RESTRICTING UNIPOTENT CHARACTERS IN
FINITE SYMPLECTIC GROUPS

JIANBEI AN AND GERHARD HISS

ABSTRACT. We compute the irreducible constituents of the re-
strictions of all unipotent characters of the groups Sp,(q) and
Spe(¢) and odd ¢ to their maximal parabolic subgroups stabilizing
a line. It turns out that these restrictions are multiplicity free.

We also obtain general information about the restrictions of
Harish-Chandra induced characters.

1. INTRODUCTION

This is a sequel to our paper [1], where we investigated the restriction
of the Steinberg character of a finite symplectic group G over a field of
odd characteristic to the maximal parabolic subgroup P of G stabilizing
a line. We determined the irreducible constituents of this restriction
up to the constituents in the product of the Steinberg character of a
Levi subgroup L of P with a Weil character of L. This information
was sufficient to get a complete answer for G = Sp,(¢) and Spg(q).

The constituents of the product of the Steinberg character with a
Weil character were computed in [6] for all finite symplectic groups,
thus completing the work of [1]. Tt turned out that the restriction of
the Steinberg character of G to P is multiplicity free.

This paper is the first step in generalizing this result to all unipotent
characters. The information we obtain is sufficient to determine the
irreducible constituents of the unipotent characters for G = Sp,(q)
and Spg(q), and again, all these restrictions are multiplicity free.

There is not much evidence that this pattern should persist for G =
SPaom(q) for m > 2, but we do conjecture that there is an upper bound,
only depending on the Lie rank of G but not on ¢, for the composition
multiplicities in the restrictions of the unipotent characters of G to P.

Our motivation for this work is the /-modular representation theory
of G. Suppose that there exists such a bound M as above. Let x
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be a unipotent character of G. Then it follows from a standard ar-
gument, that the /-modular decomposition numbers d, , are bounded
from above by Mc¢, where ¢ is the largest diagonal entry in the (-
modular Cartan matrix of P. Since by Clifford theory the ¢-modular
representation theory of P can be reduced to that of L and to the
parabolic subgroup of L analogous to P, the above bound is a basis
for induction. For example, it has been used in [1] to prove Donovan’s
conjecture for Spg(q) if ¢ > 3.

Our general results, true for all symplectic groups G, are based on
Mackey’s theorem. Namely, we do not restrict individual unipotent
characters of G to P, but characters obtained from Harish-Chandra
induction from L. That is, we start with an irreducible character o of L,
view it as a character of P via inflation, and consider the character y
of G obtained by inducing o from P to G. One part of the restriction
of x to P is determined recursively, the other part only modulo the
constituents of the product of ¢ with a Weil character of L. As an
intermediate result we compute all these products in Sp,(q).

This method does not give information about the restrictions of cus-
pidal unipotent characters, of course. However, the restriction of the
cuspidal unipotent character of Sp,(gq) to P can be obtained by other
means, and Spg(g) does not have any cuspidal unipotent character. Our
results show that, in order to establish the existence of a bound M as
conjectured above, it would suffice to restrict cuspidal unipotent char-
acters and to bound the multiplicities in the products of unipotent
characters with the Weil characters.

2. NOTATION AND RECOLLECTIONS

In this section we fix some notation and recall some of the results of
[1], taking the opportunity to correct some inaccuracies of that paper.

Throughout our paper, we write G := G,, := Sp,(q) for a non-
negative even integer n = 2m and an odd prime power q. We adopt
the convention that Gy = Spy(q) is the trivial group. To be specific,
we always take G to be the matrix group

G =G, :=9p,(q) ;= {x € CL,(¢q) | x'Jx = J,,}.

(Asin [1], we usually denote matrices by boldface letters.) With respect
to the standard basis of the column vector space Fy, the Gram matrix
of our symplectic form defining G has shape

= 0 Jn
=l 5]



where J,,, denotes the (m x m)-matrix with 1s along the anti-diagonal
and 0Os elsewhere.

The following special matrices and subgroups are relevant for our
paper. Usually the index n on the symbol for a subgroup indicates the
format of the matrices of its elements. Assume n > 2 for the remainder
of this section. For x € Sp,,_,(q) and a € F}, we put

0 0
0 1,

(1) sp(X,a) == X
0 a!

o O R

and

L := Ly, = {su(x,a) | x € Sp,_5(q),a € F}.
We write L, for the subgroup of L,, consisting of the matrices s, (x, a)
of (1) with @ = 1. Then L = Sp,,_,(q) and except for n = 4 and
q = 3, L, is the commutator subgroup of L,,. We have the factorization
L, = A x L}, where

a 0 0
(2) A=A, = 0 I, O | a € I,
0 0 at

(Here and in the following, we write I,, for the (n x n)-identity matrix.)
Occasionally we identify G,,—o = Sp,,_»(¢) with the subgroup L/, of G,,.
Next, for v € F;~* and z € F, we put

1 thn_g Z
w,(v,2): =10 I,o v |,
0 0 1

and
U:=U, ={u,(v,2)|ve IFZ_Q,Z eF,}.
Then P := P, := U,L, is a maximal parabolic subgroup of G fixing
the line ([1,0,...,0]"). The group U is the unipotent radical of P and L
is its Levi complement. The center Z(U) of U consists of the matrices
u,(0,2), z € Fy, the quotient U/Z(U) is isomorphic to Fy 2, and the
action of L' on U/Z(U) by conjugation is equivalent to the natural
action of Sp,, ,(q) on F}~2.
The ordinary irreducible characters of P can be classified into three
types:
Type 1: Characters with U in their kernel.
Type 2: Characters with Z(U) but not U in their kernel.
Type 3: Characters with Z(U) not in their kernel.



Note that for n = 2 there are no characters of Type 2 (since Z(U) = U
in this case). We now recall the parametrization and construction of
the characters of P from [1, Section 2.2].

Characters of Type 1 are parametrized by Irr(L). The character of
Type 1 corresponding to o € Irr(L) is denoted by %, and defined by

W, = Infly (o).
We have _(1) = o(1).

Characters of Type 2 are parametrized by Irr(P,_5). The character
of Type 2 corresponding to u € Irr(P,_») is denoted by %) ., and defined
as follows. Suppose that n > 4 and let ( be a nontrivial irreducible
complex character of the additive group of F,. Define A\ € Irr(U) by
Ay (v, 2)) := ((vp—2), where v = [v1,... ,vp0]" € FI7?. Let T,, :=
Tp(A) be the inertia subgroup of A in P. Then T, = UP,_ with
a subgroup P, 5 of L satisfying A x P,y =AXP, . (Contrary
to what we have written in [1, p. 254, penultimate line|, we identify
P, 5 < G,y with the subgroup {s,(x,1) | x € P, 2} < L < G.)
For the precise form of P,_o see [1, 2.3.2]. Let A be the extension
of A to T,, such that Resgz 2(5\) =1p . For p € Irr(P,_») put fi :=

Res’;x_i"‘z(lA X ) € Irr(P,_5). Then
A, = Indfr (A Tfll ().

—2
We have %), (1) = (¢" > — 1)u(1).

Characters of Type 3 are parametrized by Irr(L’) in such a way that
each ¥ € Irr(L') parametrizes four characters of G, denoted by %" with
i €{1,2} and ¢ € {4, —}. These are constructed as follows. To have a
consistent choice for all the symplectic groups we are considering, we fix
two non-trivial irreducible complex characters (; and (, of the additive
group of I, such that (; and (» are not conjugate under the group
of squares of F;. We view (; and (y as irreducible characters of Z(U)
via the isomorphism z — u,(0, z). Then (; and (, are representatives
of the two orbits of A on Irr(U) \ {1y}. There are unique irreducible
characters p; of U with p;(1) = ¢"™! (recall that n = 2m) such that
Resg(U) (ps) = ¢™'¢, i = 1,2. The inertia subgroup of the p; equals
P'Z = P' x Z with Z = Z(G) and P' = UL'. Moreoever, the p;
extend to characters p; of P’, and these extensions are unique except
in the case n = 4 and ¢ = 3, where we choose the extensions as in [5,
Theorem 2.4]. The trivial extensions of the p; to P'Z are denoted by
the same symbols. Each irreducible character ¢ of L’ has two extensions
to L'Z = L' x Z, namely ¥ - 15, with the sign ¢ € {+, —}, where 1},
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and 1, denote the trivial and non-trivial irreducible characters of Z,
respectively. For each such 9 we put

Wy = Indp,(pi - Il 7 (9 - 13)),

i=1,2and ¢ € {+,—}. We have %5 (1) = ¢™ (¢ — 1)9(1)/2.

It is convenient to expand the parametrization of the irreducible
characters of P of a given type to all characters of this type. This
is achieved by a linear extension of the parametrizing map. Thus, for
example, if 0 = Y n;0; is a character of L, where the n; are positive in-
tegers and o; € Irr(L), then %, denotes the Type 1 character Y n;"%,.
of P.

Finally, we introduce some pieces of character theoretic notation.
Let H be a finite group. Character always means complex character.
If x is a character of H, we write y for the complex conjugate of x.
The trivial character of H is denoted by 1g. If H has a unique normal
subgroup of index 2, we write 1;; for the unique linear character of A
of order 2. Given two characters y and ¥ of H, we say that ¢ is a
subcharacter of x if y — 1 is a character.

3. A FIRST APPROACH FOR RESTRICTING UNIPOTENT CHARACTERS

It will be useful for our explicit calculations in the cases m = 2
and m = 3 to discuss a general approach for obtaining information
about composition multiplicities of certain unipotent characters re-
stricted to P. Throughout this section, we fix an irreducible char-
acter o of L', extended trivially to a character, also denoted by o, of
L=Ax L. We write R(c) for the Harish-Chandra induced charac-
ter, i.e., R¢(¢0) = Ind% (o), where o is viewed as a character of P via
inflation. We are interested in Res%(R% (o). Every unipotent charac-
ter of G, except a cuspidal one, is a constituent in some such R% (o).
Thus our approach is restricted to the non-cuspidal unipotent charac-
ters. Moreoever, we do not obtain the restriction of a single irreducible
character, but only of the sum of certain irreducibles. Nevertheless,
this method has turned out to be useful in our specific computations.

The Weyl group W of G is of type C,,. Let us denote the standard
reflections of W by S := {s1, s2,..., S}, where we choose notation in
such a way that ss,...,s,, are conjugate in W and s; is not conjugate
to any of sa,...,8,. (Alternatively, s; is the reflection along a long
root and so,...,s,, are reflections along short roots.) Putting J :=
S\ {sm}, then P is the standard parabolic subgroup P; and L = L;
is its standard Levi subgroup.



Mackey’s theorem yields
3) ResB(R{(0) = > Indipp(Resipop(0)).

deDJ’J

where D ; is the set of distinguished double coset representatives for
the W,;-W;-double coset of W (see [2, Section 2.7]). (We write, unam-

biguously, %P and % for %P and %, respectively, where d is a suitable
inverse image of d in G as in [2, Section 2.8].)

First we collect some known facts about D ; and the groups 9PN P
for d € DJJ.

Lemma 3.1. Assume m > 2, let J = {s1,...,Sm_1} and put s := s,
and t := SySm—1-" 525152 * S;n—1Sm.-

(a) DJ,J = {1787t}'

(b)'PNP=L.

(¢) Put K :=°JNJ. Then K = {s1,...,Sm—2} and

SPAP=(UNU)CLOU)(UNL) L.

Moreoever, Qg := (U N L)Lk is the standard parabolic subgroup of L
corresponding to K, and U N L is the unipotent radical of Q.

(d) We have Z(U) <°*LNU and U NU has order q.

Put R:= (UNU)CLNU). Then PN P = RQk. We have R =
{un(v,2) | v="(v1,...,vn2) EF} 7 0,9 = 0,2 € F}. In particular,
R has index q in U and so RQk has index q in Px = UQg. Finally,
QK =AX Py s.

Proof. (a) For 1 < j < m put r; := sj--Sm_15m. Let Dy de-
note the set of distinguished left coset representatives of the parabolic
subgroup W; in W. Then

Dy ={1,t,ry,r;'t|2<j<m}.

The result now follows from D;; = D;' N Dy (see [2, Section 2.7]).

(b) This is easy to check by a direct computation.

(c) Since s commutes with each of s1, ..., $,;,_2, but not with s,,_1,
it is clear that K is as claimed. The remaining statements are proved
in 2, 2.8].

(d) This is clear. o

It will perhaps help the reader to follow the somewhat technical

arguments in Theorem 3.3 below, if we give the relevant structures of
Lemma 3.1 in terms of matrices. First we describe inverse images of s



and ¢ in G (denoted by the same letters). We may take

Jo 0 0
S = 0 [n74 0
0 0 Jo
and
0 0 1
t= 0 I,5 O
-1 0 0
Then
[2 0 GIQ
UNU = 0 1,4 O laelF,
0 O I,
and
1 0 0
UNL= 0 w, o(v,2) 0 |V€]FZ_4,Z€FQ
0 0 1

Note that U N L was called U,_5 in [1, 2.3.2], but here we will just call
it U,_» (in accordance with our convention to view GG,,_, as a subgroup
of G). Putting

A, :="°A
we have
LNL=Lx=AXA, oxL ,
with
I, 0 0
Loy=9|0 x 0 |[x€Sp, 4(q) p =Sp,4(a).
0 0 I,

For the proof of the main theorem of this section we need the following
technical lemma.

Lemma 3.2. Forn > 6 put

al, 0 0
An,n—Z = 0 ]n—4 0 ‘ a € ]F; ,
0 0 a 'l

7= Sym_1, and A,_4 :="A,_o. Furthermore, let

Qx = AxUp_2P, 4 < Q.
Then 3
"(RQkg)NUP, 5 =("R)Y



with
Y = (Uy—aNUp—2)("Lyy—2NUp—2)("Up—2NLp—2)(Apn-2X An_a X Li,_,).
In particular, AXY = A X ("P,_2 N P,_5).

Proof. We have

Py o= Ann2U, oL, ,
and .
Q' = AU, 2P,y = AU, 2" Apn—2U,_4L,_,.
Hence
TS(RQK’> = (TR)An,n—2T(An—2Un—2Un—4L;1—4>>
since {RU,,—3) = RU,,_». This easily implies that
(RQu) NUB, » = (R)Y
with
Y = AunoUn oLl 3N A, o (AnoU, U, 4L, )
= ApnalUnaLl, s N"(Ay_sU, sU,_ 4L, _,)].
By Lemma 3.1(c), applied to G,,_2, we have
"PnoNP, o=
(UpoNUp2)(Ly2NU,2)(Up oMLy 2)(AnoX Ay gy x L, ).
Put
Y' = (U 2NU,2)("LyoaNUy2)(Up2N Ly, 2)(Ap_a x L,_,),
so that "P,, o N P, o = A, _3Y’. Clearly,
Y' < U, oL, s N"(A,2U, 2U, 4L, ,),
since "L,,_oNU,—o ="U,_4.
On the other hand, U, oL, , =P/ , < P, 5, and so
UnoL, o N"(A, 2U, 25U, 4L, ) < P, ,N"P, »
= P, ,N"P,2NP, 4
P ,NA, Y =YY"
Thus Y = A, ,_2Y" and the result follows. o

We now come to the main result of this section. Recall that P = P,
with J = S\ {s,,} and that we are interested in Res$(R$ (o)) for an
irreducible character o of L with A in its kernel. In view of (3) and
Lemma 3.1, we have to determine

Ind? (Res (i))



and ‘

IndeK (Respg, (7).
Since RQx = °PNP is s-invariant, we have ResijK (o)="* (RengK ().
Also, Resp, (0) = Inﬂﬁf_fg(ReleD;_z (0)). Thus InszK(ReS;fDQK(SU)) is
a sum of characters of the form IndeK (*v), where v is an irreducible

character of P, o, viewed as a character of RQx = R(A x P,_s) via
inflation. The answer depends on the type of v.

Theorem 3.3. Assume that n > 4. Let o be an irreducible character
of L with A in its kernel. Then the following statements hold.
(a) Res} (‘o) = 0. In particular,

Indfpp(Resiprp(7)) = Indf (o).

(b) Let v be an irreducible character of P,_s of Type 1. We view v
as an irreducible character of Ly = AX L9 =AX Ap_ox L, _,, and

also as an irreducible character of RQx via inflation. Then
IndZQK (SV) = lwz + %yv

where ¥ = R} ().
(c) Suppose that n > 6 and let v be an irreducible character of P,_s
of Type 2. Suppose that v =2, , with vy € Irr(P,_4). Then

IndeK(sy) = 21?2
with ¥ = Indfj?;fzmpn%(”yo), where 1 = S,,_1 and vy is viewed as a
character of "P,_o N P,_s via inflation. '
(d) Let v be an irreducible character of P,_o of Type 3, say v = %;Z
for some i € {1,2}, some € € {+,—}, and some O € Irr(L],_,). Let
Vo =1, , W € Iir(L, ), and put
9= RE (V).

-2
Then A
Indy,, (V) =%y .

Proof. For the sake of legibility, we suppress the symbol for inflation
in the following proof.

(a) Since ¢ centralizes L', we have Res/ (o) = o.

(b) We first consider the special case that A, 5 is in the kernel of v.
Then % = v since s centralizes L/, ,. Let ¥ denote the irreducible
character of P,_, corresponding to v. (See the notation of [1, 2.3.2],



an account of which is given in Section 2.) We have

(Indggn_2(5\ D), Indggg(u)) - (X 7, ResggL(Indgg;(y)D
= (A7 mdl (Resi2e ()
— (Resg%:z(j\) 7, D)
= ) =1,
since R < U is in the kernel of A and Resgﬁj (A) = I

Thus %), = Indgﬁ,nﬁ(;\ - 7) is a constituent of IndeK(y). Also, v is

a constituent of Indggi (v), hence %y, is a subcharacter of IndeK (v).
The result follows by comparing degrees.

Now we deal with the general case. Write v = 14 K ¢ X v/ with
irreducible characters £ of A,_o and v/ of L!,_,. Then ¥ = ¥X1,, X/
Viewing % as a linear character of P via inflation, we obtain

Indgq, (V) =€ (W + %),
with 3/ = R} _(v/). The result follows from the observations % - iy, =
Wy and € - A, = A,
(c) We first show that Z(U) is in the kernel of IndeK(SV). Indeed,
Z(U) =% Z(Up—2)), and so Z(U) is in the kernel of . Hence Z(U) is
in the kernel of IndeK (v).

Next we show that IndeK () does not have any constituents of
Type 1. We have

(1) (Resh(Indfg, (). 10) = (v, Resho, (Indf(10)))

and every constituent of RengK (Indj;(1y)) has R in its kernel. On
the other hand, L N U < R, and so ‘U N L < *R. This implies that R
is not in the kernel of *v, since *U N L, the unipotent radical of P, 1,
is not in the kernel of v by assumption. This implies that the scalar
product in Equation (4) is zero, and hence IndeK (*v) does not have
any constituent with U in its kernel.

Thus Inde () only contains constituents of Type 2.

Let \,_2 be the irreducible character of U,,_s analogous to A, and let

;\n_g be the extension of \,,_s to Un_gf’n_4, with Resg::jpnf“(;\n_z) =
1p .- Then, by definition,

(5) v=Tnd" . (Ao - Il 274 ()).

Up—2Pn—4 n—4

10



We put Q' := AX U, oP, 4 < (i, and inflate the characters in Equa-
tion (5) over the normal subgroup RA of RQ) and RQg. Suppressing
the symbols for inflation, this yields

(6) v = Indgg,K()\n 2+ D).
Since r € P, we obtain
(7) Indfg, (V) = Tndpg, (V) = Indf zgr y ("An—2 - "F0).

Put ¥ := Res, " ~*(14K%). Then %y = Indfj5  (A-Tn ﬂUP" 2(2). We

n 2

claim that ) - InﬂUP”2 2(2) is a subcharacter of ResUﬁn_z(IndeK(sy)).
By Frobenius reciprocity, this would imply that %)y is a subcharacter
of IndeK (%), since every irreducible constituent of A - InﬂUP" (%)

induces to an irreducible Type 2 character of P. Since Ind}, RO K( ) and
2)s, have the same degree, this would imply the desired result.
So it suffices to prove the claim. By Mackey s theorem and Equa-

tion (7), it suffices to show that X - InﬂUP"2 2(3) is a subcharacter of
UP,_ "(RQ'%) rsy rs~
Ind;; 2"~ zﬂTS(RQ’ <ReSUPn :WS(RQ/ )( An-2 yO)) '
By Lemma 3.2 we have
UP,_N"™(RQY) = (R)Y

with Y < P, 5 such that A x Y = A x ("Pp_2 N P,_5).

Now "U,,_o < U, and "\,_5 and A agree on this subgroup of U.
Clearly "R is in the kernel of "7y, and so "™\,_o - "7y extends to the

character ;\ . ’"8170 of UY. In particular, )) +"g is a constituent of
Indqg ("An—2 - "Dp). Since A extends to A € Irr(UP,_»), it follows

that A - IndP" *("Dy) is a subcharacter of Indiiﬁ" 2("\y_s - ") Since

Indi" (") = ¥, our claim follows.

(d) We have Z(U) <°LNU < R, and so a similar argument as in (c)
with U replaced by Z(U) shows that IndeK(SI/) only has constituents
of Type 3.

The proof now proceeds in several steps.

Step 1: We identify the subgroup (U N L)L, _, = U,_oL! , of
RP,_, with P)_,. Clearly, s centralizes L], , and *((UNL)L,_,) =
LN U)L,_,. Let B be the irreducible character of degree ¢™ 2 of
(UNL)L,,_, = P/_, such that %3 lies over (;, i.e., B(u,—2(0,2)) = (;(2)
for z € F;. Now A, 5 centralizes (*LNU)L;,_, and

CLAU)Ly—y = Ap_y x CLOU)L,_,.
11



Moreover, (UNU)(*UNL) is a normal subgroup of RP,_» with quotient
group isomorphic to (°L N U)L, 5. Viewing 1, X 93 as a character
of RP,_, via inflation, we obtain
! ~ UPn—2 — S
ReSgJLDn,g (pi) = Indpp > (15, , KB).
Proof of Step 1: This is exactly Statement (b) of [5, Theorem 2.4].
Notice that our P,_5 corresponds to P(E.,j), our U to H(FE,j) and

our R to H(EY, j) of [5], where E, is the subspace of F7~? spanned by
the first standard basis vector.

Step 2: Let & := (-9} where we view ¥, as a character of P/_,
via inflation over U,_5. Then & is a constituent of Resi',‘_z(l/). Again

viewing 14, , M % as a character of RF,_, via inflation, we obtain
UP,_ o
IndRPn,i(lAnﬂ X sf) = Resglﬁn,g (pz) - Yo,
where 9 is viewed as a character of UP,,_o via inflation over UU,,_».

Proof of Step 2: The first assertion is clear by the construction of
the Type 3 characters of P, _5. Using Step 1 we obtain

Res{f ,(p1) 9o = Indpp (1, KB) v,
= Tndg (15, , ®B) - dy).

It remains to observe that 14, , X% = (1,  X%3) -9y as characters
of RPH,Q.

Step 3: Ind%ﬁ;ﬁ(lflni2 X %) = p; - mfAVE (9), where 9 is viewed as
a character of UL’ via inflation over U.
Proof of Step 3: From Step 2 we obtain

Indyp (14, ,®%) = Indgp ,(Indgp=2(1a, , ®Y))
= Indgp ,(Resgp, ,(7:) - 0o)
= pi-Indgg, _, (90)
= p;-Inds (d0)
pi- R, (9)
Step 4: Indg,, (V) = b
Proof of Step 4: We have

s ! R s
ResgL, xz(lndeK (v)) = Ind%JLDnX_QZxZ(ReSR%i2 w2z (1))

12



Now (14, , X %)X 15 is an irreducible constituent of Resggﬁﬂz(%),
and hence (p;-InflYF' (9))X15, is a subcharacter of ResgL,XZ(IndeK (v))

by Step 3. Clifford theory and the construction of %ff now proves the
claim in Step 4. o

Remark 3.4. Note that Ind} (o) has been computed in [1, Proposi-
tion 3.2]. There is a slight inaccuracy in the formulation of this result
in [1]. With the notation introduced above, the correct statement is as
follows:

Ind] (o) = Y,

+ Z <Relep;72 (o), M>P 21#“

pElrr(Pp_2) e
_ 1, _ 2,
J€lrr (L)

The difference is in the occurrence of the @; in the third summand, but
this is exactly what we prove in [1].

Corollary 3.5. Suppose that n > 4. Then
1, 2,
ResB(R(11)) =2 "y, + W +2- %0y, +%0" +%5),

where X = Ry (11,). (Notice that %)y, contains another trivial con-
stituent ), = 1p.)

Proof. One constituent %, = 1p arises from the P-P-double coset

representative 1. The representative ¢ yields the summand Ind} (1;) =
W, 4+, B +3¢};1++3¢22+ by Theorem 3.3(a) and Remark 3.4. Finally,
s gives the summand "y, + %), , _, by Theorem 3.3(b). o

4. VALUES OF SOME CHARACTERS OF P oON U

Before we begin to compute the restrictions of the unipotent charac-
ters of G to P for G = Sp,(q) and Spg(q), we collect some facts about
values of certain characters of P on its unipotent radical U. In the fol-
lowing, we use the notation of Section 2 for the irreducible characters
of P.

The non-trivial elements of Z(U) fall into two P-conjugacy classes,
c1 = {u,(0,2) | 0 # z € F, is a square}, and ¢; := {u,(0,2) | 0 # z €
[F, is a non-square}. Fix elements z; € ¢;, and let C; be the conjugacy
class of G containing z;, i = 1,2. Then C; # (5. Indeed, since P is
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a maximal subgroup of G and since P normalizes (z;), it follows that
Ne((z;)) = P for i = 1,2. But ¢; # o, so Cy # Cb.

There is an automorphism a := «,, of GG, which fixes P and inter-
changes ¢; and ¢z, and thus C; and Cy. (In particular, a is not an inner
automorphism.) To be specific, we may take

(8) an(x) = jn(a)(x_l)tjn(a)_l, x € G,

where a € I is a fixed non-square, and Jn(a) is the matrix

= 0 Im

In(a) == [ a0 } :
Clearly, a permutes the irreducible characters of each type among
themselves.

In Section 2 we have chosen two irreducible characters (; and (s
representing the two orbits of P on the set of non-trivial irreducible
characters of Z(U). We may choose notation such that (, = “¢;. Then
the two irreducible characters p; of U lying above (; are also conjugate
by «, as are their extensions p; to their inertia subgroup P'Z. It is
easy to check that « centralizes A and fixes L', where it induces the
automorphism «,, s, also denoted by «. This implies that

a l,e 2.
(9) (31% ) = 31%19;
for all ¥ € Irr(L') and all € € {+, —}. If ¥ is a character of L', we put
TE l,e 2,
Wy = hy” A oy
It follows from the transitivity of P on U/Z(U) \ {Z(U)} and on

Z(U) \ {1} that U \ Z(U) is a single conjugacy class of P. Let u €
U\ZU,).

Lemma 4.1. Let o, u and ¢ be characters of L, P,_o and L', re-
spectively. Then the corresponding characters of P have the following
values on U.

Character 1 Z; u

W, o(1) o(1) o(1)
Wy ("2 = Dp(1) | (¢"% = Dp(1) | —p(1)
Wy | g™ g = DI) | —g™ () 0

Proof. The first row and the first column of the character values
are clear. Let Q@DN be a Type 2 irreducible character of P with u €
Irr(P,_5); then Z(U) lies in the kernel of ®1, which gives the entry
in the second row at z;. Now ¢, is a character of P := P/Z(U). If

U :=U/Z(U), then U is a normal subgroup of P of order ¢"~2. Since
14




P acts transitively on the non-trivial irreducible characters of U, it

follows that B
Resg(*1,) = e Z A
Aelrr(O)\ {15}

for some integer e > 1. Thus *,(u) = *¢,(uZ(U)) = —e. But
(qn—Q - 1)1“(1) = 21%(1) = e(qn—Q - 1)7
so e = u(1) and 27%(“) = —pu(1).

To prove the third row, let 3¢f§€ be a Type 3 irreducible character
of P, where ¢ € Irr(L'), i € {1,2} and ¢ € {+,—}. By construc-
tion, p; is a constituent of Rest(315°). Since Resy y(pi) = ¢™ ¢, the
orthogonality relations imply that p;(u) = 0 and thus

Yy () = 0.

Finally, let A denote a set of representatives for the quotient of A

modulo its subgroup of order 2. Then the restriction of 3@0119’6 to U

equals
19(1) Z apla

acA
by the construction of %,° (see [1, 2.3.3] or Section 2). Similarly, the
restriction to U of 31/}31;5 equals

v(1) Z P
acA
Hence the restriction of %y 4+ %25 to Z(U) equals
I(1)g" ! > ¢,
Celr(ZU))\ {1z}
which has the claimed value on the z;. o

This result can be used to obtain some information about the compo-
nents of the various types in a restricted a-invariant character.

Lemma 4.2. Let x be a character of G. Write

ResZ(x) =\ + A + %,

where % denotes the sum of the constituents of Type i in Resg(x),
i=1,2,3. We call ’x the Type i component of ResG(x).
If x is a-invariant, then

(@) + (1) = = (x(1) + (¢ — Dx(2))

Q| =
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and )
q J—
(1) = e (x(1) = x(2)),
where z 1s a non-trivial element in the center of U.

Proof. We have (1) = *(z) for i = 1,2 by Lemma 4.1. Also,
since y is a-invariant, the constituents of Type 3 of Resg(x) occur in
a-conjugate pairs. From (9) and Lemma 4.1 we find

X(1) = —x(z)(g — 1),
The claim follows from the two equations

xX(1) = (1) + (1) + (1)

and
1

x(z) = X(1) + (1) — —="x(1).

qg—1

We record one further useful result.

Lemma 4.3. Let x € Irr(G) such that Z(G) is in the kernel of x.
(This is the case if x is unipotent.) If 9 € Irr(L') such that %" occurs
in ResG(x) for somei € {1,2} and e € {+,—}, then ¢ = +.

Proof. Every irreducible constituent of Res%(x) has Z(G) in its

kernel. By construction, this is not the case for the characters %)y,
i=1,2. o

5. THE RESTRICTIONS OF THE UNIPOTENT CHARACTERS OF Sp,(¢q)

Let x be a unipotent character of G = Sp,(¢). (We adopt the con-
vention that the adjective “unipotent” implies irreducible.) Then x
is labeled by a symbol A. We will identify a symbol A with a triple
(11, A, d], where d is an odd, positive integer and p and A are parti-
tions such that |u| + |\ + (d* — 1)/4 = m (see [2, Sections 11.4, 13.2
and 13.8]). Here, |u| denotes the sum of the parts of f.

Suppose that n = 4, so that G = Sp,(¢q). Then G has 6 unipotent
characters. In this section we determine their restrictions to P = Pj.
In the course of the proof we are going to refer to the character table
of G determined by Srinivasan in [10] for some character values as well
as for the notation for certain irreducible characters of G. The lat-
ter also becomes relevant in the next section where we consider Spy(¢q)
and its parabolic subgroup, some of whose characters are labelled by
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irreducible characters of Sp,(¢q). We thus have to match the Weil char-
acters w; and wy with the Weil characters of Srinivasan’s character
table.

First note that the conjugacy class C; introduced in Section 4 is
called Ay in [10]. The Weil characters of [10] are denoted by 67 + 65
and g + 04 (the sum 6g + 63 is not a Weil character, since its value on
the class Ay equals zero). We now choose our character ¢; € Irr(F,)
in such a way that w, = 67 + 03.

The following lemma serves two purposes. Firstly, we introduce a
notation for the irreducible Weil characters of L' = Sp,(g), and sec-
ondly we collect some facts about Harish-Chandra induced characters
of Sp4(q), needed in the course of the proof of our main result in the
following section. We write *RS for Harish-Chandra restriction from G
to L. Thus *RS = 'x in the notation of Lemma 4.2.

Lemma 5.1. Let G = Sp,(q). Then L = A x L' with L' = Sp,(q) =
SLo(q). Let vs,v7 € Irr(L') be defined by

‘RE(0) =1;Ru;,  i=23,4,7,8.

(By [12, Proposition 2.2(v)], *RS (6;) is of this form, and vs, v; are
irreducible Weil characters of L' of degrees (¢ +1)/2 and (¢ — 1)/2,
respectively. )

(a) Let v = 1, vy Then

RE(9) = 05 + 6.
(b) Let 9 =1, Kuvs. Then
RE(0) = ®g + 05 + 0.

By applying the outer automorphism a of G we obtain R () for 9 =
1, Xug and ¥ =1, Xuv,.

Proof. (a) Note that ¢ is a cuspidal character of L. The inertia
group Wg (L, 1) is of order 2. Thus RY(9) = x1 + x2 with two distinct
irreducible characters x; and y». By construction, 67 occurs in RE (19).
Putting x» := 07, we have x1(1) = ¢*(¢*> — 1)/2. Now 65 and 0 are the
only irreducible characters of G of this degree.

Since 07 +03 is a Weil character of G, it follows from [5, Corollary 2,5]
that

Res$) (07 + 03) = q(vr + v3).
This allows us to compute the values of v; and 3 on the element
z} = z; € L'. The intersection of the G-conjugacy class of z; with P
splits into two P-conjugacy classes with representatives z; and z}. We
can thus compute the value of R¥ (1) on 2z, giving our result.
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(b) This time, 9 lies in the Harish-Chandra series of the character
1, W1, of the maximal split torus Ay x Ay of G. Moreoever, 9
corresponds to one of the two irreducible characters of the subgroup (s;)
of W (in the sense of [3, Theorem (70.24)]). Inducing these characters
to W, we obtain exactly three constituents in each case.

The characters of GG in the Harish-Chandra series of GG corresponding
to (L,1,, X1, ) are 0;, i = 1,...,4, and &y, where ®y corresponds
to the character of degree 2 of W (see [11, Appendix]). Again, by
construction, f3 occurs in RY (). For reasons of degrees, ®g also occurs.
The remaining constituent is #; or 5. With the same argument as in (a)
we conclude that 0y occurs. This gives the result. o

Remark 5.2. For the convenience of the reader we display the values
of the irreducible Weil characters of Sp,(¢q) and Sp,(q) on the classes Cy
containing the identity element, and on the classes C'; and C intro-
duced at the beginning of Section 4. In the following table, we put
§ = (=1)le1/2,

67 05 144 V3

Co| 5(-1) 3+ 1) sla—1) sla+1)
Ci| 5 (~1-a0vbg) 5(1-advda) 5(=1-0vdq) 5 (1-33q)
Co | 2 (=14 ¢0v3q) %(14¢5v3q) % (-1+6v6q) 1(1+3q)

The main result of this section is as follows.

Theorem 5.3. Let xp be a unipotent character of G = Sp,(q). Then
Res%(xa) is as given in Table 1. We have

' 1+ 2,4
Resp, (Str) = 1p, + %, + %,
(Notice that here 1 denotes the trivial character of the trivial group

L}, and that %}Jr and 3;[)?+ are the two irreducible characters of Py of
degree (¢ — 1)/2 with Z(G) in their kernels.) Also

(V7+V3)'St[/ = Z 9.
¥ € Irr(SLa(q))
(1) #1,(q—1)/2

In particular, Res$(xa) is multiplicity free.

Remarks. (a) Here is a short explanation of how to read Table 1. The
first column contains the symbols labelling the unipotent characters
of G. The decomposition of Res%(xa) is given in the row labelled
by A. The second column contains characters o of L, described in the
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TABLE 1. Restrictions of unipotent characters of Sp,(q)

A Res(xa)
Type 1 Type 2 Type 3

2,—,1] [1,—,1]

[_ _73] g

(12, — 1] 1,—,1] 1p, v,

1,1 1] 1, —, 1]+ [—,1,1] 1p, Vs
—.2,1] [—, 1,1] o
[—,12,1] [, 1,1] Resk, (Sty) | (vr + vs) - St

obvious way through symbols, such that %) is the Type 1 component
of ResG(xa). Similarly, the third column contains the characters p
of P, such that Zwu is the Type 2 component of Res$(x4). Finally,

the character ¢/ in the last column indicates that %; is the Type 3
component of Res%(xa). (We will show that the unipotent characters
of G are a-invariant.)

(b) The decomposition of the characters Resf,; (Stz) and (v7+vs)-St
can be found in [1, p. 257] and [1, Section 4], respectively.

Proof. Let x = xa be a unipotent character of G. If x is the trivial
character 14, then its restriction to P is the trivial character 1p. If x
is the Steinberg character St of GG, then its restriction to P is given
in [1, Example 3.5(c)]. So we may suppose that x # 1g and x # Stg.

The constituents of Type 1 in the restrictions are easily computed
by the branching rule for the Weyl group of G and a general result of
Harish-Chandra theory (see [3, Theorem (70.24)]). In order to simplify
the arguments for the constituents of Types 2 and 3, we are going to
apply Corollary 3.5. Since

R{(1p) = Xi2,—1] + X[2,-1) T X[1,1,1)5
we obtain from Corollary 3.5:

(10) ReSIGD(X[IQ,—,l]+X[1,1,l}) = 2'1¢1L+1¢StL+2'2¢1pn w +3¢

2

Since X[2,— ] is the unique constituent of its degree in RE(1p), it is
a-invariant. Hence all unipotent characters of G are a-invariant, so we
can apply Lemma 4.2.
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Case 1. A =[1%,—,1] and A = [1,1,1].

Let x = xa with A = [12,— 1]. Then x(1) = ¢(¢* + 1)/2. By
Harish-Chandra theory we have 'y = yp._1. In the notation of [10],
X = 012. This can be proved as follows: The degrees of Irr(G) imply
that X[12’,,1] = 912 or 911 and X[l,l,l] = 69. By Lemma 41, the I'lght
hand side of Equation (10) has value ¢* + g on z;. Since fg(z;) =
09(A21) = q(q +1)/2, it follows by (10) that xp2 _ 1)(z1) = q(¢ +1)/2
and thus by [10], xp2,—,1) = 012. Note this implies that x_ 2,1 = 011.

Using x(z1) = q(¢+ 1)/2, it follows from Lemma 4.2 that

1
(1) =5alg—1)* and (1) =¢" -1
In view of Equation (10) and the degrees of the characters given in
Section 2, this determines the constituents of Resg(x[127_71]), and of
Res%(xp1,1,1]) completely.

Case 2. A =[—,2,1].

Let x = xa. Then x(1) = q(¢* + 1)/2. By Harish-Chandra theory
we have '\ = x_115. In the notation of [10], x = 611, and so x(z1) =
011(Aa1) = —q(q — 1)/2. It follows from Lemma 4.2 that

1
(1) =Za(¢* —1) and =0
In order to determine the Type 3 component, we use Theorem 3.3 with
0 = X[-,1,1], the Steinberg character of L'. We have

Rg(X[—,l,l}) = X[-,2,1] + X[—,12,1] + X[1,1,1]-
Since Res(Stg) = Indf (St ), we obtain from (3) and Theorem 3.3(a):
(11) Resg(X[_&H + X,1,1) = 1¢><[7,1,11 + IndeKs(RengK(X[_J,l])).

Now
Resk, (Strr) = 1p, + %, + %77
The only Type 3 constituents in (11) arise from the two Type 3 con-
stituents in Resk, (Str/). In this situation, Ly = {1}, and Ly, = Ay is
the torus of L’ of order ¢ — 1. From Harish-Chandra theory we obtain
Rf;(l;Q) = v3+ 4.

Since 01 = 3 occurs as label for the Type 3 component of ReSJGD(X[l,L”),
the result of Table 1 follows from Theorem 3.3(e).
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Case 3. A=[—,—,3|.

Let x = xa with A = [—,—,3]. Then x is the cuspidal character
of G, so that Yy = 0. In the notation of [10], x = 619, and so (1) =
q(q —1)?/2 and x(z1) = 619(A21) = —q(¢ — 1)/2. By Lemma 4.2,

1
(1) = Salg — 1)

Since x(1) = 3¢(1), we have ?y = 0 and hence x = 3. It follows from
Lemmas 4.3 and 4.1 that

1, 2, -t
o=ty g =y
for some character 9 of L' of degree (¢ —1)/2.

Suppose ¥ is not one of the two Weil characters of degree (¢ —1)/2.
Then ¥ = (¢ —1)/2 - 11 since v(1) > (¢ — 1)/2 for all v € Irr(L) \
{1/, v7,v8} (see [7]). Then

1 ~t
(12) Resp(x) = 5@ = D%,
Let Cy(1) be the conjugacy class of G described in [10, p. 491]. Then
Cor(1) NP # 0 and x(Ca1(1)) = —1. This contradicts (12).
It follows that ¥ = v; or vg. Suppose that ¥ = v, so that by Case 1,

-t
%Wy = Resf(xpz,—1) — 1p — 2¢1P2.

Put z| := %, with s as in Section 3. Then z| < Z(U,) < L, and one
computes %), (z}) = ¢ — 1. Hence

, 1
(Resg(x[la_,u) —1p— 2@/11P2> (z}) = 5@1(61 —1).

On the other hand, x(z}]) = 010(A21) = —¢(¢—1)/2. This is impossible,
so that ¥ = vs. o

Proposition 5.4. Let G = Spy(q) and t = (¢ —1). We will follow
the notation of [10]. In particular, O3 and 07 are the irreducible Weil
characters of G of degrees (¢* +1)/2 and (¢* — 1)/2, respectively, and
W) = 03 + 07 and wy = 04 + O3 are the two distinct Weil characters of
degree q*>. Then

t t—1
(03 +07) - X[——3 = Os + Py + Z o1 (k) + Z Epa(k),
k=1 k=1

t t—1
(054 07) - X[—2,1) = 04 + P7 + Py + Zfzz(k) + 2541(/9):
k=1

k=1
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TABLE 2. Restrictions of unipotent characters of Spy(q)

A ResS(xa)
Type 1 Type 2 Type 3
Type 1 Type 2 | Type 3
12,1,1] 12, —, 1]+ [1,1,1] 1, —,1] 03
[—,3,1] [—,2,1] 04
21, —, 1] || [2, —, 1] + [1%, —, 1] 1, —,1] 0,
[17_73] [_7_73] 98
1,2,1] 1,1,1] + [, 2,1] [—,1,1] P
[12,1,1] || 12, =, 1]+ [1,1,1] | [1, =, 1] +[—, 1,1] 1p, 0y + 05
[1,12,1] [—,12,1] + [1,1,1] []_,—,].] + [—,1,1] ].p2 V3 0419[_72171]
[_7 217 1] [_7 127 1] + [_7 2a ]-] [_7 1’ ]-] Z! 19[_721»1
[13a_71] [127_a1] [17_a1] 1P2 7 %9[* 1,3]
[_7173] [_7_73] Vg 19[7 1,3]
Va1 1= 01+ 04 + Bp + By + o)+ > &alk)
1<k<i(q-1) 1<k<3(q—3)

V-3 = b6 + 0 + Py + Z &1 (k) + Z Eaa(k)
1<k<3(q—3)

1<k<i(g-1)

t t—1
(034 67) - Xpa1 = 02 + 03+ 05 + Pg + Pg + me(lf) + 2542(74),
k=1

k=1

t t—1
(03 +07) - Xpu2,— 1) = b2 + 05 + 07 + D3 + Zféz(k) + fon(k)-

k=1 k=1
Proof. Using the character table of Sp,(¢q) given in [10] together
with the corrections in [9], one can verify the claimed decompositions
of (03 + 07) - xa for A € {[—,—,3],[—,2,1],[1,1,1],[1%, —, 1]}, except
for the following three typos (in the notation of [10]): ®3(Cy (7)) =
=&, Eu(k)(Dy) = 5(¢° = D((=1)" = (=1)") = 3(¢* — 1)d(k,t), and
®;(Bs(i,7)) = (—1)"+ (—1)? = s(4,j). These corrections can be found
in [13]. o
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6. THE RESTRICTIONS OF THE UNIPOTENT CHARACTERS OF Spg(q)

Now let n = 6, so that G = Spg(q), ¢ odd, and L = A x L' with
L' = Spy(q)-

For a symbol A, if ¢ is the unipotent character of L labelled by A,
then we denote by %, the character %, of P.

Theorem 6.1. Let x = xa be a non-trivial unipotent character of
G = Sps(q) different from the Steinberg character. Then Res%(xa) is
as given in Table 2. In particular, ResG(xa) is multiplicity free.

Proof. Since the unipotent characters of G have pairwise different
degrees, they are a-invariant and Lemma 4.2 can be applied. The
Type 1 components of the restrictions are easily determined by Harish-
Chandra theory. The values of the unipotent characters on the class C
containing z; (see the introduction to Section 4) can be found in [8] or

CHEVIE [4].
Case 1: A =[21,—,1] and [2,1, 1].
We have
Rf(1L) = X[3,—1] T X[21,—,1] T X[2,1,1]-
Thus Corollary 3.5 yields for the sum of the Type 2 and the Type 3
components of ResIGD(X[QL,J} + X[2,1,1)):

1, 2, <t ~4
(13) 2%y, + Mo+ =2 %, + W, + e,
Let x := xa with A = [21, —,1]. Then
1 1
X(1) = Zalg+ )¢’ +1) and  x(z1) = Zqlg+ 1)(¢* +1).
We have Yy = LgblL + lw[lz’_,l] and so, by Lemma 4.2,
1

(1) = 5@ (g =@ 1) and *(1) =¢" -1
Since %,(1) = (¢* — 1)u(1), it follows from (13) that p = 1p,. Note
that 1p,, being a Type 1 character of Py, gives the entry [1,—, 1] in the
corresponding row and column of Table 2. In the same way we obtain
. Then (13) also gives the restriction of x,1,1.

Case 2: A =[—,3,1], [-,21,1] or [1,2,1].
We have
Rf(X[—,zu) = X[-,3.1] T X[-,21,1] T X[1,2,1]-
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By (3) and Theorem 3.3 we have
Resg(X[_vgvl] + X[_72171] + X[17271]) = 1¢X[—,2,1]
—l—IndeKs(RengK (X[-2,11))
+Ind€(X[772’1})'
By Theorem 5.3 we obtain
/ ~+
(14) ]ReSé4 (X[*,Z,l]) = 11/])([771’1] + 31/}1/4'

Theorem 3.3(d) and 3.3(e) yield for the sum of the Type 2 and the
Type 3 contribution of (14):

~+
(15) 2¢[_,1,1} + %y,
with
(16) ’19 = Rﬁ;(]_;zl IE 1/4) = (I)g + Ql + 194.

(see Lemma 5.1(b)).
Finally, Theorem 3.3(a) and Remark 3.4 give

~t
(17) Indf(X[,&”) = 1#’[7,2,1} + %[—,1,1} + 2@% + %y,
) ~
with p = 3‘(#1,4 and ¥ = (07 + 03) - x[-2,1]-
Let x = xa with A = [—,3,1]. Then

x(1) = %q(q2 +1)(¢* —q+1) and x(z1) = —%Q(q —1)(¢* +1).

From 'y = %_, and Lemma 4.2 we obtain
1
(1) =3¢ (g =)@ +1) and (1) =0.

Thus 3y = 3@2; with a character ¥ of Sp,(q) of degree (¢* + 1)/2. On
the other hand, by (16) and (17), the irreducible constituents of ¢ are
among the constituents of ®g+6;460, or (674-03)-x|— 21]. Proposition 5.4
now implies that ¢ = 0.

Next let x = xa with A =[1,2,1]. Then

]X = 11?[1,1,1] + 11?[—,2,1]-

In addition,

x() =@ +q+1)(?—qg+1) and x(z1) = ¢~
By Lemma 4.2,

1) =¢*(¢—1)(@+1) and *(1) =q(¢" - 1).
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Since %, (1) = (¢* — 1)u(1), it follows that

X =%,
with p a character of Py of degree ¢. By (15) and (17), this implies
that p = xj—1,1-
Also, 3y is labelled by a character ¥ of Sp,(q) of degree q(¢> + 1).
Proposition 5.4 now implies as above that ¢ = ®y.
The result for x— 21,1) now also follows.

Case 3: A =[13,—,1] and [1%,1,1].
We have
Rf(X[12,—,1]) = X[3,—,1) T X[21,—,1] T X[12,1,1]-
By (3) and Theorem 3.3 we have

ResB(Xp2,—1) + Xe1,—1) + X(12,1,1]) = 1?/6([12’7’1]
+Indf(X[127_71}).
By Theorem 5.3 we obtain
’ ~+
(18) ReS§4<X[127_71]) = 1Q’Z}X[l,—,l] + 2’lzij‘Q + 3,l7bV7'

Theorem 3.3(d) and 3.3(e) yield for the sum of the Type 2 and the
Type 3 contribution of (18):

~4
(19) 21?[1,—,1] + 21% + %y,

with g = Ind/2 p, (1p,) and ¥ = RY (1, R v;). By Theorem 3.3(b)
we have

(20) w = Ind%ma(l&) - 17»0[1,7,1] + 17»0[7,1,1] + 2¢1p2»
and, by Lemma 5.1(a),
(21) 9 = RE (13, Bvp) = 05 + 07

Finally, Theorem 3.3(a) and Remark 3.4 give
~+
(22) IndILD(XD?,—,l]) = 11/1[12,_,1] + 21#[1,_,1] + 2%“ + 21%2 + %y,

with p, = %IPQ, g = %; and ¥ = (07 4+ 63) - xj12,—1)-

Taking into account that we have already computed the restriction
of Xp1,—,15, by (19), (20) and (22), the labels for the Type 2 constituents
of Res}G;(XDz’_)l] + X[i2,1,1) are exactly the constituents of

~t
(23) 2- Y g+ W +2- 21011;2 + %,
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Similarly, by (19), (21) and (22), the labels for the Type 3 con-
stituents of Resg()ql:s,_ﬂ + X[12,1,1)) are exactly the constituents of

(24) 6)5 + (97 + 93) . XDQ’_’”.
Let x = xa with A =[12,1,1]. Then
= 115[1,1,1] + 17?[12,—,1}
and in addition,
X()=¢’(¢"+¢*+1) and x(z) =¢’(¢"+1).
By Lemma 4.2,
(1) =¢’(¢—1) and *(1)=qlq¢+1)(¢" - 1).
Since %, (1) = (¢* — 1)u(1), it follows that
X =",
with p a character of P, of degree q(q + 1). It follows from (23) that
n= 11”[1,7,1] + %[7,1,1] + %1,:2-
Moreover 3y is labelled by a character ¥ of Sp,(q) with 9¥(1) = ¢*.
Now Y is also contained in RS (x(1.11)), and so Res&() is a subcharacter
of Res%(R% (xp1,1,17))- In particular, the Type 3 component of Res%(x)

is contained in (30) below. This implies that ¥ = 0y + 05.
The result for x = x, with A = [13, —, 1] now also follows.

Case 4: A =[1,12,1].
We have
Rg(X[l,l,l}) = X[2,1,1 + X2, + X[,2.0) + X121
By (3) and Theorem 3.3 we have
Resg<R€(X[l,1,l])) = 1@/6([1,171}

—I-IndeKS(ReSgQK(X[LM]))
+Ind€(X[1’171]>.

By Theorem 5.3 we obtain

' ~
(25) ReSILD4 (X[l,l,l]) - 1'LpX[L_,u + 1'le[_,1,1] + zwng + 32/}1’3'

Theorem 3.3(d) and 3.3(e) yield for the sum of the Type 2 and the
Type 3 contribution of (25):

~t
(26) 210[1,—,1] + 21?[—,1,1] + % + %y,
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with g = Ind%mm(lp?) and ¥ = Rf;(l;u X v3). By Theorem 3.3(b)
we have

(27) = Ind%maﬂ&) = 1#[1,—,1} + lﬂ[—,m] + 2/vb1p2a
and, by Lemma 5.1(b),
(28) ¥ =RY (13, Bus) = Qg + 0y + 0.

Finally, Theorem 3.3(a) and Remark 3.4 give
~+
(29) Indf(X[l,l,l]) = 115[1,1,1] + %[1,—,1] + 2?D[—,l,l] + 2?%1 + Zlﬂm + %y,

: -t
with py = 2¢1P2> M2 = 3%3 and ¥ = (07 + 63) - x[1.1,1-

It follows that the Type 3 component of Res%(RE (x(1,11))) is labelled
by the character
(30) Py + 0y + 03 + (07 + 03) - xp1,1

of Sp,(q).
Taking into account that we have already computed the restrictions

of X[2,1,1], X[12,1,1) and x[1,2,1), the labels for the Type 2 constituents of
Res%(x[1,12,1]) are exactly the constituents of

~+
(31) 11#[1,—,1} + 1¢[—,1,1} + 2¢1P2 + %,

Similarly, the labels for the Type 3 constituents of Res%(x(1121) are
exactly the constituents constituents of (07 4603)- xj1,1,1] —05. The result
for x1,12,1) follows.

Case 5: A=[1,—,3] or [, 1,3].
We have
RY(X[-—3) = X[1.-3) + X[-1.3]
By (3) and Theorem 3.3 we obtain
Rest(X(1-3 + X(-13) = Xl--a
"‘IndeKs(ReSZQK(X[—,—,s]))
+Indy (x(-,—3)-

From Theorem 5.3 we have

/ T+
(32) Resp, (X[-,-31) = -
Thus Theorem 3.3(e) yields
s ~+
(33) Indgg, (Reskg, (X(--2)) = ¥y,
with ¢ = R (1, K vs). By Lemma 5.1(a),
(34) Y= Ri;(l;u X 1/8) = 96 + 98-
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Finally, Theorem 3.3(a) and [1, Proposition 2.3] give
-t
(35) dy (x——3) = Vg + 2, + Wy,

with p = 3@2; and ¥ = (07 + 63) - X[ ,—3]-
Now let x = xa with A =[1,—,3]. Then

X(1) = sala = 1)(a 1) and x(ar) = ~alg — (& + 1)

Harish-Chandra theory gives

=" g

By Lemma 4.2,

1
(1) = Sala - Dig 1) and (1) =0.
Hence .
= 3%9
for some character 9 of L' of degree (¢*>—1)/2. Proposition 5.4 and (34)

now imply that ¢ = 6g. This also concludes the proof for y, with
A=[-13]. o

ACKNOWLEDGEMENTS

We thank Frank Liibeck for clarifying discussions on the subtleties
of the parametrization of unipotent characters as well as for his hint to
reference [11].

Most of this work was done during two visits of the second author at
the Department of Mathematics of the University of Auckland in 2007
and 2008. He wishes to express his sincere thanks to all the persons of
the department for their hospitality, and also to the Marsden Fund of
New Zealand who supported his visits via grant #9144 /3608549.

REFERENCES

[1] J. AN AND G. Hiss, Restricting the Steinberg character in finite symplectic
groups, J. Group Theory 9 (2006), 251-264.

[2] R.W. CARTER, Finite groups of Lie type: Conjugacy classes and complex
characters, Wiley, 1985.

[3] C. W. Curtis AND I. REINER, Methods of representation theory Vol. I,
Wiley, 1987.

[4] M. Geck, G. Hiss, F. LUBECK, G. MALLE, AND G. PFEIFFER, CHEVIE
— A system for computing and processing generic character tables, AAECC
7 (1996), 175-210.

[6] P. GERARDIN, Weil representations associated to finite fields, J. Algebra 46
(1977), 54-101.

28



(6]

[13]

G. Hiss AND A. ZALESSKI, APPENDIX BY O. BRUNAT, The Weil-Steinberg
character of finite classical groups, Represent. Theory 13 (2009), 427-459.
V. LANDAZURI AND G. M. SEITZ, On the minimal degrees of projective
representations of the finite Chevalley groups, J. Algebra 32 (1974), 418-443.
F. LUBECK, Charaktertafeln fiir die Gruppen CSpg(¢) mit ungeradem ¢ und
Spe(q) mit geradem ¢, Dissertation, University of Heidelberg, 1993.

A. PRzYGOCHI, Schur indices of symplectic groups, Comm. Algebra 10
(1982), 279-310.

B. SRINIVASAN, The characters of the finite symplectic group Sp(4, q), Trans.
Amer. Math. Soc. 131 (1968), 488-525.

B. SRINIVASAN, Character sheaves: applications to finite groups. In: Alge-
braic groups and their generalizations: classical methods (University Park,
PA, 1991), pp. 183-194, Proc. Sympos. Pure Math., 56, Part 1, Amer. Math.
Soc., Providence, RI, 1994.

P. H. Tiep AND A. E. ZALESSKI, Some characterizations of the Weil rep-
resentations of the symplectic and unitary groups, J. Algebra 192 (1997),
130-165.

H. YAMADA, The characters of Sp,(q), q odd, Preprint.

J.A.: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AUCKLAND, PRIVATE
BAG 92019, AUCKLAND, NEW ZEALAND

G.H.: LEHRSTUHL D FUR MATHEMATIK, RWTH AACHEN UNIVERSITY, 52056
AACHEN, GERMANY

FE-mail address: J.A.: an@math.auckland.ac.nz

FE-mail address: G.H.: Gerhard.Hiss@Math.RWTH-Aachen.DE

29



