Computing the Bernstein-Sato polynomial

Daniel Andres

Kaiserslautern
14.10.2009

Daniel Andres (RWTH Aachen) Computing the Bernstein-Sato polynomial Kaiserslautern 2009 1/



Overview

© Introduction
© Computing the initial ideal

© Intersecting an ideal with a subalgebra
@ The univariate case
@ The multivariate case

@ The s-parametric annihilator

© Wish list

Kaiserslautern 2009

2/21

Daniel Andres (RWTH Aachen) Computing the Bernstein-Sato polynomial



The Weyl algebra

Definition
Let K be a field of characteristic 0. The K-algebra

D= K<$,8> = K<(L‘1,.. 3 TpyO1,...,0n | {alx] = xjai +(5ij}>

is a G-algebra, the n-th Weyl/ algebra over K.
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The initial ideal

Definition
Let 0 #w R, For0#p=>3",3 cagxo‘aﬂ € D set

m = maﬁx{—wa + wp | cop # 0}.
a?

Then
in(_yw)(p) == Z caﬁxaﬁﬁ

a,B: —watwB=m

is called the initial form of p w.r.t. w. Additionally, set in(_,, ,,)(0) := 0.
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The initial ideal

Definition
Let 0 #w R, For0#p=>3",3 cagxo‘aﬂ € D set

m = maﬁx{—wa + wp | cop # 0}.
,

Then
in(_yw)(p) == Z caﬁxaﬁﬁ

a,B: —watwB=m

is called the initial form of p w.r.t. w. Additionally, set in(_,, ,,)(0) := 0.

For an ideal I C D we call
in(—w,w) (I) =K- {in(—w,w) (p) ’ pe I}

the initial ideal of I w.r.t. w.
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b-function and Bernstein-Sato polynomial

Definition
Let I C D be an ideal, 0 # w € RY, und s := Yo wiz;0;.
The monic generator b(s) of
in(_w,w) (I) N K[S]
is called the (global) b-function of I w.r.t. w.
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b-function and Bernstein-Sato polynomial

Definition
Let I C D be an ideal, 0 # w € RY, und s := Yo wiz;0;.
The monic generator b(s) of
in(_w,w) (I) N K[S]
is called the (global) b-function of I w.r.t. w.
Forr f € K[z] \ K definine the Malgrange-Ideal Iy of f to be

Let w = (1,0,...,0) € R"*! such that 9, gets the weight 1 and let B(s)
be the b-function of Iy w.r.t. w. Then

b(s) := (—1)3eBEIB(—s — 1)
is called the (global) b-function or the Bernstein-Sato polynomial of f.
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Computing the initial ideal

Let 0 # w € RY,, u,v € RY; and let < be a global ordering on D.
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Computing the initial ideal

Let 0 # w € RY, u,

x 0
l i
—w w
<
D

v € RY, and let < be a global ordering on D.

T 0 h
! ol
U v |1
—w
homogenization
<
— D(huw) . —

K(z,0,h | {0izj = j0; + ;5 - h*9 ¥V })
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Algorithm (initialIdealW)

Input: I C D ideal, 0 # w € RY, < global ordering on D, u,v € RY
Output: Grobner basis G of in(_, ., (I) w.r.t. <

G™ .= a Grobner basis of the homogenization of T w.r.t. 45}11?)2)

return G = in(_, ) (G™),_))
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Statement of the problem

A associative K-algebra
J C A ideal
G finite Grobner basis of J w.r.t. an arbitrary global ordering
s€ A\K arbitrary
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Statement of the problem

A associative K-algebra
J C A ideal
G finite Grobner basis of J w.r.t. an arbitrary global ordering
s€ A\K arbitrary

What do we know about J N K][s]?
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Statement of the problem

A associative K-algebra
J C A ideal
G finite Grobner basis of J w.r.t. an arbitrary global ordering
s€ A\K arbitrary

What do we know about J N K][s]?

We distinguish between the following situations:
@ Im(g) {Im(s*) for all g € G, k € Ny
@ Situation 1 does not apply:

® J-sCJanddimg(Enda(A/J)) < o0
@ Situation 2.1 does not apply:
Q 77
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Situations 1 and 2

Lemma (Situation 1)

If there is no g € G with Im(g) | Im(s¥) for a k € Ny, then JNK[s] = {0}.

Beweis: Definition of Grobner basis. O
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Situations 1 and 2

Lemma (Situation 1)

If there is no g € G with Im(g) | Im(s¥) for a k € Ny, then JNK[s] = {0}.

Beweis: Definition of Grobner basis. O

Remark (Situation 2)

The converse is not true. Consider J = (32 + z) C K[z, y].
Then J NK[y] = {0}, but {y?> + x} is a Grobner basis of J for any
ordering.
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Lemma (Situation 2.1)

Let J-s C J and Enda(A/J) (A/J viewed as A-module) finite
dimensional as K-vector space. Then J NK][s] # {0}.

Proof:
o s:A/J— A/J, [a] — [a-s]is a well-defined A-module
endomorphism.
@ -s has a minimal polynomial .
o peKisjNnJ and pu#0 (even u ¢ K). O
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Lemma (Situation 2.1)

Let J-s C J and Enda(A/J) (A/J viewed as A-module) finite
dimensional as K-vector space. Then J NK][s] # {0}.

Proof:
o s:A/J— A/J, [a] — [a-s]is a well-defined A-module
endomorphism.

@ -s has a minimal polynomial .
o peKisjNnJ and pu#0 (even u ¢ K). O

Especially, the second condition holds, if
e A/J itself is a finite dimensional A-module, or

@ Ais a Weyl algebra and A/J is a holonomic module.
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The b-function of a holonomic ideal I C D is non-constant.
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Back to the b-function

The b-function of a holonomic ideal I C D is non-constant.

Proof: Let 0 # w € R%, J := in(_y, ) (I) for a holonomic ideal I C D
and s := > wix;0;.

e D/J is a holonomic D-module.

@ Endomorphism spaces of holonomic modules are finite dimensional.

e For (—w, w)-homogeneous p € J it holds that

p-s=(s+m)-peJ,  wherem=deg_,.)(p)
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Algorithm (pIntersect, to be changed to unilntersect)

Input: s € A\ K, J C A such that J NKJs] # {0}
Output: b € K[s| monic such that J NK]s] = (b)
G := finite Grobner basis of J w.r.t. an arbitrary global ordering
1:=1
loop
if there exist ag,...,a;—1 € K satisfying

NF(s,G) + /g NF(SJ G) = 0 then

return b:=s" —i—Z] bajs?
else
1:=1+1
end if
end loop
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Tuning of the normal form

Lemma

Let A be a G-algebra of Lie type (e.g. a Weyl algebra), J C A an ideal
and s € A. Fori € N put 7; = NF(s?,J) and ¢; = s* —r; € J. Then it
holds for all 7 € N that

rip1 = NF([s° — 15, 71] 4 71, J).

Proof:

s = qis+ris = qi(q + 1) + i@+ 1)
= qiq1 + qir1 +7riqr +1riry — qir1 +1ir

— [gi, 1) + iy = [8" — i, 1) + Ty ]
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Applications

@ Computation of b-functions
@ Solving of zerodimensional systems

@ Computation of central characters

Example (Computation of central characters)

Universal enveloping algebra of the Lie algebra sls:
A= U(5[27 )_ < fh‘[ ]—h,[h,6]=26,[h,f]=—2f>
Center of A:
Z(A) = K[def + h? — 2h]
F={e" 12 h5> —10r*+9h} C A
L = 4o(F) as left ideal,
T = 4(F)4 as two-sided ideal
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Algorithm (intersectUpTo, to be changed to multilntersect)

Input: sq,...,s, € A\ K pairw. comm., J C A ideal, k € N
Output: Grébner basis B of J NK][sy,...,s,] up to degree k
G := Grobner basis of J w.r.t. an arbitrary ordering
d:=0, B:=10
while d < k do
My i= {s* | |o] < d}

if 3am € Kwith 3 am, NF(m, G) = 0 then
mGMd

f= > amwm

meMy
if f#0and f ¢ (B) then
B := BU{f}
end if
end if
di=d+1
end while
return B
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Improvements

e If p € B mit Im(p) = m has been found, ignore all multiples of m in
the following steps.

o If G is a Grdbner basis of J w.r.t. <, forget about

{m e My | m&x(m/ € L(G) N Mg) < m},

since p e JNK]s1,...,8] < Im(p) € L(G) NK[s1,..., S
e NF(m,G) =m, if m ¢ L(G) NK[s1,..., ]
@ General stop criterion without degree bound?
Only clear, if JNK[sy,...,s,] is
e zerodimensional, or
e known to be a principal ideal.
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s-parametric annihilator

The ring K[s, x, f~1, f*] becomes a D ®x K[s] = D[s]-module via

i 0 g(s,2) f*H = x; - g(s,2) [,

seg(s, a:)fs+j =s-9(s, ac)fs+j,

Definition
The ideal

Ann(f*) ={p € D[s| [ pe f* = 0}

is called the (s-parametric) annihilator of f*.
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Bernstein's Theorem

Theorem (Bernstein)

The Bernstein-Sato polynomial b(s) of f € K[z1,...,z,] \ K is the
uniquely determined, monic polynomial of smallest degree in K[s],
satisfying the identity

Pe f*l = b(s)- f*

for some P € Dls].
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Bernstein's Theorem

Theorem (Bernstein)

The Bernstein-Sato polynomial b(s) of f € K[z1,...,z,] \ K is the
uniquely determined, monic polynomial of smallest degree in K[s],
satisfying the identity

Pe f*l = b(s)- f*

for some P € Dls].

Thus, we obtain an alternate algorithm to compute b(s):
(P-f—b(s))ef* =0,
ie. P f—0b(s) € Ann(f*),
hence  (b(s)) C (f) + Ann(f*).
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Two algorithms

Algorithm (bfctAnn)

Input: f e Klzy,...,z,] \K

Output: The Bernstein-Sato polynomial b(s) € K]s] of f
G := Grébner basis of (f) + Ann(f*) >G C Dis]
b(s) := pIntersect(s,G) >s indeterminate
return b(s)

Algorithm (bfct)

Input: f e K[zy,...,z,]\ K

Output: The Bernstein-Sato polynomial b(s) € K]s] of f
w:=(1,0,...,0), s :=t0y
G := initialldealW(I;,w) >G C D(t,0)
B(s) := pIntersect(s,G) >s polynomial
return b(s) = (—1)38B6) . B(—s — 1)

v
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Improvements to bfctAnn

@ Since
s of . _ _, b(s)
(Ann(f )+ (f)y + <3wi | 7= 1,...,n)> NK[s] = <s+1>’
one saves one NF computation.
@ For every
of of
(yo’yla s )yn) € SyzK[m](fv 871111’ CER) 67%)
it holds that

y0'5+zyi'ai € Ann(f*),

i=1

yielding elements of smallest possible degree in 9;.
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SINGULAR wish list

modular methods for G-algebras (Grobner basis and intersection)
Hilbert-driven Grobner basis computation in G-algebras
Grobner walk techniques for G-algebras

computation of Ann(f*) in the kernel, making use of the identity
Ann(f*) N K[z, s] = {0} in the involved Grébner basis computation

more efficient computation of NF of powers of polynomials
generalization of finduni to polynomials and G-algebras
fast Gaussian elimination

generalization of (parts of) FGLM?
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SINGULAR wish list

modular methods for G-algebras (Grobner basis and intersection)
Hilbert-driven Grobner basis computation in G-algebras

Grobner walk techniques for G-algebras

computation of Ann(f*) in the kernel, making use of the identity
Ann(f*) N K[z, s] = {0} in the involved Grébner basis computation

more efficient computation of NF of powers of polynomials
generalization of finduni to polynomials and G-algebras
fast Gaussian elimination

generalization of (parts of) FGLM?

Thank you!
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