G, M) and with Gp E and Mp E
finite. Such an extension has been constructed explicitly by ELLIS [6, proof for ¢ = 2, p. 502].

References

[1] ARTIN, MICHAEL; GROTHENDIECK, ALEXANDER; VERDIER, JEAN-LOUIS. Théorie des topos et cohomolo-

gie étale des schémas. Tome 1: Théorie des topos. Lecture Notes in Mathematics, vol. 269. Springer-Verlag
Berlin-New York, 1972. Séminaire de Géométrie Algébrique du Bois-Marie 1963-1964 (SGA4). With the
collaboration of N. BOURBAKI, P. DELIGNE and B. SAINT-DONAT.

[2] BRowN, KENNETH S. Cohomology of Groups. Graduate Texts in Mathematics, vol. 87. Springer-Verlag,
New York-Berlin, 1982.

[3] CoNDUCHE, DANIEL. Modules croisés généralisés de longeur 2. Journal of Pure and Applied Algebra
34(2-3) (1984), pp. 155-178.

[4] EILENBERG, SAMUEL; MACLANE, SAUNDERS. Cohomology theory in abstract groups. I. Annals of
Mathematics 48(1) (1947), pp. 51-78.

[5] EILENBERG, SAMUEL; MAC LANE, SAUNDERS. Cohomology theory in abstract groups. II. Group Exten-
sions with a non-Abelian Kernel. Annals of Mathematics 48(2) (1947), pp. 326-341.

[6] ELLis, GRAHAM J. Spaces with finitely many non-trivial homotopy groups all of which are finite. Topology
36(2) (1997), pp. 501-504.

[7] Horr, DEREK F. An interpretation of the cohomology groups H™ (G, M). Journal of Algebra 60(2) (1979),
pp. 307-320.

[8] HUEBSCHMANN, JOHANNES. Crossed n-fold extensions of groups and cohomology. Commentarii Mathe-
matici Helvetici 55(2) (1980), pp. 302-313.

[9] KurosH, A. G. The theory of groups. Vol. II. Second English edition. Chelsea Publishing Company, New
York (NY), 1960.

[10] LaNG, SERGE. Algebra. Graduate Texts in Mathematics, vol. 211, third edition. Springer-Verlag, New
York, 2002.

[11] LopAy, JEAN-LOUIS. Spaces with finitely many non-trivial homotopy groups. Journal of Pure and Applied
Algebra 24(2) (1982), pp. 179-202.

[12] MAcC LANE, SAUNDERS. Cohomology theory in abstract groups. III. Operator Homomorphisms of Kernels.
Annals of Mathematics 50(3) (1949), pp. 736-761.

[13] MAc LANE, SAUNDERS. Historical Note. Journal of Algebra 60(2) (1979), pp. 319-320. Appendix in [7].

[14] RATCLIFFE, JOHN G. Crossed extensions. Transactions of the American Mathematical Society 257(1)
(1980), pp. 73-89.

[15] THOMAS, SEBASTIAN. (Co)homology of crossed modules. Diploma thesisy RWTH Aachen University, 2007.
http://www.math.rwth-aachen.de/~Sebastian.Thomas/publications/

24


http://www.math.rwth-aachen.de/~Sebastian.Thomas/publications/

[16] THOMAS, SEBASTIAN. On the second cohomology group of a simplicial group. Homology, Homotopy and

Applications 12(2) (2010), pp. 167-210.

Sebastian Thomas

Lehrstuhl D fiir Mathematik

RWTH Aachen University
Templergraben 64

52062 Aachen

Germany
sebastian.thomas@math.rwth-aachen.de

http://www.math.rwth-aachen.de/~Sebastian.Thomas/

25


http://www.math.rwth-aachen.de/~Sebastian.Thomas/

	Introduction
	Preliminaries
	Componentwise pointed cochains
	Crossed module extensions and their equivalence classes
	The associated cohomology class
	The standard extension

