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Chapter 0O

Introduction

0.1 Quillen model categories

In his seminal monograph “Homotopical Algebra” [10] Daniel Quillen introduced model
categories as an axiomatic framework for homotopy theory of topological spaces, simplicial
sets and chain complexes [10, Ex. on pp. 1.2f]. With a slight variation, Bousfield and
Friedlander applied the concept of model categories to spectra [1, §2].

Roughly speaking, a model category in the sense of Quillen is a category M that has finite
limits and colimits and that is equipped with subsets Cof M C Mor M of cofibrations,
Fib M C Mor M of fibrations and Qis M C Mor M of quasi-isomorphisms, also known
as weak equivalences, fulfilling certain axioms [10, Def. 1.1.1].

In particular, all pushouts and pullbacks exist. Furthermore, pushouts of cofibrations
along arbitrary morphisms are required to be cofibrations. Dually, pullbacks of fibrations
along arbitrary morphisms are required to be fibrations.

The notion of a model category is self-dual, which is not a priori evident when considering
the examples above.

Quillen introduces the homotopy category M|[Qis™!] of M as localisation of M with
respect to Qis M, in which the quasi-isomorphisms become formally inverted in the sense
of Gabriel and Zisman [5].

Under further assumptions on M, Dwyer, Hirschhorn, Kan and Smith showed that the
morphisms of M[Qis '] can be represented by 3-arrows, allowing for a calculus of fractions
on M[Qis™']; cf. [4, Cor. 10.9]. For a more general approach to this 3-arrow calculus, we
refer to [14] by Sebastian Thomas.

To avoid a calculus of fractions, Quillen uses bifibrant objects as follows.
To indicate that + € Mor M is a cofibration, we often write X Y.
To indicate that p € Mor M is a fibration, we often write X —Y.

To indicate that w € Mor M is a quasi-isomorphism, we often write X —¥-Y.

A model category M has a terminal object | and an initial object j. Thus, one can define
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full subcategories Mo of cofibrant objects, Mgy, of fibrant objects and My of bifibrant
objects by letting
ObMe = {X€ObM: |—e= X}

ObMyg, = {X€ObM: X —+=1}
Obeif = OchofﬁObMﬁb.

In [10, Def. 1.1.3], Quillen introduced left-homotopy and, dually, right-homotopy of mor-
phisms. He showed that right-homotopy yields a congruence on M, that left-homotopy
yields a congruence on Mgy, and that left- and right-homotopy coincide on My ; cf. [10,
pp. 1.8-11]. In consequence, we obtain factor categories M of, Mgy, and My .

The homotopy and factor categories introduced by Quillen are related by the commutative
diagram of functors

Mcof $ MCOf [Qis_l]
V |

My z M[Qis™]
| |

M, ——— M [Qis™ ],

where ~ denotes an equivalence of categories [10, Th. I.1]. Thus, already Mo, Mgp
and My contain the essential homotopy-theoretic information of M.

Therefore, one can choose to work in M., Mg, or My only.

However, e.g.in My, we have neither pushouts along cofibrations nor pullbacks along
fibrations at our disposal.

0.2 Working with Mg, or M

In [2], Kenneth Brown introduced categories of fibrant objects as an axiomatization of the
full subcategory of fibrant objects in a model category.

Roughly speaking, a category of fibrant objects is a category B with finite products and
final object ! equipped with subsets Fib B C Mor B of fibrations and Qis B C Mor B of
quasi-isomorphisms fulfilling certain axioms [2, pp. 420f]. Pullbacks of fibrations along
arbitrary morphisms are required to exist and to yield a fibration. Furthermore, every
object is fibrant.

The notion of a category with fibrant objects is not self-dual.

Brown showed that the morphisms of B[Qis '] for a category of fibrant objects B can be
represented by 2-arrows, allowing for a calculus of fractions on B[Qis™']; cf. [2, Th. 1].

This calculus of fractions was simplified by Sebastian Thomas by considering only certain
well-behaved 2-arrows [15, Ch. II]. In particular, he made equality of morphisms tractable.

For an overview of different approaches to fibration categories, we refer to [11] by Andrei
Radulescu-Banu.



0.3 Working with M

0.3.1 Quasi-model-categories

In this work, we introduce quasi-model-categories as an axiomatization of My for a model
category M.

Roughly speaking, a quasi-model-category is a category C with terminal object | and final
object | equipped with subsets Cof C C Mor C of cofibrations, FibC C Mor C of fibrations
and QisC C MorC of quasi-isomorphisms fulfilling certain axioms; cf. Definition 100.
Furthermore, all objects are bifibrant.

We introduce quasi-pushouts QPOC and quasi-pullbacks QPBC as additional data for
a quasi-model-category C. They are weak pushouts resp. weak pullbacks satisfying fur-
ther properties; cf. Definitions 96 and 97, and Lemma 104. They serve as a practical
replacement for the missing pushouts and pullbacks.

The notion of a quasi-model-category is self-dual; cf. Remark 102.

0.3.2 The basic example

Let M be a model category in the sense of Definition 172, which is a slight variation
of Quillen’s original definition. We additionally require that in M, pushouts of quasi-
isomorphisms along cofibrations yield quasi-isomorphisms and, dually, pullbacks of quasi-
isomorphisms along fibrations yield quasi-isomorphisms. I.e. M is proper in the sense of
Bousfield and Friedlander [1, Def. 1.2]. On the other hand, we only require pushouts
of arbitrary morphisms along cofibrations and pullbacks of arbitrary morphisms along
fibrations to exist.

Theorem 193. Suppose that M is weakly pointed, i.e.that | ——! and |j—e=!.

Then My carries the structure of a quasi-model-category.

0.3.3 Results

For this §0.3.3, let C be a quasi-model-category.

0.3.3.1 The homotopy category

Let X,Y € ObC. We call fy, f1 € ¢(X,Y) homotopic, written fy ~ fi, if there exists a
commutative diagram as follows.

X —— L>Y——Y
H ot - H
b
Xt X T . vy s vy
T
I ¥
X=——7—X—->Y=—=Y
fi



Proposition 52. The homotopy relation (~) is a congruence on C; cf. Definition 108.
Let HoC := C/(~) be the factor category. Let L¢ : C — HoC be the residue class functor.

Let D be a category. Write [C, D] for the category of functors from C to D. We consider
the full subcategories (.)[C, D] and 10c[C, D] of [C, D] defined by

Ob (y[C,D] := {F € Ob[C, D] : for f,g € MorC with f ~ g, we have F'f = Fg}
Ob 10c[C, D] := {F € Ob[C, D] : F(QisC) C IsoD}.

Theorem 62. We have the isomorphism of categories
(~) [C, D] — [HO C, D]
B*Lc B
(UolLe —=Vole) «— (U=V).

In particular, we have the universal property of the factor category; i.e.every functor
F € Ob ()[C, D] factors uniquely over L¢ as F' = F o Le.

c—Lr .

K4

Le S
=

Ho C

Proposition 59. We have (.)[C,D] = 1.c[C, D).

The proof of the inclusion Ob ()[C,D] € Ob 14 [C, D] uses weak pushouts and weak
pullbacks; cf. Lemma 53.

As a consequence of this lemma, the residue class functor Le : C — HoC also has the
universal property of the localisation of C with respect to the quasi-isomorphisms.

Theorem 63. We have the isomorphism of categories
Loc|C, D] +— [HoC,D]
UoLe 224 Vole) « (U V).
In particular, every functor F € Ob ..[C, D] factors uniquely over L¢ as F' = F o Le.

c—% .p

Le

Ho C

Technically speaking, we establish the homotopy category and its universal property more
generally for categories with split denominators; cf. Definition 39. The notion of a cate-
gory with split denominators is a precursor to the notion of a quasi-model-category; cf.
Definition 108. A category with split denominators is in particular a wuni-fractionable
category in the sense of Sebastian Thomas [14, Def. 3.1]. We only need weak pushouts
and weak pullbacks for the construction of the homotopy category, so that no further
properties of quasi-pushouts and quasi-pullbacks were needed.
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0.3.3.2 Hirschhorn replacement

We have the following Hirschhorn replacement lemma.

Proposition 112 (Cf. [8, Cor. 7.3.12]). The following assertions (1, 2) hold in C.

(1) Suppose given
f

A X
B
such that ig ~ f. There exists B 9. X with g~g¢g andig = f.

g

(2) Suppose given

A

such that fp ~ g. There exists A-LL X with f~fland f'p=g.

Using this replacement lemma, we obtain the following corollaries.
Corollary 113. A quasi-pushout yields a weak pushout in HoC.
Corollary 114. A quasi-pullback yields a weak pullback in HoC.

0.3.3.3 Loop and suspension functor

We construct the loop and suspension functors

¢

HoC HoC.

Qc

Cf. Definitions 141 and 153.
Theorem 160. Suppose that C is pointed, i.e. that ! 2.
Then the suspension functor ¢ is left adjoint to the loop functor Q¢ .

In the context of model categories, this has been shown by Quillen [10, pp. 1.2.9ff]. Having
only a quasi-model-category at our disposal forced us to follow an entirely different path
compared to Quillen’s original line of arguments. We hope to have achieved an accessible
proof.



0.4 An overview diagram

We provide a diagram relating the main notions considered in this work.

FCQ-category
(Definition 92)

e fibrations
e cofibrations

e (uasi-isomorphisms

1S a

Quasi-model-category
(Definition 100)

Category with
split denominators
(Definition 39) is a

e fibrations

cofibrations

A

e S-denominators (letting quasi-isomorphisms

e T-denominators SDen = Qis N Cof quasi-pullbacks
TDen = QisN Fib)

is a

quasi-pushouts

is a

Full subcategory of
bifibrant objects in
a model category
(Definition 178.(3))

is | contained in

Y

Model category
(Definitions 172
and 174.(1))

e fibrations

e cofibrations

e (uasi-isomorphisms
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0.6 Conventions

We assume the reader to be familiar with elementary category theory. An introduction
to this subject can be found in [9] or [13]. Some basic definitions and notations are given
below.

Let A, B and C be categories.

1. All categories are supposed to be small (with respect to a sufficiently big universe);
cf. [13, §3.2 and §3.3].

2. We write Ob A for the set of objects and Mor A for the set of morphisms of A.
Given A, B € Ob A, we denote the set of morphisms from A to B by (A4, B).

The identity morphism of A € Ob A is written as 14 or 14. If unambiguous, we
often write 1 :=14.

Let f € Mor. A. We write Source f € Ob A for its source and Target f € Ob A for
its target.

3. The composition of morphisms in A is written naturally:
(4 BLC)=(aL50)= (a5 0).

4. The composition of functors is written traditionally:

(AiB%C):(A%C):(Ai%c).

5. The opposite category of A is denoted by A°. To a morphism X oy A

corresponds the morphism Y Lo X i A°.

6. We write Coret A for the set of coretractions and Ret A for the set of retractions of
A. We write Iso A = (Coret A) N (Ret . A) for the set of isomorphisms in A.

7. Suppose given A, B € Ob A. If A and B are isomorphic in A, we write A & B.

To indicate that ¢ € 4(A, B) is an isomorphism, we often write A -~ B. Given an
isomorphism f € 4(A, B), we often write f~ € 4(B, A) for its inverse.

8. A commutative diagram in A is a functor from a category associated to a poset to
the category A.



. If we work in a category A, diagrams are meant to be diagrams in A, unless specified
otherwise.

. A commutative quadrangle
A-L.p

l Lb

A/T'B/

is sometimes denoted by (A, B, A’, B’). Note that (A, B, A’, B’) is not the same
diagram as (A, A, B, B’), the latter being a mirror image of the former.

. To indicate that a commutative quadrangle is a pushout, we often write
A—L.p
| b
J
A/ 7> B/.

To indicate that a commutative quadrangle is a pullback, we often write

A—f>B
r
|7
A ——s DB
f/

Lt X LYandY % X in A We say that the quadrangle

X p— X

| ]
is commutative if the quadrangle

X<—X

“’T Tl

is commutative, i.e.if fg = 1x.

. A functor A 5 Bis called an equivalence if there exists a functor B % Asuch that
(FoG)=14and (GoF)=1p. Recall that a functor is an equivalence if and only
if it is full, faithful and dense.

. A functor A 5 B is called an isomorphism of categories, if F' is an isomorphism in

the (1-)category of categories. Recall that a functor A 5 Bis an isomorphsim of
categories if and only if it is full, faithful and bijective on objects.
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15.

16.

17.

By [A, B] we denote the functor category whose objects are the functors from A to
B and whose morphisms are the transformations between such functors.

Suppose given
F H
AT B
G J
We have the transformation (H o F) £g (J o G) with

(B*a)x == Hax - Bex = Brx - Jax

for X € Ob A.
Furthermore, we write S F := fx1p. Thus, we have (% F)x = Brx for X € Ob A.
Moreover, we write H %« := 1y * . Thus, we have (H *x«a)x = Hax for X € Ob A.

If unabiguous, we write SF := % F and Ha := H * a.

Let A &5 B and B S A be functors. Let 14 (GoF)and (FoG) = 1z
be transformations. We call (F,G,n,e) an adjunction, if the following diagrams

commute.

Fn nG

F FoGoF G GoFo(G
\ laF \ lGE
F G

In this case, F'is called left adjoint to G and G is called right adjoint to . We also
write F' 4 G. Furthermore, we call 1 the unit and ¢ the counit of the adjunction.
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Chapter 1

Preliminaries

1.1 The factor category

In this §1.1 we review the factor category C/(~) of a category C with respect to a congruence
(~) on C, the class functor R : C — C/(~) and its (2-)universal property; cf. Definitions 3
and 4 and Proposition 12 below. This wellknown construction can for example be found in
[9, IIL.8] or (without the universal property) in [13, 6.4].

1.1.1 Congruences

For this §1.1.1 let C be a category.

Definition 1.

(1) Let (~) be an equivalence relation on MorC. We call (~) categorical if the following
assertion holds.

Suppose given f,g € MorC with f ~ g.
Then we have Source f = Source g and Target f = Target g, i.e.

f
Source f —= Target f.
g

For X,Y € ObC we write (~)x.y == (~) N ¢(X,Y)*%

(2) Let (~) be a categorical equivalence relation on MorC. We call (~) a congruence
on C if the following assertion holds.

fo 90
Suppose given X — Y — =7 in C with fy ~ f; and gy ~ g1.
fl 91

Then we have fogo ~ f191 -
Let f € MorC. We write [f] for its equivalence class.

(3) Let (~) be a congruence on C. We call (C, (~)) a category with congruence.

11



Remark 2. Let (~) be a categorical equivalence relation on Mor C. The following asser-
tions (1, 2) are equivalent.

(1) The relation (~) is a congruence on C.

(2) The following assertions (a, b) hold.

f
(a) Suppose given X :;O Y —2~Z in C with fy ~ f1. Then we have fog ~ fig.
fi

(b) Suppose given X Ty %Z Z in C with gg ~ ¢g;. Then we have fgy ~ fg;.

g1

1.1.2 Factor category and class functor
For this §1.1.2 let C be a category and let (~) be a congruence on C.

Definition 3 (and Lemma). We shall define a category C/(~) as follows.

Let Ob (C/(~)) := ObC.

For X,Y € Ob(C/(~)) we define ¢/~))(X,Y) = ¢(X,Y)/(~)xy-

For X,Y and Z in Ob (C/(~)), [f] € ¢/(~)(X,Y) and [g] € (c/~)) (Y, Z) we define

/1191 := [fgl-

For X € Ob(C/(~)) we define 1():(/(N) = [15].
This defines a category C/(~).
We call C/(~) the factor category of C modulo (~).

If unambiguous, we often write C := C/(~).

J
Proof. Suppose given X:;OYg:ZOZ in C with [fo] = [f1] and [go] = [g1], i-e. fo ~ fu

and gy ~ ¢. f s
Since (~) is a congruence, we have fogo ~ f1g1, i.e.[fogo] = [f191]. Thus, composition is
welldefined.
. (£] [g] (] :
Suppose given X Y Z W in C/(~). We have

[f]- (gl - [p]) = [f] - [gh] = [f(gh)] = [(fg)h] = [fg] - [h] = ([f] - [g]) - [].

Furthermore, we have [f] - [1y] = [fly]| = [f] and [1y] - [¢9] = [1yg] = [g]-

Thus, we have a category indeed. O

12



Definition 4 (and Lemma). We have the functor

R
—

c
xLy) —» xSy,

We call Ry the class functor of (~).

If unambiguous, we often write R := R¢ := R(.).

Proof. Suppose given X Ly % zme.
We have R(fg) = [fg] = [f] - l9] = Rf - Rg and R(1%) = [15] = 15 = 15«

Thus, we have a functor indeed.

Lemma 5. The following assertions (1, 2) hold.

(1) The class functor Ry is full.

(2) The class functor Ry is bijective on objects. In particular, Ry is dense.

Proof. Ad (1). Suppose given X,Y € ObC. Suppose given
D4
€ o(RX,RY) 2 L(X,Y)

By Definition 3, there exists f € ¢(X,Y) with ¢ = [f] = Rf. Thus, R is full.
Ad (2). We have ObC 2 ObC and RX 2= X for X € ObC.

1.1.3 Universal property
For this §1.1.3 let C, D and & be categories and let (~) be a congruence on C.
Definition 6. Let (.y[C,D] be the full subcategory of [C, D] with

Ob ()[C, D] := {F € Ob[C, D] : for f,g € MorC with f ~ g, we have F'f = Fg}.

Remark 7. The following assertions (1, 2) hold.

(1) We have R(.y € Ob ()[C,C]; cf. Definition 4.

(2) Suppose given F' € Ob (y[C,D] and G € Ob[D, £].
Then we have (G o F') € Ob ()[C,&].

13



Definition 8 (and Lemma). Let F' € Ob (y[C,D].
The following assertions (1, 2, 3) hold.

(1) We have the functor
c=c/(~) & p

x Dyy o (px L Ry,

(2) We have F o Ry = F.
(3) Suppose given F € [C, D] with Fo Ry = F. Then we have F=F.

f -
Proof. Ad (1). Suppose given X ==Y —2~ 7 in C with f ~ f.
f

Since F' € Ob ()[C, D], we have Ff = F f. Thus, F is welldefined on morphisms.

Furthermore, we have

w)

F1§ 2 FiS = F1§ =12, =12,

and
F([f]-lg)) = Flfgl = F(fg) = Ff-Fg=F[f]- Flg).

Thus, F is a functor indeed.

Ad (2). Suppose given X %Y in €. We have

FoR(XLv)2Fx Dyy=Fx D ry)y=Frix L y).

Ad (3). Suppose given X Yy in €. We have

FX Dy 2 For(XLy)=FoRr(X LY) 2 Ex Yy

Lemma 9. Suppose given F' € Ob ()[C,D]. The following assertions (1, 2) hold.

(1) Suppose that F is full. Then F is full.
(2) Suppose that F is dense. Then F is dense.

Proof. Ad (1). Suppose given X,Y € ObC.

Suppose given ¢ € D(F)_(, FY) = p(FX, FY)._Since F is full, there exists f € ¢(X,Y)
with F'f = ¢. We have F[f] = F'f = ¢. Thus, F is full.

Ad (2). Suppose given Z € ObD. Since [ is dense, there exists X € ObC with F.X = Z.
We have FX = FX = Z. Thus, F'is dense. O]

14



Definition 10 (and Lemma). Let F < G in ()[C, D). Define @ := (ax)xconz -
The following assertions (1, 2, 3) hold.

(1) We have F 5 G in [C, D).

(2) We have @ x Ry = a.

(3) Suppose given F % G with a Ry = . Then we have & = @.

Proof. Ad (1). For X € ObC = ObC, we have (FX 2% GX) B (FX 25 GX).

We show that @ is natural. Suppose given X m> Y in C. We have

ax-Glf1 2 ax-Gf=Ff-ay 2 Flf] ay. Fx =rx W py — By
axl lay
GX =GX ——=GY =GY
Ad (2). Suppose given X € ObC. We have GI=Gl/]
(E*R)X :aRX 121 @X:ax.
Ad (3). Suppose given X € ObC. We have
O~éX I;l aRX—(&*R)X:aX :aX
]

Remark 11. Suppose given an isotransformation F ——G in (-)[C,D]. Then we have

an isotransformation F ———G.

Proof. This follows since @ty = ax for X € ObC = ObC; cf. Definition 10. O
Proposition 12. Recall that C and D are categories.

Recall that (~) is a congruence on C and that C = C/(~). Cf. Definitions 1 and 3.

The following assertions (1, 2) hold.

(1) We have R(.y € Ob ()[C,C]; cf. Definitions 4 and 6.
Suppose given F' = G in (~[C,D].
We have unique F, G € [C,D] with F o Ry = F and Go Ry = G; cf. Definition 8.

We have a unique transformation F = G with @ * R~y = a; cf. Definition 10.

Ql

C
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(2) We have the isomorphism of categories
(~) [Ca D] — [67 D]

(UoRw 25N voRry) « USV)

with inverse B
(N)[C7D] — [CvD]

(F%G) —~ (F3Q).

Proof. Ad (1). This follows from Definitions 8 and 10.
Ad (2). This follows from (1) and Remark 7.

1.1.4 Functoriality

For this §1.1.4, let <C, (EJ)), <D, (3)> and (5, (EJ)) be categories with congruences.

By abuse of notation, we write (~) = (rcv) and (~) = (}3), etc.

Definition 13. Let y,[C, D] be the full subcategory of [C, D] with

Ob 1,[C, D] :={F € Ob[C,D] : Rp o F' € Ob ()[C, D]}
={F € Ob|C,D] : for f,g € MorC with f ~ g, we have F'f ~ Fg}.

Definition 14 (and Lemma). Let F' € Ob y,|[C, D].

Let Ho F' := (Rp o F); cf. Definition 8.(1).
The following assertions (1, 2, 3) hold.

(1) We have

xYyy o (rx Y gy,

(2) We have Rpo F' = (HoF) o Re .

>

F
—_—

Re

-
2]
9

Ql=—O0

S

—
Ho F

(3) Suppose given F € Ob[C, D] with Rp o F = F o Re. Then we have F = Ho F.
Proof. By Definition 8.(2), there exists a functor
(E Ho F 6) _ (E (RpoF) ,Z—)>

16



with Rpo F' = (Ho F) o Re¢.
By Definition 8.(3), this equality determines Ho F' uniquely.

Furthermore, we have

(Ho F)<X LN Y) DL ((RD o F)X

(RpoF)f D4

(Rp o F)Y) DA (FX ), FY)
(/] .=
for X — Y in C.
Lemma 15. Suppose given F € Ob y,[C, D] and G € Ob y,[D, £].
The following assertions (1, 2) hold.
(1) We have Hole = 15.

(2) We have G o F € Ob y,[C,€&] and Ho(G o F) =HoG oHo F.

Proof. Ad (1). Suppose given X Yy in €. We have

Hole)(X By = (1ex 2 1ov) = (x Lov) =1, (x By,
C

Ad (2). Suppose given X YLy in C. We have
(Ho(G o F))(X ul, Y) - ((G o F)Xx 100 g F)Y)
— (Ho @) (FX 1, FY)

= ((HoG) o (HoF))(X Y, Y).

Definition 16 (and Lemma). Suppose given F < G in y,[C, D]. Define
Hoa := (Rp * a) : Ho F — HoG;
cf. Definition 10. The following assertions (1, 2, 3) hold.
(1) We have (Hoa)x = [ax] for X € ObC.
(2) We have (Hoa) * Re = Rp * .

(3) Suppose given Ho F % Ho G with & * Rc = Rp * a. Then we have & = Ho a.

Proof. We have the transformation (Rp o F) fipra, (Rp o G).

By Definition 10.(2), there exists a unique transformation
<H0 F ooy g, G) S ((RD o F) L2 TR o G))

with (Hoa) x Re = Rp * a.
By Definition 10.(3), this equality defines Ho o uniquely.

Furthermore, we have (Ho ) x oo (Rp x a)x = Rpax B [ax] for X € ObC.

17



Lemma 17. Suppose given F = F' and F’ LNy 1[C, D].
The following assertions (1, 2) hold.

(1) We have Holp = lyoF .
(2) We have Ho(ao') = Hoa - Ho .
Proof. Ad (1). Suppose given X € ObC. We have
(Holp)x = [(1r)x] = 1Bx] = 125 = 1R pyx = (lior)x -

Ad (2). Suppose given X € ObC. We have

(Ho(aa'))x = [(aa')x] = [ax-ax] = [ax]-[a] = (Hoa)x-(Hoa')x = ((Hoa)-(Hoa'))x .

Lemma 18. Suppose given F = F' in 1,|C,D] and G B in 1| D, &].
We have Ho(f * ) = (Ho ) % (Ho ).

Proof. Suppose given X € ObC. We have

(Ho(gsa)y " [(Bra)]
— [Gax - Brix]
_ (Gax] - [Brx]
D14.(1)£D16-(1) Ho )[ ] (Hoﬂ)F'X
D14.(1),D16.(1)

(
(HoG)(Hoa)x - (Ho B)(mo rryx
(HoB *Hoa)y

1.2 A remark on isomorphisms

For this §1.2, let C be a category.

Remark 19. Suppose given A LS o pmc
Suppose that fg,gh € IsoC. Then we have f, g, h, fgh € IsoC.

gh

L5

]



Proof. 1t suffices to show that f, g, h € IsoC.

We have
g-h(gh)” =1p and (fg) f-9=1c.

Thus, we have g € (Coret C) N (Ret C) = IsoC. Furthermore, we have

Foofe)" =1 and  g(f9)” - f=9(f9) [ 99" =99 =1p.

Similarily, we have

(gh)"g-h=1p and h-(gh)"9g=g g-h-(gh) g=9 g=1c.

1.3 Retracts and lifting properties

In this §1.3 we introduce rectracts and the extension properties. Furthermore, we establish
the well known rectract argument; cf. for example [8, Prop. 7.2.2].

For this §1.3 let C be a category.

Definition 20. Let A% A’ and B> B in C.

We call a a retract of b if there exists a commutative diagram as follows.

Definition 21. Let A% A’ and B % B in C.

We call (a,b) an eztension pair if the following assertion (x) holds.

(¥) Suppose given A Iy Band A Ly B with af' = fb.
Then there exists A’ % B with ah = f and hb = f'.

f

A——2B

a‘ h ‘b

A B
f/

19



Lemma 22. Suppose given A “BLCad X By %L 7.
The follwing assertions (1, 2) hold.
(1) Suppose that (i,p) and (j,p) are extension pairs. Then (ij,p) is an extension pair.

(2) Suppose that (i,p) and (i,q) are extension pairs. Then (i,pq) is an extension pair.

Proof. Ad (1). Suppose given A Iy X and € % Z with ijg = fp.

Since (i,p) is an extension pair, there exists B L X with ik = f and jg = kp.
Since (j, p) is an extension pair, there exists C Iy X with jh =k and hp = g¢.
Thus, we have hp = g and (ij)h = ik = f. Therefore, (ij,p) is an extension pair.

ALx
B P
Ad (2). This is dual to (1). O

Lemma 23 (The retract argument, [8, Prop. 7.2.2]).

Suppose given X LY B ZinC. The following assertions (1, 2) hold.

(1) Suppose that (ip,p) is an extension pair. Then ip is a retract of i.

(2) Suppose that (i,ip) is an extension pair. Then ip is a retract of p.

Proof. Ad (1). Since (ip,p) is an extension pair, there exists a commutative diagram as
follows. '
X ——=Y

ipt [ jp

77

Thus, we have the following commutative diagram.

Ad (2). This is dual to (1). O
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1.4 (Weak) pushouts and (weak) pullbacks

For this §1.4, let C be a category.

Definition 24. A commutative quadrangle
A-1L.B
| )
Al——= B
f'/

is called a weak pushout, if the following assertion (x) holds.

(%) Suppose given A’ —2>T <Y~ B with az = fy.

Then there exists B’ ——=T such that the following diagram commutes.

A—f>B

To indicate that a commutative quadrangle (A, B, A’, B’) is a weak pushout, we often
write

A —— B
f! '
Definition 25. A commutative quadrangle

Ao B

al lb
A/ I B/
f/

is called a weak pullback, if the following assertion (x) holds.

(¥) Suppose given A’ <2 7Y B with zf = yb.

Then there exists T'—== A such that the following diagram commutes.
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To indicate that a commutative quadrangle (A, B, A’, B') is a weak pullback, we often
write

A——DB
W

a b
! !

f/

Remark 26. Let

A—L.B
a b
/ /

fl

be a commutative diagram in C.

The following assertions (1, 2) are equivalent.

(1) The quadrangle (A, B, A’, B') is a weak pushout.

(2) The quadrangle (A, A’ B, B’) is a weak pushout.
The following assertions (3, 4) are equivalent.

(3) The quadrangle (A, B, A’, B') is a weak pullback.
(4) The quadrangle (A, A’, B, B') is a weak pullback.

Lemma 27. Suppose given

A B?

— > C

; L
W%

B —C".

g

_r
a
\WY%
Al ——
f/

Then (A,C, A',C") is a weak pushout.

Proof. Suppose given A’ —2>T <2—(C with az = fgy.

Since (A, B, A’, B') is a weak pushout, there exists a commutative diagram as follows.




Since (B, C, B’, (") is a weak pushout, there exists a commutative diagram as follows.

B—2-(C

Lemma 28. Suppose given

Then (A,C, A", C") is a weak pullback.

Proof. This is dual to Lemma 27.

Definition 29. A weak pushout

(%) Suppose given B'—=T with f'u = f'v and bu = bv.

Then we have u = v.

To indicate that a commutative quadrangle (A, B, A’, B') is a pushout, we often write

A B
L)
_
A/ﬁ_B/
f
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Definition 30. A weak pullback
AL.B
w
b
A —= DB
f/
is called a pullback, if the following assertion (x) holds.
(%) Suppose given T:u; A with uf = vf and ua = va.
Then we have u = v.
To indicate that a commutative quadrangle (A, B, A’, B’) is a pullback, we often write
A—1.pB
r
" b
A ——= DB
I .

Remark 31. Let
A-L.B

l lb

A ——=PB
f/
be a commutative diagram in C. The following assertions (1, 2) are equivalent.
(1) The quadrangle (A, B, A’, B') is a pushout.
(2) The quadrangle (A, A’, B, B') is a pushout.
The following assertions (3, 4) are equivalent.
(3) The quadrangle (A, B, A’, B’) is a pullback.

(4) The quadrangle (A, A’, B, B’) is a pullback.

Lemma 32. Suppose given

At .p_9 C

al b lc
_ _

Al / !

f g '

Then (A,C, A',C") is a pushout.
Proof. By Lemma 27, the quadrangle (A, C, A’, C") is a weak pushout.
Suppose given C'—=T with f'du= f'g'vand cu = cv.

Since f'-¢gu=f"-gvand b-¢g'u="b-g'v, we obtain ¢g'u = g'v; cf. Definition 29.

Since ¢g'u = ¢g'v and cu = cv, we obtain u = v; cf. Definition 29.
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Lemma 33. Suppose given

Then (A,C, A',C") is a pullback.

Proof. This is dual to Lemma 32. m

Lemma 34. Suppose given the following commutative diagram.

Then (B,C,B',C") is a pushout.

Proof. Suppose given B' —%=T <Y ' with bz = gy.

Since (A,C, A’,C") is a weak pushout, we have a commutative diagram as follows.

AL ¢
1
g’

Cf. Definitions 24 and 29.

Since we have - gu=f' -z and b- g'u = gcu = gy = b -z, and since (A, B, A’, B') is a
pushout, we obtain ¢'u = x.

Since the diagram

commutes, (B,C, B’,C") is a weak pushout.

It remains to show that (B, C, B’,C") fullfills (%) from Definition 29.
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Suppose given C’ ——= T with cu = cv and gu=gv.
v

Since f'¢g'-u = f'¢g’ - v and cu = cv, we obtain u = v; cf. Definition 29. O
Lemma 35. Suppose given
A-L.B  ana  A-L-B
a b j lb
|
A’ — / A B
! f

The following assertions (1, 2, 3) hold.

(1) There exists a commutative diagram as follows.

Then we have uv = 1 and vu = 14.

(3) Suppose given a commutative diagram as follows.

Then we have u € IsoC.

Proof. Ad (1). This holds since (A, B, A’, B') is a weak pushout; cf. Definitions 24 and 29.
Ad (2). By symmetry, it suffices to show that uv = 1p/.
Since f'-uv = fv = f and b-uv = bv = b, we obtain uv = 1 ; cf. Definition 29.

Ad (3). This follows from (1) and (2). O
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1.5 Equivalences and adjoint functors

In this §1.5, we recapitulate elementary facts about equivalences of categories and adjoint
functors. In particular, we recall that mutually inverse equivalences are also adjoint func-
tors.

For this §1.5, let C, D and &£ be categories.
Lemma 36. Suppose given mutually inverse equivalences F € [C,D] and G € [D,C].

Suppose given F o G- 1p. Then there exists 1o — G o F such that (F,G,a, f3) is an
adjunction.

Proof. Suppose given X € ObC(C.

Since F' is full and faithful, there uniquely exists ax € ¢(X,GFX) with

FO!X = BI;X .
We show that a := (ay)yeonc is natural, i.e.that o € ¢ ¢(1e, G o F).

Suppose given Y Iy 7 in C. We show that the following diagram is commutative.

Y > GFY
f l lGF f
722 Grz
Applying F', we obtain the following diagram.

Foy=0Bpy,

FY FGFY
Ffl LFGFf
FZ FGFZ

Since 3 is natural, the latter diagram commutes. Since F'is full and faithful, the former
diagram commutes as well. Therefore, « is natural.

Faz=8g,

By construction, we have Fa - fF = 1p.

We show that aG - G = 1.

Suppose given Y € ObD. We have to show that agy - GBy = 1gy.

Since F' is faithful, it suffices to show that Fagy - FGfBy = lay = lpgy.
Thus, it suffices to show that B,y - FGBy = lpay.

Since [ is natural, the following diagram commutes.

FGFGY 2% FGY
F GﬁYl lﬁy
FGY Y
v
Since [ is an isotransformation, we obtain Srgy = F'Gfy, as needed. O
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Lemma 37. Let (F,G,n,¢) and (F, é,ﬁ,é) be adjunctions with F' € Ob[C,D].
Let v := (7iG) - (Ge) € 1p)(G,G) and 7 := (nG) - (GE) € p (G, G).
Then the following assertions (1, 2) hold.

(1) We have ~ € Iso[D,C] with v~ = 4. In particular, we have G —— G .

(2) The following diagrams commute.

le—Lt ~GoF FoG—>1p
\ \VF Fv\ /
n £
GoF Fo(G

Proof. Ad (1). We show have to show that v -4 = 1 and 7 - v = 1. By symmetry, it
suffices to show that v-v = 1¢.

Suppose given Y € ObD. We have to show that

! - . ~ .
lay = -y = Nay - Gey “ gy - GEy .
Since 17 and € are natural, we have the following commutative diagram.

QY ey GFGY

ﬁGYl lGFWGY

GFGY ————= GFGFGY —2~ GFGY

éayl LGFG’&Y lGéy
GY ————GFGY —————GY

Thus, it suffices to show that

_ . !
Nay - GFNgy - Gépgy - Gey = lgy .

Since nG - Ge = 14, it suffices to show that

GFiigy - Géroy = loray -
This holds, since we have F'7j-éF = 1p.
Ad (2). Suppose given X € ObC. We have to show that

_ . ~
Nx =Nx - Yrx = Nx - Narx - Gepx .

Since 77 is natural, the following diagram commutes.

X X GFX

ﬁxl lﬁGFX

GFX — GFGFX

GF'I]X
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Thus, it suffices to show that

. A = s

nx - GFnx - Gepx = nx
This holds, since F'n-cF = 1p.
Suppose given Y € ObD. We have to show that

! . _ ~ .
ey = Fyy - &y = Fijgy - F'Gey - €y .

Since € is natural, the following diagram commutes.

Fésy

FGFGY FGQY
gFGYl lgy
FGY Y

Thus, it suffices to show that

- - !
Fray -érgy ey =€y .

This holds, since F'n-eF = 1p. [

Lemma 38. Suppose given adjunctions (F,G,n,e) and (F',G',n/,&") with F' € Ob|C, D]
and F' € Ob[D, £].

We have the adjunction (F' o F,G o G',n-Gn'F,F'eG" - ¢).
Proof. We have the following transformations.

't GG'F'F

1c ! GF

FFGG ——— F'¢

le

€

Thus, we need to show that the following diagrams commute.

Jad LR WY eTed ad ae GRS co P PG
\ l(F 'eG')F'F \ lGG’(F’eG“e’)
F'F eled

Since ¢’ is natural and (F,G,n,¢) and (F',G’, 1/, €') are adjunctions, the diagram

rp— "M ppar PP ppGaFF

\Jl lF’aG”F’F
F'F — F'G'FF
F'n'F
\ l/EIF/F
F'F
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commutes.

Since 7 is natural and (F,G,n,¢) and (F',G',n,€’) are adjunctions, the diagram

ao — Y qrac —Y | qar P RGE
\GsG’ L LGG’F’EG’
elel s leledale;
\ LGGIEI
elel

commutes.
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Chapter 2

Categories with split denominators

In this chapter 2, we introduce categories with split denominators; cf. Definition 39 below.
For these categories we establish a notion of homotopy, the homotopy category and its
2-universal property; cf. Definitions 50 and 55 and Theorem 62 below.

The notion of a category with split denominators is a precursor to the notion of a quasi-
model-category; cf. Definitions 100 and 108 below.

2.1 Axioms for categories with split denominators

Definition 39. Let C be a category.
Let SDenC and TDen C be subsets of MorC.

The elements of SDenC are called S-denominators. To indicate that s € MorC is an
S-denominator, we often write

X —=Y.

The elements of TDenC are called T-denominators. To indicate that ¢t € MorC is a
T-denominator, we often write
X —t-v.
Let
DenC :={f € MorC : 3 (s,t) € SDenC x TDenC with f = st}.

The elements of DenC are called denominators. To indicate that d € MorC is a denomi-
nator, we often write

X —fsvy.

We call (C,SDenC, TDenC) a category with split denominators if the following axioms
(SsDens STDens Spen) hold. We often refer to just C as a category with split denominators.
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Sspen The following assertions (1, 2, 3, 4) hold.

(1) Suppose given X %>y —%> 7 in C. Then we have s's” € SDenC.
(2) Suppose given X € ObC. We have 1x € SDenC.

(3) We have SDenC C Coret C.

(4)

4) Suppose given X' <&— X ¥ inC. There exists a weak pushout

x—1L.y
ok
X —Y
f/
in C.
Stpen The following assertions (1, 2, 3, 4) hold.

1) Suppose given X %oy %~ Z in C. Then we have ¢t € TDenC.
Suppose given X € ObC. We have 1x € TDenC.
We have TDenC C RetC.

(
(2
(3

(4) Suppose given X’ Loy v C. There exists a weak pullback

)
)
)
)
x—1L.y
tot
t t
X — Y’
f/
in C.

Spen Suppose given X L.y 9.7 inC. The following assertions (1, 2, 3) hold.

(1) Suppose that f,g € DenC. Then we have fg € DenC.

(2) Suppose that f, fg € DenC. Then we have g € DenC.

(3) Suppose that g, fg € DenC. Then we have f € DenC.
Remark 40. A category with split denominators is a uni-fractionable category as de-
fined by Thomas [14, Def. 3.1] such that all S-denominators are coretractions and all
T-denominators are retractions. Whereas in our context, it is no longer necessary to

work with fractions, we have kept the notions of denominators, S-denominators and T-
denominators.
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Remark 41. The full subcategory of bifibrant objects My in a model category
(M, Qis M, Cof M, Fib M)
is a category with split denominators for
SDen(Myi) = Qis M N Cof M N Mor (M)

and

TDen(Mye) = Qis M N Fib M N Mor(My).

Furthermore, we have

Den(./\/lbif) = QiSM N MOI“(Mbif).
Cf. Definition 108 and Theorem 193 below.

Remark 42. Let C be a category. Let
SDenC :={1x : X € Ob(}
TDenC :={lx : X € ObC}.

Then C is a category with split denominators. So, in general IsoC ¢ DenC.

2.2 Elementary properties

In the sequel, the results of this §2.2 are often used tacitly.
For this §2.2 let C be a category with split denominators.

Remark 43. Suppose given X —<>Y in C.

Then there exists a commutative diagram as follows.
X S U
i \ D

Cf. Definition 39.
Remark 44. The following assertions (1, 2, 3) hold.

(1) We have SDenC C DenC.
(2) We have TDenC C DenC.
(3) Suppose given X € ObC. We have 1x € DenC.

Proof. Ad (1). This follows from Stpey.(2).
Ad (2). This follows from Sgpen.(2).
Ad (3). This follows from Sgpen.(2) and Stpen-(2).
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Remark 45. The following assertions (1, 2) hold.

(1) Suppose given X —8=Y inC. Then there exists a commutative diagram as follows.

X ! X
\o ///
N ¢
Y

(2) Suppose given X —=Y inC. Then there exists a commutative diagram as follows.

Y ! Y
\'\.
N ¢
X

Proof. Ad (1). This follows from Remark 44.(1,3) and Spey.(2).
Ad (2). This follows from Remark 44.(2,3) and Spey.(3).

Remark 46. Suppose given the following commutative diagram.

X4y
I A
2 y' R
v I
X/ﬁ_y/
d/

Then we have d' € DenC.

Proof. Since we have zd’ -y = d, we obtain zd € DenC; cf. Spey.(3).
Thus, we obtain d’ € DenC; cf. Spey.(2).

2.3 A lemma on factorisations

In this §2.3 we establish a lemma in categories with split denominators which could be
expressed by saying that they admit a weaker variant of functorial factorisations of denom-
inators.

For this §2.3 let C be a category with split denominators.
Lemma 47 (Cf. also [14, Lem. 5.1]). The following assertions (1, 2) hold.

(1) Suppose given the following commutative diagram.

X
i A p
/S \&\
A e ¢
f g
B—~—>D



Then there exists a commutative diagram as follows.

(2) Suppose given the following commutative diagram.

A—~r—=C
Yy Y
iA N\
/ \y\
B—~—D

Then there exists a commutative diagram as follows.

Proof. Ad (1). We have a commutative diagram as follows.

A—bts X
f l f
W
B X Py
X A
) \ D

Cf. Sspen-(4) and Spey.(2). There exists a commutative diagram as follows.

N
N //



Finally, we have the following commutative diagram.
X
i g P
/° \0\
x> C
£

! Y 9
ml/ q
/O

B—>»—D
Cf. Sspen-(1).
Ad (2). This is dual to (1).
Corollary 48. Let C be a category with split denominators.

Suppose given a commutative diagram as follows.

At O
|
B—==D

Then there exists a commutative diagram as follows.
/X
i p
/ ‘\0\
VEEENYe/
lh
Y g
JA q
/O
B—s—D

A

f

Proof. There exists a commutative diagram as follows.

A—=*—-=(C
\o /
A \ p
X

Thus, the assertion follows from Lemma 47.(1).

2.4 Homotopy

In this §2.4, we establish the homotopy relation for a category with split denominators and
show that it is a congruence; cf. Definition 50 and Proposition 52 below.

For this §2.4 let C be a category with split denominators.
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S
Lemma 49. Let X,Y € ObC. Suppose given X :OIY in C.

S
The following assertions (1, 2, 3, 3") on fy and fi are equivalent.

(1) There exists a commutative diagram as follows.

| !
ol 2Po
L
! |
AR QpP1
| |
X=——X—-sY=—=—Y
1
(2) There exists a commutative diagram as follows.
fo
]
fo | y
X=——=X Y'<—~—Y
7o Z|2 Z|Z q1
Lo
X<:2—X' Y Y
i H
ne
(3") There exists a commutative diagram as follows.
fo
X=—X—"—-Y=—=Y
ko le To
b
% f




(3") There exists a commutative diagram as follows.

Xe——x -y
o
Xeb Xt yoo vy
ki1 %1
X——X—— Y —Y

Proof. Ad (1) = (2). By assumption, we have a commutative diagram as follows.

Thus, we have the following commutative diagram.

X=—X——=Y—7"2Y
lePO
X iof V5 Yy
i02|2 f}/pl
Xt o x I vy vy
!
71
|
X=XT>Y=Y

Ad (2) = (3"). By assumption, we have a commutative diagram as follows.

X——x-r_ Y
H ZZQO
X— Y’ D
onZ Z|2q1
b
Xt _x- .y Y
.T H
J1?|Z
X=—X Y Y
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Using Corollary 48, we obtain a commutative diagram as follows.

By Remark 45, there exist commutative diagrams as follows.

b'd 1 X/ Y’ 1 y!
AN / AN /!

Y o) @

b/ \ ~ b C \ ~ / C/

X Y

Thus, we have the following commutative diagram.

X=—7X—"—Y=—7==Y

2cqo

|
Y <
Y ——

X—X—>

X<t

¥

—Y

—>—I><:z . &

Y

Cf. Spen-(1). There exist commutative diagrams as follows.

b

X—% =X Y S Ve
S A N
S \ R T g \ X /t
X Y
By Remark 45, there exist commutative diagrams as follows.
X1 % vy 1y
S~ %
NS N
X Y
Finally, we have the following commutative diagram.
X=——7X—"—Y=—7==Y
as% 2t qo




Ct. SSDen-(l)a STDen-(1> and SDen-<1)-
Ad (3")=-(1). This follows from Remark 44.(1, 2).
Ad (1)< (3'). This follows by symmetry from (1)< (3"). O

Definition 50 (and Lemma). Let X,Y € ObC.

We call fo, f1 € ¢(X,Y) homotopic, written fo~ fi, if there exists a commutative diagram
as follows.

Cf. Lemma 49.(1).
The relation (~) on ¢(X,Y) is an equivalence relation.

The equivalence class of f € ¢(X,Y) is denoted by [f].

Proof. Suppose given X Iy ¥ We have the following commutative diagram.

| /
1 Q1
1 L f | 1
! |
1 Q1
| |
X=—X——-Y=—72=Y

f

Cf. Remark 44.(3). Thus, (~) is reflexive.
Symmetry of (~) follows from the symmetry of the defining diagram.
We show that (~) is transitive.

Suppose given f,g,h € ¢(X,Y) with f ~ g and g ~ h.
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We have a commutative diagram as follows.

Y
Xe— Yy
]0 ZZ l|2Q1

;o |
X% X Y y
R H
J12|Z
Xe——X Y Y
g
H |
2|ZQ2
Xe— X yn_ Yy
]2 Z|Z l|2Q3
1" \L l// ¢
X% X' Y Y
R H
73 2|Z
Xe——X Y Y

Cf. Lemma 49.(2). Using Corollary 48, we obtain a commutative diagram as follows.

/X b
71
J1 l/m
Y
co/ d
A

a2

k//

By Remark 45, there exist commutative diagrams as follows.

X/ 1 b 'd Y 1 Yy
\\\ / \o /H/
v \ . b c \ R / o
X Y
There exist commutative diagrams as follows.
Job'm Y/..\q%y//c
d~/ X
. N \1 R
Y R YW—z—> Yd
I \J %
Vi—z=Y YVi—z=Y
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Cf. Stpen-(4) and Spe,. Furthermore, there exist commutative diagrams as follows.

X 4. X X 4= X
|

| | . }Z\
J2% J2
' 2

Ja2u o
X —osX 0
1

N \

X' —o—> X
Y T~ X/

mc'qs3

Cf. Sspen-(4) and Spe,. Finally, we have the following commutative diagram.

f

X=—=7cX—"-Y=—7"Y
H h
Td%
|
]Obl52 Q 2|l q1c'qs
~/ 0 l:« \1/
X<z x_l y— vy
Jzal
|
Cf. Spen-(1). By Lemma 49, we have f ~ h. m

Lemma 51. Suppose given X, Y and Z in ObC. The following assertions (1, 2) hold.

f
(1) Suppose given X:;OY—9>Z with fo ~ fi. Then we have fog ~ fig.

N1

g
(2) Suppose given X—f>Y_>—O>Z with go ~ g1. Then we have fgy ~ fg1.
g1

Ad (1). We have a commutative diagram as follows.

Xe——x_ P vy vy
k‘ozlz ’%‘7’0
/ !
X-—F—xX—T . yv.3 vy
j[ |
k1 Q1
|
X—X Y —— Y



Cf. Lemma 49.(3'). Furthermore, we have commutative diagrams as follows.

~

Y

Therefore, we have fog ~ fig.
Ad (2). This is dual to (1).
Proposition 52. Recall that C is a category with split denominators; cf. Definition 39.

Homotopy is a congruence on C; cf. Definition 50.

Proof. Homotopy is an equivalence relation; cf. Definition 50. Moreover, it is a congruence
by Lemma 51 and Remark 2. [

Lemma 53. The following assertions (1, 2) hold.

(1) Suppose given a commutative diagram in C as follows.

Then we have s's ~ 1y .

(2) Suppose given a commutative diagram in C as follows.

Y ! Y

\'\
N t
X
Then we have tt' ~ 1x .
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Proof. Ad (1). There exist commutative diagrams as follows

X -3~y X 8-y
NN
W . W
Y—=V % Y —=V %
\% \\\ \% A\/
Y L Y

Cf. Sspen-(4) and Spe,. Thus, we have the following commutative diagram.

Y m——V sy —— Vv
ol
|
50
Therefore, we have s's ~ 1y .
Ad (2). This is dual to (1). O

Lemma 54. Suppose given X Ly in C with f~ f € DenC. Then we have f € DenC.
Proof. By assumption, there exists a commutative diagram as follows.

Xe—x_1 vy vy
| 4

ioQ 2P0

Lo

Xt X T vy s vy

| |

[ARY ap1

| |

X——X—2>Y=—Y

Since we have i1 - f - p1 = f/, we obtain f € DenC; cf. Remark 46.
Thus, we have f = iofpy € DenC; cf. Spen-(1). ]

2.5 The homotopy category

2.5.1 Homotopy category and localisation functor

In this §2.5.1, we establish the homotopy category Ho C of a category with split denominators
C, the localisation functor L¢ : C — HoC and their elementary properties; cf. Definitions 55
and 56 below.
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For this §2.5.1, let C be a category with split denominators; cf. Definition 39.

Definition 55. Recall that the homotopy relation (~) is a congruence on C; cf. Proposition 52.
We define HoC := C/(~); cf. Definition 3.

We have
ObHoC = ObC.

For X and Y in ObHoC, we have
HOC(X7 Y) = C(Xv Y)/(N)X7Y'

Recall that for f € ¢(X,Y) we write [f] € moc(X,Y); cf. Definition 50.
For X, Y and Z in ObHoC, [f] € noc(X,Y) and [g] € noc(Y, Z), we have

1+ 9] = [fgl

For X € ObHoC, we have
1 = 1),

We call HoC the homotopy category of C.
This defines a category HoC; Definition 3.

Definition 56. We define L¢ := R(.y; cf. Definition 4.
We have

¢ X Hoc

xLy) o x %y

We call L¢ the localisation functor of C.
If unambiguous, we often write L := L¢.

This defines a functor L¢ : C — HoC; cf. Definition 4.

Lemma 57. The following assertions (1, 2) hold.

(1) The localisation functor L¢ is full.

(2) The localisation functor Le is bijective on objects. In particular, Le is dense.

Proof. This follows from Lemma 5. O

2.5.2 Universal property

In this §2.5.2 we establish the (2-)universal property of the homotopy category HoC of a
category with split denominators C; cf. Theorems 62 and 63 below.

For this §2.5.2 let C be a category with split denominators; cf. Definition 39. Let D be a
category.
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Definition 58. Let 1,.[C, D] be the full subcategory of [C, D] with
Ob 1oc[C, D] :={F € Ob|C,D] : F(DenC) C IsoD}.
The elements of Ob 1,,.[C, D] are called localising functors.

Proposition 59. We have Ob (.)[C, D] = Ob 14 [C, D]; cf. Definition 6.

Proof. Ad C. Let F' € Ob ()[C,D]. We show that F is localising.
It suffices to show that F(SDenC) C IsoD and F(TDenC) C IsoD.
By duality, it suffices to show that F(SDenC) C IsoD.

Suppose given X —3—=Y in C. There exists a commutative diagram as follows.

X ! X
\o ///
N S
Y

By Lemma 53.(1), we have s's ~ 1y. Since F' € Ob (y[C, D], we have F's’- F's = 1py.
Furthermore, we have F's - F's' = 1x. Thus, we have F's € IsoD.

Ad 2. Let F € Ob 1o[C, D.

f
Suppose given X :;0 Y with fo ~ fi in C. We show that F'fy = F'f;.

1

There exists a commutative diagram in C as follows.

Cf. Definition 50.

Since F' € Ob 10.[C, D], we have the following commutative diagram in D.

FX——px_ o pyv___ py
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We have
Fig = Fig- Ft-(Ft)” = (Ft)” = Fiy - Ft- (Ft)” = Fiy .

Similarily, we have Fpg = Fp;. Thus, we have
Ffy=Fiy-Ff-Fpy=Fiy-Ff-Fpi=Ffi.

[
Corollary 60. We have Le € Ob 14.[C, HoC].
Proof. This follows from Proposition 59; cf. Definition 56 and Remark 7.(1). O]
Lemma 61. Suppose given F € Ob (y[C,D]. The following assertions (1, 2) hold.
(1) Suppose that F is full. Then F is full.
(2) Suppose that F is dense. Then F is dense.
Proof. This follows from Lemma 9. O

We have the following (2-)universal property of the factor category with respect to homo-
topy.

Theorem 62. Recall that C is a category with split denominators.

Recall that the homotopy relation (~) is a congruence on C; cf. Proposition 52.
Recall that D is a category.

The following assertions (1, 2) hold.

(1) We have L¢ € Ob (y[C,HoC]; cf. Definition 56.
Suppose given F' = G in (~[C, D]; cf. Definition 6.

We have unique functors F,G : HoC — D with FoLe = F and G o Le = G cf.
Definition 8.

We have a unique transformation F 2 G witha xLe = a; cf. Definition 10.
Specifically, we have _
Ffl = [Ff]

fm’XLYinC and

@ = (ax) xeOobHoC -
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(2) We have the isomorphism of categories
(~) [C, D] — [HO C, D]
UoLe 2% vole) « (V)

with inverse
(N)[C,D] — [HoC,D

—

F%aQ) - (F3G).
Proof. This follows from Definitions 8 and 10, and Proposition 12.

For sake of easier use, we use Proposition 59 to reformulate Theorem 62 as the (2-)universal
property of the localisation with respect to denominators.

Theorem 63. Recall that C is a category with split denominators.
Recall that D is a category.
The following assertions (1, 2) hold.

(1) We have L¢ € Ob 14.[C,HoC]; cf. Corollary 60.
Suppose given F' %+ G in 10.[C, D]; cf. Definition 58.
We have unique functors F,G : HoC — D with FoLe = F and GoL¢ = G.
We have a unique transformation F 2 G withaxLe = a.
Specifically, we have _
Flf] = [Ff]

for X Ly inC and
@ = (ax)xeObHoC -

HoC

(2) We have the isomorphism of categories
Loc [C; D] — [HO C, D]
UoLe 2% voLe) « (UL V)

with tnverse
Loc [C7 D] — [HO C, D]

(F3%G) — (F3Q).
Proof. This follows from Proposition 59 and Theorem 62.
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2.5.3 Saturatedness
For this §2.5.3, let C be a category with split denominators.
Remark 64. By Corollary 60, we have L¢ f € IsoHoC for f € DenC.

Definition 65. We call C saturated, if the following assertion () holds.

(%) Suppose given f € MorC. Then L¢ f € IsoHoC if and only if f € DenC.

Remark 66. Let C be saturated. Then we have IsoC C DenC. Cf. also Remark 42.

Proof. Suppose given f € IsoC. Since L is a functor, we have L f € IsoHoC.
Thus, we have f € DenC; cf. Definition 65.

Remark 67. The following assertions (1, 2) are equivalent.
(1) The category with split denominators C is saturated.

(2) Suppose given A LS os pmc
Suppose that fg,gh € DenC. Then we have f, g, h, fgh € DenC.

B 2
A 7 C

Proof. Ad (1)=-(2). After applying L, this follows from Remark 19.

D

Ad (2)= (1). Suppose given X Loy inC with L f € IsoHoC.

Thus, there exists ¥ —> X with fg ~ 1x and gf ~ 1y ; cf. Definition 55.
By Lemma 54, we obtain fg € DenC and gf € DenC.

Y 9 Y
/\fgf/
X fzg X

Since (2) holds, we have f € DenC.




2.5.4 Functoriality

In this §2.5.4 we consider the functor Ho F' induced on homotopy categories by an homotopi-
cal functor F' between categories with split denominators; cf. Definition 68 below. Similarily
for transformations. Furthermore, we establish (2-)functoriality properties of Ho.

For this §2.5.4, let C, D and £ be categories with split denominators.
Definition 68.

(1) Let po[C, D] be the full subcategory of [C, D] with

Ob y[C,D] = {F €Ob[C,D]:LpoF € Ob (,,|C,HoD]}
e {F € Ob[C, D] : for f,g € MorC with f ~ g, we have F'f ~ Fg}
2 {F e OblC,D]: LpoF € 1.C,HoD]}
2 (F e OblC,D]: for f € DenC, we have [Ff] € IsoHoD}.

The objects of 1,[C, D] are called homotopical functors; cf. also Definition 13.
(2) Let pen|C, D] be the full subcategory of [C, D] with
Ob pen[C, D] :={F € Ob[C,D] : F(DenC) C DenD}.
The objects of pe,[C, D] are called denominatorial functors.

Lemma 69. Suppose given F' € Ob[C,D]. The following assertions (1, 2) hold.

(1) Suppose that F' € Ob pey[C,D]. Then we have F' € Ob y,[C, D].

(2) Suppose that D is saturated. Suppose that F' € Ob y,[C, D).
Then we have F € Ob pey[C, D).

Proof. Ad (1). We have (LpoF)(DenC) C Lp(DenD) C IsoHoD.
D68.(2) C60

Ad (2). Suppose given d € DenC. Then we have (LpoF)d € IsoHoD.
Since D is saturated, we obtain F'd € DenD; cf. Definition 65. O

Corollary 70. Let D be saturated; cf. Definition 65. Then we have
Ob po[C, D] = Ob peu[C, DJ.
Definition 71 (and Lemma). Let F' € Ob g,|[C, D).

Let Ho F' := (Lp o F); cf. Definition 8.(1).
The following assertions (1, 2, 3) hold.

(1) We have
Hoc¢ % HoD
xSyy o mx Y py.
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(2) We have LpoF = (Ho F') o L¢.

c—"—D
J
HoC W HoD

(3) Suppose given F € Ob[HoC,Ho D] with LpoF = F o Le. Then we have F = Ho F.

Proof. This follows from Definition 14. O]

Lemma 72. Suppose given F' € Ob y,[C, D] and G € Ob y,[D, £].
The following assertions (1, 2) hold.

(1) We have Hole = lyoc -

(2) We have Go F € yo[C, €| and Ho(G o F) =HoGoHo F.
Proof. This follows from Lemma 15. ]
Definition 73 (and Lemma). Suppose given F < G in ,[C, D]. Define

Hoa := (Lp * @) : Ho F — Ho G;

cf. Definition 10. The following assertions (1, 2, 3) hold.

(1) We have (Hoa)x = [ax] for X € ObHoC.

(2) We have (Hoa) % Le = Lp *av.

(3) Supppose given Ho F % HoG with & * Le = Lp xa. Then we have & = Ho .
Proof. This follows from Definition 16. O]

Lemma 74. Suppose given F' = F' and F’ LNy Ho|C, D].
The following assertions (1, 2) hold.

(1) We have Holp = lyoF -

(2) We have Ho(ao') = Hoar - Ho o'
Proof. This follows from Lemma 17. m

Lemma 75. Suppose given F =5 F' in 1,|C,D] and G B in 1| D, &].
We have Ho(f * a) = (Ho ) % (Ho ).

Proof. This follows from Lemma 18. O]
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Lemma 76. Suppose given ' > F' in y,[C,D]. Suppose that a = (ax)xconc with
ax € DenD for X € ObC.

Then Ho F —= Ho F’ is an isotransformation.

Proof. Suppose given X € ObHoC. We have

(Hoa) x s [ax] D56 Lpax € IsoHoD;

cf. Corollary 60. O

2.5.5 Adjunctions between categories with split denominators

For this §2.5.5, let C, D and £ be categories with split denominators.
Definition 77.

(1) Let F % F'in [C,D]. We call a denominatorial if ax € DenD for X € ObC.

(2) We say that an adjunction (F,G,n,e) with F' € Ob|C, D] is unit-denominatorial if
7 is denominatorial.

(3) We say that an adjunction (F,G,n,e) with F' € Ob[C, D] is counit-denominatorial
if £ is denominatorial.

(4) We say that an adjunction (F,G,n,¢e) with F' € Ob|C, D] is denominatorial if  and
¢ are denominatorial.

(5) Let F' € Ob[C,D]. We call F' a unit-denominatorial left adjoint if there exists a
unit-denominatorial adjunction (F,G,n,¢).

(6) Let F' € Ob[C,D]. We call F' a counit-denominatorial left adjoint if there exists a
counit-denominatorial adjunction (F,G,n,¢).

(7) Let F' € Ob[C,D]. We call F' a denominatorial left adjoint if there exists a denomi-
natorial adjunction (F,G,n,¢).

Lemma 78. Suppose given a denominatorial adjunction (F,G,n,e) with F' € Ob y,[C, D]
and G € Ob y,[D,C].

We have isotransformations

lhoe 2L (HoG)o (HoF)  and  (HoF)o (HoG) 2% 1y p.

In particular, we have mutually inverse equivalences Ho F' and Ho G.

Proof. Since F' and G are homotopical, we can consider

lhoc Hen (HoG) o (Ho F) and (Ho F) o (Ho G) AL 1o

Cf. Definitions 71 and 73, and Lemma 72.

Since 1 and ¢ are denominatorial, we have isotransformations Hon and Ho¢; cf. Lemma 76.
O
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Remark 79. Suppose given an adjunction (F,G,n,e) with F € Ob[C,D].
The following assertions (1, 2) hold.

(1) Suppose that n is denominatorial. Suppose given X ——=Y in C.

The following assertions (a, b) are equivalent.

(a) We have ¢ € DenC.
(b) We have GFc € DenC.

(2) Suppose that € is denominatorial. Suppose given X —4. Y inD.

The following assertions (a, b) are equivalent.

(a) We have d € DenD.
(b) We have FGd € DenD.

Proof. Ad (1). We have the following commutative diagram.

X = Y
I I

nx any

v v
GFX GFY

GFc
Thus, the claim follows from Spe, .

Ad (2). This is dual to (1). O

Definition 80. We say that a functor C L D detects denominators if the following
assertion (x) holds.

() Suppose given ¢ € MorC with F'¢c € DenD. Then we have ¢ € DenC.

Lemma 81. Suppose given an adjunction (F,G,n,<) with F € Ob[C,D].
The following assertions (1, 2) hold.

(1) Suppose that n is denominatorial. The following assertions (a, b) hold.

(a) Suppose that G detects denominators. Then F' € Ob pe,[C, D).
(b) Suppose that G € Ob pe,[D,C|. Then F detects denominators.

(2) Suppose that € is denominatorial. The following assertions (a, b) hold.

(a) Suppose that F' detects denominators. Then G € Ob pe, D, C|.
(b) Suppose that F' € Ob pey[C, D). Then G detects denominators.

Proof. Ad (1). This follows from Remark 79.(1).
Ad (2). This follows from Remark 79.(2). O
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Lemma 82. Let (F,G,n,¢) and (F, é,ﬁ,é) be adjunctions with F' € Ob[C,D].
The following assertions (1, 2) hold.

(1) Suppose that IsoC C DenC. Suppose given X € ObC. Suppose that nx € DenC.
Then we have nx € DenC.

(2) Suppose that IsoD C DenD. Suppose given Y € ObD. Suppose that ey € DenD.
Then we have €y € DenD.

Proof. Ad (1). By Lemma 37, we have the following commutative diagram in C.
X —% ~GFX
. 2\7FX
nx
GFX
Thus, we have 7y € DenC; cf. Spen.(1).

Ad (2). By Lemma 37, we have the following commutative diagram in D.

FGY —<Y . Vv
FWY\Z ”
&y
FGY
Thus, we have &y € Den D; cf. Spen.(2). O

Remark 83. The following assertions (1, 2) hold.

(1) Suppose that IsoC C DenC. Let F' € Ob[C, D] be a unit-denominatorial left adjoint.
Suppose given an adjunction (F,G,7,€). Then (F,G,n,€) is unit-denominatorial.

(2) Suppose that IsoD C DenD. Let I € Ob[C, D] be a counit-denominatorial left ad-
joint. Suppose given an adjunction (F,G,7,€). Then (F,G,n,¢€) is counit-denomi-
natorial.

Proof. Ad (1). This follows from Lemma 82.(1).
Ad (2). This follows from Lemma 82.(2). O
Lemma 84. Suppose that IsoD C Den D; cf. also Remark 66.
Suppose given a denominatorial left adjoint F' € Ob|C, D]; cf. Definition 77.(7).
The following assertions (1, 2, 3) are equivalent.
(1) The functor F' detects denominators; cf. Definition 80.
(2) Suppose given an adjunction (F,G,n,e). Then we have G € Ob pe,[D,C].

(3) There exists a denominatorial adjunction (F,G,n,e) with G € Ob pe,[D,C].
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Proof. Ad (1) = (2). Since IsoD C DenD, ¢ is denominatorial; cf. Remark 83.(2).
Therefore, G is denominatorial; c¢f. Lemma 81.(2.a).

Ad (2) = (3). Since F' is a denominatorial left adjoint, there exists a denominatorial
adjunction (F,G,n,¢). Since (2) holds, we obtain G € Ob pe,[D,C].

Ad (3) = (1). This follows from Lemma 81.(1, b). O

Proposition 85. Suppose that IsoD C Den D; cf. also Remark 66.

Suppose given a denominatorial adjunction (F,G,n,€) such that F € Ob y,[C, D] detects
denominators; cf. Lemma 69 and Definition 80.

Then the following assertions (1, 2) hold.

(1) We have G € Ob pey[D, Cl; cf. also Lemma 69.
(2) We have isotransformations

Hon

lioc — (Ho G) o (Ho F) and (Ho F) o (HoG) 225 1y40p .
In particular, we have mutually inverse equivalences Ho F' and Ho G.

Proof. Ad (1). This follows from Lemma 81.(2.a).
Ad (2). Since (1) holds, this follows from Lemma 78; cf. Lemma 69. O

Corollary 86. Suppose that IsoC C DenC and IsoD C Den D; cf. also Remark 66.
Suppose given mutually inverse equivalences F € Ob yo|C, D] and G € Ob[D,C].
Suppose that F' detects denominators; cf. Definition 80.

Then the following assertions (1, 2) hold.

(1) We have G € Ob pey[D,Cl; cf. also Lemma 69.
(2) We have isotransformations

Hon

lioc ——% (HoG) o (Ho F) and  (HoF)o (HoG) 2% 1y,p.
In particular, we have mutually inverse equivalences Ho F' and Ho G.

Proof. This follows from Proposition 85; cf. Lemma 36. m

Lemma 87. Suppose given denominatorial adjunctions (F,G,n,e) and (F',G', 7, €") with
G € Ob pen[D,C] and F' € Ob pe,|D, &].

Then (F'oF,GoG',n-Gn'F, F'eG"-€) is a denominatorial adjunction; cf. also Lemma 38.

Proof. Suppose given X € ObC. We have to show that (n-Gn'F)x € DenC.

Since 1 and 1’ are denominatorial and G € Ob pe,[D, C], we have

(n-Gn'F)x =nx - Gnpx € DenC.
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Cf. Spen-(1).
Suppose given Z € Ob . We have to show that (F'eG’ - €'); € Den €.

Since € and €’ are denominatorial and F’ € Ob pe,[D, ], we have
(F'eG' ")y = Fleqiy - €'y € Den €.

Cf. Spen.(1). O

2.6 Left-homotopy and right-homotopy

In this §2.6, we consider variants of the notion of homotopy which will turn out to be useful
in §3.5; cf. Lemma 110.

For this §2.6, let C be a category with split denominators.

Definition 88 (and Lemma). Let X,Y € ObC.

(1) We call fy, fi1 € o(X,Y) left-homotopic, written f L f1, if there exists a commuta-
tive diagram as follows.

Xe—e—x_ Py vy
i02|2
Yt x_ I v v
N
11
|
f1

This defines a reflexive and symmetric relation (i/) on o(X,Y).

(2) We call fo, fi € ¢(X,Y) right-homotopic, written fy ~ f1, if there exists a commu-
tative diagram as follows.

Xe——x_ Py vy
i
X’ Po
o
X—ux_-T .y vy
|
up1
|
Xe— X ey ——Y
fi

This defines a reflevive and symmetric relation (~) on ¢(X,Y).
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Proof. Ad (2). Suppose given X ¥ We have the following commutative diagram.

!

Z|Zl
Xe——x—T .yl _y

L

|

Cf. Remark 44.(3). Thus, (~) is reflexive.

Symmetry of (~) follows from the symmetry of the defining diagram.

Ad (1). This is dual to (2). O
fo

Remark 89. Suppose given X —ZY .
fi

The following assertions (1, 2) hold.

(1) Suppose that fo L fi. We have fo ~ fi.

(2) Suppose that fy ~ fi. We have fo ~ fi.

Proof. Ad (2). This follows from Remark 44.(3); cf. Definitions 50 and 88.
Ad (1). This is dual to (2). O

f
Lemma 90. Suppose given X:;OY . The following assertions (1, 2) hold.

J1

(1) Suppose that fo L f1. There exists a commutative diagram as follows.

0
ill
|
X=—X——-Y=—7=Y
1



(2) Suppose that fy ~ fi. There exists a commutative diagram as follows.

Xe——x_ " vy vy

tho

X=X_f>ff<_§_y
2|lp1
|
X—X—— Y ——Y
fi

Proof. Ad (2). There exists a commutative diagram as follows.

Xe—e——x_ P vy
0
lepo
f

S
S

—
!
QR
|
>~<

Cf. Definition 88. Moreover, there exists a commutative diagram as follows.

io\ q
Y

Additionally, there exists Y IV with ij = 1y ; cf. Sgpen-(3).
There exists a commutative diagram as follows.

y— % .y

N

Furthermore, there exists ¥ —%=Y with wr = 1y ; cf. Stpen-(3).

In consequence, we have the following commutative diagram.

X—XxTy—\y
s
leij1
b

Ad (1). This is dual to (2).
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Lemma 91. Suppose given X,Y € ObC. The following assertions (1, 2) hold.

i~

(1) The relation (~) on ¢(X,Y) is an equivalence relation.

(2) The relation (~) on ¢(X,Y) is an equivalence relation.

Proof. Ad (2). The relation (%) is reflexive and symmetric; cf. Definition 88.(2).
We show that (~) is transitive.
Suppose given fo, fi and fo in ¢(X,Y) with fo ~ f, and f; ~ fo.

. T . . . . .
Since (~) is symmetric, there exists a commutative diagram as follows.

X—oox_ .y Y
lepO
Xe——x Dy 2y
%Pl
X=—X Y Y
fi A
QP2
fa o s
X——X 25V, <22 Y
zlzp3
¥
X—X Y Y

2

Cf. Stpen-(4) and Spe, - In consequence, we have the following commutative diagram.

Xe——x-—ly——y
QUVPO
1
QuUp3
|
X=—X— Y ——

f2
Ad (1). This is dual to (2).
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Chapter 3

Quasi-model-categories

3.1 FCQ-categories

In order to fix notation, we define FCQ-categories, containing fibrations, cofibrations and
quasi-isomorphisms. They provide a framework in which a notion of homotopy is defined, as
needed to introduce quasi-pushouts and quasi-pullbacks; cf. Definition 95, Definition 96.(5)
and Definition 97.(5) below.

Definition 92. Let C be a category.
Let Cof C, FibC and QisC be subsets of MorC.

The elements of Cof C are called cofibrations. To indicate that ¢« € MorC is a cofibration,

we often write '
X —<>Y.

The elements of FibC are called fibrations. To indicate that p € MorC is a fibration, we

often write
X -4tV

The elements of QisC are called quasi-isomorphisms. To indicate that w € MorC is a
quasi-isomorphism, we often write

X —5-Y.

The elements of Cof C N QisC are called acyclic cofibrations. To indicate that : € MorC
is an acyclic cofibration, we often write

X by,

The elements of FibC N QisC are called acyclic fibrations. To indicate that p € MorC is
an acyclic fibration, we often write

X -b-Y.

If the following axioms (Acof, Arib, Aqis, AL, Aract) hold, we call (C, Cof C,FibC, QisC)
an FCQ-category. We often refer to just C as an FCQ-category.
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Acor The following assertions (1, 2) hold.

(1) We have IsoC C Cof C.

(2) Suppose given X ——>Y —4- 7. Then we have X —4~Z7 .
Agy, The following assertions (1, 2) hold.

(1) We have IsoC C FibC.

(2) Suppose given X —>Y —> Z . Then we have X %> 7 .
Ais The following assertions (1, 2) hold.

(1) We have IsoC C QisC.

(2) Suppose given X v -2, 7 inC. The following assertions (a, b, c¢) hold.

(a) Suppose that f,g € QisC. Then we have fg € QisC.
(b) Suppose that f, fg € QisC. Then we have g € QisC.
(¢) Suppose that g, fg € QisC. Then we have f € QisC.

Apiy Suppose given (i,p) € Cof C x FibC. The following assertions (1, 2) hold.

(1) Suppose that i is acyclic. Then (7, p) is an extension pair.

(2) Suppose that p is acyclic. Then (7, p) is an extension pair.
Cf. Definition 21.
Ar..; Suppose given A Iy BinC. The following assertions (1, 2) hold.

(1) There exists a commutative diagram as follows.

(2) There exists a commutative diagram as follows.

! B
A

X
Remark 93. Let C be an FCQ-category. Let X € ObC(C.
The following assertions (1, 2) hold.

A

(1) Let I and I' be initial objects in C. The following assertions (a, b) are equivalent.

(a) We have [ —e=X .
(b) We have I' —e= X .
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(2) LetT andT" be terminal objects in C. The following assertions (a, b) are equivalent.

(a) We have X ——T .
(b) We have X ——=T".

Proof. Ad (1). By symmetry, it suffices to show that (a) implies (b).
Since I, I’ are initial, we have I’ = [. Thus, we have I’ —o—=I; cf. Ages.(1) and Ags.(1).

Therefore, we have [’ —o— [ —e= X and the claim follows from Ac¢.(2).
Ad (2). This is dual to (1). O
Definition 94 (and Lemma). Let D be a subcategory of an FCQ-category C. Let

Cof D := Cof M N MorD

FibD := Fib M N MorD

QisD = QisM N MorD.

The following assertions (1, 2) hold.

(1) The properties Acof , Arin, and Ags hold in (D, Cof D, Fib D, Qis D).

(2) Suppose that D is a full subcategory of D. Then Ay holds in (D, Cof D, Fib D, Qis D).
Proof. Ad (1). This follows since Acof , Arin, and Aq;s hold in C.
Ad (2). This follows since Ay holds in C and since D is a full subcategory. O

Definition 95. Let C be an FCQ-category.
Let X,Y € ObC. Suppose given fy, f1 € ¢(X,Y).

We write fo~fi, if there exists a commutative diagram as follows.

|

ol

Once an FCQ-category is equipped with extra data that turn it into a so-called quasi-model-
category, it will in particular have the structure of a category with split denominators; cf.
Definitions 39, 100 and 108. So then (~) will just be the homotopy relation as introduced in
Definition 50. In particular, it will be a congruence on C; cf. Definition 1 and Proposition 52.

63



3.2 Quasi-pushouts and quasi-pullbacks

In this §3.2, we introduce the notions of quasi-pushouts and quasi-pullbacks. They will serve
as practical replacements for actual pushouts and pullbacks in our constructions on the ho-
motopy categories of quasi-model-categories; e.g. in the construction of loop and suspension
functor; cf. §3.6.3 and §3.7.3 below.

At the end of this §3.2, we recall traditional names for some properties of quasi-pushouts
and quasi-pullbacks and explain our nomenclature; cf. Remark 99 below.

For this §3.2, let C be an FCQ-category; cf. Definition 92.

Definition 96. Let QPOC be a set of commutative quadrangles in C.
To indicate that a quadrangle is in QPO C, we often write

A I B
N
Q
A ——=DB.
f/
We call QPOC a set of quasi-pushouts, if the following assertions (1-8) hold.

(1) Suppose given

A—1-B
a b
/ Q /
f/
Then we have a,b € Cof C.
(2) Suppose given
A 1. B
a b
/ Q /
f/
Then we have b € Cof C N QisC.
(3) Suppose given
A-Ll.p
1P
Q
A ——=DB.
f/

Then we have f' € QisC.
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(4) Suppose given the following commutative diagram.

A—{—>B

} ib

A —— B
f/

Then the following assertions (a, b) are equivalent.

(a) We have (A, B, A", B") in QPOC.
(b) We have (A, A, B, B’) in QPOC.

(5) Suppose given the diagram
f

A—1-B
S
Q
A ——= B
I X
T

in which f'u = f'v and bu = bv. Then we have u ~ v; cf. Definition 95.

(6) Suppose given

A—l.p . ¢
a }b }c
Q Q
A—=B —= ("
f! g
Then (A, C, A’,C") is in QPOC.
(7) Suppose given
A—L.B
4
A—p
f/
17k
A// QB//
f//

Then (A, B, A”, B") is in QPOC.

(8) Suppose given a commutative diagram as follows.
A—L-B
1ok
/ Q !
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Then there exists B’ — T in C such that the following diagram commutes.

Given a set of quasi-pushouts QPOC, an element of QPOC is referred to as a quasi-
pushout (with respect to QPOC).

Definition 97. Let QPBC be a set of commutative quadrangles in C.
To indicate that a quadrangle is in QPBC, we often write

f

A——B
jQ

a b

A —— B
! '

We call QPBC a set of quasi-pullbacks, if the following assertions (1-8) hold.

(1) Suppose given

Then we have a,b € FibC.

(2) Suppose given

Then we have a € FibC N QisC.

(3) Suppose given

A —~> B
f! ’
Then we have f € QisC.
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(4) Suppose given the following commutative diagram.

A—f>B

P
A/ _'f? B/
Then the following assertions (a, b) are equivalent.

(a) We have (A, B, A’, B") in QPBC.
(b) We have (A, A, B, B') in QPBC.

(5) Suppose given the diagram

in which uwa = va and uf = vf. Then we have u ~ v; cf. Definition 95.

(6) Suppose given

Then (4,C, A’,C") is in QPBC.

(7) Suppose given

Then (A, B, A", B") is in QPBC.

(8) Suppose given a commutative diagram as follows.
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Then there exists T — A in C such that the following diagram commutes.

Given a set of quasi-pullbacks QPBC, an element of QPBC is referred to as a quasi-
pullback (with respect to QPBC).

Remark 98. The following assertions (1, 2) hold.

(1) Let QPOC be a set of quasi-pushouts in C. Suppose given

A—4-B
1o f
Q
A ——= DB
f/
Then we have f" € Cof C.

(2) Let QPBC be a set of quasi-pullbacks in C. Suppose given

A . B

o
a b
A —— B

f/
Then we have f € FibC.

Proof. Ad (1). This follows from Definition 96.(1,4).
Ad (2). This follows from Definition 97.(1,4). O
Remark 99.

e We often refer to property (2) in Definitions 96 and 97 as the axiom of incision or
just as incision.

e We often refer to property (3) in Definitions 96 and 97 as the aziom of excision or
just as excision.

e In the context of quasi-model-categories, property (8) in Definition 96 implies that
a quasi-pushout is in particular a weak pushout, justifying the notion quasi-pushout;
cf. Definition 24 and Lemma 104.(1) below.

Dually, in the context of quasi-model-categories, property (8) in Definition 97 implies
that a quasi-pullback is in particular a weak pullback, justifying the notion quasi-
pullback; cf. Definition 25 and Lemma 104.(2) below.
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3.3 Axioms for quasi-model-categories

Definition 100.

Let C be an FCQ-category that has initial and terminal objects; cf. Definition 92. Choose
an initial object j and a terminal object ! in C.

Let QPOC be a set of quasi-pushouts in C; cf. Definition 96.
Let QPBC be a set of quasi-pullbacks in C; cf. Definition 97.

If the following axioms Qcof, Qrip, and Qpgraiq hold, we call
(C,Cof C,FibC,QisC,QPOC,QPBC)
a quasi-model-category. We often refer to just C as a quasi-model-category.

So altogether, a quasi-model-category is a category C with initial object | and terminal
object !, together with subsets Cof C C Mor C of cofibrations, FibC C Mor C of fibrations and
QisC C Mor C of quasi-isomorphisms, and sets of quasi-pushouts QPO C and quasi-pullbacks
QPBC such that the axioms Acof, Arib, AqQis, ALifts AFact; Qcof » Qrib and Qpraia hold,
where the properties of quasi-pushouts are given in Definition 96 and the properties of
quasi-pullbacks are given in Definition 97.

Qcof The following assertions (1, 2) hold.
(1) Suppose given A € ObC. Then we have j—e= A. Cf. also Remark 93.(1).
(2) Suppose given A’ <e— A . B in C. There exists a quasi-pushout

A —f> B
b
Q
A ——= B’
f/
cf. Definition 96.
Qri, The following assertions (1, 2) hold.

(1) Suppose given A € ObC. We have A——"!. Cf. also Remark 93.(2).

(2) Suppose given A’ LB Bin C. There exists a quasi-pullback

A B
b
a b
Al /

——B
f

f

cf. Definition 97.
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QBraia Suppose given a commutative diagram as follows.

AL . B

There exists B’ —"= X such that the following diagram commutes.

At .B

\\

X9,y

o

x Y

X — Y
g/

Remark 101. Let M be a weakly pointed model category; cf. Definitions 172 and 174.(1).
Then My is a quasi-model-category with the quasi-model-structure described in Theo-
rem 193, as shown in loc. cit.

Remark 102. Let C be a quasi-model-category.

Let
CofC® = {f°:feFibC}
FibC® = {f°: f € CofC}
QisC° = {f°:feQisC}.
Let ) .
A-L.p A<l B
QPOC° = a"i }b" : aj{ %b € QPBC
A/ B/ A/ /
S Iz )
( fo f )
A——=B A<—2B
QPBC° = a‘% érbc’ ;o b € QPOC
A/ﬁ'B/ A,h /
Tk I )




Then
(C°,Cof C°,FibC°, QisC°, QPO C°, QPBC®)

is a quasi-model-category.

Remark 103. Let C be a quasi-model-category. Suppose given xt.v mc
The following assertions (1, 2) hold.

(1) Suppose that (f,p) is an extension pair for all acyclic fibrations p. Then f is a
retract of a cofibration.

(2) Suppose that (f,p) is an extension pair for all fibrations p. Then f is a retract of
an acyclic cofibration.

Proof. Ad (1). Since Apaet.(2) holds in C, there exists a commutative diagram as follows.

~ A

By assumption, (f,p) is an extension pair. Thus, f = ip is a retract of ¢; cf. Lemma 23.(1).

A

Ad (2). Since Apae-(1) holds in C, there exists a commutative diagram as follows.

A ! B

N\
1\ p
X

By assumption, (f,p) is an extension pair. Thus, f = ip is a retract of 7; cf. Lemma 23.(1).

]

3.4 Elementary properties

For this §3.4 let C be a quasi-model-category.

3.4.1 Brown factorisation

Lemma 104. The following assertions (1, 2) hold.

(1) Suppose given

Then (A, B, A’, B') is a weak pushout; cf. Definition 24.
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(2) Suppose given

A ——= B
f/

Then (A, B, A', B') is a weak pullback; cf. Definition 25.

Proof. Ad (1). Suppose given A’ % T and B % T with ax = fy. We have to show that
there exists B’ = T with f'v = x and bv = y.

We have a commutative diagram as follows.

Cf. Definition 96.(8). In particular, we have f'v =z and bv = y.
Ad (2). This is dual to (1). O

The following lemma and its proof are essentially due to K. Brown [2, p. 421]. He established
it in the context of categories of fibrant objects.

Lemma 105 (Brown factorisation). Suppose given X Ly,
The following assertions (1, 2) hold.

(1) There exists a diagram

X

~Z

such that jq = [ and kq = 1y.
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(2) There exists a diagram

such that jq = f and jk = 1x.

Proof. Ad (1). We have a commutative diagram as follows.

Cf. Qcof , Remark 98.(1) and Lemma 104.(1).

Furthermore, there exists a commutative diagram as follows.

N4

Cf. Apact-(2). In consequence, we have the following diagram

M

X\ | /jf
Z<_/Oya

with zas = f and yas = 1ly; cf. Ace.(1) and Agis.(2).
Ad (2). This is dual to (1).

3.4.2 Split denominator structure
Remark 106. The following assertions (1, 2) hold.

(1) We have QisC N Cof C C Coret C.
(2) We have QisC NFibC C Ret C.

Proof. Ad (1). Suppose given A —4> B . We have a commutative diagram as follows.

A A
|
B !

——|
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Ct. ALift-(l) and QFlb(1> Thus, 1 € CoretC.
Ad (2). This is dual to (1). O

Remark 107. Suppose given d € MorC. The following assertions (1, 2) are equivalent.

(1) We have d € QisC.

(2) There exists (i,p) € (Cof C N QisC) x (FibC N QisC) with q = ip.

Proof. Ad (1) = (2). By Apac.(1), there exists (7, p) € (Cof CNQisC) x FibC with ¢ = ip.
By Aqis-(2.b), we have p € (FibC N QisC).

Ad (2)=(1). This follows from Aq;s.(2.). O

Definition 108 (and Lemma). Recall that C is a quasi-model-category; cf. Definition 100.

Define
SDenC := CofCnNQisC
TDenC := FibCNQisC.
Then (C,SDenC, TDenC) is a category with split denominators; cf. Definition 39.

Furthermore, we have

DenC = QisC.

In the following we will use this split denominator structure on C without further notice.
In particular, we will make use of L¢ : C — HoC; cf. §2.5.

Proof. By Remark 107, we have DenC = QisC; cf. Definition 39.

Furthermore, we have

(1) by Ace(2) and Ag;s.(2.2),

(2) by Aces.(1) and Ags.(1),
Sspen-(3) by Remark 106.(1), and

(4) by Qcof.(2); cf. Definition 96.(2).
Dually, we have

(1) by Agpp.(2) and Agis.(2.a),

(2) by App.(1) and Agis.(1),
Stpen-(3) by Remark 106.(2), and

(4) by Qpib.(2); cf. Definition 97.(2).

Finally, we have Spe, by Aqis-(2). O
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3.4.3 Uniqueness properties of quasi-pushouts

Lemma 109. Suppose given

A-1. B and A1 B
o b SN
AP A—B

i f ’

The following assertions (1, 2, 3) hold.

(1) There exists a commutative diagrams as follows.

Then we have uwv ~ 1p and vu ~ 14

(3) Suppose given a commutative diagram as follows.

I N

\)\B

Then we have Leu € IsoHoC. If C s saturated, then we have u € QisC.

Proof. Ad (1). This follows from Lemma 104.(1).

Ad (2). We have to show that uv ~ 1p and vu ~ 15. By symmetry, it suffices to show
that uv ~ 1.
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Since we have the diagram
f

AL p
1o b
Q
N B
f/

1
uv

B/
in which f'uv = f' = - 1g and b- 1p = b = buw, we obtain uv ~ 1p; cf. Definition 96.(5).
Ad (3). By (1, 2), we have Lu € IsoHoC.
If C is saturated, this implies u € QisC; cf. Definition 65. O

3.5 Hirschhorn replacement

For this §3.5, let C be a quasi-model-category.

3.5.1 Homotopy in quasi-model-categories

Lemma 110. Suppose given X :OZY. The following assertions (1, 2, 3) are equivalent.
f1

(1) We have fo ~ fi.
(2) We have fy L fi-
(3) We have fy ~ f, .

This proof is essentially due to Quillen [10, Lem. 1.1.5].

Proof. We have (2) = (1) and (3) = (1); cf. Remark 89.

Ad (1) = (3). Suppose that fy ~ fi. There exists a commutative diagram as follows.

Xe——x_ P vy vy
% A
20 lep()

X<t X1 . yvos vy
ilj; ’%pl
|

) G N VI

fi
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Cf. Lemma 49.(3"). We have a commutative diagram as follows.

Cf. Qrib-(2), Remark 98.(2) and Lemma 104.(2).

Furthermore, we have a commutative diagram as follows.

Y L Y
.
i a
Y/
Cf. Apact-(1). Thus, we have the following commutative diagrams.
Y Y Y = Y
N\, N\,
i aco i\ ge1
Y’ Y’

Cf. Apip.(2). Therefore, we obtain gco, gc; € QisC NFibC; cf. Agis.(2.b).

Moreover, we have a commutative diagram as follows.

X85 X

&

Cf. Definition 97.(8). Additionally, we have the following commutative diagram.

fosg Y/

X —

X- B

v

Cf. ALig.(1). Since the following diagram commutes, we have fy ~ i, fpo.

Xe—Xx_"""_y ¥ y
X=—X - Y Y
11 fpo



Since the following diagram commutes, we have i1 fpy ~ fi .

X

X

Altogether, we have fy ~ i, fpo ~ f1. Thus, we have fy ~ f;: cf. Lemma 91.(2).

>

Ad (1) = (2). This is dual to (1) = (3).

]

J
Lemma 111. Suppose given X :OZY with fo ~ f1. The following assertions (1, 2) hold.
I

(1) Suppose given a commutative diagram as follows.

Cf. Qcof-(1,2) and Remark 98.(1).

There eists X' —3> X and a commutative diagram as follows.

X

<

S

S

L

=}

L

L

-

b

L1

X —s X'
L0

T

J

-~o0——

<t

J

—o—>

Y

~

(2) Suppose given a commutative diagram as follows.

Cf. Qpip-(1,2) and Remark 98.(2).

; _TO

~

1

<+

~

—=Y
S
—

!

Y




There exist Y —=Y" and a commutative diagram as follows.

X—X—""">Y=—Y

Xe—e—x_—1 . ves vy

XN—X——-Y=—7Y
fi

| ],
e
v
X=—X——-Y=—72=Y
1

By Lemma 105.(1), there exists a diagram

X ! v

~

such that fu = f and vu = 1y . There exists a commutative diagram as follows.

y —

Y .

{

N (LT
upl\ Q $
Y ——

Cf. Lemma 104.(2). By Apact-(1), there exists a commutative diagram as follows.




In consequence, we have a commutative diagram as follows.

Xe—x-T .y vy
o,
R

Cft. Apib.(l), ACOf.(l) and AQis-
Ad (1). This is dual to (2).

3.5.2 The replacement lemma

Proposition 112 (Hirschhorn replacement lemma, [8, Cor. 7.3.12]).
The following assertions (1, 2) hold.

(1) Suppose given
f

A X
B
such that ig ~ f. There exists B X with gr~¢ andig = f.

/}ip

g

(2) Suppose given

A

such that fp ~ g. There exists AL x with f ~ " and f'p=g.

Proof. Ad (1). Since ig ~ f, there exists a commutative diagram as follows.

A—A4-B- 9. X—X

| ] b

A—— A h X <2 X

| v
¥

Cf. Lemma 110 and Lemma 90.(2).



Furthermore, we have a commutative diagram as follows.

S,

—_

A h
t m 4

e
g

p

<

=

Cf. Ari.(2). Let B-L=m x Then we have ig’ = f.

Since the following diagram commutes, we have g ~ ¢’; cf. Lemma 110.

B——B—1>X——=X
1&
B——B- "™ . X<£i Y
|
Qq
|
g
Ad (2). This is dual to (1).
Corollary 113. Suppose given
A—f>B
a $b
/_/>QB/‘
f

The following assertion (x) holds.

(x) Suppose given A'—"=T <"— B with fy ~ ax.

Then there exists B'—“=T with f'u ~ x and bu = y.

In particular,

A B
al| e
Al /
7]

1s a weak pushout in HoC.
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Proof. There exists A’ — T with # ~ 2/ and a2’ = fy; cf. Proposition 112.(1).

Moreover, there exists a commutative diagram as follows.

Cf. Lemma 104.(1). Additionally, we have f'u =2’ ~ .

Corollary 114. Suppose given

The following assertion (x) holds.

(%) Suppose given A’ <2 T2~ B withyb~ zf'.

Then there exists T —— A with uf ~ y and ua = .

In particular,

A (7] B
[a] (0]
A/ !/
(']

1s a weak pullback in HoC.

Proof. This is dual to Corollary 113.

3.6 The suspension functor

In this §3.6, we establish the suspension functor ¢ : HoC — Ho C on the homotopy category
of a quasi-model-category C; cf. Definition 141 below.
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3.6.1 Brown-Gunnarsson gluing

3.6.1.1 H-pushouts
3.6.1.1.1 The general case

For this §3.6.1.1.1, let C be a quasi-model-category.
Definition 115. A commutative quadrangle

A-L-p

1)

A/ I B/
fl

is called an H-pushout, if the following assertion (x) holds.

(*) Suppose given a commutatitive diagram as follows.

A f B
7
a Q . b
Al B
fl

Then we have Lo u € IsoHoC.

To indicate that (A, B, A’, B') is an H-pushout, we often write

A—L-B
1ol
H
A ——= B
f/
Remark 116. Suppose given the following commutative quadrangle.

A-1L.p

1k

A/ o B/
f/

The following assertions (1, 2) are equivalent.

(1) The commutative quadrangle (A, B, A’, B') is an H-pushout; cf. Definition 115.
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(2) There exists a commutative diagram

@ Q .
B
A/ fl B/

with Le u € IsoHoC.

Proof. Ad (1) = (2). We have a commutative diagram as follows.

a Q .
f RN
A’ B’
f/

Cf. Qcof-(2) and Lemma 104.(1). Since (1) holds, we have Lu € IsoHoC.

Ad (2) = (1). Suppose given the following commutative diagram.

A ! B
p,
a Q . b
B ~
A/ f, Bl

We have to show that Lu € Iso HoC; cf. Definition 115.

By Lemma 109, we have a commutative diagram

A—f>B

with Lv € IsoHoC.

Since we have f-u = f' = f-vi and b-u = b = b-v@i, we obtain u ~ vi; cf. Definition 96.(5).

Thus, we have Lu = L(va) = Lv - L@ with Lu,Lv € IsoHoC. Therefore, L € IsoHoC.
[
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Remark 117. Suppose given a quasi-pushout (A, B, A’, B').

Then (A, B, A’, B') is an H-pushout.

Proof. This follows from Remark 116 using u = 1p/ .

Remark 118. Suppose given

A . B
1Ll
H
Al ——= B
f/
Then we have Le b € IsoHoC.
Proof. There exists a commutative diagram
A ! B

where Lu € Iso HoC; cf. Remark 116 and Definition 96.(2). Thus, we have L'b € Iso HoC.

Remark 119. Suppose given the following commutative diagram.

Sy

L

b

/

A
;

The following assertions (1, 2) are equivalent.

W~

_
/

!

(1) We have L¢ f' € IsoHoC.

(2) The commutative quadrangle (A, B, A’, B') is an H-pushout.

Proof. There exists a commutative diagram as follows.

A—1L . p
/
a Q . b
B_.
HEBEG
f/

]



Cf. Qcof-(2), Definition 96.(3) and Lemma 104.(1). In particular, we have Lf € IsoHoC;
cf. Corollary 60.

Ad (1)=(2). Since L f"is in IsoHoC, so is Lu. Thus, (A, B, A’, B') is an H-pushout; cf.
Remark 116.

Ad (2) = (1). Since (A, B, A’, B’) is an H-pushout, we have Lu € IsoHoC. In conse-
quence, we have L f’ € IsoHoC. m

Lemma 120. Suppose given the following commutative diagram.
A—bt-B

ao bo

Then we have Lo by € IsoHoC.

Proof. We have a commutative diagram

A

A
N

“B
/-f ‘
A | B’
Qg
al Q l: b1
B
/..f/ N
A// B/l
f/l

where Lu € IsoHoC; cf. Remarks 116 and 98.(1), Qcof.(2), Definition 96.(3) and Lem-
ma 104.(1).

Thus, we have an H-pushout (A4, B, A”, B") and a quasi-pushout (A, B, A”, B); cf. Definition 96.(7).
Therefore, we obtain L v € Iso HoC; cf. Definition 115.

In consequence, we have L b; € Iso HoC; cf. also Corollary 60. O]

Remark 121. Suppose given

? f T - T
A ——- DB ——» C’ )
f g
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Then (A,C, A',C") is an H-pushout.

Proof. There exists a commutative diagram

R
Q

A ! B

A
a Q b

B —»—C

AT B

!

g

where Lu € IsoHoC; cf. Remark 116, Qcof.(2), Definition 96.(3) and Lemma 104.(1).

Since (A, C, A, é) is a quasi-pushout, it suffices to show that L v € Iso Ho C; cf. Definition 96.(6)
and Remark 116.

We have Lu-L g =L g-Lovwith Lu, L¢’, L g € Iso HoC; cf. Corollary 60 and Remark 119.
Thus, we obtain Lv € IsoHoC. n

Remark 122. Suppose given the following commutative diagram.

Then (B,C,B',C") is an H-pushout.

Proof. There exists a commutative diagram

SN
~
Sy
&S]
Q

where Lu € IsoHoC; cf. Remark 116, Qcof.(2), Definition 96.(3) and Lemma 104.(1).

By Remark 119, it suffices to show that L ¢’ € IsoHoC. Thus, it suffices to show that
Lov € IsoHoC; cf. also Corollary 60.

Since we have an H-pushout (A,C, A’,C") and a quasi-pushout (A, C, A’,C’), we have
Lv € IsoHoC; cf. Definition 115 and Definition 96.(6). O
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Lemma 123. Suppose given

A-Ll.p 2. ¢
a }b Lc
A/—?/—>B/TI>{C/

Then (A,C, A’ C") is an H-pushout.

Proof. There exists a commutative diagram as follows

N~
> |

A B . C
b
“1 .b/./ ‘
Q B _— i
=1 . 1 ig, Yo

Cf. Qcof-(2), Definition 96.(3), Lemma 104.(1), Apact-(2), Remark 98.(1) and Aq;s.(2.b).

Since (A, X, A’, X) is an H-pushout, it suffices to show that (X, C, X, (") is an H-pushout;
cf. Definition 96.(6), Remark 117 and Remark 121.

Thus, it suffices to show that L(vw) € Iso HoC; cf. Remark 119.
We show that Lv € IsoHoC and Lw € IsoHoC.

Since (B, X, B’, X) and (B,X,B,X) are H-pushouts, we have Lv € IsoHoC; cf. Re-
mark 117 and Lemma 120.

Since (B, C, B',C") and (B, X, B', X) are H-pushouts, so is (X, C, X, C"); cf. Remarks 117
and 122. Thus, Lw € IsoHoC; cf. Remark 119. ]

Lemma 124. Suppose given the following commutative diagram.

Then (B,C,B',C") is an H-pushout.
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Proof. There exists a commutative diagram as follows.

R~
b~
;>

A B X C
a b & c
¢x
T 9!
f g

Cf. Apact-(2), Qcor-(2), Remark 98.(1) and Lemma 104.(1).
Since (B, X, B/, X) is an H-pushout, so is (A, X, A’, X), cf. Remark 117 and Lemma 123.
Since (A,C, A’,C") and (A4, X, A’,X) are H-pushouts, so is (X, C, X, C"); cf. Remark 122.

Since (B, X, B, X) and (X, C, X, C") are H-pushouts, so is (B, C, B',C"); cf. Remark 121.
O

3.6.1.1.2 The saturated case

For this §3.6.1.1.2, let C be a saturated quasi-model-category.

Remark 125. Suppose given the following commutative quadrangle.

AL . B

} lb

A/ I B/
f/
The following assertions (1, 2, 3) are equivalent.

(1) The commutative quadrangle (A, B, A’, B') is an H-pushout; cf. Definition 115.

(2) Suppose given a commutative diagram as follows.

A— T .p
A
a QB b
7 N
A B’
f/

Then we have u € QisC.

(3) There exists a commutative diagram as follows.

A—L B
ya

a Q . b
B’LL

A'/f, S
f



Proof. Ad (1)=(2). Since (A, B, A’, B’) is an H-pushout, we have Lu € IsoHoC. Thus,
we have u € QisC; cf. Definition 65.

Ad (2) = (3). We have a commutative diagram as follows.

A—T .p
A
a Q . b
B__ y
A//fT AB/
fl

Cf. Qcof-(2) and Lemma 104.(1). Since (2) holds, we have u € QisC.
Ad (3) = (1). By Corollary 60, we have Lu € IsoHoC.

Thus, (A, B, A’, B’) is an H-pushout; cf. Remark 116. ]
Lemma 126. Suppose given
A—l.p*. ¢
ai b Lc
H H
A —=B —= (.
f! g

Then (A,C, A’ C") is an H-pushout.

Proof. There exists a commutative diagram as follows.

A ! BT 4 C
b Q
ae pb/./ c
Qp_— |
A - 2p - e
f g

Cf. Remark 125, Apact-(2), Qcof-(2), Remark 98.(1) and Lemma 104.(1).

Since (A, X, A’, X) is an H-pushout, it suffices to show that (X, C, X, (") is an H-pushout;
cf. Definition 96.(6), Remark 117 and Remark 121.

Thus, it suffices to show that L(vw) € Iso HoC; cf. Remark 119.
We show that Lv € IsoHoC and Lw € IsoHoC.

Since (B, X, B’,X) and (B,X,B,X) are H-pushouts, we have Lv € IsoHoC; cf. Re-
mark 117 and Lemma 120.

Since (B, C, B',C") and (B, X, B', X) are H-pushouts, so is (X, C, X, C"); cf. Remarks 117
and 122. Thus, Lw € IsoHoC; cf. Remark 119. O
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Lemma 127. Suppose given the following commutative diagram.

h
m

5 @
S

I 9 e

U

h/

a

A/

Then (B,C,B',C") is an H-pushout.

Proof. There exists a commutative diagram as follows.

g
A ! B= % . x_ e
ae 14 QY c
X
A/ - B/ - s C/
f g

Cf. Apact-(2), Qcot-(2), Remark 98.(1) and Lemma 104.(1).

Since (A, B, A’, B") and (B, X, B’,X) are H-pushouts, so is (4, X, A’,X); cf. Remark 117
and Lemma 126.

Since (A,C, A’,C") and (A, X, A’,X) are H-pushouts, so is (X, C, X, C"); cf. Remark 122.
Since (B, X, B, X) and (X, C, X, (") are H-pushouts, so is (B, C, B’, C"); cf. Remark 121.
]

Lemma 128. Suppose given

Then (A, B, A", B") is an H-pushout.
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Proof. We have a commutative diagram as follows.

A ! B
b
ao ¢ Q bo
B
i \
A = B’
*h
b
ai ¢ b1
\U\\ Q
N
B..
A" B

Cf. Remark 125, Qcof.(2) and Definition 96.(3). Since (A’, B, A”, B) and (B, B', B, B)
are quasi-pushouts, so is (A, B', A", B); cf. Definition 96.(6). Since (A’, B’, A" B) is a
quasi-pushout and (A’, B’, A”, B”) is an H-pushout, there exists w € QisC making the
diagram above commutative; cf. Lemma 104.(1) and Remark 125.

Since (A,B,A”,B) is a quasi-pushout and vw € QisC, (A, B, A”, B”) is an H-pushout;
cf. Definition 96.(7), Aqis.(2.a) and Remark 125. O

Lemma 129. Suppose given the following commutative diagram.

A—f>B

Then (A’, B', A", B") is an H-pushout.
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Proof. We have a commutative diagram as follows.

A ! B
b
ao ¢ Q bo
B
i \
A/ f’ B/
bh
b
aie b1
\;\\\ Q
f B
A// B//

f//

Cf. Remark 125, Qcor.(2) and Definition 96.(3). Lemma 104.(1). Since (A’, B, A”, B) and
(B, B, B, B) are quasi-pushouts, so is (A", B', A", B); cf. Definition 96.(6). Thus, there
exists w € Mor C making the diagram above commutative; cf. Lemma 104.(1).

It suffices to show that w € QisC; cf. Remark 125. Therefore, it suffices to show that
vw € QisC; cf. Agis-(2.b).

Since (A, B, B”, B) € QPOC and (A, B, A”, B") is an H-pushout, we have vw € QisC; cf.
Definition 96.(7) and Remark 125. O

3.6.1.2 The gluing lemma

The following proposition is inspired by ideas of Gunnarsson [7, Lem. 7.4] and Thomas [15,
Prop.3.50]. Cf. also [6, Lem. I1.8.8]. Moreover, it is an analogue of R. Brown’s gluing
lemma [3, 7.4.1].

For this §3.6.1.2, let C be quasi-model-category.
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Proposition 130. Suppose given the following commutive diagram.

fo

A — B,
w |
lll ! bo
A(] 7 B() v’
R
ul A’l h T) Bi
ay
by
Al 1 Bl

Then we have Lv' € IsoHoC.

Proof. Since (Ay, A}, By, By) is an H-pushout, so is (Ag, By, Aj, By); cf. Lemma 123.

Since (Ao, B1, Ay, By) and (Ao, Bo, Af, BY)) are H-pushouts, so is (By, Bi, By, B}); cf. Re-
mark 122.

Thus, Lo’ € IsoHoC; cf. Remark 119. H

3.6.2 Acyclic objects

For this §3.6.2, let C be a quasi-model-category.

3.6.2.1 Definition and elementary properties

Definition 131. Let AcC be the full subcategory of C with
ObAcC:={A€ObC: A—1}.
The elements of Ob AcC are called acyclic objects.
Remark 132. Let X € ObC be a terminal object. Then X € Ob AcC.
Lemma 133. Suppose given A, B € ObAcC. The following assertions (1, 2, 3) hold.

(1) There exists A—%> B.

2) Suppose ivenALB. Then we have A—];->B.
(2) Suppose g

f
(3) Suppose given A—= B. Then we have f ~ g.
g

Proof. Ad (1). By Remark 106.(2), there exists a commutative diagram as follows.

| —rrr=
A /
b\
B
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Cf. Agis. Thus, we have A ——! —2> B cf. Agis-(2.a).
Ad (2). We have the following commutative diagram.

A —1—=

%

B
Thus, we have f € QisC; cf. Agis.(2.¢).
Ad (3). Since ! is terminal, we have ft = gt with B —>!. Thus, we obtain
Lf-Lt=L(ft)=L(gt) =Lg-Lt.
Since Lt € I[soHoC, we have L f = L g; cf. Corollary 60. Thus, we obtain f ~ g.

Remark 134. Suppose given X € ObC. There exists X —= A with A € Ob AcC.

Proof. By Agac.(2), there exists a commutative diagram as follows.

X———!

RN

A

Remark 135. Suppose given
A<4-x-4.B

|

C’<C—Y—d>D
with C' and D in Ob AcC.

There exist a and [ in MorC such that the following diagram commutes.

% x-4%.pB

I S )

~——Y——=D

c d
Proof. There exist commutative diagrams as follows.

Je Jd

X ——C X——D
a7 8,7

e 4 2
7/ /7

A—— B——1

CE. Apn.(2).
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3.6.2.2 The key lemma

Lemma 136. The following assertions (1, 2) hold.

(1) Suppose given commutative diagrams

A—t X VR
X . TP f X ’ ? !
l B B’
f C——|—Y f C——|—Y
amva amva
Y y D Y y D
with B and D in Ob AcC. Then we have " ~ f".
(2) Suppose given commutative diagrams
A—t X A—t X
a Q @ | Q
//o/ Q /.é/ /'é’ Q /a/
X —s B f X —s j|9 f
l B l B
f C——|—Y f C——|—Y
amva amva
Y D Y y D
with A, B, C and D in ObAcC. Then we have f" ~ f".
Proof. Ad (1). There exist commutative diagrams as follows.
X—=%-B
bi $b0
Qlr
B o X

ﬁ//

Cf. Lemma 104.(1). We choose X 4B ; cf. Remark 134.

By Api«.(2), there exist commutative diagrams as follows.

¥ .p ¥ ".p
} b 7 % i 5 7 %
jp—— jz p——
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There exist commutative diagrams as follows.

XbeBB
b
A—es

b

Cf. Lemma 104.(1). Furthermore, we have a commutative diagram as follows.

T
A

Sy

<o—
Y

o I

><2

We have diagrams

x—-%t.pB x-—-%.RB
oot b
—e> X A—g—>X

b fl f//
wf - wf -
Y

where af' = awf, where bf' = bwf, where af’ = &wf and where bf" = gwf
Thus, we obtain f' ~ wf and f” ~ wf; cf. Definition 96.(5). Therefore, it suffices to
show that f ~ f.

We have the following commutative cuboid.

bbob

Cf. Lemma 133.(2), Acof-(2), Aqis-(1) and Lemma 104.(1). By Proposition 130, we obtain
that Lv € IsoHoC; cf. Remark 117. Thus, it suffices to show that vf ~ v f.
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We have the diagram

X-—<-B
oo
A—es> X
b of
of .
Y

in which b-vf = ad = vi and a-vf = "¢ =a- vf. Thus, we obtain vf ~ Uf; cf.
Definition 96.(5).

Ad (2). We have a commutative diagram as follows.

X——<-A

Cf. Lemma 104.(1).

Since B and D are acyclic and the following diagrams commute, we obtain f’ ~ f by (1).

A 5 X A 5 X
a Q a Q
/{/ | // /{ | //
X —s B f X —s 1|3 f
l B2 l B2
f C—|— Y f C—|— Y
Y - D Y - D

A S X A i X
a | Q @ | Q
%lzlz /{ a// le %
X . ? f X , ? f
\ 6// 2 l ,8// 2
! C——rf——Y ! C——|——=Y
S A v
Y y D Y y D
Cf. Definition 96.(4). In consequence, we obtain f" ~ f”; cf. Definition 50. ]
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3.6.2.3 A variant of the key lemma

In this §3.6.2.3, we give a variant of our key lemma, Lemma 136. This variant is an aside

and is not used in the sequel.

Lemma 137. The following assertions (1, 2) hold.

(1) Suppose given commutative diagrams

A 3 X
A A
X ’ B f
.
f C — | ——Y
o

where D in Ob AcC. Then we have f' ~ f”.

(2) Suppose given commutative diagrams

A 8 X
A A
X , B f
Lo
f C—e—|——Y
Y D

where C and D in Ob AcC. Then we have [’ ~
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A A
X ’ B f
l /B// v
! C —|—Y
o
Y y D
A
X . B f
B// v
f C—e—|——Y
Y y D

f//.



Proof. Ad (1). We have

A : X
LI
X b B f/ f//
l B/ 6//
f C——I| | —Y
/C/H d /Q./
e A
b
C ——|——Z

such that the lower cuboid is commutative; cf. Qcof.(2) and Lemma 104.(1).
Since
b- flo=adv=>-fv and a-flv=p8pz=p8"pz=a-f"v,
we obtain f'v ~ f"v; cf. Definition 96.(5). Thus, it suffices to show that Lv € IsoHoC.
We obtain L v € Iso HoC by applying Proposition 130 to the lower cuboid; cf. Remark 117.

Ad (2). We have a commutative diagram as follows.

X—=A

Cf. Lemma 104.(1).
Since D in Ob AcC and the following diagrams commute, we obtain f' ~ f by (1).

A b X b X
X . B f X . B f

l ,8/ v BII v
f C—e—|—Y f C——|——Y
Y . D Y . D
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Since C' in Ob AcC and the following diagrams commute, we obtain f ~ f” by (1).

A 5 X A 5 X

X—.éB

b X— !
j 6// Y l ﬂ// v
f C—e—|—>Y f C—e—|— =Y
v FA
Y D D
Cf. Definition 96.(4). In consequence, we obtain f’ ~ f”; cf. Definition 50. m

Remark 138. The key lemma, Lemma 136, and its variant Lemma 137 are related as
follows.

e Suppose that A and B in Lemma 137.(2) are acyclic. Then the conclusion of
Lemma 137.(2) also follows from Lemma 136.(2); cf. Lemma 133.(2).

e Suppose that ¢, & d,d € Cof C and that (Y, D,C,Y) is in QPOC in Lemma 136.(2).

Then the conclusion of Lemma 136.(2) also follows from Lemma 137.(2).

3.6.3 Construction of the suspension
For this §3.6.3, let C be a quasi-model-category.

Definition 139 (and Lemma).

(1) For X € ObC, we choose

X% By

BN

Ax —d;—>SX
with Ax and By in Ob AcC; cf. Remark 134, Qcof.(2) and Remark 98.(1).

(2) For X oy , we choose Ax . Ay , Bx ., By and X i>SY such that
the following diagram commutes.

dx
Ax SX
A
[e TR cx
X | Bx Sf
bx |
l Bru
f Ay —s SY
A
cy
Y b; By
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Cf. Remark 135, Lemma 133.(2) and Lemma 104.(1).

This defines the functor

¢ % Hoc
xXLy) = (Sex 3 sy) = (sx B sy,
If unambiguous, we often write S := S¢ .
Proof. First we show that S1y = 1gy for X € ObC(.
Suppose given X € ObC. We need to show that S1x ~ 1sx .
For brevity, we write ay := a1, and By := (1 .
We have commutative diagrams
Ax i SX i SX
Q Q
ax ax
//ax 2 /'{ / alay /4
X | BX Slx | B lsx
bx |
\ Bx \ 1ex zz
ax
X BX BX
bx
with Ay and By in Ob AcC. Thus, we obtain S1y ~ lsx by Lemma 136.(2).
Now we show that S(fg) = Sf-Sg for xt.yv 4.7z me
We need to show that S(fg) ~ Sf-Sg. We have commuative diagrams
dx
Ax SX Ax
Q
“}/ | / | /
afg cx nafag cx
x o B S(f9) xlo Sf-Sg
J Brg l BrBg
fg AZ d.Z Q SZ fg AZ d-Z Q S7Z
az az
Z b; BZ 7 b; BZ

with Ax, Bx, Az and Bz in Ob AcC. Thus, we obtain S(fg) ~ Sf-Sg; cf. Lemma 136.(2).
O]

Lemma 140. We have S¢ € Ob ()[C,HoC].
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Proof. By Proposition 59, it suffices to show that S(QisC) C Iso HoC; cf. Definition 108.

Suppose given X L.y . We have the following commutative diagram.

Ay 4 55X
ax | /
(e R cx
X | Bx sf
bx
‘ ‘ By
fe Ay ° SY
d
YAy
cy
Y g By
by

Cf. Definition 139.(2). By Proposition 130, we obtain
Sf=I[Sf]=L(Sf) € IsoHoC.
Cf. Remark 117. O

Definition 141 (and Lemma). Let ¢ := S¢; cf. Definition 8.
We have the functor

HoC Eﬁc HoC

(/]

X Dy)y o mex 2 voy) = (Sex 2 sy,

We call ¥¢ the suspension functor of C. If unambiguous, we often write X := .

Proof. This follows from Lemma 140; cf. Definition 8. O]

We aim to show that the construction of the suspension functor is essentially independent
of the choices made.

Lemma 142. Suppose given a choice of a commutative diagram

X—b)£—>BX

&X\L }5)(
A Q
AX —~0—>SX
dx

with Ax and Bx in ObAcC for X € ObC.
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Suppose given a choice of a commutative diagram

Ax i SX
_ Q
ax | /
df 1% Cx
X | Bx Sf
bx |
‘ Br
f Ay ot S~Y
. dy Q
ay
Cy
Y Z;; By
for X oy e
This defines the functor
¢ 3 Hoc

X Ly) — (Ex 5 gy,

Cf. Definition 139.

For X € Ob(C, we choose Ax s AX , Bx S BX and SX 2~ SX such that the
following diagram commutes.

Ix Ay —o—| —=8X

Cf. Remark 135, Lemma 133.(2) and Lemma 104.(1).
Let v := (7vx) xeobc , where yx := [0x] for X € ObC.

We have S € Ob (~[C,HoCl; cf. Lemma 140. Let 3= g; cf. Definition 8.
The following assertions (1, 2) hold.

(1) We have the isotransformation S ——S.

(2) We have the isotransformation $—2~ % ; cf. Definition 10.
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Proof. Ad (1). By Proposition 130, we have
vx = [0x] = Lox € IsoHoC
for X € ObC; cf. Remark 117.

We show that ~ is natural. Suppose given X 2. ¥ in €. We need to show that
0w Sf o~ Sf-oy.

We have commutative diagrams

Ax o4 SX Ay o SX
Q Q
ax /| / % | /
Qaxaf cx Rafpay cxX
X | By ox-Sf X | Bx Sfoy
bX bX |
] bx 52 l Brby 2
f Ay — SY f Ay — SY
_ dy Q _ dy Q
ay ay
éy éY
where Ay, By, Ay and By in ObAcC.
Thus, we obtain 0y - Sf ~ Sf - 9y by Lemma 136.(2).
Ad (2). This follows from (1) and Remark 11. O

3.7 The loop functor

In this §3.7, we establish the loop functor Q¢ : HoC — HoC on the homotopy category of a
quasi-model-category C; cf. Definition 153 below.

3.7.1 Brown-Gunnarsson cogluing

For this §3.7.1, let C be a quasi-model-category.

Definition 143. A commutative diagram
A
1}1/

is called an H-pullback, if the following assertion (x) holds.

f

B
L

——B
f
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(¥) Suppose given a commutative diagram as follows.

A ! B

N7
/"

Q
A
f

1b

B/

Then we have Le u € IsoHoC.
To indicate that (A, B, A’, B') is an H-pullback, we often write

A-1.B
H
b
A ——= B’
I .
Proposition 144. Recall that C is a quasi-model-category.
Suppose given the following commutive diagram.

fo

Ap By
w | / ‘
R bo
H
A() | B() Q!
fo |
l QU l
f/
u A ———|—— B
b1
H
h f1 By

Then we have Lu € IsoHoC.

Proof. This is dual to Proposition 130.

3.7.2 Coacyclic objects

For this §3.7.2, let C be a quasi-model-category.
Definition 145. Let CoacC be the full subcategory of C with

ObCoacC :={C € ObC: j—o=C}.

The elements of Ob CoacC are called coacyclic objects.
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Remark 146. Let X be an initial object in C. Then X € Ob CoacC.

Lemma 147. Suppose given A, B € Ob CoacC. The following assertions (1, 2, 3) hold.

(1) There exists A—%> B.

(2) Suppose given A Jy B. Then we have A—L~B.

f
(3) Suppose given A—= B. Then we have f ~ g.
g

Proof. This is dual to Lemma 133. m

Remark 148. Suppose given X € ObC. There exists C —> X with C € Ob CoacC.

Proof. This is dual to Remark 134. O

Remark 149. Suppose given
A—-x<t B

K

with A and B in Ob CoacC.

There exist a and B in MorC such that the following diagram commutes.
AL-Xx<"B

L)

Proof. This is dual to Remark 135. O

Lemma 150. Suppose given commutative diagrams

A b X A b X
%:’?!l % %’?!l %
X . ? f X . ? f
B/R ﬁ”l?
f C—T —>}7 " C—Od— —>}7
d d

where A, B, C and D in Ob CoacC. Then we have f' ~ f".

Proof. This is dual to Lemma 136.(2) O
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3.7.3 Construction of the loop functor

For this §3.7.3, let C be a quasi-model-category.
Definition 151 (and Lemma).

(1) For X € ObC, we choose
OX - Ky

mx{ ¢ i

JX—J—>
JIx

with Jx and Kx in Ob CoacC; cf. Remark 148, Qpjb.(2) and Remark 98.(2).

(2) For X1~V we choose Jx —2=Jy, Ky —2=Ky and OX-22-0Y such
that the following diagram commutes.
X
A
f

0Xx
Y

Jx hi
x|
o aLf
—||—>KX
Ix |
l K
or Ty |

| L

Oy ——+—— Ky
ly

Cf. Remark 149, Lemma 147.(2) and Lemma 104.(2).

This defines the functor

C&}HOC

X Ly) o (0cXx 2 0cy) = (0x 9 oy,
If unambiguous, we often write O := Oc¢ .

Proof. This is dual to Definition 139. ]
Lemma 152. We have O¢ € Ob ()[C,Ho(].

Proof. This is dual to Lemma 140. [
Definition 153 (and Lemma). Let Q¢ := Og; cf. Definition 8. We have

HoC Q—C> HoC

X Dyy o @ex 2 00y) = (0ex 2L 0ey).

We call Q¢ the loop functor of C. If unambiguous, we often write €2 := Q¢
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Proof. This is dual to Definition 141. O

Lemma 154. Suppose given a choice of a commutative diagram

~ Ix =~
OX—!Q-KX

sl

jx—~|—>X
JxX

with Jx and Kx in ObCoacC for X € ObC.

Suppose given a choice of a commutative diagram

4 JIx

JX f X
e A
ZZZf ];»'X
. Q .
OX—J|—>KX f
Ix |
l RfR
of jy . | Y
oy
ky
- Q R
OY ——+— Ky
ly
for xt.v mc
This defines the functor
¢ 2 Hoc

Cf. Definition 151.
For X € ObC, we choose Jx X Jx , Kx X Kx and OX X OX such that the

following diagram commutes.

bx Jx



Cf. Remark 149, Lemma 147.(2) and Lemma 104.(2).
Let ¢ := (px)xeobe , where px = [px]| for X € ObC.

We have O € Ob ()[C,HoC];cf. Lemma 152. Let Q) := 6; cf. Definition 8.
The following assertions (1, 2) hold.

(1) We have the isotransformation O ——= O.

(2) We have the isotransformation —2-Q: cf. Definition 10.

Proof. This is dual to Lemma 142. ]

3.8 Adjunction of loop and suspension functor

3.8.1 Pointedness

Lemma 155. Suppose given a quasi-model-category C.

The following assertions (1, 2, 3) are equivalent.
(1) There exists an isomorphism |—>1 .
(2) There exists a quasi-isomorphism | —%=1 .

(3) We have AcC = CoacC.

Proof. Ad (1) = (2). We have d € QisC; cf. Ag;.(1).

Ad (2) = (1). We show that d € IsoC. There exists a commutative diagram as follows.

i— —_—
\.o //
7 \ p

X

< !

Cf. Apact.(1) and Ags.(2.a).
There exist | —~> X —sj—>i with ¢j = 1, and ¢gp = 1,; cf. Remark 106 and A .
We have ]—dgj—>] . Since | is initial, we obtain dgj = 1,.

We have | -Z% 1 Since ! is terminal, we obtain qjd = 1,.
Ad (2) = (3). By duality, it suffices to show that CoacC C AcC.

Suppose given A € Ob CoacC. Since (2) holds, we have a commutative diagram as follows.



Cf. Definition 145. Thus, A € Ob AcC; cf. Agis.(2.b).
Ad (3) = (2). We have j € CoacC = AcC; cf. Definition 145.

Thus, we have |—s—=1!; cf. Definition 131. [

Definition 156 (and Stipulation). Let C be a quasi-model-category.

(1) We call C pointed if we have | = j.
(2) Let C be pointed. We choose a zero object * in C; cf. Lemma 155.

Remark 157. Let C be a pointed quasi-model-category. Let A € ObC.

The following assertions (1, 2, 3, 4) are equivalent.

We have A € Ob AcC.

We have A € Ob CoacC.

We have * —o— A .

)

2) We have A—+—x.
)
)

Proof. This follows from Remark 93 and Lemma 155. ]

3.8.2 The adjunction

For this §3.8.2, let C be a pointed quasi-model-category.

Recall the construction of the suspension functor in Definition 139 and the loop functor
in Definition 151.

Definition 158 (and Lemma). For X € ObC we choose Ax R Jsx, By 2> Ksx

and X -~ OSX such that the following diagram commutes.

Ax i S 5X
ax | /
WoX cx
X * | BX
bx |
l QTX
= Jox J'S}X SX
msx
/Q/ ksx
0SX 1 KSX

lsx

Cf. Remarks 149 and 157, Lemma 147 and Lemma 104.(2).
Let n .= (UX)XeObH067 where Nx = [QX] for X € ObHoC = ObC(.

We have the transformation ly,ec —— (Qo %) .
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Proof. Suppose given X LY in HoC. We need to show that

fl-ny =nx - (o X)[f].

Thus, it suffices to show that
f‘eyNQX'OSf.

We have commutative diagrams

Ax B SX Ax &S SX
Q Q
ax | / ax | /
REfOY cx ROX LS cx
X .| By Sf X .| Bx sf
bx | bx |
2By Ty UTXKSf
Jey JSY — SY ex - OSf JSY — SY
Jsy Jjsy
msy msy
/Q/ ksy /Q/ ksy
oSy 1 KSY oSy f KSY

lsy lsy

with Ax, Bx, JSY and Kgy in ObAcC = ObCoacC.
Thus, we obtain f - ey ~ ex - OSf by Lemma 150. O

Definition 159 (and Lemma). For X € ObC we choose Apx s Jy, Box X Ky

and SOX —> X such that the following diagram commutes.

Aox dox SOX
>
RYX Cox
OX g | BOX gx
box |
l RIx
Jx | X
Jx
s | A
Q hx
X

Cf. Remarks 135 and 157, Lemma 133 and Lemma 104.(1).
Let € := (ex)xecobnoc , Where ex := [gx] for X € ObHoC = ObC.

We have the transformation (3o Q) —— ly,c .

Proof. This is dual to Definition 158. O]
Theorem 160 (Cf. also [10, Theorem 2.2]). We have the adjunction (X,€,n,¢).

Proof. We need to show that the following diagrams in [HoC, HoC] commute.

ZLEOQOZ QH—Q>QOEOQ
\ng \lﬁs
p Q
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By duality, it suffices to show the commutativity of the first diagram.
Suppose given X € ObC. We need to show that Sex - gsx ~ lsx-

We have commutative diagrams

Ax = SX Ax % SX
Q Q
ax | / ax | /
ROX cx Qe x VSX cx
x| By x| By Sex-asx
bx | bx |
t ATX \ 2Bex 05 x
ex Jsx — SX ¢x Jsx — SX
jsx Jsx
msx msx
/Q/ kSX /Q/ kSX
0OSX . f KSX 0OSX f KSX
SX lsx
with Ax, By, Jsx and Ksx in ObAcC = Ob CoacC.
Thus, we obtain Sex - gsx ~ lsx by Lemma 136.(2). O

3.9 A remark on excision

3.9.1 Slim quasi-model-categories

Definition 161. Let C be an FCQ-category.

(1) A set of commutative quadrangles SQPO C in C is called a slim set of quasi-pushouts
if it fullfills Definition 96.(1, 2, 4, 5, 6, 7, 8).

(2) A set of commutative quadrangles SQPBC in C is called a slim set of quasi-pullbacks
if it fullfills Definition 97.(1, 2, 4, 5, 6, 7, 8).
Definition 162.

Let C be an FCQ-category that has initial and terminal objects; cf. Definition 92. Choose
an initial object | and a terminal object ! in C.

Let SQPOC be a slim set of quasi-pushouts in C; cf. Definition 161.(1).
Let SQPBC be a slim set of quasi-pullbacks in C; cf. Definition 161.(2).

We call
(C,Cof C,FibC,QisC,SQPOC,SQPBC)

a slim quasi-model-category if Qcof, Qrip and Qpraiq hold.

We often refer to just C as a slim quasi-model-category.

So, a slim quasi-model-category is a category fullfilling all axioms of a quasi-model-category
except the excision axioms Definition 96.(3) and Definition 97.(3).
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3.9.2 Following Hirschhorn and Reedy

In this §3.9.2 we follow Hirschhorn [8, Prop. 13.1.2] and Reedy [12, Th. B] and show that
the excision axioms Definition 96.(3) and Definition 97.(3) follow from the other axioms
in the saturated case; cf. Corollary 171 below. In the general case, we can only deduce a
weaker form of excision; cf. Proposition 170 below.

For this §3.9.2 let C be a slim quasi-model-category; cf. Definition 162.
Remark 163.

(1) Excision is not used in §3.4 and §3.5. In particular, C is a category with split
denominators such that Brown factorisation and Hirschhorn replacement hold; cf.
Definition 108, Lemma 105 and Proposition 112.

(2) Excision is used in the context of H-pushouts and H-pullbacks to prove the Brown-
Gunnarson gluing lemma Proposition 130 and its dual Proposition 144. In conse-
quence, the construction of the loop and suspension functors and their adjunction,
§3.6, §3.7 and §3.8.2, rely on excision.

3.9.2.1 Preparations

Lemma 164. Suppose given a commutative diagram as follows.
B 1

B
N //
i\ P
A

There exists a commutative diagram as follows.

—
=
S
JR

In particular, we have pi ~ 14 .

This lemma is a variant of Lemma 53.(2).

Proof. There exist commutative diagrams as follows.
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Cf. Qpib-(2), Definition 97.(2,4), Aq;s and Lemma 104.(2).

There exists a commutative diagram as follows.

A\—é—>A
AN /

A

Cf. Apact-(1) and Agis.(2.b). Furthermore, there exists A—~>A with qgr = 1;; cf.

Remark 106.(2) and A q;s -

q

Thus, we have the following commutative diagram.

tz
fov q0 s\
i 7
q1% /
fiv
Z tZ
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Proof. There exists a commutative diagram as follows.

N4
$t

QL

v Z

>..<

W
<o—

~

20
—t—
Q
z1
—t—
tz

N-ei—Nz.

Z
I
T

Cf. Qcof-(2), Qrip-(2), Definition 96.(2), Definition 97.(4) and Qp;aia -

Furthermore, there exists a commutative diagram as follows.

7 v Z
Cf. Afpact-(1). Thus, we have the following commutative diagram.
Z
tz

% | sf\
X hoi 5 ti

\1 & /

fiv

A "z

Lemma 166. Suppose given the following diagram

Ct. AQis and AFlb(Q)

A ! B
a} \/
A " tp
tar
T

in which aty =ty , ftg =1t4 and gtg = tar .
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Suppose given a commutative diagram as follows.

A g B
tp
. T \\
h - s
A B B T

tar i \ni /

This lemma is a variant of Proposition 112.(1).

Proof. There exists a commutative diagram as follows.

h
_—

A
} k7
Ppo

meﬂ—m>

a
/
A g

Cf. Api.(2). The assertion follows by letting g := kp; .

3.9.2.2 Saturatedness implies excision
Lemma 167. Suppose given the following commutative diagram.

AL B
o
Q
A ——= DB
f/
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Suppose given A'—"= 7 . Then there exists B'—"“= 7 with f'u ~ v.

Proof. There exists a commutative diagram

B 1

B
N\, /
TN ¥
A

so that fg ~ 14; cf. Remark 106.(2) and Lemma 53.(2). Thus, we have the diagram

f

A—+=B
b
Q gav
A ——= B’
f/

N

in which av ~ fgav. Thus, the assertion follows from Corollary 113.
Lemma 168. Suppose given a diagram

AL B
b
Q
A —= B
f! “
where f'u ~ f'u. Then we have u ~ 1.
Proof. There exists a commutative diagram as follows.

?

Zy —+-

4

L
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Cf. Qi and Definition 97.(4). Since we have f'u ~ f’u, there exists 7 — 7, and a
commutative diagram as follows.

B/
/
Al ¢
i
B/

Zg—ol>Z
40
=

Ct. QCof-(2) and QBraid .

Moreover, there exists a commutative diagram as follows.

7 Zs
N\ /
C\ . n

7

Cf. Apact-(1). There exists a commutative diagram as follows.

B ! B

N\, //
\.\ f

A

Q

Cf. Remark 106.(2) and A .

By Lemma 164, there exists a commutative diagram as follows.

2~
Dy ———>

N
\4/



Since we have ah(n = fbh'w, we may apply Lemma 165 to the commutative diagrams

fbh'w
\ A ah P
L~ A<—23 Z
\\\\\ ahln n
% / z
bh'
A f
to obtain the following commutative diagram.
7
U
P o \
AL Lz 8 7 7
fe
o /
N n
Z
Note that fgah(n = fgfbh'w = fbh'w = ah(n.
By applying Lemma 166 to the preceding diagram and
A } Z
Zy
we obtain the following commutative diagrams.
A fehe 5 7

\/

/
n
ahln i
A Z
h¢n
fie
H

N>
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There exists a commutative diagram as follows.

Af LB

S

A——= B

Cf. Lemma 104.(1). We obtain the following diagram

N7N

B/

/W
m

nw
u

A

\

in which s¢ - nm =17 = s - n7; cf. Aqis, Arpib.(2) and Acot.(2).
We need to show that u ~ @ or, equivalently, Lu = L.

Since we have L(s() € IsoHoC, we obtain L(nm) = (L(s())~ = L(n7); cf. Corollary 60.
Thus, it suffices to show that m - nm ~ v and m - n7 ~ .

We have the diagram

A—+—=B
1ot
a—p
i Njﬂ
A
in which
b-u = bhwr = gfbhwnr = gahlnm = b-mnrw
ffru = hf'wr = h{nm = Hnr = [ -mnm.
Thus, we obtain u ~ mnm; cf. Definition 96.(5).
Similarily, we obtain u ~ mnm. m

Lemma 169. Suppose given the following commutative diagram.

At B
1P
Q
A/ o B/
f/
Then we have Le f' € IsoHoC.
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Proof. By Lemma 167, there exists B —Y A with flgd ~14.

Since we have f'-¢'f' ~ 14 - f' ~ f'-1p/, we obtain ¢'f' ~ 1p/; cf. Lemma 168. O
Proposition 170. Recall that C is a slim quasi-model-category; cf. Definition 162.

The following assertions (1, 2) hold.

(1) Suppose given the following commutative diagram.

A-L.p
1ok
Q
A ——= DB
f/

Then we have Le f' € IsoHoC.

(2) Suppose given the following commutative diagram.

A—1L.p
Eo
a b
A —~> B
f/
Then we have L¢ f € IsoHoC.

Proof. Ad (1). There exists a commutative diagram as follows.

'

Cf. Apact-(1), Aqis-(2.b), Qcof-(2), Definition 96.(2,4,6) and Lemma 104.(1).

Wehave L f/ =Ls-Lp'-Lv € IsoHoC; cf. Corollary 60, Lemma 169 and Lemma 109.(3).
Ad (2). This is dual to (1). O
Corollary 171 (Cf. [8, Prop. 13.1.2] and [12, Th. B]). Suppose that C is saturated.

Then C is a quasi-model-category.

Proof. We have to show that Definition 96.(3) and Definition 97.(3) hold in C.

Since C is saturated, this follows from Proposition 170. O
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Chapter 4

Model categories

4.1 Axioms and elementary properties

4.1.1 Axioms for model categories

Definition 172. Let M be an FCQ-category that has an initial and a terminal object;
cf. Definition 92. Choose an initial object | and a terminal object ! in M.

If the following axioms Mcor and Mgy, hold, we call
(M, Fib M, Cof M, Qis M)
a model category. We often refer to just M as a model category.
So altogether, a model category is a category M with initial object j and terminal object !,
with subsets Fib M C Mor M of fibrations, Cof M C Mor M of cofibrations and

Qis M C Mor M of quasi-isomorphisms, such that the axioms Api,, Acor, Aqis, ALift,
Aract, Mrip and Mcer hold.

Mot The following assertions (1, 2, 3) hold.

(1) Suppose given A’ <+— A —_ B in M. There exists a pushout

A-—1.B
b
Oy

(2) Suppose given B-<5— A . X in M. There exists a pushout

A—L.B
P
|
Alﬁ'B/
f
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(3) Suppose given A’ <e— A L. B in M. There exists a pushout

A-L.p
Lk
A _7’: B

Mpi, The following assertions (1, 2, 3) hold.

(1) Suppose given A’ LBt Bin M. There exists a pullback

A-—1.B
r
b

A ——= DB
1 '

(2) Suppose given A’ L. Bt B M. There exists a pullback
A —f> B
r
1 r
A ——= DB
I ’

(3) Suppose given A’ L.t B M. There exists a pullback

A—LsB
r
|
A —~s B
f! ’
Remark 173. Note that the axioms for model categories in this work differ slightly from

the axioms originally formulated by Quillen [10, Def. 1.1.1]. Bousfield and Friedlander
have added the axioms Mco.(3) and Mpyp,.(3); cf. [1, Def, 1.2]. They call a model
category satisfying these additional axioms a proper model category. So, a proper model
category in the sense of Bousfield and Friedlander is in particular a model category in
the sense of Definition 172. On the other hand, we only suppose certain pushouts and
pullbacks to exist, we do not require M to have all final limits and colimits.

Definition 174. Let M be a model category.

(1) We call M weakly pointed if the following assertions (a, b) hold.
(a) We have j——1.
(b) We have j—e=1.
(2) We call M pointed if we have j =1!.
Remark 175. Let M be a pointed model category. Then M is weakly pointed.

Proof. This follows from Ace.(1) and Apy,.(1). O
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4.1.2 Elementary properties

For this §4.1.2, let M be a model category.

Remark 176. Suppose given
f

A——B
|k
_
A'——= B
f/
The following assertions (1, 2, 3) hold.
(1) Suppose that a € Cof M. Then we have b € Cof M.

(2) Suppose that a € Cof M N Qis M. Then we have b € Cof M N Qis M.
(3) Suppose that a € Cof M and f € Qis M. Then we have f' € Qis M.

Proof. Ad (1). There exists a commutative diagram

A-1.B

LA
A—>p N
T\
f\) »
in which ¢ € Iso M C Cof M; cf. Mos.(1), Lemma 35 and Acer.(1).
Thus, b = by € Cof M; cf. Acor.(2).

Ad (2). There exists a commutative diagram

A-L.B

% Ly

- b

A/ — B
f \o@
\
I B’

in which ¢ € Iso M C Cof M N Qis M; cf. Mcot.(2), Lemma 35, Acer.(1) and Ag;s.(1).
Thus, b = by € Cof M N Qis M; cf. Acor.(2) and Ag.(2.2).

Ad (3). There exists a commutative diagram

A—~=B
a} l/b
A—~sp N\



in which ¢ € Iso M C Qis M; cf. Mcof.(3), Lemma 35 and Aq;s.(1).
Thus, f' = f¢ € QisM; cf. Agis-(2.a). ]

Remark 177. Suppose given
f

A——=DB
r

|k
A/ _ B/

I )
The following assertions (1, 2, 3) hold.

(1) Suppose that b € Fib M. Then we have a € Fib M.

(2) Suppose that b € Fib M N Qis M. Then we have a € Fib M N Qis M.

(3) Suppose that b € Fib M and f' € Qis M. Then we have f € Qis M.

Proof. This is dual to Remark 176. [

4.2 The full subcategory of bifibrant objects

For this §4.2, let M be a model category.

4.2.1 Cofibrant, fibrant and bifibrant objects

Definition 178 (and Lemma).

(1) Let Mcof be the full subcategory of M with Ob M s :={A € ObM : j—e= A }.
An object A € Ob M. is called cofibrant.

The category Mot s an FCQ-category with initial object j; cf. Definition 94.
Furthermore, Qcor-(1) holds in Mo -

(2) Let Mgy be the full subcategory of M with Ob Mg, :={A € ObM: A——1!1}.
An object A € Ob My, is called fibrant.

The category Mgy, is an FCQ-category with terminal object !; cf. Definition 94.
Furthermore, Qgip.(1) holds in Mgy, .

(3) Let My be the full subcategory of M with Ob My := Ob Mg, N Ob M.
An object A € Ob My, is called bifibrant.
The category My is an FCQ-category; cf. Definition 94.
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Proof. Ad (1). Since M. is a full subcategory of the FCQ-category M, the properties
Acor, Arib ; Aqgisand Ay hold in M ; cf. Definitions 94 and 172.

In order to show that M., is an FCQ-category, it remains to show that Ap,. holds in
Mo ; cf. Definition 92. By duality, it suffices to show that Ap,.t.(1) holds in M. .

Suppose given A I Bin Mor . In M, there exists a commutative diagram as follows.

-A\ ! B
N /{
X

Cf. Apact-(1). By Acor-(2), we have X € Ob M. Thus, Apae.(1) holds in Mo .

i

By Acos.(1), we have j—e—= . Thus, j € Ob M.y .

By definition of Ob M., the property Qcof-(1) holds in M.t .

Ad (2). This is dual to (1).

Ad (3). This follows as in (1) and (2). O

Remark 179. Suppose that M is weakly pointed; cf. Definition 174.(1).
Then we have ! € Ob My and | € Ob My .
Furthermore, Qcor-(1) and Qpip.(1) hold in My .

Proof. This follows from Definition 178.(1, 2); cf. Definition 174.(1). O

4.2.2 Quasi-pushouts

In this §4.2.2, we define R-pushouts in My — R as in "replaced” — which will play the role
of quasi-pushouts in My in the sense of Definition 96; cf. Definition 180 below. As soon as
we have shown that the set of R-pushouts RPO My is a set of quasi- pushouts in My,
we will mainly refer to R-pushouts as quasi-pushouts; cf. Proposition 189 below.

Definition 180. A commutative quadrangle

A—1-B

+ )

A/ o B/
f/

in My is called an R-pushout, if the following assertion (x) holds.
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(¥) Suppose given a commutative diagram in M as follows.

/ B
7
a _ N b
B
Al B
f/

Then we have u € Qis M N Cof M.
To indicate that (A, B, A’, B’) is an R-pushout, we often write

A—f>B

1ok

A/ . B/
f '
We denote the set of all R-pushouts in My by RPO My .

Remark 181. Suppose given a commutative quadrangle

A—f>B

b

Al ——= B’
I’ '
The following assertions (1, 2) are equivalent.

(1) The commutative quadrangle (A, B, A’, B') is an R-pushout; cf. Definition 180.

(2) There exists a commutative diagram as follows.

A f B

p
A b
B

/ N\
f N\

f

A B’

Proof. Ad (1) =(2). By Mce¢.(1), we have a commutative diagram as follows.

a a .
f N
A B’
f/



Since (1) holds, we have u € Qis M N Cof M.

Ad (2) = (1). Suppose given the following commutative diagram.

We have to show that u € Qis M N Cof M; cf. Definition 180.

By Lemma 35, we have the commutative diagram

in which v € Iso M C Qis M N Cof M; cf. Ager.(1) and Ags.(1).
Since we have fi = f' = fou and bt = b = bvu, we obtain @ = vu; cf. Definition 29.

In consequence, @ = vu € Qis M N Cof M; cf. Ager.(2) and Ags.(2.a).

Remark 182. Suppose given

A—f>B
a b
J
/ !
f’

in My. Then (A, B, A’, B’) is an R-pushout.

Lemma 183. Suppose given
A—1.B

1ok
R
A'——= DB
f/
in Myt . The following assertions (1, 2, 3) hold.
(1) We have b € Cof M.
(2) Suppose that a € Cof M N Qis M. Then we have b € Cof M N Qis M.

(3) Suppose that f € Qis M. Then we have f' € Qis M.
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Proof. By Remark 181, there exists a commutative diagram in M as follows.

A ! B
J
a A b
B
/ N
f N\
Al : B

f

Ad (1). We have b = bu € Cof M; cf. Ag.(2).
Ad (2). We have b = bu € Cof M N Qis M; cf. Remark 176.(2), Acor.(2) and Ags.(2.2).

Ad (3). We have f' = fu € Qis M; cf. Remark 176.(3) and Aqs.(2.a). O
Lemma 184. Suppose given the following commutative diagram in My .
A—4-B
tb
A ——= B
f/

Then the following assertions (1, 2) are equivalent.
(1) We have (A, B, A’, B") in RPO M.
(2) We have (A, A’, B, B") in RPO M.

Proof. This follows from Remark 31 and Remark 176.(1). O

Lemma 185. Suppose given a diagram

A-—.B

oLt

A — B —=T

f
in My in which f'u = f'v and bu = bv.

Then we have u ~ v in My ; cf. Definition 95.

Proof. By Remark 181, there exists a commutative diagram in M as follows.

A f

A
a b

J o,
B
/ N
f N\
- B

f

!/

Al
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Since we have f = f civand b-iju=>b- 1w, we obtain tu = iv; cf. Definition 29.

Thus, we have commutative diagrams

B—éeB/
B’ —o—>B
f\MB’

in M; cf. Mcot.(2), Remark 176.(2) and Aq;s -

Additionally, we have a commutative diagram in M as follows.

N

<
o}
Ve
|
=

In particular, we have B € Ob My . Furthermore, we have commutative diagrams

Bt~ B and B—>T

h i
% % 7
B ! B—|—>'

in M; cf. Apig.(1) and Agqs.(2.b). Since we have the commutative diagram

B'——pB —"—-T=—=—=T
ioj%
B<4i Bt . 7T
i1]
B——=B ——T=—7==T
in My, we have u ~ v in My .
Lemma 186. Suppose given
A—L.p*. ¢

1ok

A—=B — '
1! ’

g

in My . Then (A, C, A, C") is in RPO My .

131



Proof. In M, we have a commutative diagram as follows.

A

Cf. Remark 181 and M¢et.(1).

It suffices to show that wv € Qis M N Cof M; cf. Remark 181 and Lemma 32.(1). Thus,
it suffices to show that w € Qis M N Cof M; cf. Acor.(2) and Agis.(2.a).

Since (B, C, B, C’) and (B, C, B, C’) are pushouts, so is (B,é’, B, C’), cf. Lemma 34.(2).
Thus, we have w € Qis M N Cof M; cf. Remark 176.(2). m

Lemma 187. Suppose given

in Myie. Then (A, B, A", B") is in RPO My .
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Proof. In M, we have a commutative diagram as follows.

A ! B
b
ao ¢ . bo
B
i \
Al f/ BI
bh
b
ai e 5 b1
B
. = i
! B
/ \Ow
7 N
A// B//

f//

Cf. Remark 181 and M¢e.(1).

By Remark 181, it suffices to show that vw € Qis M N Cof M. Thus, it suffices to show
that v € Qis M N Cof M; cf. Acer.(2) and Agis.(2.a).

Since (A, B', A", B) and (4’, B, A", B) are pushouts, so is (B, B’, B, B); ¢f. Lemma 34.(1).
Thus, we have v € Qis M N Cof M; cf. Remark 176.(2). H

Lemma 188. Suppose given a commutative diagram in My as follows.



Then there exists B' = T such that the following diagram commutes.

A—f>B

Proof. In M, we have a commutative diagram as follows.

A f B

p
A b
B

/ N\
f N\

f

A B’

Cf. Remark 181. Furthermore, we have a commutative diagram in M as follows.

A—f>B

Since f W =xs = f s and b - iu = ys = b- 0s, we obtain tu = vs; cf. Definition 29.

Moreover, we have a commutative diagram as follows.

B-_t.T

Cf. Aps.(1)

Since bv = biv = b = y and f'v = fiv = f@ = x, we have the commutative diagram

4. B
/ R / Y
A—>B\

’ T—+S5
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Proposition 189. The set RPO Myy; is a set of quasi-pushouts in My ; cf. Definition 96.

Proof. We have to show that RPO M, fullfills the assertions (1-8) from Definition 96.
). This follows from Definition 180 and Lemma 183.(1).
). This follows from Lemma 183.(2).
). This follows from Lemma 183.(3).
Ad (4). This follows from Lemma 184.
). This follows from Lemma 185.
). This follows from Lemma 186.
). This follows from Lemma 187.
)

. This follows from Lemma 188. O

4.2.3 Quasi-pullbacks

Definition 190. A commutative diagram

A1 .p

j ib

A —PB
f '
in My is called an R-pullback, if the following assertion (x) holds.
() Suppose given a commutative diagram in M as follows.

f
N T
A
:

A B

Then we have u € Qis M N Fib M.
To indicate that (A, B, A’, B’) is an R-pullback, we often write
A—L.B
R
|t P
A ——=D
I’ ’
We denote the set of all R-pullbacks in My by RPB My .
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Remark 191.
f

A——DB

| P

Al ——= B
f/

in M. The following assertions (1, 2) are equivalent.

(1) The commutative quadrangle (A, B, A’, B') is an R-pullback; cf. Definition 190.

(2) There exists a commutative diagram as follows.

A ! B
X,
A
-
a +b
A B’
f/
Proof. This is dual to Remark 181. n

Proposition 192. The set RPB Myy; is a set of quasi-pullbacks in My ; cf. Definition 97.

Proof. This is dual to Proposition 189. O

4.2.4 Quasi-model-structure

Recall that M is a model category; cf. Definition 172.
Recall that My is an FCQ-category; cf. Definition 178.(3).

Recall that RPO My is a set of quasi-pushouts in My ; cf. Definition 180 and Proposi-
tion 189.

Recall that RPB M is a set of quasi-pullbacks in My ; cf. Definition 190 and Proposi-
tion 192.

Theorem 193. The following assertions (1, 2) hold.

(1) Suppose that M is weakly pointed; cf. Definition 174.(1).
Then (Mt , Cof Myis , Fib Myt , Qis Myie , RPO Myie , RPB M) is a quasi-model-
category; cf. Definition 100.

(2) Suppose that M is pointed; cf. Definition 174.(2).

Then (Mbys, Cof Myt , Fib My, Qis Myis, RPO My, RPB M) is a pointed
quasi-model-category; cf. Definition 156.(1).
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Proof. Ad (1). By Remark 179, the FCQ-category My has initial and terminal objects
and fulfills Qcof.(1) and Qpip.(1).

It remains to show that My fulfills Qpaia ; Qcof-(2) and Qpip.(2).

Ad Qpraia - Suppose given a commutative diagram in My as follows.

A—f>B

X
X' —

Since we have fh-g=ah'-g§and fh-& = ah'-z, we obtain fh = ah’; cf. Definition 30.

"<<—0—’*<

There exists a commutative diagram in M as follows.




By Apit.(1) and Agp.(2), there exists a commutative diagram in M as follows.

B-1l-X

Moreover, we have a commutative diagram in M as follows.

>
K4
B/—~>
w

Py <—— <

Cf. ALit-(2). So we have swt = h.

Thus, we have the following commutative diagram in M.

Ad Qcof-(2). Suppose given A’ ¢ A-t.B Mg

In M, there exists a commutative diagram as follows.

A—.B
oy
A/TjB,

Cf. Myt.(1). Furthermore, we have a commutative diagram
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in M. In particular, B € Ob My . Therefore, we have the commutative diagram

A / B
i
a N bi
B/
/ N
f Y
A - B

in M. Thus, (A4, B, A, B) is an R-pushout in My ,i.e., a quasi-pushout; cf. Remark 181.

Ad Qgip.(2). This is dual to Qcor-(2).
Ad (2). Since (1) holds, this follows from Remark 175; cf. Definition 156.(1).

4.3 Further properties of My

In this §4.3 we give properties of My which might turn out to be useful in the future.

Remark 194. The following assertions (1, 2) hold.

(1) Suppose given A—%= A" in My . Then the commutative diagram

11 If
A A

s an R-pushout; cf. Definition 180.

(2) Suppose given B4+ B’ in Myg. Then the commutative diagram

B B
f b
B’ B’

1s an R-pullback; cf. Definition 190.

Proof. Ad (1). Since (A, A, A’, A") is a pushout, this follows from Remark 182.
Ad (2). This is dual to (1).
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Lemma 195. Suppose given a commutative diagram in My as follows.

N

There exists B' —= X such that the following diagram commutes.

/

AL . B

—Y

q

Proof. By Remarks 181 and 191, there exist commutative diagrams in M as follows.

Since we have

bo -

bv = ug = ut-g
bo - T

W = ur = ut-

ISR}
|
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we obtain bt = ut; cf. Definition 30. Since we have

fo

g o= foo= g = utg
flo-z = fv = Jx = dt-z,
we obtain f'0 = u't; cf. Definition 30. Since we have
b-at = ut = bo b sb
f-at = dt = f'0 f - s0,

we obtain ut = sv; cf. Definition 29.

Thus, we have the following commutative diagram in M.

B, X

B,_{,>X

Cf. AL . In consequence, we have the following commutative diagram in My .
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