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Galois module structure, wild case .

Let p > 3 be a prime. We consider the cyclotomic extension Z)[(,2] | Z,), with
galois group G' = (Z/p?)*. Since this extension is wildly ramified, the Z,)G-module
Z ;) [Cp2] is not projective. We calculate its cohomology ring H*(G, Z ) [p2]; Z(p) ),
carrying the cup product induced by the ring structure of Z,)[(,2]. Formulated in a
somewhat greater generality, our results also apply to certain Lubin-Tate extensions.
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0 Introduction

0.1 Results
0.1.1 A cohomology ring

Suppose given a purely ramified extension T'|S of discrete valuation rings of residue char-
acteristic p > 3, with maximal ideals generated by s € S and t € T, respectively. Let
K =fracS, L =fracT, and assume L|K to be galois with Gal(L|K) = C, = (o). In par-

ticular, T'|S is wildly ramified, and so, as SPEISER remarked [29, §6], T"is not projective as

a module over SC,. We are interested in its cohomology ring H*(C,, T'; S)  Ext? s5c, (5, T),

carrying the cup product induced by multiplication on 7T

We make the assumption that vi(p) > b — b, where b L vi(t° —t) and b = pb + b
with b € [0,p — 1]. This assumption is void if K is of characteristic p. As a result, we
obtain

H*(C,.T;S)

& (W(S/5818) @ - o xiY (5/5718)) @ (X (S/5) @ - @ x((S/s2S))
® X0 (S/s"S)

o (/9@ ox (/8519 @ (X (S/s25) @ - @ X (5/5S))
& x\V(S/sbLS)

¥ -

with S-linear generators ng) € H*(C,, T;S); where the multiplication X(()Z) U — acts as a

degree shift by 2, and where multiplication of odd degree elements is given by

2041 2m+1 itk— T\ — 204+2m+2
X; Jr)UX](C +1) _ 8m7%8b+]+k 2b<b_j) 1X(() +2m-+2)

for I,m >0 and j,k € [0,p — 1] ~ {b} (4.10), where 0 denotes the Kronecker delta.



0.1.2 A reduction isomorphism

Let U|T be a further purely ramified extension of discrete valuation rings, and denote
E = fracU. Suppose E|K to be finite galois, write H = Gal(F|K), and suppose that

p p
: L] is coprime to p. So we are given K C L C FE, containin C T C U, respectively.
E:L)i ime to p. S given K C L C E, containing S C T C U tively
We have the reduction isomorphism

H*(H,U;S) ~ H*(C,,T;S)

of graded S-algebras (2.10, 3.1), thus enabling us to disregard the upper p’-part.

0.1.3 A cyclotomic example

The results apply in particular to the following situation.

QG —F
L=Q(r,) .
S e P d Qe
i gﬁf”fqi"]cp CT el K- Q)
A A o Q)

def ip"
m = I G =1 = New(Gr—1),

je[l,p—l]

cf. (5.4). In the case n = 2, we note that m = p.

0.2 Method

We reinterpret H*(C,, T'; S) oof Extse (5,T) ~ Exty,e, (T, T) by adjunction, invoking the
twisted group ring T C, O SC, which carries the multiplication (py)(r2) = (p7)(y"2),
where p,7 € C, and y, z € T. In this way, we have gained freedom in our choice of
a projective resolution — when resolving 7" over 7! C},, we are not bound to take a
projective resolution of S over SC), and to tensor it with 7! C, over SC,. The cup
product on Extge (S,T) corresponds to the Yoneda product on Exty, (T,7) (3.1).

Still, we need an interpretation of 7! C), that facilitates the Yoneda product calculation.
Rationally, there is the Wedderburn isomorphism L C, —+ Endg L = KP*?, sending

py%w» (z+ zPy). Restricting to the locally integral situation and using the resulting



Wedderburn embedding T C, % EndgT = SPP, we get a workable isomorphic copy
(T Cp)w C SP*P of T C,,.

Namely, a matrix in SP*? is contained in (7'! Cp,)w if and only if it satisfies a set of
congruences between its entries that can be deduced from the single congruence

ta Et1+b t;

see (1.19, 1.17). With this tie description of (T'! Cp)w inside SP*P at our disposal, it is
easy to calculate the cohomology ring.

In particular, we believe that it is easier to use this tie description to resolve projectively
than to work with the classical projective resolution of 7" over 71 C, . Using the latter, it
seems that at some point the operation of o on T as an element of Endg 7T, i.e. the matrix
(0)w, enters the picture; for instance, when solving equations occurring in the resolution
of cocycles (cf. 4.2). Using our tie description, we circumvent this problem by choosing
an S-linear basis of (7! G)w without specifying the coefficients of (o)w therein. So it is
no longer necessary to determine the matrix (¢)w, which, indeed, we have not been able
to control.

0.3 Known results and some historical remarks

0.3.1 Galois module structure, wild case

Let L|K be a finite galois extension with G = Gal(L|K), and let S C K be a Dedekind
domain with field of fractions K and integral closure 7" in L. Since 7" is not isomorphic to
SG as a module over SG as soon as a prime ideal of S wildly ramifies in 7', LEOPOLDT
split the galois module structure problem in two parts. If K = Q, S = Z and G is abelian,
he determined, firstly, generators for the associated order

A = {{ € KG : TEC T

secondly, he showed that 7"~ Ay x as a module over Ay i by construction of an isomor-
phism [19, Satz 6].

We recall some of the recent extensions of this result.

(1) If K =Q(¢), K € L C Q(Gnn) and S = Z[(,], then ByoTT and LETTL gave a
description of Ak and showed that 7"~ Ak [8].

(2) A1BA showed that the analogue of (1) holds in the Carlitz-Hayes function field case
if L equals the analogue of Q((,,) and if the analogue of m divides n. On the other
hand, if this divisibility condition fails, then 7" % Ak [1, th. 4].

(3) If L|K is an extension of finite extensions of Q, with L|Q, abelian, and S the
valuation ring of K, LETTL gave a description of Az x and showed that T' ~ Ay x
[20].



(4) As BYOTT observed, similar phenomena as in (2) occur for Lubin-Tate extensions
over Q, [7, th. 5.1].

(5) If L|K is an extension of finite extensions of Q,, and if G = Cj», ELDER calculated
T as a Z,G-module [13].

It is quite possible that such a description of T ~ Ak as a module over SG might
be used to calculate cohomology, and also to calculate the cup product on H*(G, T} S).
Nonetheless, generally speaking, Yoneda products are somewhat easier to calculate than
cup products.

In the case of an extension L|K of number fields, with S the ring of algebraic integers
in K and T'|S at most tamely ramified, FROHLICH conjectured a connection between the
class of T in Cl(ZG) and the Artin root numbers, which has been proven by TAYLOR;
see e.g. [31, th. 3]. The extensions of this result from the tame to the wild case start
by replacing T" by an object better suited for class group considerations, thus putting the
emphasis on the Artin root numbers; see e.g. [10, sec. 4.2].

0.3.2 Wedderburn embedding

Suppose given a Dedekind domain R and an R-order €2 which is rationally semisimple,
that is, for which Q & (frac R) ®p €2 is semisimple.

The Wedderburn embedding method consists of restricting the Wedderburn isomorphism
w from §2 to €2, and to describe the image Qw inside a product of rationally simple maximal
orders via congruences of matrix entries, called ties.

For the first time, this method surfaced in the proof of the BRAUER-NESBITT theorem, in
which the assumption of the existence of a certain non-maximal overorder of a quasiblock
is led to a contradiction [6, eq. (36)]. Here, the quasiblocks of Q are the R-orders Qe for
rational primitive central idempotents ¢ € Q.

Around the same time, HIGMAN calculated the ties for Z(C), x C,_1) with C, x C,,_1 =
{a,b : aP, b=t a® = a"), where r is a generator of F; [15]. In particular, he calculated
the hereditary quasiblock of size (p — 1) x (p — 1), which is isomorphic to the twisted
group ring Z[(,] ! Cp—1. See [26, sec. 6].

In the commutative case, descriptions of suborders via congruences have also been given
by LEOPOLDT [19, p. 125, p. 134, p. 140].

MILNOR gave a pullback description of ZC)», the iteration of which yields the ties de-
scribing this ring [3, p. 601 f.].

The first systematic study to describe Wedderburn embeddings via ties has been under-
taken by PLESKEN [24], [25], following hints of ZASSENHAUS. This has been particularly
successful when the endomorphism rings of the indecomposable projective modules of the
quasiblocks under consideration are isomorphic to the discrete valuation ring R.



We list some subsequent work related to the twisted group ring 7! G, where T|S is a
finite galois extension of discrete valuation rings with G = Gal(T|5).

(1) AUSLANDER and RiM showed that 7T'|S is tamely ramified if and only if 7! G is
hereditary [2, prop. 3.5], which in turn corresponds to an upper triangular shape of
its single quasiblock.

(2) BENZ and ZASSENHAUS showed that in the wildly ramified case the radical ideal-
isator process, started with TG, ends up with a hereditary overorder that is unique
with respect to certain conditions [5, Satz (a)].

(3) CLiFF and WEISs showed that the radical idealisator process of (2) ends up with
the unique minimal hereditary overorder of T G, they determined its shape, and
they calculated the number of steps of this process in terms of the different and the
ramification index of T|S [12]. As an example, they figured out the ties for 7 G
in the case of a wildly ramified quadratic extension [11, p. 98, 97].

(4) WINGEN calculated the ties of the associated order for G cyclic [33, p. 82].

(5) WEBER calculated the ties of 7! G in the case T = Z)[(y»], where n > 2, and
G =C, [32].
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0.6 Notations and conventions

b b
(i) Composition of maps is written on the right, TG T Exception is made for ‘standard’

maps, such as traces, characters, derivations ...
) For a,b € Z, we denote by [a,b] := {c € Z | a < ¢ < b} the integral interval.
) Given elements z,y of some set X, we let 0, , =1 in case x = y and J,, = 0 in case = # y.
(iv) Given a,b € Z, the binomial coefficient ((g) is defined to be zero unless 0 < b < a.
) If R is a discrete valuation ring with maximal ideal generated by r, we write v, (x) for the valuation

of x € R~ {0} at 7, i.e. z/r¥7(*) is a unit in R. Moreover, we let v,.(0) = +o0.

(vi) If R is a discrete valuation ring and M Lf» N an injective R-linear map between R-modules M
and N with cokernel of finite length in the sense of Jordan-Hélder, we refer to this length £5(N/M)
as the R-linear colength of M in N.

(vii) Let n > 1, let A be a ring. The ring of n x n-matrices over A is denoted by A™*™.

(viii) Given a ring A, by an A-module we mean a finitely generated right A-module, unless specified
otherwise.

(ix) Given a ring A, we denote by K~ (A) the homotopy category of complexes of A-modules bounded
to the right.

(x) Given a category C, and objects X, Y in C, we denote the set of morphisms from X to Y by
o X,Y). If C = mod-A for a ring A, we abbreviate 4(X,Y) := moaa(X,Y).

1 A twisted cyclic group ring

We give a description of a certain twisted group ring of a cyclic group as a subring of a
matrix ring. We proceed in descending generality, ending up with a complete description in
the case of a cyclic group of prime order as the galois group of a purely ramified extension
of discrete valuation rings. For an attempt in the next larger case Cp2, see appendix A.

For the sake of illustration, a continuing example is included, indicated by (cont.).

1.1 Subrings defined by derivations

Let A be aring, let I C A be an ideal. Let k > 1, let & = (2;)eq1,5 be a tuple of elements
of A and let the corresponding inner derivations be denoted by

T

J

A —
Yy B Yr; — 5y .
We note that if z;z; = z;z;, then D,, 0 Dy, = Dy, 0 Dy,

Lemma 1.1 Let h = (hj)jenn be a tuple of positive integers (the height). Let | =
(1j)jen.n be a tuple of positive integers (the length). Then the abelian subgroup

Az, h,l); = {y €A : Dlo---oD¥(y) e Tt for (i) jepn € H [0, hj]} C A

JE[LK]



s a subring of A.
Proof. Given y and z in A(z, h,l);, we need to show that the product yz is contained in
A(x,h,1)1. So suppose given (i;)jep4) € [Ljcpn [0: hy]. The term

Dy o--- 0 Dt (yz)

equals a sum over terms of type
(Di/ll 0---0 D;i(y)) . (D;/li 0-+-0 D;’;(z))

where (2});, (¢7); € [I;cn (0. hy] such that (i}); + (¢7); = (i;);; each such summand is

contained in [htFiele o

1.2 A Wedderburn embedding

Let T|S be a finite and purely ramified extension of discrete valuation rings of residue
characteristic p > 3. Let L|K be the corresponding extension of fields of fractions,
assumed to be galois with galois group G of order g. Let ¢ generate the maximal ideal of
T, let s := (—1)9"1 Ny x(t) generate the maximal ideal of S. Let

@—1

T|S = {,I'GLZTI'MK([L’T) QS} Q L

define the different ideal Dy C 7', and let Apg = Npg(Dps) € S denote the
discriminant ideal of T'|.S. Write the minimal polynomial of ¢ over K as

,uuK(X) = Xg+ Z €ij — S GS[X] .

We recall that T = S[t], that Tt = T's, that S/Ss—=>T/Tt, that p; x(X) =s X9 and
that Drs = (1 (1)) € T [28, 11186, cor. 2].

By TG = {ZpeG py, = Yy, € T} we denote the twisted group ring carrying the
multiplication induced by (py)(72) = (p7)(y"2), where p, 7 € G and y, z € T. Let =
denote the image of the Wedderburn embedding (of S-algebras)

TG 2+ EndgT =: T
y +— (y:a+—2ay)
p +— (p:zr—af)

We consider the subring

A= {fer : (Tti)fg:rtiforauz;o} cr

which contains =, i.e.
mG —=CACT,



by a slight abuse of the notation w. Since dim; L ®7 A = g, we have (r(A/tA) =
(r(A/AL) = g, and so we obtain

tA = At = {f el : (Tt)f CTt foralli >0},
which is thus an ideal of A. Moreover, note that we may write

AN ={fel : (Ttf CTt foralliec[0,g—1]}.

Remark 1.2 Using matrices with respect to the S-linear basis (t,¢!,...,t97!) of T to
represent elements of I' = Endg T, the subring A of the full matrix ring S9*9 is given by
the set of matrices with strictly lower triangular entries contained in Ss. The ideal A
is given by the set of matrices with lower triangular entries contained in S's, including
the main diagonal. In this interpretation, we shall refer to matrix positions using the
coordinates [0,g — 1] x [0,¢9 — 1].

Remark 1.3 (cf. [2, prop. 3.5]) We have g #, 0 if and only if
TG =2 = A.

In particular, in this case T is projective as a module over T ! G (cf. [17, prop. 2.4]).

Proof. By [28, IV.§2, cor. 1, cor. 3], g #, 0 is equivalent to v,(t* —t) = 1 for all
pe G~ {1}

Now by [17, Cor 2.17], the S-linear colength of = in I' is given by £s(I'/Z) = g-vs(Aris)/2.
On the other hand, ¢5(I'/A) = g(g — 1)/2. Therefore, the inclusion = C A is an equality
if and only if vi(Apig) = g — 1. But

vs(Aqis) = g7 E vi(tPh —t7) = E vi(tP —t) .
p,TiG, p€G~{1}
pFET

Example 1.4 (cont.) Let S =Z), s =3, t =m 1= (¢ — 1)(¢g " — 1), and T’ = Z3)[m2]
(cf. §5.2). Let o : g — (g, restricted from Q((g) to T. We have G = {1,0,0%} ~ C3. We
shall use the matrix interpretation explained in (1.2).

. 0 10
The Wedderburn embedding sends ¢ to ¢ = [g 9 (15}, the last row resulting from
) 170 0

t3 = 3 — 9t + 6t2. Furthermore, it sends o to & = [264 ) 411], the second row resulting

from t° = 6 — 5t + t2. In particular, t° — t = t2 — 6t + 6 has valuation 2 at ¢, so Z C A is
a proper subring, i.e. the Wedderburn embedding does not induce an isomorphism of 7! G

with A.
s 5 . . . 35 5 S
We have A = {35 S 5}7 containing ¢, and tA = At = [35 38 S ]
3535 S 3535 35
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1.3 The intermediate ring A

We assume that
b= —1l+minv(t’ —t) > 1.
peCG
For example, if G = (o) ~ C,, then b = —1 + v(t” — t) since v,(t*" —t) > v,(t” — t) for
ie€l0,g—1].
Let .
A = A((0), (9= 1), (1+D));, S A,

where k£ = 1 in the notation of (1.1). Explicitly, we have

AP = uecA : Z (=1)7 (5) Put'™ =jasmiy 0 for all i € [0,g — 1]

J€0,i]

Lemma 1.5 We have
EC A’ (cACT).

Proof. Since AP is a subring of A, it suffices to show that ¢ € AP, which follows from
i . _ . . . ,L' . . . 'i b
Di(t) = 0 for i > 1, and that p € AP for p € G, i.e. that D(p) lies in {#**DA for p € G
and ¢ € [0,g — 1]. But
0 =;(1+b)i (tp_t)l

= D) @

J€E0,i]

implies
0 Sjaemipy > (=17 (§) ()£

J€E0,d]

= ey e
J€[0,4]

- D). :

1.4 A description of AP via ties

For 1 € Z, we write
i=:giti with ¢ € [0, 9 — 1].
We note that —i = —1 —i—1, and that —i=¢g —1—1i — 1.
For i € [0,g — 1] and j > 0, we consider the element ¢, ; € A C I" defined on the S-linear
basis (t°,...,t971) of T by

(tl)e’fi’j = @Jtmslﬁ
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for € [0,g — 1]. In the interpretation of (1.2), ¢;; is the matrix with a single non-zero
entry s at position (¢, + j). The tuple (; ;)i jefo,g—1 forms an S-linear basis of A. For
instance,

[ -1
t = E €1 —S E €j€g—1,j+1 | — €g—1€g—10 € A

ie[ovg_l] je[lvg_2]

The elements p seem to be harder to describe in this manner (cf. 1.4). In case G = Cj, we
shall circumvent this problem by giving a S-linear basis of Z without giving the transition
matrix from the ‘initial’ S-linear basis (/67); jej,g—1] of E to it. To do so, we use a
description of Z by congruences, or ties, between the coefficients with respect to the (e; ;)i ;-
basis of A.

Lemma 1.6 Fori,i' € [0,g — 1] and j,7" > 0, we obtain

€ij€itjt = Op 775 j+5' -

Proof. This follows by evaluation on t for [ € [0, g — 1]. 0

Let

7}' = Z Ei1 e A.

1€[0,9—1]

Lemma 1.7 For j > 0, we obtain

Z'f.j = Z 51'7]‘ .

1€[0,9—1]
Proof. This follows using induction on j together with (1.6). o

Lemma 1.8 We have tA = At = tA = At . An S-linear basis of t*A for k > 0 is
given by

(S_Mei,j )i,je [0,9—-1] -

Proof. To see this, we may use the matrix interpretation of (1.2). g
Assumption 1.9 Assume that vs(e;) > 1+b—0b+j for j€[1,g—1].

For example, if b = 1, then the assumption (1.9) reads e; € Ss? for j € [1,¢9 — 2] and
eg—1 € Ss.
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Lemma 1.10 Assuming (1.9), we get t —1 € #'T0-DA

Proof. We have t — t = €g-189-10+ 7" Zje[l,ng] ej€g-1,j+1. Thus, by (1.8), we need to
prove the inequalities

ve(ej)) =2 —(G+1)—(1Q+blg—1)4+1 = 1+b—j+b for j€[1,9 — 2]
Vs(eg1) = —0—(1+0b(g—1)) = 14+b—(g—1)+b,
which in turn have been assumed in (1.9). o

Using (1.10), we are in position to substitute ¢ by # in the construction of the subring AP.

Lemma 1.11 Assume (1.9). Given v > 0, we obtain

—
~

t.WAD - th((t)v (g - 1)7 (1 + b))fA

—~
N

= u€e N : Z (—1)h (,ll) thut!=" =;+ni+vp 0 for all [ € [O,g - 1]
he(o,]]

—~
=

= {ucA: Z (=)™ (1) thut"™" =ja a0y 0 for all 1 € [0, g — 1]
helo,]]

= PA((D), (9= 1), (141), -

—~
N

Proof. Equation (1) follows by definition of AP. Let us prove (3). First, we remark that
for i > 0, (1.10, 1.8) give

tl =fi+b(g—1) A tl t =itb(g—1)A """ =fi+bg-1)A tl .

Now, both sets are subsets of {YA = t7A, as we see by putting [ = 0. So suppose given
u € YA = 7A. Using (1.10, 1.8) we obtain

th, Jl—h vh, jl—h — vh, 31—h
t"ut :i’l«‘rb(gfl)«}»'yAt ut :i’l+b(g—1)+wAt ut .

for0<h<l<g—1 Sincel+0blg—1)+7v = (1+b)l +~, this shows (3). Let us
prove (4). Again, both sides are contained in ¥”A. So if v € A, then ¢7v is in the right
hand side of (4) if and only if v € A ((£), (g — 1), (1 +b));,, for multiplication with ¢ is
injective. This in turn is the case if and only if 7v is contained in the left hand side of
(4), again by injectivity of the multiplication with ¢. This proves (4). The argument for
(2) is analogous. -

Lemma 1.12 For x,y € Z with y coprime to g, we obtain

z+iy = g Z (e+iy)— (x+iy) = z+(g—1D(y—1)/2.
i€[0,9—1] i€[0,9—1]
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Now we shall give a description of AP via ties; that is, we give certain congruences between
the coefficients with respect to the S-linear e-basis of A that are necessary, and, taken
together, also sufficient for an element of A to lie in AP. Necessity will follow from (1.5),

whereas sufficiency needs a comparison of colengths.

Lemma 1.13 Assume (1.9). Given v > 0, we get

AP = { Z a; ;€ @ a;; €5 , andforall 4,5, €[0,g — 1], we have

i)je [0)9_1]

vol D0 (=" (1) army | = 1+bl—j—1+7}

he0,]

c A.

Proof. The Ith condition of (1.11) (I € [0,¢g—1]) for an element u =
(a;; € S) to lie in 7AP reads

ijel0,9—1] Q; ;€4 € A
0 Sjarria Doneog oijeog1(—1 h(}ll) P et

(L7)

- Zhe[o ] Z 1,5, 3" €[0,9— 1] 1)
ZhE[O ] Z 1,5,¢ 3" €[0,9— 1] 1>h
o h
- Z]z 6[079 1 (ZhE[O l] (

t
l
(h) Q;5€i hEijE€i 1—h
(16) z
- (h) a%] i,i/+h z” K +h+g€l' I+j
) Grgn ) i

For a € S and k > 0, the element ag; ; is contained in t*A if and only if ve(a) = —j— k
(cf. 1.8). Thus we obtain the set of conditions

(*i0) vl DD (h)army | = —(=bl4i—q) = 1+b—j—1+7
helo,l]
for i,j,1 € [0,g — 1], as claimed. 5

1.5 The cyclic case of order p

As we have seen, in general we have an inclusion T ! G == C AP, and we dispose of a
workable description of AP. Now we shall consider a case in which this inclusion will turn

out to be an equality.

Consider the case g = p, i.e. assume G = (o) = C, to be of order equal to the residue
characteristic p of S. Note that then b = —1+4v;(t” —t), and recall that we have stipulated
b>1.
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Remark 1.14 We have

Vt(®T|s) = VS(AT|S) = p_th | | (tp_tT> =V | | (tp—t) = (p—l)(H—b)
P, TiG , pEG~{1}
pFET

(cf. [28, V.83, lem. 3]).

Remark 1.15 In the present case G = C,,, assumption (1.9) is fulfilled.
Proof. Since D5 = (14 ;¢ (t)), (1.14) implies in particular that
0 ) = e e YD et
.je[lvp_l}

i.e. that vi(e;) > (p—1)(1 +0b) — (j — 1) for j € [1,p — 1], for the valuations of the
summands are pairwise different. But since e; € S, this implies

vi(ej) = DA+ -G -D+p-1) = 1+b-b+j

for j € [1,p — 1], and thus, assumption (1.9) is fulfilled. o

Lemma 1.16 Suppose given ay, ..., = 0. Consider the S-linear submodule

M = {(azh)he[07p,1] € SP . forall € [0,p — 1], we have vy (Zhe[o,z](_l)h (flb) xh> > al}
c sP.

i

An S-linear basis of M is given by the tuple ((sal (l))iG[OvP*U)ZG[o I

Proof. Let M be the S-linear submodule of SP spanned by ((s2 (}))icop-1))

I'el0,p—1]"
Since
St (s (F) = (<1 s
hel0,]]
for 1,I' € [0,p — 1], we have M C M. The S-linear colength of M in S” is given by
Zle[o,pq] oy, and so is the colength of M. Hence M = M. o

Proposition 1.17 Suppose given v = 0 such that vs(p) = b—b—~ . Then

AP = { Z a;;€ij  a;; €S , and forall j,l €[0,p— 1], we have

i’je [0,])—1]

Vi Z(—l)h(fl)ah,j >1+bl—j—1+”y}

he0,]

N
-
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An S-linear basis of t7AP is given by

(:ul(:yj)>l,j€[0,p—1] = | gttbizizlty Z (;) €

i€[0,p—1] 1,5 €[0,p—1]

The according basis of A° will also be written (p )1, := (Nz(,oj))l,j- The S-linear colength
of AP in A is given by bp(p — 1) /2.

Proof. Comparing with (1.13), we have to show the redundancy of the conditions (x; ;)
fori € [1,p—1], 4,1 € [0,p — 1]. First of all, we have (—1)" (pgl) = 1+bp-1-j-11, 1 for
h € [0,p — 1], since this holds modulo p. Hence the validity of (*;;,-1) is independent of
i € [0,p—1]. By downwards induction on [ € [0, p—2], forming the difference, equivalence
of (%;;,) and (*;41,;) ensues from (; j;41), where ¢ € [0,p — 2].

Now (1.16), applied to a fixed j € [0,p — 1], yields the S-linear basis as claimed. The
colength of AP in A is given by

(1.12)

Zl6[07p—1] ng[o,p_u(l +hl—j—1) P’ + Zle[O,p—l](bl —p)

= bp(p—1)/2. o

Remark 1.18 In (1.17), we can as well fix any m € [0,p — 1] and impose (k, ;) on
elements of A for j,I € [0,p — 1] to describe t7AP inside. Accordingly, we obtain an
S-linear basis (s' == 57 (1) g of A,

Theorem 1.19 Recall that we assume b= —1+v,(t” —t) > 1, where C, = (o). Suppose
in addition that v¢(p) > b —b.

The Wedderburn embedding factors over the S-algebra isomorphism

| T2C, SN CACT |,

Proof. By (1.5), it suffices to show that the S-linear colengths of (7! G)w = = and of AP
in A are equal. The colength of A in I' equals p(p — 1)/2, so that, by (1.17), the colength
of AP in T equals (1 + b)p(p — 1)/2. On the other hand, by [17, cor. 2.17], the colength

of Zin I equals pv,(Arps)/2 (1Y p(L+b)(p—1)/2. o
.70 10 . 010
Example 1.20 (cont.) We have t = [g 0 é} and t = [386}.

We have g = p = 3 and b = 1. Since u;,q(X) = X — 6X% + 9X — 3, assumption (1.9) is
. . [0 00
satisfied, in accordance with (1.15). Consequently, we have t — ¢ = {8 9 g} € 3A (cf. 1.10).
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If v <1, then 1 =vs(p) >b—b—~ =1, and so (1.17) can be applied to give

Z(‘g)[ﬂ'g] 203 = TZC?,
w
— AP
@o,0 @o,1 40,2
= { [3‘11,2[‘11,0‘11,1} : a00€305, CL()O—(110€31S7 a00—2a10+a20€315;
3a2,1 3(12_’2 azo 3 s ) 5 s 3
ap,1 € 305, ap,1 —a11 € 305, ap,1 — 2@171 +az1 € 315;
ap,2 € 305, ap,2 —a12 € 3087 ap,2 — 2(11,2 +az9 € 305; }
@p,0 @o,1 40,2
= 3a12 aroa11| 1 agp =3 a1,0 =3 G2,0; Qo1+ a11+ a1 =30
3012,1 3(12,2 azo 3 5 s s 3 s
C S3><3 ;

00
-5 1} € AP, as expected. Similarly,

1
where S = Z3). In particular, we have ¢ = [ 6
24 —214

sats atvoars | : 318, ag, — 315, ag, — 2 3LS;
3a1,2 @1,0011 | : ap,0 € , 0,0 —a1,0 € , 40,0 ajo+azo € ;
3(12,1 301212 azo 3 s s 3 s )
ap1 € 305, ap,1 —a1,1 € 315, ap,1 — 2(11,1 + az1 € 315;
ap2 € 305, ap2 —a12 € 305, ap,2 — 2@1’2 +ag2 € 315; }

iAP

3a0,0 _ao,1 ao,2

= { [3a1,23a1,0 a1,1:| : ap1 =3 Q1,1 =3 0a2.1; a02+a12—|—a22£30}
3az,1 3az 2 3az,0 ’ ’ ’ ’ ’ ’

C 533,

Example 1.21 Suppose that S contains a primitive p-th root of unity ¢, (so in particular,
char K = 0). Let T := S[¢/s] and t := ¢/s, i.e. let uy x(X) = XP —s. Then L|K is galois
with galois group C),, and we have

b= 14vliG 1) = pvi(l-G) = Lo vil)

ie. vs(p) = b— b, so that (1.19) may be applied.

Corollary 1.22 Suppose given two discrete valuation rings T and T over S with T|S
and T'|S both purely ramified and galois with galois group C,. Suppose that

vs(Aris) = Vi(Ars) < pvs(p) +p—1.

Then
TC, ~ T C,

as S-algebras.

Proof. Since vy(Aqis) = (p— 1)(b+ 1) by (1.14), similarly for 7", and since A° depends
only on S and b (cf. 1.17), we may conclude

(1.19) 1.19)

0, "X L o

Example 1.23 (cont.) Let S = Z3), T = Z)[n2] and let T" = S[t'] with py x(X) =
X? 4+ 3X? — 18X 448 [16]. Then Apig = Apg = Ss*, whence T C3 ~ T71 C5 by (1.22).
The fields of fractions of T' and 7", however, are not isomorphic.
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2 Nebe decomposition

The purpose of this section is, translated to the basic example Z,2)[(2]|Z(p), the reduction
of the cohomology calculation from the galois group C, x C,_; to its quotient C,,, being

the galois group of a subextension.

2.1 A block decomposition

Let T|S and U|T be finite purely ramified extensions of discrete valuation rings with
maximal ideals generated by s € S, t € T and u € U, respectively. Let K = frac.S,
L = fracT and FE = frac U, and suppose that F|K is galois with galois group H, and that
L|K is galois with galois group G. In particular, if

is short exact, then E|L is galois with galois group N. Denote h := |H|, g := |G| and
n = |NJ|, so h = gn.

The situation can be depicted as follows.

uwelU

te’T

/

se S

Suppose given an S-linear submodule V' of U spanned by a T-linear basis of U, i.e. such
that T ®gV —» U,  ® y — zy. In general, V is not a subring of U. We write

r = Endg U
I = EndgT
I = EndpU
't = EndgV .

Here we change our notation slightly in that the ring Endg 7', which has previously been
denoted by I', is now denoted by I". Similarly, we denote the Wedderburn embeddings
by

UH & T

w/

TG < I

w//

U'N & 17,
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again switching notation from what has been denoted by w to w’. Accordingly, we denote
the images by

= (UlH)w

= (T1G)
"= (UIN)w"

<

=

(1] [1] [1]

Usage of the notation I, w’, Z' pertains only to the present §2, in which we consider the
passage from U H to T G.

Note that we have an isomorphism of S-algebras

I’ KRg Fg — Ends<T KRg V) =~ T
a @ [y — (zQyr——za®yb)
" — oy,

denoted by I'" ®¢ I']) é» I'. Moreover, we have an isomorphism of T-algebras

T ©s I = Endp(T ©g V) == IV
1 ® By +— 1 @ By +— ¢ H1®pb)e,

which shall be denoted by T ®g I'j s Thus, we have an S-linear isomorphism

IerI” 2 IMe,Tesll < 'egll -2 T,

denoted by 5
F/ QT F// —~ r.
Lemma 2.1 If (x1,...,2,) is an S-linear basis of T, and (y1,...,yn) is a T-linear basis

of U lying in 'V, and given o € I and § € I'", then (o ® B)¥ sends x;y; to (z,a)(y;3),
where i € [1,¢], j € [1,n].

Proof. By T-bilinearity we may assume that 5 = (1 ® o)y with Gy € I'j, in which case
the assertion follows by construction. o

We use 9 for a transport of the S-algebra-structure from I' to IV @7 I'"; i.e. given 1,72 €
I"@r I, we let

nee = (o) - ()9,
so that ¥ becomes an isomorphism of S-algebras.
Now we choose V' to be the S-linear span of (u°,...,u"" ') in U. Let

N = el " eUuf fork>0} C 17,

which is a sub-T-algebra.
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Lemma 2.2 The S-linear submodule =' @7 A" C TV @7 1" is a sub-S-algebra.

Proof. Given k,l € [0,n—1], we let e}, € I be defined by w/e},; = 9; zu! for j € [0,n—1].
Then

(x) EorA = Y Gu@el & eT for k<1, &, €i= for k> 1

k,le[0,n—1]

Since we can write ey ; = (1®ey ,.0)1 with e}, € 'y, i.e. since €] ; restricts to an S-linear
endomorphism of V', multiplication of elements written in the form as in (x) is given by

(5/ ® e;cl,l)(él ® e/]}/,f) (6 € ) ( k l)

where {, § € Z and k, I, k, I € [0,n—1]. Nowif k > [ and [ = &, then k > [ or
k > [, hence ¢'¢ e =, Therefore, the S-linear submodule =" ®1 A” is closed under
multiplication. o

Lemma 2.3 We have Z9~ ' C Z @7 A .

Proof. Since =/ @ A" is a sub-S-algebra of IV @¢ I' (2.2), it suffices to show that
uwd™! € 2’ @ A" and that pwd™ € 2 @7 A" for p € H.

We have (1 ® uw”)¥ = uw by (2.1), hence uwd—! € Z' @1 A”.

Suppose given p € H. Let (z1,...,2,) be an S-linear basis of 7. The element z;u’ is
sent to £ (u”)? by pw, where i € [1,g], j € [0,n — 1] (2.1). The element of I determined
by z;— 2! is just pw’, which is in Z’. The element of I determined by w/ = (uf)? is
contained in A”. The tensor product of these elements is thus contained in =’ ® A”, as
was to be shown. o

Remark 2.4 In general, the element v/ — (u”)?, where j € [0,n — 1], is not contained in
= since p need not be in N.

By (2.2, 2.3), we have a commutative diagram of S-algebras

I’ @p T i T
= o A0 =

Proposition 2.5 Ifn #, 0, then

=9 = 2 er A
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In other words, the Wedderburn embedding U ! H T factors as
UrH % ZerAN oo T'epl” 2T

The tensor product Z' ®@¢ A” is called the Nebe decomposition of U H.
Proof. First, we remark that if n #, 0, then =" = A” by (1.3).

We need to show that the S-linear colengths coincide. By [17, cor. 2.17], the colength of
= C T equals

th(AU|S)/2 = hVu(©U|S)/2 = hVu(®U|T©T\S)/2 = h(n—l)/2+th5(AT|S)/2.

On the other hand, by [17, cor. 2.17], the colength of the composite embedding
ZRr N CTV@r N C TV @1 I equals

(9vs(Aris)/2) -n*+g-n(n—1)/2 = hnvy(Aps)/2+h(n—1)/2. .

Example 2.6 (cont.) Let S = Z), s = 3, T = Z)[m], t = m, U = Z)[(s],
u = (32 — 1, so that H = (Z/3%)* ~ C3 x Oy, G = C3 and N = Co. We use the
S-linear basis (u°,u') of V and the S-linear basis (t°,t!,t?) of T, and thus the S-linear
basis (u%, ut, u%t?, ult® ult! u't?) of U. By (2.5) and using (*), the Wedderburn de-
scriptions of =/ and #Z’ obtained in (1.20) can be inserted as blocks into

U'H —» = =

@0,0;0,0 =3 @0,0;1,0 =3 @0,0;2,0;
a0,0,0,1 + @0,0;1,1 + @0,0;2,1 =3 0;

@0,0;0,0 @0,0;0,1 @0,0;0,2| @0,1;0,0 @0,1;0,1 @0,1;0,2

@0,1;0,0 =3 @0,1;1,0 =3 10,1;2,0,
@0,1;01 + @o,1;1,1 + @0,1;2,1 =3 0;

Lyt

3ap,0;1,2 @0,0;1,0 @0,0;1,1]3@0,1;1,2 @0,1;1,0 @0,1;1,1

3a0,0;2,1 320,0;2,2  @0,0;2,0[300,1;2,1 3G0,1;2,2 @0,1;2,0

3a1,1;0,0 @1,1;0,1 @1,1;0,2| @1,0;0,0 @1,050,1 G1,0;0,2 @1,0;0,0 =3 1,0;1,0 =3 11,0;2,0

3a1,01,2 41,011,0 41,01,1 a1,0,0,1 + a1,0;1,1 + a1,0,2,1 =3 0;

3a1,1;1,2 3a1,1;1,0 @1,151,1

3a1,1;2,1 3a1,1;2,2 3a1,1;2,0|3a1,0;2,1 3@1,0;2,2 @1,0;2,0

a1,1;0,1 =3 a1,1;1,1 =3 @1,1;2,1,
a1,1,02 +ai1;1,2 +ai;22 =30

Lyt 144

—— — =~

C (SS><3)2><2 .

2.2 A reduction isomorphism

We maintain the notation of §2.1, having chosen V = S(u, ... u" ') C U.

Definition 2.7 Given a =Z'-module Y, the S-module Y ®¢ U decomposes into a direct
sum A
YeorU= @ veu,

j€l0,n—1]
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so that we may endow it with the structure of a =’ @ A”-module by means of
(y@u)(€ ®ef)) = y&' @ Oy,
where y € Y, & € 2/, 5, k,1 € [0,n — 1], ¢ € {Zif k > [, and where ey, is as in (x) above.

More naturally explained, we use the isomorphism Y ®7 U ~ Y ®g V to transport the
structure of an =’ ®g¢ I'j-module from Y ®g V to Y ®7 U. Restricting the S-algebra
isomorphism IV ®g I'f =~T1" @7 I'" to =/ ®g I'j =+ =" @1 I, we obtain on Y ®¢ U the
structure of a =’ ®¢ I'-module, which we restrict to =2’ ®¢ A”. This also shows how the
= ®7 A”-module structure on Y ®7 U depends on the choice of V.

We obtain an exact functor

mod-= TECETY) mod-(Z' @r A”)

Y-5Y) —— (YorU 2 YerU).

Lemma 2.8 The functor F' maps projective ='-modules to projective Z' @7 A”"-modules.
Moreover, F' is full and faithful.

Proof. To show that FZ' is projective over =’ @7 A”, we remark that

== TarU = (196 e )
ouw — e,

where j € [0,n — 1], is an isomorphism of =’ ®¢ A”-modules.

We shall prove that F'is full and faithful. Given Y7, Y5 € mod-Z', we claim that

F
=(Y1,Y2) — =gl FY1, FYs)

is an isomorphism. Using a two-step free resolution of ¥; and exactness of F', we may
assume that Y7 = Z/. Likewise, using projectivity of F'=' and a two-step free resolution
of Y5, we may assume Y, = Z'. But in this case, we have an isomorphism

L (EZE) S e FELFE) = (1@ 6))(E @r A)(1@ ef)

§ — & (=) — (el (-) — £ ®eqy

Lemma 2.9 There is an isomorphism
Ext*(F)

EXtE/ (T, T) = EXt*E’®TA’/ (U, U)

of graded S-algebras with respect to the Yoneda product, where U is a Z' @ AN’-module
via U ~T rU = FT.

Proof. Since F' preserves projectivity (2.8), we may apply F to a projective resolution of
T to obtain a projective resolution of U, and use this resolution to calculate Exty,; (U, U).
Application of F' to morphisms of complexes modulo homotopy now yields the morphism
of graded S-algebras Ext™(F'). But since F' is full and faithful (2.8), this map is an
isomorphism. o
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Proposition 2.10 Ifn #, 0, then
Extig(T,7) = Extiy(U,U)

as graded S-algebras.

Proof. By (2.5), we have 2/ ®@r A" ~ =~ UV H. So (2.9) gives the assertion, provided the
module structures of Z'®@7 A" and of UtH on U coincide. Suppose given {'®ey, € Z'@7A”,
¢eZ k1 e0,n—1]. Let (x1,...,2,) be an S-linear basis of 7.

In the interpretation U ~ T @7y U = FT, we have (z; ® v/ )(£' ® el ) = (1) ® (9 u =
@ (2:6")(0;xu') by definition of F.

On the other hand, by (2.1), the element £’ ®@ej;; is mapped via ¥ to the element in I' that
maps 2w to (2,£')(9;,u'). So after identifying T'®7 U ~ U, the operations coincide. o

Example 2.11 (cont.) We have

Extz , (con(Csxca) (D) G2 Zs)[Ca2]) = Exty o, (Zs)[m], Zs [m2])

as graded Zs)-algebras.

3 Cup product and Yoneda product coincide

In this section, we let T" be a commutative ring, we let G be a group acting on T via
a group morphism G — Aut,ing T', and define S := Fixg T to be the fixed ring of this
operation. We assume that T is a free module over S.

We consider the twisted group ring 7! G with respect to this operation, which is an
S-algebra.

We write ® := ®g. Let

ds

Pi=(- Bo5G® ogger B 960l g )

degree 0

denote the bar resolution, which is a projective resolution of the trivial module S over
SG. The differential is given by

sgeit e gge
g, Z 9[0 i~{1}

1€[0,1]

where 7 > 1, and where we write shorthand

ga = Ya, ®ga2®"'®gak7
for A C Z, where k := #A < oo, where a; € A and g,, € G for i € [1,k], and where

d . .
ay < ay < -+ < ag. Let SG—> S denote the augmentation map, sending each element
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of G to 1€ S. We have a quasiisomorphism P o, S, where S is regarded as a complex
concentrated in degree 0 and where d; also denotes the morphism of complexes given by
dy in degree 0.

Let
Mod-SG  — Mod-(T" G)
M +—— LM = M®sqgT!G
Mod-SG  «— Mod-(T" G)
N|SG =: RN «— N.

Then L is left adjoint to R, with adjunction morphisms denoted by

LRN ™ N counit
nr +—» nx
RLM <M M unit
m®x1 <~— m

We note that T' ~ LS, by means of t+——1® x, 29+~—1®xg, v € T, g € G, which we
use as identification. Since T'?! G is free as a module over SG, both R and L are exact.
To complexes, R and L are applied entrywise. So for instance, RLS is the complex of
SG-modules having entry 7" in degree 0 and entry 0 elsewhere.

We use the description
Exty(T,T) = k- (ne(LP, LPli])

where [i] denotes the shift of complexes by ¢ steps to the left, i.e. (X[i]); :== X,_;, where
i >0, j € Z. Suppose given u € - (ne(LP, LP[i]), v € k- (ne(LP, LP[j]), for some
degrees i, 5 > 0. The Yoneda product u - v is given as the composite

v[i]

(LP X~ LP[i+j]) = (LP—~LP[li] =~ LPli+j]) € k- e\ LP, LP[i + j]) .

It turns Extf,o (T, T) into a graded S-algebra.
Moreover, we use the description of the cohomology of G with coefficients in 7" over the
ground ring S

H'(G,T;S) := Ext4;(S.T) = x-(se(P,RLS[i]) = H(CP),

where ¢ > 0, and where C' : Mod- SG — Mod- S : X —— s(X,T) is applied entrywise to

complexes. For a morphism f, we denote f* := C'f. Let Z'(CP) := Kern(CP, %y CP;iq)
denote the S-module of i-cocycles.

We will also make use of the alternative interpretation

H(G,T;8) = x-(so(P, RLS[i]) <= x-(saf P, RLP[i])
w(RLdo[i]) ~— wu.
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Given a € CP, = 3(SG®*T,T), b € CP; = s(SG®*1,T), for some degrees i,j > 0,
their cup product a Ub € CPj = so(SG® T+ T) is defined by

(9p0,i49)(@UD) == (go,i)a - (gfi,i+4)b »
where g, € G for [ € [0,7 + j]. Because of the Leibniz rule

(aUb)di;,, = (—1)(ad;;; Ub) + (aU bdj )
the cup product restricts to Z(CP) x Z'(CP) N 7" (CP) and induces a map
H (G, T;S) x H(G, T;S) — H*Y(G,T;8) .

Given cocycles a € Z'(CP), b € Z/(CP), where i,j > 0, we let ¢,y € CP;y; 1 be defined
by
hioivi—1)Cap = Z <_1)m(i+j71)(h[m,m+i])a' (Pimtiivi—1) @ hom)b

mel0,j—1]
where hy € G for [ € [0,i + j — 1]. We obtain
(9043 (Capdis;) = G010 Giiiri)b — (1) g0 - gpjaga

whence a Ub = (—1)Y b U a as elements of H (G, T;S). Thus the cup product turns
H*(G,T;S) into a graded commutative S-algebra.

The following proposition we owe to B. KELLER.

Proposition 3.1 The isomorphism A~k of graded S-modules, given by

K

(G T S) <— K- (SG (P RLP[*]) — K—(ng)(LP, LP[*]) = EXt;ZG<T, T)
u > (Lu)(nLP[x])
(eP)(Ru) ~— ',

1s in fact an isomorphism of graded S-algebras, with respect to the cup product on
H*(G,T;S) and with respect to the Yoneda product on Exty,(T,T).

In particular, Extp,o(T,T) is a graded commutative S-algebra.
Note that HY(G, T; S) ~ Hompg(T,T) ~ S as S-algebras.
Proof. Given u € k- (s¢(P, RLP[i]), v € k-(sc(P, RLP[j]), where i,j > 0, we calculate

(ur) - (wr))r~t = ((Lu) (g LPE) (Lol (L Pl + j]) )
(eP)(RLu)(RnLP[i])(RLv[i)) (RnLP[i + j])
= w(RLv[i])(RnLP[i + j]) .

Now suppose given a € Z'(CP), b € Z/(CP). Letting Py, Gt RLP, be defined by

(90,i+1) @it = (—1)ilg[o,l] ® (gpitna)



where [ >

that is mapped by A to P — RLS[i]. Hence

1.e.

4.0

(((a)\ ) - (bxlf;))ma)

)
g[mm((( K) - (b)) 1A
o >az+J<RLb J(ROL(SG))(RLdoli + j))
1) (g0 © (913450)(RLb;) (RN L(SG)) (RLdoi + j])
1) (g ® (g0.18) © (110 (BN L(SG)) (R Lo + 5])
( j

]
)(
)(
1)@(9 (9[0,3 b)- (g JlJrj]a)) RLdy[i + j])
)(
)(

0®
0 &®

—1)¥ 910.410) - (9j.i+510)
—1)7 9o, l+j])(bua) )

(aX'k) - (DA 'R) = (aUb)A!

Remark 3.2 The graded commutativity of Ext7, (T, T) can also be obtained by [30, 2.1].

Cohomology

A classical approach

Example 4.1 We shall calculate the cohomology directly in an example, still disregarding

the cup product, however.
P

Let m2 = [L;ep1p-1)(Ge — 1), cf. §5.2 below. Let

S
T

Zp) K
Zplm], L

Q,
Q(m2) .

Then G = C}, = (o), where ¢ is the restriction to Q(m2) to the automorphism (2 C1+p

of Q((p2). Let e := 1 ZgG[O,pfl] oJ € QG. We have a split short exact sequence of
SG-modules

O—M —T — S —0
r > xe
y 1y,

which is welldefined since Trp g (x) is divisible by p for all € T because T'|S is wildly
ramified.

Now M is an SG(1 — e)-lattice of rank rkg M = p — 1. Since SG(1 — e) is isomorphic to
S[¢p) via (1 — e) ==, as an S-algebra, we have M ~ SG(1 — e). Using the 2-periodic
projective resolution

b a b
- — S5G — SG — SG — 0

25

0 and g5 € G for k: € [0,i41], we obtain a morphism of complexes P — RLP]i]



of S, where @ : 1+——pe and b: 1—— o — 1, we obtain

Hi(G,T;S) =~ HI/(G,SGe® SG(1—e);S)
~ HI(G,S5GeS) oW (G, SG(1 - e); S)

0 jodd .
F, j>2even @{gp ?Zdjn}
S j=0 J ev
F, j>1
S j=0
as an S-module. This will be confirmed by (4.6, 5.4) below, since H (G, T; S) ~ EXt%ZG(T7 T)
by adjunction.

2

R

12

Remark 4.2 We attempt to explain why in the case of a cyclic galois group, and in presence
of a classical periodic resolution, the description in (1.19) is actually useful to calculate
products in cohomology.

For the purpose of this remark, let G = (|07 = 1) be a cyclic group of order g > 1 acting
on the discrete valuation ring T, let S = FixgT be the fixed ring in 7" under G, and let
L =fracT, K =fracS. Let

@o

mG — TG : 1 b+ (Ziez/gai)

e P T i1 e (0-1)
TG =% T Sl o 1

be T G-linear maps. We obtain a periodic projective resolution of period 2

« B [ B
Py=| — T1G —>T1G —>T1G —>T1G —> TG —0— - |,
——
degree 0

mapping quasiisomorphically to T via g in degree 0 since the image of g is isomorphic to
T via T —> Imag, x> 3 ;c7,,0'c. So we have

RHomp,(T,T) =

Trp|x 27— <+ Trp|x 27— <+
T T T

degree 0

whence for instance Extp,(T,7) ~ {x € T : Trpr(z) = 0}/{y" —y : y € T}, or
Ext?sz(T, T) ~ S/ Trr,k(T). Suppose given an element of, say, Ext;lpZG(T, T), represented
by an element e € T with trace 0. To apply Yoneda multiplication, we need to represent it as
an element of k- (1q)(Fo, Po[1]). Let us consider the necessary construction of a morphism
of complexes. We attempt to construct a periodic resolution of e with period 2. If in odd
degrees, the morphism of complexes is given by 1+ 3", _, /g o'x;, and in even degrees > 2
by 1 +—— Ziez/g o'y;, where z;, y; € T, then these coefficients are subject to the following
conditions.
YT = e

(s 0'z:) (35 07) (0 =D o)
o)) = (Eio'yi)(o—1),

26



27

i.e.
2T = e
Ditjzgk = yp1—ye forallkeZ/g
e = yJ -y, forallkeZ/g.

As far as we can see, solving this system requires knowledge of the operation of ¢ on T in
terms of an S-linear basis of 7. Cf. e.g. (1.4) or appendix A.2.

4.1 A projective resolution

We maintain the notation and assumptions of §1.5. In particular, G = C, = (o) is cyclic
of order equal to the residue characteristic p of S, and b = —1+v;(t” —t) > 1. To dispose
of the equality Z = AP, we assume that v,(p) > b— b (1.19).

Let
= 4 201 iy 1pp = 5" g,
= LR = I — 3 = st Zie[o,p—l] €5
= XA T 01— for k € [0,p — 1]

be E-linear maps (cf. 1.17). Here iy 1p 518 a ‘shifted version’ of Ky 1p b (cf. 1.18).

Proposition 4.3 The complex of =-linear maps
IB o4 ,8 [e% ﬂ a

—. —_ —_ —_ —_
— — — — —
R R e U T L

periodic of period 2, is acyclic. The image of « is isomorphic to T as a module over =;
more precisely, we have a factorization

(E-%2) = E5%T—5),

with xo surjective and T — = injective.

Denote by
- a - B - — =
P=((+—=Z2—2Z—Z —0— )€ K (5
degree 0

the resulting projective resolution of 7.

Proof. We claim exactness of 2 —» = o= To prove that a6 = 0, we calculate

_ Y | o
HipHp—1p-5 = S Zie[o,pq]“i,bfb,p—b

(16) 4 4 .
= ST Y icp-1 055 i
= 0.
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Now, let B C A be the kernel of the A-linear map A — A, 1+ p,3. To prove that
Ima = Kernf3, we shall show that the S-linear colengths of both submodules in B
coincide. For j, k € [0,p — 1], we have

b P
8 Zie[o,p—l] L& pEhk

b
S Zie[Op 1] 10,755 i pd

Kipik =
(L6)
= sty bg; bk+b

and thus B has the S-linear basis (e )rejop—1)- By (1.17), an element >, o 1 Z4py,
where z, € S, is in = if and only if

vs(zg) =2 1+bp—1)—k—1

for k € [0,p — 1]. By (1.12), we obtain the colength of Kern in B to be equal to
> keiop-1(1+0(p—1) —k—1) =b(p — 1). On the other hand we obtain

c:-
o'
+
E
k\
,_.
N
m
O
—~
~c. e~
~—
&
=]
™
>
<
+
)i
>

-5
gforl—OandjE[Ob 1]
for | =0and j € [b,p— 1]
forie[l,p—1],

where [, j € [0, p—1], whence the colength of Im a in B equals (b—b—1)p+(p—b) = b(p—1),
too. Thus Im a = Kern .

Moreover, since

tjxo = st DI (i) t%i,
= é%ﬂtja

where [, j € [0,p — 1], the E-linear isomorphism

T = =«
j b—b—1
o ST b

yields the commutativity

We claim exactness of = N ) To prove that Sa = 0, we calculate

~ P . | .
Bp1p—ptip = S ZiE[Op 1] %bp—5Eib

(1.6)
bt E:zeﬂ)p 1]26%()8bp

=)

S
0.
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Now, let A C A be the kernel of the A-linear map A — A, 1+, , , 3. To prove
that Im 8 = Kern a, we shall show that the S-linear colengths of both submodules in A
coincide. For j, k € [0,p — 1], we have

b (1.6) b
g = 87 155,p—5€j,k = "0y Ebp—b+k

and therefore A has the S-linear basis (¢;x)jeq1,p-1), kepop-1]- By (1.17), Kerna = 2N A

has the S-linear basis (tu;)icp p—1], jejop—1), Whence the colength of Kerna in A equals

bp(p —1)/2 (cf. pf. of 1.17). On the other hand, using the S-linear basis

s Z (]lg)gk+b+1,j

kef0,p—1] 1,j€[0,p—1]

of = (1.18), we obtain

14bl—j—1
(5 72% [0,p—1] 5k+b+1,j>

_ Sb—i—l-i—bl—]—l Z

k
i€[0,p—1] Zke[o,p 1]Z l>5zb5k+b+1]
k
!

) gbrlablojo1 yn

i€[0,p—1] Zke[Op 1]2( ) FAb+1,i4b Ci bt
+

b+14bl—j—1 - i1
S 7216[14—1;0 1}Z< ! ) Cibtj
o 1Hbl—j—1+b+j Z

—1
i€[l+1,p—1] U ( ) Cipts -
This yields the colength of Im 3 in A to be equal to

> ic0p1] 2te[0.p—2] (b+j+b+14+bl—j—1)

(112) —
=" bp—=1)+ 0+ plp—1)+ >0, 90l —p)
too. Thus Im § = Kern a. o

Example 4.4 (cont.) For E ~ Z3)[m] 1 C3, we have b = 1 and b = 0, thus obtaining the
projective resolution

000 000 0

001|-(—) 3100|-(—) 0

— 3200 — 000 — |32
P=|-—EZ - = =

~—~—
degree 0

. .s . . — X0 . . ao,0 @o,1 @o,2 —
of T', with quasiisomorphism given by = — T in degree 0, sending £ = {gm 2 01,0 1 1} €=
a2,1 9a22 a2,0

to t%¢ = ao,oto + ao,ltl + a0,2t2. Representing elements of T' as row vectors with entries in
S with respect to the basis (°,¢!,2), the map xo is given by [100] - (=).

4.2 The Yoneda ring

Remark 4.5 An S-linear basis of «(Z,T) is given by (Xi)icjop—1)- The restriction map

A(AaT) - 5(57T)

s an isomorphism.
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Proposition 4.6 We have

Extrg(T,T) = S{xo)

~ S,
ExtZo(T,T) = S{xo)/S{s"%" xo)
~ S/sbb for i=1, and
A S{ X0, - - - X7 Xoi1r---s Xp-1)
Ext?tN (T, T) = R b= Abtlr-rtr AP
yale] ( ) S{sttlyg, ... 759“)(571, SQXgH? cee SQXp%)

12

@ S/stt | @ @ S/ st for i>0.

k€[0,b—1] ke[b+1,p—1]

The element represented by xo in Ext%G(T7 T) shall be written X(()%); the element repre-

sented by x; in Ext%fzgl(T, T) shall be written X?Hl), where i >0, j € [0,p — 1] N {1}.

Proof. We calculate =, 7)) L ==,T), x+—ay. Given k € [0,p — 1], we get

l=(xre*) = (lza)xs
= (",
= "M (lzxk)es, s
= Ops"®
= 05,5 (1= x0) ,
ie.
Xk = 857,6313_9 X0 -

We calculate =, 7)) 7 ==,T), x+Px. Given k € [0,p — 1], we get

l=(xx8") = (1=68)xx
= (s Zz’e[o,p—u igi,E)Xk

— b s 1k+b k+b
= S Zz‘e[o,p—u 10t ST

= ksttbtb(1g X#73) »
ie. _
Xk = kst XE+b -
The shape of the Ext-groups now follows by (4.3). o

Lemma 4.7 We have

SR ((b—j) e+ (G —b) em) € B

for j €[0,p—1] ~ {b}.
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Proof. First of all, we have b+j —2b> b+ —-2b=b—1—2b—1landp(b—1—-2b—1) =

(p—2)(b—1)4+2b—1—12>0, both if b =1 or if b > 1. So the element in question is in
A.

By (1.17), we have to prove that for [ € [0,p — 1],

v (0P (G ) G= D+ (1P (3) G=B)7") = 14b ==~ 1—(b+j = 20) .

If I € [0,p — 2], then

14bl—j—20—1 < 14+bp—2)—j—2b—1 = b+j—2b.

If l=p—1 then

l+bp—1)—j5—2b—1—(b+j—2b) = —j—b.
Now (—1)" (7, ) =, 1for h € [0,p—1] and (b—j)"' + (j —b)~' =, 0 together with
vs(p) 2 b—b > —j—b, bothif b=1 orif b > 1, yield the result. o
Let
- M =
= — =z : 1 Ho,j = zie[ﬂ,p—l] €i,j
= = Bl R0 ) e+ (U D) e mm)

be E-linear maps for j € [0,p — 1] {E} By (4.7), the map v; is welldefined.

Lemma 4.8 For j € [0,p — 1] ~ {b}, we obtain

viB = ap,
pie = P
HiXo = Xj-

That is, for v > 0, we obtain a representative

[1] — [1]
RS

[1] ~— [1]
5

[1] <—— [1]
RS

[1] <— [1]
K}T
RS

1] «— [1]

X
o — (1]

in x-@e(P, Pl2i +1]) of X(2Z+1) € Ex t%gl (T, T).

Moreover, for i > 0, we obtain a representative



degree 21
= o = B - o = B //:\ o = g
X0
, = “ .= B, = “ .= B, = _ 0
XON
T.
in x-=(P, P[2i]) of x{? € ExtZ (T, T).
Proof. We claim that v;3 = apu;. On the one hand, we obtain
b+b+i—2b TN e N
lz=(;8) = SR o, (0= D) esengm + i — b)) eipes )
(L6)  btb+ji—2b T -1
= s ﬂi ZiE[O,p—l] i(b—7) aT—j,in €ib+j—2b
= S
_ b1 _
5 St
On the other hand, we obtain
b—b—
l=(ap;) = s ! Eie[ﬂ,pfl} €i,j €bp—b
L6 pp-1
= s ° Zz‘e[o,p—l} aE,Fj i j+p—b
_ bl T
b—j,j+p—b *
We claim that pjo = Br;. On the one hand, we obtain
b+b+j—2b T\ — T -
l=(By;) = SR o (0= )) e meas i —b) ey m i)
(1.6)  byprj—2b e 1
= SRS 01— 070 7 e T
— o+b+j-2b .
= Sb , Tgb,bﬂe%
- § N 857‘]75“1’17 '
On the other hand, we obtain
_ b1
le(pjar) = 7271 3 iciop-1) CoptCin
L6 p—b—1
- Sb ; 1Zz’e[0,p—1} ai,OgE,jfEer
= 5 Chibep-
We claim that p;x0 = x;. In fact,
l=(pixo0) = Zie[o,pfl} togi,j‘
= Zie[o,p—l} ai,Otj
= tJ
= l=x;.
— 00 O
Example 4.9 (cont.) If = Z3)[m2] 1 C3, then b = b = 1; 1y = {g 0 1(/)2} (=),
100 2 001

wo= 388 v = [4F8]- ) = [388] -0

32
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Theorem 4.10 We have isomorphisms of graded S-algebras

S[h(()l) h(l) .h(l) o h(l) .h(()Q)

[ R N E+17 ) op—1»

~~ Ext5,q(T,T) = H*(G,T;59)

1) 1) . 1) (1) . b—bp(2),
Sé+1hé ,...,sbﬂhg_)l,sghéﬂ,...,séhp_)l,sb bh(()),

1 1 it k— T\ — 2
hg ). h}i) _8ﬂ,%sb+3+k 2b (b—]) 1h[())

for j,k € [0,p — 1] ~ {b}

(1) ) : 7
hiy” +— x;°, J€ 0,p — 1]\ {b}
2 2
Y — Xy
as quotient of the graded commutative polynomial ring S[h(()l), ey hél_)l; héi)l, cee hl(jl_)l; h((f)]

with grading determined by deg hg»l) =1 forj€[0,p— 1]~ {b} and deg hém = 2.
Proof. The isomorphism Extf,(T,T) =~ H*(G,T;S) of graded S-algebras with respect
to the Yoneda product resp. to the cup product is a consequence of (3.1).

We shall exhibit the ring structure on the graded S-module Exty,(T,T) (cf. 4.6). By
(4.8), we obtain

21 27 21+27 7 ]
X 4> . ng> = '+ {> c Ext?p'g”'(T,T)
Xém) ) X;QJH) _ X}(€21+2j+1) c EXt§:LZE2]+1 (T, T)

fori,7 > 0and k € [0,p — 1] ~ {b}. It remains to calculate X§1) -X,(cl) € Extrq(T,T)
for j, k € [0,p — 1]~ {b}. Using (4.8) to represent Y; in k- =P, P[1]), this product is
represented by the 2-cocycle vy, € «=Z,T). We obtain

le(vjxe) = 5" 2 ((0—j) ez + (7 — b) 'e55m)
= "2 (b — ) emm
SR (F )1 gy tFT BT

= S () — ) Ot

b+j+k—2b (b _ j)flxo‘ Hence

Le vixy = Ogm S

1 i1k T — 2
) = O SR (5= 5)

Remark 4.11 Since j + k = 2b implies (b —j)~! =, —(b— k)1, and since v4(p) > b—b,
we obtain the graded commutativity of Exty,. (T, T) without reverting to the graded com-
mutativity of the cup product.

For instance, if b = p+ 1, then X(()l) -Xgl) = sp_lxg2) # 0. In particular, Exty, (T, T) is not
commutative in this case.
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Corollary 4.12 Ifb =1, then we have isomorphisms of graded S-algebras
S[KY, h ]/ (shW, sh® (h)?) =~ Exth(T,T) =~ HY(G,T;S) ,

as quotient of the commutative polynomial ring S[hV, h®] with grading determined by
degh™ =1, deg h(? = 2.

Proof. In fact, we have b = 0. There are no nonzero products of homogeneous elements
of odd degree, so we may use the commutative polynomial ring. o

Example 4.13 (cont.) We have H*(C3, Z3)[m2]; Z(3)) = Zz)[hV), b /(?)/1(1),3h(2)7 (R(1)2).
Note that HO(C3,Z(3) [ma]; Z(3)) ~ Z(g)7 and that Hi(cg, Z [ a); Z(3)) ~ F5 for i > 1.

5 Applications

We give some applications, refraining, however, from a repetition of (4.10) in different

instances.

5.1 Lubin-Tate extensions

The results apply to certain of the extensions of local fields described by LUBIN and TATE
[21]. An introduction to their theory is also given in [28, p. 146 {f.].

Let p > 3 be a prime. Let B be a local field with discrete valuation ring R, whose
maximal ideal is generated by 7. Assume that R/7m ~ F,. We choose the Lubin-Tate
series f(X) = X? + 71X € R[[X]], and obtain the unique commutative formal group

FX,)Y) = X+Y
— (=) (X +YP - (X V7))
TP Y X + V)P (XP 4+ YP)
— pr—a)Hr =7 )T = (X +Y)PH((X +Y)P = (X7 +Y7))
7Tp71<X2p71 + Y2p71)
+ O(degree 3p —2) € R[[X,Y]]

such that F(f(X), f(Y)) = f(F(X,Y)). There is an injective ring morphism

R — EndF
a +— [d(X),

where [a](X) € R[[X]] is uniquely determined by [a](X) =x2 aX and the endomorphism
property F([a](X),[a](Y)) = [a](F(X,Y)). So for instance, [7](X) = f(X) = X? + 7 X.
We write P,(X) := [7"](X) € R[X] for n > 0, so that Py(X) = X, P (X) = f(X) =
X? + 71X and P,(X) = P,_1(X)? + 7P,_1(X). Moreover, P,(0) = 0, deg P,(X) = p",
P.(X) =, X?" and P)(X) =, 7"
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Let B be an algebraic closure of B, and let m = {z € B : Npp(z) € Rt} C B
be the maximal ideal of its valuation ring, which becomes an abelian group (m,x*) via
xxy:= F(x,y). Moreover, m becomes an R-module via

R — End(m,x)
a +— ([a] : z+—a] -2z :=[a)(z)) .
Forn > 1, we let )
p, = annp-m = {r € K : P,(x) =0} .

By separability of P,(X), we have #p,, = p” for each n > 1, whence p,, ~ R/7" as R-
modules. Let ¥,, be an R-linear generator of p,,, chosen in such a way that [7](¢,) = V1.
We have py, 5(X) = P, (X)/Py1(X) = P_1(X)P '+, whence B(p,,) = B(9,,) is galois
over B with
(R/m")" = Gal(B(n,)|B)
u = ((u) @ Up—[u(Vn) ) .

Now R[¥,]|R is purely ramified, and as different we obtain

Drw e = (1, 5(0n))
(£ (v )/Pn 1(Un))
(Pr_y( pﬁp 1+7r)/19)
(P _o(0,) (95" + ) (pdh " + ) /0h)
(191_ Hie[l,n] (pﬁf_l + 7T)>
= ('),
whence @R[ﬂn]\R[ﬂn—ﬂ = (7T) = (195:71(1)_1)).

Example 5.1 Let n > 2. We may apply (1.19, 4.10) to

S = R[r&n—l] s = 1971—1
T = R[Y,] t = v,

b = pvi-1

b = pr2-1 b = p—1.

The value of b results from the different by the formula v,(D7s) = (p — 1)(b+ 1) (1.14).
Moreover, v,(p) > vy(n) =p"*(p— 1) =b—1b.

We have ¥ C (R/7")* by sending j+— j#" . For n > 1, we let

= [T 0 = 1 1w

Then R[r,] is purely ramified over R, of degree p"~! and with maximal ideal generated
by m,. In particular, my = 7. Moreover, 7, = Ng,)|B(x,)(Un)-
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As different, we obtain
—1
ORmalIRITa—1] = DR, Rjra] D RO RIn-1]D R[On—1]|Rlrn—1]
= (ﬁp—2)—1(ﬁ%"il(pfl))(ﬁz(p*m)
i A

[28, II1.§3, prop. 13].

Example 5.2 Let n > 2, p > 3. We may apply (1.19, 4.10, 2.10) to

S = R[m,_1] § = Tp_1
T = Rm, t = m,
U = R[0,] u = o,
b= "' -1/(p-1) B

b= (" ?-1/lp-1) b =1,

The value of b results from the different by the formula v;(D7s) = (p — 1)(b+ 1) (1.14).
Moreover, v,(p) = vi(m) =p" 2 =b—1b.

In particular, (3.1, 2.10) yield isomorphisms of graded S-algebras
HY(C)p x Cp1, U S) = Extie, o, (U U) = Extye (T,T) =~ HY(C), T3 5) .

5.2 Cyclotomic number field extensions

Passing to completions without changing cohomology, we may consider cyclotomic number
field extensions as particular Lubin-Tate extensions. For sake of illustration, we recall the
cyclotomic framework; in it, there is no need for completion, since the formal group law
is given by the polynomial F(X,Y) = X +Y + XY. Strictly speaking, since in §5.2 we
choose a different Lubin-Tate series as in §5.1, viz. (X +1)? — 1 instead of X? 4+ pX, we are
not directly specializing to this cyclotomic case. So keeping the notation of §5.1 is a slight
abuse.

Let p > 3 be a prime. For n > 1, we let (,» be a primitive p"th root of unity over Q. We
make choices in such a manner that (. = (n-1 for n > 2 and denote ¥, := (» — 1. Let

o= [ @ -1

J€ll, p—1]
Then Q(ﬁn) - Q(Cp")a Q(ﬂ-n) - FiXCp—l Q<19n) and T = NQ(ﬁn”Q(Wn)(ﬁn)
We have NQ(ﬁn”Q(ﬁn—l)(ﬁn) =1,_; and NQ(ﬂn)\Q(Trnﬂ)(ﬂ'n) = 7m,_1. Note that 7 = p.

The integral closure of Z,) in Q(vJ,,) is given by the discrete valuation ring Z,)[v,], with
maximal ideal generated by v,, purely ramified over Z,); the integral closure of Z, in
Q(my) is given by the discrete valuation ring Zy[m,], with maximal ideal generated by
T, purely ramified over Z,).



37

Example 5.3 Let n > 2. We may apply (1.19, 4.10) to

S = Z(p)[ﬁn—l] S = 1971—1
T = Z()[ﬂn] t = U,
b = pt—1

b = p?-1 b = p—1

S = Zy)|mn-1] S = T
T = Zy)[m) t = m
U = Z(p wn] u = 19”
b = (P '-1)/(p-1) ~

b = (" ?-1)/(p—1) b =1,

where b is e.g. calculated using [28, V1.§1, prop. 3]. We remark that vy(p) = p"~2 = b—b.
In particular, (3.1, 2.10) yield

H*(C, x C,_1,U;S) ~ H*(C,,T;9) .
Hence, for instance,
H*((Z/0*)", 263 [Ge]: ) == Zgy (WY, @)/ (ph ™, ph®, (h1)?)
(cf. 4.12).

Remark 5.5 In the same manner, (1.19, 4.10, 2.10) may be applied to certain cyclotomic
function field extensions as defined by CARLITZ and HAYES (cf. [9], [14]; see also [18, sec.
6.1]). Up to completion, these also form a particular case of Lubin-Tate-extensions; again,
there is no need for completion, the formal group law being given by F(X,Y) =X +Y.

A The case Cp: a conjecture and an experiment

So far, we have essentially only treated the case of an extension with galois group Cp. The
galois group C,> seems to yield a somewhat more involved twisted group ring, which we
would like to illustrate in the case of Z,)[m3] 1 Cp2. The calculations were carried out using
MAGMA [22].

A.1 The conjectural situation

Suppose given a prime p > 3. We maintain the notation of §5.2 concerning m,,. Let

S

= Z(p) ) s = M =P,
T = Z(p) [7‘(‘2] R t = m,
U = Zgym], u = T3,
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and let G = C)2 be generated by the restriction of (s — ngl from Q((ps) to Q(m3). (The role of U in
this appendix differs from the role of U in §2, where it has been a ‘cohomologically inessential’ extension
of T.)

For some peculiar reason, ¢ will not play a role at all. Instead, we consider a Sen element (cf.

[27, Lem. 1]) A
v o= H u’ .
i€[0,p—1]

The S-linear colength of the Wedderburn embedding

UiCp C5 T = EndsU
is p2(p% + (p? —p—2)/2) [17, (2.17)]. We fix the S-linear basis
(uivj)ie[oyp_m jelop—1] = (%, ut, .. w0, P PO, P P
of U with respect to which we represent elements of I' as matrices, i.e. by means of which we identify

I = gr° <’

Remark A.1 We have

1+1
1+2p.

vu(u

Vo (V7

— )
)

—v

Proof. The second congruence is equivalent to v, (u’” —u) = 1+ (p + 1), so that both assertions follow
from [28, VIL.§1, prop. 3]. o

As usual, let = denote the image of the Wedderburn embedding

Ui1Cp —> T
o > (6:ax+H—2),
and let ‘ 4
A= {fEI‘ : (Uu')f CUu foralli e [O,p—l]} cr.
By (A.1) we obtain the intermediate ring

= C AP

A(t,9), (p—1,p = 1),(2,2p + 1))an
{f €A : D} oD](f) =s2i+p+nip 0 for all 4,5 € [0,p — 1]}

c A

)

cf. (1.1). Presumably, this is the smallest intermediate ring between = and A that can be defined by
derivations.

Conjecture A.2

(i) Given T € Cp2, we conjecture that

200 — ") 4+ ()P (u—uT)uP ™+ ()P — ()P (u—uT) Zyeers 0.
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(ii) Moreover, we conjecture that

APE = {f € AP : Dzu o Ei,v(f) =g2i+@pt+3)ip 0 for all 7,5 € [0,]3 - 1]}

contains =, where

Eus(f) = 2Dy(f) + P Dy (f)iP~" + (@~ — 4*) Dy (f) -

Remark A.3
(i) Conjecture (A.2.i) holds for p € {3,5,7}.
(ii) If p = 3, we obtain the colengths
9-(3—1) 9-(3-(34+1)/2—1)  9:(9—1)/2
= =A"F C AP C A C
(iii) If p = 5, we obtain the colengths

25-(5—1)(5—3)/2 25-(5—1) 25-(5-(5+1)/2—1) 25-(25—1)/2
C APE C AP C A C

(1]

(iv) According to our wishful thinking, (A.2.i) should be part of a series of congruences in U that
completely describes = by adding the according congruences in A to the provisional definition of

APE given in (A.2.ii).

(v) Since Efw is not a derivation, we do not know whether (A.2.i) implies (A.2.ii).

A.2 Simplifying u, v
A.2.1 The case p=3

Suppose p = 3, i.e. S = Zz), u =73 = (Cor — 1)(G57' — 1), v = wwu = (Gor — 1)(Co7t — )¢y — 1)
(G = D(GF = DG = 1) and U = Zg)[ms).
With respect to the basis (u®v%, u%!, u%v?, ulv? utvl, ulv?, u20v° u?vl, u?v?), the multiplication by u on

U is given by

[ o 0 0 1 0 0 o 0 0
0 0 0 0 1 0 o 0 0
0 0 0 0 0 1 o0 o0
0 0 0 0 0 0 10 0

u = 0 0 0 0 0 0 0 10

0 0 0 0 0 0 o o0 1
2433 3119 2151 |_ 6249 _ 12225 1168 19680 25540 _ 306
7217 031 7217 7217 1031 1031 7217 7217 1031

_ 4050 3777 593 18804 _ 20163 987 __ 6885 64005 _ 278
7217 1031 7217 7217 1031 1031 7217 7217 1031

_ 111 _ 1026 50145 [ 18189 14604 _ 12306 |__ 6684 29259 6603

L= 7217 ~ 1031 7217 | 7217 031 1031 |~ 7217 7217 1031 A
000 1 00 00 0 000[100[000
000 01 0 00 0 000[010[000
00000 1000 000/001000
000 000 1 00 o 000[000[100

=60 [0 000 0 0 0 1 0 = U =ysy [000000010] =:7,

00000 00 0 1 000/00000 1
010 0 0-1 0-1 0 010[000[000
00 1-3 0 0 0 0-1 001/000[000
300 0-3 0-3 0 0 300/000[000




the multiplication by the Sen-element v by

and the operation of o by

We observe that we may replace 1,

AP =

and

=
—

A.2.2 The case p

Suppose p = 5, ie. S
v=uuu’ u e and U = Z5)[ms].

40

5

A>F = {fenN

= Z(5), u

(

=7 = (G5 — 1)(Cizs — 1)(
With respect to the basis

57
125

w90, ulvt, u%v?, ulv3, ulvt,
ut?, ulol, ulv?, ule?, ule?,
w200, w2l u?, ulod, uiud,
wdol, udul, udv?, wded, udvd,

ut?, utol, uto?, ute?, uted,

)

— 1)(

—57
125

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
2256 _ 19548 31788 2484 _ 3456 __ 31626 | __ 495 _ 70 10224
1031 1031 1031 1031 1031 1031 1031 031 1031
0 0 0 0 1 0 0 0 0
= 0 0 0 0 0 1 0 0 0
27891 __ 37620 494226 69981 _ 19980 _ 97587 |__ 11043 _ 186021 35910
7217 1031 7217 7217 1031 1031 7217 7217 1031
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
104247 _ 137862 1734570186300 7866 _ 385245 |_ 15474 _ 809595 140031
L 7217 1031 7217 7217 1031 1031 7217 7217 1031 4
010[000/000 F010[000[000
001/000[000 001/000[000
300000900 300000000
000[010[000 . 000[010[000 )
= ors.(301)/2 000001000 | =: ¥ =.o4a 000001000 | =: &
@S GID/ZA 5901300000 WA 10003000000
000[000[010 000000010
000[000[001 000000001
000090300 1000[000[300
oo 0 0 0 0 0 0 0 0
__ 24876 25976 __ 31737 55068 __ 25392 554 16308 36132 __ 1176
7217 1031 7217 7217 1031 1031 7217 7217 1031
__ 62766 413856 _ 149176 117030 647484 228306 34326 147615 __ 51159
1031 1031 1031 1031 1031 1031 031 1031 1031
0 0 0 4 0 0 1 0 0
__ 35412 29460 __ 75624 164160 _ 57244 17712 __ 51540 97432 __ 4033
7217 1031 721 7217 1031 1031 7217 7217 1031
__ 845298 815757 3392322 2508327 _ 2001978 810182 796137 3442200 _ 184868
7217 1031 217 7217 1031 1031 7217 7217 1031
— 210 _ 2776 _ 206 13095 563 679 — 2410 _ 847 _ 162
1031 1031 1031 1031 1031 1031 1031 1031 1031
__ 9945 52791 __ 35236 72018 __ 171069 62570 __ 21546 43586 __ 14447
1031 1031 1031 1031 1031 1031 1031 1031 1031
2471781 2428305 _ 12112977 (8656818 _ 7025124 2951589 |_ 2779557 12296484 _ 676060
L 7217 1031 7217 7217 1031 1031 7217 7217 1031 4
© by i, ¥ resp. by U, v to obtain
R . . i J — i 4
A((4,9),(2,2),(2,7)an = {f € A : D} o DL(f) =g2i+7i5 0 for all 4, j € [0,2]}

D'y o By o (f) Zgeivosn 0 for all 4,5 € [0,2]} .

- 1)7 4‘1725 = 4?257
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the matrix describing the multiplication by u on U reduces to

.. I .
__ [elelalale] olelslslo]olelalale] elelelale] olelalyle]

T 1 [slelalele] olelslalo]olslslale]elelelaele] elelylele]
elolololo] slslslele]) (elelelolo] olelelalo] (o el o) In]

coocoolocoocoo|coocoo|looo—o|lo~wvino coocoo|loocooo|coocoo|lcoocoo|loHooO
|1
0000000000000000010014%m0 cocoroooozcoooolcoooo|Hooow
lelolole](alololole) [lalolela) o olota) oY a Yoo |
[ COOOIIC0000|00000 000000000
OOOOOOOOOOOOOOOIOOOO%NOS% SEEEE EEEEEEEEEE EEEREEEESS

elolololo] slslslele]) [lelelolo] elelelele] Lol ol lel)
slelololo] slslslsle) [slelelele] elebylele]) (elelelol)
OCOOOO OO0 |I0O0O—HO |00 |HHOOIW

[elelalale] olelslalo]olelalale] el lelele] (elelela)ie]
CO0O0O|IC000O|I0CO—HOO(OOOOO|—HOOINID N

coooo|cocooo|o~ocoo|coooo|oownn cooog|erreoeeeeeHooopicooon

OO0 OO0 OO |00 |00 ONIOOOOO

o —
eoooeooee i e sy slelololo] slslslsle]) [leloeloje] [elelelele] (elelelol)

[elo]elolo](clolslelo]elel lolo] (elo]lo]lolo] [elelelele]

B
[=lolelele] [olelelalo) elelelele] (elelelele] 210mw
I
OCOOOOI0COOHO|IOOOOO|OOO0OO|HO o
—

10

]
-
n
()
Q
=]
=
&)
par
>
-
a
=
< <)
— '3 —~ oo oOoO0o|0oooo|oHO0OcoooW[coooD
| o &\ D
coooojco-Hoo|lcoooo|lcoocoo|ccoow .. o |
——— I D OO00O|C00O00|HOOOW|COOOoW|Co00O
| N = N
e e e e e e e e ) [el=lololo][olololele)] [=leleloll] [=lo]olole] [olel=l=Y=)
| T =R EEERE FEEEE EEEEE EEEEE
_ _ ooooo|oococoolocoocoolcooo-|coocoo =)
COCOOI—HOOOOIOOCOOIPOOOOISONOT CO00O|C0000|P000O|C00—HO 00000 > _
| coccolcoooo|cocoolconoo|oococo R OOO00I00-O0000000000000000
SoCcOoH|co000|co000|ooooo[Hmoon 229929129992 |90299|10HO090 00099 o
= ooocoo|loococoo|looocoo|-Hoooolcoooo § ocoocoolo~oooloooconlocoocoo|ccooco
coocoo|coococo|lcocooH|cococoo|ococoo 1 N 0
COOHOIOOOOOIPOOOOIEEOERIMOOON  Sooooloocooo|lcoco—o|lcoocoolocococo = |
_ coooo|looooo|lco~oo|lcoooo|lcococoo $ ©COOO0|HOCONCOoORIC0COO00000
CO—OO|ICC0O0ICOO00I0EOEOICOONIY soocoo|coooo|lo~oo0|co0oolcocooo = «
[=l=]=]=l=)(=]=l=l=l=) ml=l=l=l=] [elelelele] [=l=l=l=l=] 0, 00000000 OVCO00O|000OD0000O
[=iplelele] elalalele] elalalala) (ol lale]] Owro.bo ooooOocooco~|[coooco|lcoocoolcoococo = coo-HOoO|co0ooo|coococo|lcocococo|lcoocoo
coocoo|cooHOo|looooo|lcoocoolcoococo  —
HOOOO|COOCOO|0o0OO|[0COOO|OWINOS Co00oo|loo~Oo|looooo|cocooo|coooo = _
gt cocoolonooolococonlcmcccolomooa f§ ©O-HOO|00000[0000000000|C0000
SRR CEEEE CEEEE CEEEE R R R ==I=]=]=] ] =]=]=l=) s]=l=]e]=) (s]=l=fe]) (=l==]=]=] o
| | OoCOoH|CcoOOO|CcooCCo(co0o0o0|coooo & o—ocoolcococow|cococoo|loococoo|lccocoo
ococooo|loocooco|loocooco|loocooco|lmoowvmn [slolelole] [elelelele] elolelole] (alolelelo] (ol il -+~ N 0
| |7 oco—oo|loococoolcococoolcococoolcococoo 80 ,
COO0O|00COO|Co0OO(cooCO|CaMINIYY OHOOOI000000000O|I00000 00000 =) TOCORICCCORICECOOIPCOOOIC000O
| "~ —oooolooocoolooooo|ooocolooocce 7
coocoo|cocooo|coooocoooommwING COO00I00000 0000000000000 —H0 e coocowjcoocoo|coooo|looooo|looooo
| = coooo|locoooolcoooo|lcoooojlco—HoO H 1 |
coocoolcococoolcoocoolcoocoobmvinorn COCOoO|lcocoo|lcococoo|coooo|o~00o0 %
w34 ocoocooloocoolcococoo|cococoo|woooo o]
| cocococoloococoo|lcoocoo|lcococoojcococow o M
L 1 L 1
B =
+~ +
A a 0
< 2
2 o = B
) -3 7
i i o
= =
g
< )
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=25+5 A

[slolelele] ([elelelele] (alolelale] [alo]elaloe] [ felolalo]
[elelalolo/ololalolo](ole]lalelo] (ofe]lelefe] [elfelelely
[elelelolo] [elelelelo] (oleleloelo] (elelelelo] fololal ]
[elelelolo)olelelelo] (elelelelo] (elelelele] folol o]
[slslslelsllelslslslallelslslsle)slelelelel el mel=l=]
OOO0OOO|IOCOOOCOOOO|UOCOOO(COOOO
[eclolololo] lolelelole] (elelelele] lelelelel (el
[olelalolo/[ololelolo][olslalelo] (ol o] (ele]lelele]
[elelelolo/lololololo][olslslelo] (olel Helol (olelelele]
[elelslelselelelolo)elelelels [=lmelele] ele]e]e]]
[Slslsisls)[slslslsls]Nlslslsls][slslslsle] [slelelel=]
[clolololo] lelelelolol(slelalel 4 leolelelele] [elelolele)
[eclolololo] lolelelola](slelel Hol lelelelele] (elololole)
[ololololo] lolelelola] (alel Hele] lelelelele] [elelelol)
[elelelolo)[olelelelo] el melelo] [clo]elelo] [e]e]le]e]e]
[slelelole]Vielelelo] (olelelelo] (elelelele] fololole]e]
[elelelolollslslelel(clolslolo] (ole]lelelo] (olelelele]
[slelelolollslelel ol (olslsleolo] (ele]lelele] (elelelele]
[clolololo]lelel Holo| (slololole] [elelelele] (elelolele)
COO0OOOHOOOCOO0OD|I000O0Cooo0
Sllelelolollolelelolo] (olslelelo] (olelelele] (olelelele]
[elelelolHlololololo][olelalelo] (ololelefo] [olelelele]
[slslellollololololo](olslalelo] (ole]lelele] (olelelele]
sl olollololololo]olslslelo] (ole]lelele] (olelelele]
[l elolo)lolelelolo] olslalelo] (ole]lelele] (olelelele]
I
<

AP = A((ii, 9), (4,4), (2,11))an = {f €A : Do DI(f) =goi+1154 0 for all 4,5 € [0, 4]}

and
APE = {f €A : Dzu o E]u v(f) =,2i+1355 0 for all 4,5 € [074]} .

)

A.3 A spectral sequence

Alternatively, there is a Lyndon-Hochschild-Serre-Grothendieck spectral sequence that might
perhaps help in calculating cohomology in the case Cp using the result in the case C), in-
stead of using the Wedderburn embedding of U C}2 (cf. preceding sections). Due to
varying ground rings, we have to apply a (hardly visible) modification to the usual Lyndon-
Hochschild-Serre spectral sequence.

Let S C T C U be an iterated finite extension of discrete valuation rings, U|S galois with H = Gal(U|S),
T|S galois with G = Gal(T'|S). Let N be the kernel of the restriction map H — G, so N = Gal(U|T)
and G ~ H/N. In this section, modules are not necessarily finitely generated.

The Grothendieck spectral sequence of the composition

Mod-U1H —“2, NodTi6¢ 2T L Mod- S
is given by
(*) E;nm = EXt%G(T7EXt7I}IN(U7X))7

where X € mod-U!'H, m,n > 0. For X € Mod-U ! H, the T'! G-module structure on the image
(U, X) is induced by the yyn(U, X) >~ rn(T, X) and the left 7! G-module structure on 7.

m—+n

To prove that it converges to Exty, ;" (U, X), it suffices to show that an injective U H-module I is mapped
to an injective module. In fact, for Y € Mod-T ! G we calculate

Y, vun(U, 1)) 7Y, (T, 1))

(Y @nme T, 1)

nY @ma T, (U L H, T))
nEY @ne T @ry UVH, ),

1 1RR

so that the assertion follows by injectivity of I and by projectivity as a left T'{ G-module of

ToryU'H e~ Tory (TUH)#Y
ne~ (T1G)#N).
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Using adjunction, we may rewrite (x) in the familiar shape

()

Ey*" = H™(G,H"(N,X;T);S) = H"™"(H,X;S),

applicable to X € Mod-U  H — so e.g. to X = U. Concerning the cup product, cf. [4, sec. 3.9].

Now, if H = Cp2, N = (), G = C, and X = U, and our remaining conditions are satisfied (pure

ramification, v(p) big enough), then (4.6) already calculates E5" 0 for m > 0. The first step to take when
pursuing this spectral sequence approach, using () rather than (xx), would be to calculate Extp, (U, U)
as a T ! G-module for n > 1. We do not know whether this approach is actually viable.
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