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Abstract

Suppose given functors A x A’ L, B-% ¢ between abelian categories, an object X in
A and an object X’ in A’ such that F(X,—), F(—, X’) and G are left exact, and such
that further conditions hold. We show that, E;-terms exempt, the Grothendieck spectral
sequence of the composition of F(X,—) and G evaluated at X’ is isomorphic to the
Grothendieck spectral sequence of the composition of F(—, X’) and G evaluated at X.
The respective Eo-terms are a priori seen to be isomorphic. But instead of trying to
compare the differentials and to proceed by induction on the pages, we rather compare
the double complexes that give rise to these spectral sequences.
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0 Introduction

To calculate Ext*(X,Y’), one can either resolve X projectively or Y injectively; the result is,
up to isomorphism, the same. To show this, one uses the double complex arising when one
resolves both X and Y’; cf. [5, Chap. V, Th. 8.1].

Two problems in this spirit occur in the context of Grothendieck spectral sequences; cf.
§60.2, 0.3.

0.1 Language
In §3, we give a brief introduction to the Deligne-Verdier spectral sequence language; cf.

[17, 11.8§4], [6, App.]; or, on a more basic level, cf. [11, Kap. 4]. This language amounts
to considering a diagram E(X) containing all the images between the homology groups of the



subquotients of a given filtered complex X, instead of, as is classical, only selected ones. This
helps to gain some elbow room in practice: to govern the objects of the diagram E(X) we can
make use of a certain short exact sequence; cf. §3.4.

Dropping the E;-terms and similar ones, we obtain the proper spectral sequence E(X ) of our
filtered complex X. Amongst others, it contains all E;-terms for £ > 2 in the classical language;
cf. §§3.6, 3.5.

0.2 First comparison

Suppose given abelian categories A, A" and B with enough injectives and an abelian category
C. Suppose given objects X € ObA and X' € Ob A". Let A x A’ ", B be a biadditive functor

such that F(X,—) and F(—, X’) are left exact. Let B-5.C be a left exact functor. Suppose
further conditions to hold; see §5.1.

We have a Grothendieck spectral sequence for the composition Go F'(X, —) and a Grothendieck
spectral sequence for the composition Go F'(—, X’). We evaluate the former at X’ and the latter
at X.

In both cases, the Ep-terms are (R‘G)(R/F)(X,X’). Moreover, they both converge to
(R™(G o F))(X, X"). So the following assertion is well-motivated.

Theorem 31. The proper Grothendieck spectral sequences just described are isomorphic; i.e.
~Gr ~Gr
EF(X,—),G(X/> = EF(—,X/),G(X) :

So instead of “resolving X’ twice”, we may just as well “resolve X twice”.

In fact, the underlying double complexes are connected by a chain of double homotopisms, i.e.

isomorphisms in the homotopy category as defined in [5, IV.§4], and rowwise homotopisms

. double rOwWwW. rOWW. double
(the proof uses a chain e ~— e ~—— o ——+ o —— o)

isomorphisms on the associated proper first spectral sequences.

These morphisms then induce

0.3 Second comparison

Suppose given abelian categories A and B’ with enough injectives and abelian categories B and
C. Suppose given objects X € Ob A and Y € Ob B. Let AL+ B be a left exact functor. Let

B x B' -5+ C be a biadditive functor such that G(Y, —) is left exact.
Let B € ObCL(B) be a resolution of Y, i.e. a complex B admitting a quasiisomorphism

ConcY — B. Suppose that G(B*, —) is exact for all £ > 0. Let A € ObCI°(A4) be, say, an
injective resolution of X. Suppose further conditions to hold; see §6.1.

We have a Grothendieck spectral sequence for the composition G(Y, —) o F, which we evaluate
at X. On the other hand, we can consider the double complex G(B, F'A), where the indices of
B count rows and the indices of A count columns. To the first filtration of its total complex,
we can associate the proper spectral sequence EI(G (B, F A))

If B has enough injectives and B is an injective resolution of Y, then in both cases the Eo-terms
are a priori seen to be (R‘G)(Y, (R7F)(X)). So also the following assertion is well-motivated.

Theorem 34. We have EfifG(K_)(X) ~ EI(G(B,FA)) .

So instead of “resolving X twice”, we may just as well “resolve X once and Y once”.



The left hand side spectral sequence converges to (R™7(G(Y,—) o F))(X). By this theorem,
so does the right hand side one.

The underlying double complexes are connected by two morphisms of double complexes
(in the directions e — @ <— ) that induce isomorphisms on the associated proper spectral
sequences.

Of course, Theorems 31 and 34 have dual counterparts.

0.4 Results of Beyl and Barnes

Let R be a commutative ring. Let G be a group. Let N << G be a normal subgroup. Let M be
an RG-module.

BEYL generalises Grothendieck’s setup, allowing for a variant of a Cartan-FEilenberg resolution
that consists of acyclic, but no longer necessarily injective objects [4, Th. 3.4]. We have
documented BEYL’s Theorem as Theorem 40 in our framework, without claiming originality.

BEYL uses his Theorem to prove that, from the Es-term on, the Grothendieck spectral

7)G/N

sequence for RG-Mod (il RN Mod 25 R-Mod at M is isomorphic to the Lyndon-
Hochschild-Serre spectral sequence, i.e. the spectral sequence associated to the double com-
plex p(Barg/n,r ®rBarg,r, M); cf. [4, Th. 3.5], [3, §3.5]. This is now also a consequence of
Theorems 31 and 34, as explained in §§8.2, 8.3.

BARNES works in a slightly different setup. He supposes given a commutative ring R, abelian
categories A, B and C of R-modules, and left exact functors F': A — B and G : B— C, where
F is supposed to have an exact left adjoint J : B — A that satisfies F'o J = 15. Moreover, he
assumes A to have ample injectives and C to have enough injectives. In this setup, he obtains
a general comparison theorem. See [2, Sec. X.5, Def. X.2.5, Th. X.5.4].

BEYL [4] and BARNES [2] also consider cup products; in this article, we do not.
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Conventions

Throughout these conventions, let C and D be categories, let A be an additive category, let B and B’ be abelian
categories, and let £ be an exact category in which all idempotents split.

e Fora, b € Z, we write [a,b] :={c€Z : a<c<b}, [a,b[:={c€Z : a<c<b}, etc.
o GivenI CZandi€Z, wewrite Iy, :={jel : j>itand I;:={j €l : j<i}.

e The disjoint union of sets A and B is denoted by A U B.

e Composition of morphisms is written on the right, i.e. LI NN .

F G GoF
Functors act on the left. Composition of functors is written on the left, i.e. — — = =



Given objects X, Y in C, we denote the set of morphisms from X to Y by (X,Y).
The category of functors from C to D and transformations between them is denoted by [LC, D1.
Denote by C(A) the category of complexes
X = (- oy 4 i 4 i 9 )
with values in A. Denote by C[?(A) the full subcategory of C(A) consisting of complexes X with X? =0

for i < 0. We have a full embedding A Lone, Cl°(A), where, given X € Ob A, the complex Conc X has
entry X at position 0 and zero elsewhere.

Given a complex X € ObC(A) and k € Z, we denote by X°*** the complex that has differential
nkd
xith CUd x4k petween positions i and i + 1. We also write X*~! := X*+(=1) etc.

Suppose given a full additive subcategory M C A. Then A/ M denotes the quotient of A by M, which
has the same objects as 4, and which has as morphisms residue classes of morphisms of A, where two
morphisms are in the same residue class if their difference factors over an object of M.

A morphism in A is split if it isomorphic, as a diagram on e — e, to a morphism of the form

(00)

XY — X @ Z. A complex X € ObC(A) is split if all of its differentials are split.

An elementary split acyclic complex in C(A) is a complex of the form

> 0T ——>T —>0—> -,

where the entry T is at positions k& and k 4+ 1 for some k € Z. A split acyclic complex is a complex
isomorphic to a direct sum of elementary split acyclic complexes, i.e. a complex isomorphic to a complex
of the form (00 00 00 00

1) T @ Ti+1 (¥o) T+l g T2 1) TiH2 gy i3 (¥0)
Let Cspac(A) € C(A) denote the full additive subcategory of split acyclic complexes. Let K(A) :=
C(A)/Cspac(A) denote the homotopy category of complexes with values in A. Let KI°(A) denote the

image of CI°(A) in K(A). A morphism in C(A) is a homotopism if its image in K(A) is an isomorphism.
We denote by Inj B C B the full subcategory of injective objects.

Concerning exact categories, introduced by QUILLEN [14, p. 15], we use the conventions of [10, Sec. A.2].
In particular, a commutative quadrangle in £ being a pullback is indicated by

A——B

]

C I D )
a commutative quadrangle being a pushout by

A——B

|

C——D.
Given X € ObC(€) with pure differentials, and given k € Z, we denote by Z*¥X the kernel of the
differential X* — X**1 by Z’* X the cokernel of the differential X*~! —» X* and by B¥X the image of

the differential X*~! — X*. Furthermore, we have pure short exact sequences B*X —e» 7Z¥ X ——~ HF X
and HF X —e» Z/F X ——~ BFF1 X,

A morphism X — Y in C(€) between complexes X and Y with pure differentials is a quasiisomorphism
if H* applied to it yields an isomorphism for all k € Z. A complex X with pure differentials is acyclic if
HEX ~ 0 for all k£ > 0. Such a complex is also called a purely acyclic complex.

F
Suppose that B has enough injectives. Given a left exact functor B — B’, an object X € ObB is
F-acyclic if RIFX ~ 0 for all @ > 1. In other words, X is F-acyclic if for an injective resolution
I € Cl°(InjB) of X (and then for all such injective resolutions), we have H'FI ~ 0 for all i > 1.

By a module, we understand a left module, unless stated otherwise. If A is a ring, we abbreviate
Al=;=) == A-Mod(—, =) = Homy (-, =).



1 Double and triple complexes

We fix some notations and sign conventions.

Let A and B be additive categories. Let C(A) . B be an additive functor.

1.1 Double complexes

1.1.1 Definition

A double compler with entries in A is a diagram

9] 0 16)
d . . d . . d . ) d

[ Xz+2,] N Xz+2,j+1 N Xz+2,]+2 [
) E) E)

X = e 4 Xt _d_ it Lt _d_ it 15+2 4 ...
7] 0 o

d X d Xt _da X +2 _d ...
d E) E)

in A such that dd = 0, 00 = 0 and d0 = 0d everywhere. As morphisms between double com-

plexes, we take all diagram morphisms. Let CC(.A) denote the category of double complexes.
We may identify CC(A) = C(C(A)).

The double complexes considered in this §1.1 are stipulated to have entries in A.

Let CC-(A) := CI(CI(A)) be the category of first quadrant double complezes, consisting of
double complexes X such that X%/ = 0 whenever i < 0 or j < 0.

Given a double complex X and i € Z, we let X** € ObC(A) denote the complex that has
entry X% at position j € Z, the differentials taken accordingly; X** is called the ith row of X.

Similarly, given j € Z, X*J € Ob C(.A) denotes the jth column of X.

1.1.2 Applying H in different directions

Given X € ObCC(A), welet H(X*~) € Ob C(A) denote the complex that has H(X*7) at posi-
tion j € Z, and as differential H(X*7) — H(X*™!) the image of the morphism X*J — X*J+1
of complexes under H. Similarly, H(X~*) € Ob C(A) has H(X’*) at position j € Z.

Wy ”

In other words, a “x” denotes the index direction to which H is applied, a “—” denotes the
surviving index direction. For short, “x” before “—7.



1.1.3 Concentrated double complexes

Given a complex U € ObCl°(A), we denote by Concy U € ObCC-(A) the double complex
whose 0th row is given by U, and whose other rows are zero; i.e. given j € Z, then (Concy U)%I
equals U7 if i = 0, and 0 otherwise, the differentials taken accordingly. Similarly, Conc; U €
Ob CC*-(B) denotes the double complex whose Oth column is given by U, and whose other
columns are zero.

1.1.4 Row- and columnwise notions

A morphism X ¥ of double complexes is called a rowwise homotopism if X** Il yivisa
homotopism for all i € Z. Provided A is abelian, it is called a rowwise quasiisomorphism if
X+ I yicis a quasiisomorphism for all ¢ € Z.

A morphism X ¥V of double complexes is called a columnwise homotopism if X*7 I yei s
a homotopism for all j € Z. Provided A is abelian, it is called a columnwise quasiisomorphism

if X*3 10 y*iiga quasiisomorphism for all j € Z.

Provided A is abelian, a double complex X is called rowwise split if X** is split for all i € Z;
a short exact sequence X' —= X —» X" of double complexes is called rowwise split short exact
if X% — X" —~ X"* is split short exact for all i € Z.

A double complex X is called rowwise split acyclic if X** is a split acyclic complex for all i € Z.
It is called columnwise split acyclic if X*7 is a split acyclic complex for all j € Z.

1.1.5 Horizontally and vertically split acyclic double complexes

An elementary horizontally split acyclic double complex is a double complex of the form

Ti+1 0




A horizontally split acyclic double complex is a double complex isomorphic to a direct sum of
elementary horizontally split acyclic double complexes, i.e. to one of the form

(10)

Tithi @it i+l ———Ls Pitlj+l g itlj+2 — ...
a0 a0
(0 8) (0 a)

Tz'J @Ti,j-‘rl

i,j+1 i,j+2
T eT

An elementary vertically split acyclic double complex is a double complex of the form

0 0
i 4 o it
i — 4 o it

0 0

A wertically split acyclic double complex is a double complex isomorphic to a direct sum of
elementary vertically split acyclic double complexes, i.e. to one of the form

do
Ti—l—l,j EBTi-‘,—Q,j (0 d>

(10) (10)

(04)

Tit L+l gy it2,j+1 ...

THi Tt Tl ittt — ...




A horizontally split acyclic double complex is in particular rowwise split acyclic. A vertically
split acyclic double complex is in particular columnwise split acyclic.

A double complex is called split acyclic if it is isomorphic to the direct sum of a horizontally and
a vertically split acyclic double complex. Let CCqpac(A) denote the full additive subcategory
of split acyclic double complexes. Let

KK(A) := CC(A)/CCgspac(A) ;

cf. [5, IV.§4]. A morphism in CC(.A) that is mapped to an isomorphism in KK(.A) is called a
double homotopism.

A speculative aside. The category K(.A) is Heller triangulated; cf. [10, Def. 1.5.(i), Th. 4.6]. Such
a Heller triangulation hinges on two induced shift functors, one of them induced by the shift functor

on K(A). Now KK(A) carries two shift functors, and so there might be more isomorphisms between
induced shift functors one can fix. How can the formal structure of KK(A) be described?

1.1.6 Total complex

Let KK"(A) be the full image of CC-(A) in KK(A).
The total complex tX of a double complex X € Ob CC*-(A) is given by the complex

d 0 00
0—-d—0 0
0 0 do
—_—

in ObClP(A). Using the induced morphisms, we obtain a total complex functor

d d 0
tX = (Xo,o (d9) X01qx 10 (O—d—B) X02q x 1l X 20

CC-(A) =~ CO(A). Since t maps elementary horizontally or vertically split acyclic double
complexes to split acyclic complexes, it induces a functor KK“(A) —» K(A). If, in addition,
A is abelian, the total complex functor maps rowwise quasiisomorphisms and columnwise quasi-
isomorphisms to quasiisomorphisms, as one sees using the long exact homology sequence and
induction on a suitable filtration.

Note that we have an isomorphism U =t Conc, U, natural in U € Ob C°(A), having entries
lvy, vy, — 1oy, —1u,, g, etc. Moreover, U =t Concy U, natural in U € Ob CI0(A).

1.1.7 The homotopy category of first quadrant double complexes as a quotient

Lemma 1 The residue class functor CC(A) — KK(A), restricted to CC-(A) — KK-(A),
mduces an equivalence

CC(A)/(CCspac(A) N CC(A)) =+ KK-(A).

Proof. We have to show faithfulness; i.e. that if a morphism X — Y in CC-(A) factors over
a split acyclic double complex, then it factors over a split acyclic double complex that lies in
Ob CC-(A). By symmetry and additivity, it suffices to show that if a morphism X — Y in
CC-(A) factors over a horizontally split acyclic double complex, then it factors over a hori-
zontally split acyclic double complex that lies in Ob CC-(.A). Furthermore, we may assume
X —Y to factor over an elementary horizontally split acyclic double complex S concentrated
in the columns k and k + 1 for some k € Z. We may assume that S/ = 0 for i < 0 and j € Z.
If £ <0, and in particular, if £ = —1, then X — Y is zero because S — Y is zero, so that in
this case we may assume S = 0. On the other hand, if £ > 0, then S € Ob CC*-(A). o

Cf. also the similar Remark 2.

X0,3@X1,2®X2,1@X3,0 ..
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1.2 Triple complexes
1.2.1 Definition

Let CCC(A) := C(C(C(A))) be the category of triple complexes. A triple complex Y has
entries Y*4™ for k, ¢, m € Z.

We denote the differentials in the three directions by Y#&m A yh+lem yhtm %2 yhetim
and YRtm B yhemtl peshectively.

Let k, ¢, m € Z. We shall use the notation Y =%~ for the double complex having at position
(k,m) the entry Y*t™  differentials taken accordingly. Similarly the complex Y*4* etc.

Given a triple complex Y € Ob CCC(A), we write HY —=* € Ob CC(A) for the double complex
having at position (k,¢) the entry H(Y*®%*), differentials taken accordingly.

Denote by CCC*(A) C CCC(A) the full subcategory of first octant triple complezes; i.e. triple
complexes Y having Y*4™ = () whenever k < 0 or £ < 0 or m < 0.

1.2.2 Planewise total complex

For Y € ObCCC*(A) we denote by t1,Y € ObCC-(A) the planewise total complex of Y,
defined for m € Z as
(t12Y)"" = t(Y77)

with the differentials of t; Y in the horizontal direction being induced by the differentials in
the third index direction of ¥, and with the differentials of t; Y in the vertical direction being
given by the total complex differentials. Explicitly, given k, £ > 0, we have

(t1,2y)k,€ _ @ Yi,j,é .

1, 20,i+j=k
By means of induced morphisms, this furnishes a functor

CCC(A) 23 CC-(A)
Y +— tLQY.

2 Cartan-Eilenberg resolutions

We shall use QUILLEN’s language of exact categories [14, p. 15] to deal with Cartan-Eilenberg
resolutions [5, XVIIL.§1], as it has been done by MAC LANE already before this language was
available; cf. [12, XII.§11]. The assertions in this section are for the most part wellknown.

2.1 A remark

Remark 2 Let A be an additive category. Then CI(A)/(CP(A) N Cypac(A)) — KIO(A) is an
equivalence.

Proof. Faithfulness is to be shown. A morphism X — Y in CI(A) that factors over an
elementary split acyclic complex of the form (--+ —0—T=T—0— ---) with 7" in
positions k& and k + 1 is zero, provided k < 0. 0
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2.2 Exact categories

Concerning the terminology of exact categories, introduced by QUILLEN [14, p. 15], we refer
to [10, Sec. A.2].

Let £ be an exact category in which all idempotents split. An object I € Ob¢& is called
relatively injective, or a relative injective (relative to the set of pure short exact sequences, that
is), if —, 1) maps pure short exact sequences of £ to short exact sequences. We say that &
has enough relative injectives, if for all X € Ob &, there exists a relative injective I and a pure
monomorphism X —e [.

In case £ is an abelian category, with all short exact sequences stipulated to be pure, then we
omit “relative” and speak of “injectives” etc.

Definition 3 Suppose given a complex X € ObCI(£) with pure differentials. A relatively
injective complex resolution of X is a complex I € Ob Cl°(£), together with a quasiisomorphism
X — I, such that the following properties are satisfied.

(1) The object entries of I are relatively injective.
(2) The differentials of I are pure.

(3) The quasiisomorphism X — I consists of pure monomorphisms.

We often refer to such a relatively injective complex resolution just by I.

A relatively injective object resolution, or just a relatively injective resolution, of an object
Y € Ob €& is a relatively injective complex resolution of ConcY .

A relatively injective resolution is the complex of a relatively injective object resolution of some
object in £.

Remark 4 Suppose that & has enough relative injectives. Every complex X € Ob Cl(&) with
pure differentials has a relatively injective complex resolution I € Ob ClO(E).

In particular, every object Y € Ob& has a relatively injective resolution J € Ob Cl(E).

Proof. Let X° —~ I° be a pure monomorphism into a relatively injective object I°. Forming a
pushout along X -~ I°, we obtain a pointwise purely monomorphic morphism of complexes
X — X' with X% = J% and X"* = X* for k > 2. By considering its cokernel, we see that it is
a quasiisomorphism. So we may assume X° to be relatively injective.

Let X! —I' be a pure monomorphism into a relatively injective object I*. Form a pushout
along X! -~ I etc. o

Remark 5 Suppose given X € Ob Cl%(&) with pure differentials such that HFX ~ 0 for k > 1.
Suppose given I € ObCL(&) such that I* is purely injective for k > 0, and such that the

differential I° %~ I' has a kernel in &. Then the map
ko)X, ) — ¢( Kern(X"° 4 X1, Kern(I° 4, 1)

that sends a representing morphism of complexes to the morphism induced on the mentioned
kernels, is bijective.
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Suppose £ to have enough relative injectives. Let Z C £ denote the full subcategory of relative
injectives. Let CI%™(Z) denote the full subcategory of CI°(Z) consisting of complexes X with
pure differentials such that H*X ~ 0 for k > 1. Let KI®™5(Z) denote the image of CI®™(7) in
K(€&).

Remark 6 The functor C%(T) — &, X — H°(X), induces an equivalence

KOres(7) =» &
Proof. This functor is dense by Remark 4, and full and faithful by Remark 5. o

Remark 7 (exact Horseshoe Lemma)

Given a pure short exact sequence X' —= X — X" and relatively injective resolutions I' of X'
and 1" of X", there exists a relatively injective resolution I of X and a pointwise split short
exact sequence I' — I — I" that maps under H® to X' — X — X".

Proof. Choose pure monomorphisms X’ —~ I'* and X” ——~ I"° into relative injectives I"° and
I". Embed them into a morphism from the pure short exact sequence X’ -+ X -+ X" to

0
the split short exact sequence I’ 90 pg Q» I”. Insert the pushout 7' of X’ -~ X along

X' -~ I and the pullback of I @ I"° -~ I"" along X" —= 1" to see that X — I & "
is purely monomorphic. So we can take the cokernel B'I’ — B'J] — B']” of this mor-
phism of pure short exact sequences. Considering the cokernels on the commutative triangle
(X, T, I & I') of pure monomorphisms, we obtain a bicartesian square (T, I"@®I", B'I', B'I)
and conclude that the sequence of cokernels is itself purely short exact. So we can iterate. o

2.3 An exact category structure on C(A)

Let A be an abelian category with enough injectives.

Remark 8 The following conditions on a short exact sequence X' — X —= X" in C(A) are
equivalent.

) All connectors in its long exact homology sequence are equal to zero.

2) The sequence BEX' —BEX —~ B* X" is short exact for all k € Z.
) The morphism ZFX — 7Z* X" is epimorphic for all k € Z.

3") The morphism Z'*X' —7'*X is monomorphic for all k € 7Z.

(
(
(3
(
(

4) The diagram

BFX' ZF X' HF X'
Bt X 7k X HEX

L

Bk:X// - ZkX// - o HkX//

has short exact rows and short exact columns for all k € Z.
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Proof. We consider the diagram in (4) as a (horizontal) short exact sequence of (vertical)
complexes and regard its long exact homology sequence. Taking into account that all assertions
are supposed to hold for all £ € Z, we can employ the long exact homology sequence on
X'— X — X" to prove the equivalence of (1), (2), (3) and (4).

Now the assertion (1) <= (3) is dual to the assertion (1) <= (3'). o

Remark 9 The category C(A), equipped with the set of short exact sequences that have zero
connectors on homology as pure short exact sequences, is an exact category with enough relatively
injective objects in which all idempotents split. With respect to this exact category structure on
C(A), a complex is relatively injective if and only if it is split and has injective object entries.

Cf. [12, XII.§11], where pure short exact sequences are called proper. A relatively injective
object in C(A) is also referred to as an injectively split complez. To a relatively injective
resolution of a complex X € ObC(A), we also refer as a Cartan-FEilenberg-resolution, or, for
short, as a CE-resolution of X; cf. [5, XVIL.§1]. A CE-resolution is a CE-resolution of some
complex. Considered as a double complex, it is in particular rowwise split and has injective
object entries.

Given a morphism X —1+ X’ in C(A), CE-resolutions J of X and J" of X', a morphism J iy

in CC(A) such that (J% it J"7) = (0 —=0) for i < 0 and such that

HO(J*’_ fi: J/*,—) — (X 4]‘.» X/)
is called a CB-resolution of X —L+ X'. By Remarks 9 and 6, each morphism in C(A) has a
CE-resolution.

Proof of Remark 9. We claim that C(A), equipped with the said set of short exact sequences, is
an exact category. We verify the conditions (Ex 1,2, 3) listed in [10, Sec. A.2]. The conditions
(Ex 1°,2°,3°) then follow by duality.

Note that by Remark 8.(3'), a monomorphism X —Y in C(A) is pure if and only if
7'*(X —Y') is monomorphic in A for all k € Z.

Ad (Ex 1). To see that a split monomorphism is pure, we may use additivity of the functor Z’*
for k € Z.

Ad (Ex 2). To see that the composition of two pure monomorphisms is pure, we may use 7'
being a functor for k € Z.

Ad (Ex 3). Suppose given a commutative triangle

Y
in C(A). Applying the functor Z’* to it, for k € Z, we conclude that Z'*(X — Y’) is monomor-
phic, whence X — Y is purely monomorphic. So we may complete to

AN
7

X

Z,

Y/B
N

A
X A
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in C(A) with (X,Y,B) and (A,Y,Z) pure short exact sequences. Applying Z’* to this dia-
gram, we conclude that Z’*(A — B) is a monomorphism for k € Z, whence A — B is a pure
monomorphism.

This proves the claim.
Note that idempotents in C(.A) are split since C(.A) is also an abelian category.

We claim relative injectivity of complexes with split differentials and injective object entries.
By a direct sum decomposition, and using the fact that any monomorphism from an elementary
split acyclic complex with injective entries to an arbitrary complex is split, we are reduced to
showing that a pure monomorphism from a complex with a single nonzero injective entry, at
position 0, say, to an arbitrary complex is split. So suppose given I € ObInj A, X € ObC(A)
and a pure monomorphism Conc ] —+ X. Using Remark 8.(3'), we may choose a retraction
to the composite (I — X? —Z°X). This yields a retraction to I — X° that composes to 0
with X! — X° which can be employed for the sought retraction X — Conc I. This proves
the claim.

Let X € ObC(A). We claim that there exists a pure monomorphism from X to a relatively
injective complex. Since A has enough injectives, by a direct sum decomposition we are reduced
to finding a pure monomorphism from X to a split complex. Consider the following morphism
oy of complexes for k € Z,

(10)

0 Xk Xk 7k X 0
R
Xk72 d kal d Xk d Xk+1 —_— e

where X* 4+ 7% X is taken from X. The functor Z’* maps it to the identity. We take the
direct sum of the upper complexes over k € Z and let the morphisms ¢, be the components
of a morphism ¢ from X to this direct sum. At position k, this morphism ¢ is monomorphic
because ¢y is. Moreover, Z*(¢) is a monomorphism because Z™*(ypy) is. Hence ¢ is purely
monomorphic by condition (3") of Remark 8. This proves the claim. o

Remark 10 Write € := C(A). Given ¢ > 0, we have a homology functor EiA, which
14
induces a functor C(E) ey (A). Suppose given a purely acyclic complez X € ObC(E).

Then C(H)X € ObC(A) is acyclic.

Proof. This follows using the definition of pure short exact sequences, i.e. Remark 8.(1). 0

2.4 An exact category structure on C[O(A)

Write CC-“®(Inj.A) for the full subcategory of CC“(A) whose objects are CE-resolutions.
Write KK““F(Inj A) for the full subcategory of KK“(.A) whose objects are CE-resolutions.

Remark 11 The category C(A), equipped with the short evact sequences that lie in CI°(A)
and that are pure in C(A) in the sense of Remark 9 as pure short exact sequences, is an eract
category wherein idempotents are split. It has enough relative injectives, viz. injectively split
complezes that lie in C°(A).

Proof. To show that it has enough relative injectives, we replace ¢ in the proof of Remark 9
/ 1
by X % Conc X, defined by Xy —2 X, at position 0. o
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2.5 The Cartan-Eilenberg resolution of a quasiisomorphism

Abbreviate £ := C(A), which is an exact category as in Remark 9. Consider CC-(A) C Cl°(&),
where the second index of X € Ob CC"(A) counts the positions in € = C(A); i.e. when X is
viewed as a complex with values in £, its entry at position k is given by X** € £ = C(A).

Remark 12 Suppose given a split acyclic compler X € Ob CI°(A). There exists a horizontally
split acyclic CE-resolution J € Ob CC-“F(Inj A) of X.

Proof. This holds for an elementary split acyclic complex, and thus also in the general case by
taking a direct sum. o

Lemma 13 Suppose given X € Ob CC-(.A) with pure differentials when considered as an object
of C(&), and with HF(X*~) ~ 0 in CO(A) for k > 1.

Suppose given J € Ob CC-(Inj A) with split rows J** for k > 1. In other words, J is supposed
to consist of relative injective object entries when considered as an object of CI°(E).

Then the map

(%) KKL(A)(X7 J) HO((=)*)

kio(H' (X™7), H (7))

1s bijective.

Proof. First, we observe that by Remark 5, we have

() ko)X, J) (i g(HO(X*7), HO(J=7)) .

So it remains to show that (x) is injective. Let X L Tbea morphism that vanishes under
(¥). Then H°(X*~) —H’(J*~) factors over a split acyclic complex S € ObCIC(A); cf.
Remark 2. Let K be a horizontally split acyclic CE-resolution of S; cf. Remark 12. By
Remark 5, we obtain a morphism X — K that lifts H° (X *’*) — S and a morphism K — J
that lifts S — H°(.J*~). The composite X — K — J vanishes in KK"(A). The difference

(X Lo J) = (X — K —J)
lifts H?(X*7) N HO(J*7). Hence by (x*), it vanishes in KI°(&) and so a fortiori in KK"(A).

Altogether, X —L+ J vanishes in KK*-(A). o

Of(_\*,—
Proposition 14 The functor CC-“F(Inj A) w{er) ClO(A) induces an equivalence

0((_\#,—
KK CE(Inj A) o), KO(A) .
Proof. By Lemma 13, this functor is full and faithful. By Remark 4, it is dense. o

Corollary 15 Suppose given X, X' € ObCP(A). Let J be a CE-resolution of X. Let J' be a
CE-resolution of X'. If X and X' are isomorphic in KI°(A), then J and J' are isomorphic in
KK“-(A).
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The following lemma is to be compared to Remark 12.

Lemma 16 Suppose given an acyclic complex X € Ob C[O(.A). There exists a rowwise split
acyclic CE-resolution J of X. Fach CE-resolution of X is isomorphic to J in KK“(A).

Proof. By Corollary 15, it suffices to show that there exists a rowwise split acyclic CE-resolution
of X. Recall that a CE-resolution of an arbitrary complex Y € ObCI%(A) can be constructed
by a choice of injective resolutions of H*Y and B*Y for k € Z, followed by an application of
the abelian Horseshoe Lemma to the short exact sequences B*Y — Z¥Y — HFY for k € Z
and then to Z*Y — Y* — B¥1Y for k € Z; cf. [5, Chap. XVII, Prop. 1.2]. Since H*X =0
for k € Z, we may choose the zero resolution for it. Applying this construction, we obtain a
rowwise split acyclic CE-resolution. o

Given X . X' in QL0 (A), a morphism J I i CC-(A) is called a CE-resolution of X Lox
if HO(f*~) ~ f, as diagrams of the form e — e. By Remark 5, given CE-resolutions J of X
and J' of X', there exists a CE-resolution JLe g of x Lo x

Proposition 17  Let X T X be a quasiisomorphism in CIO(A).  Let JLe g be a
CE-resolution of X T X' Then f can be written as a composite in CC- CE(Inj A) of a rowwise
homotopism, followed by a double homotopism.

Proof. Choose a pointwise split monomorphism X — A into a split acyclic complex X. We
can factor ; (1)
(X Lo xy) = (X(—“)» X'@ A X’) ,

so that (fa) is a pointwise split monomorphism. Let B be a CE-resolution of A. Choosing a
CE-resolution b of a, we obtain the factorisation

. . 1
(JLe ) = (J(f—b)» yen W, J’) .
1 1
Since X' A @» X' is a homotopism, J' & B @ J is a double homotopism; cf. Corollary 15.
Hence f is a composite of a rowwise homotopism and a double homotopism if and only if this

holds for (fs). So we may assume that f is pointwise split monomorphic, so in particular,
monomorphic.

By Proposition 14, we may replace the given CE-resolution f by an arbitrary CE-resolution of
f between J and an arbitrarily chosen CE-resolution of X’ without changing the property of
being a composite of a rowwise homotopism and a double homotopism for this newly chosen
CE-resolution of f.

Let X X'~ X bea short exact sequence in Cl(A). Since f is a quasiisomorphism,
X € ObCl(A) is acyclic. Let J be a rowwise split acyclic CE-resolution of X; cf. Lemma, 16.

The short exact sequence X Jox X s pure by acyclicity of X; cf. Remark 8.(1). Hence
by the exact Horseshoe Lemma, there exists a rowwise split short exact sequence J — J' — J
of CE-resolutions that maps to X Lo X' — X under HO((—=)*7); cf. Remark 7. Since J
is rowwise split acyclic and since the sequence .J —~J —J is rowwise split short exact,
J — J' is a rowwise homotopism. Since J — J’ is a CE-resolution of X S x , this proves
the proposition. o
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3 Formalism of spectral sequences

We follow essentially VERDIER [17, I1.4]; cf. [6, App.]; on a more basic level, cf. [11, Kap. 4].

Let A be an abelian category.

3.1 Pointwise split and pointwise finitely filtered complexes

Let Zo, := {—o0}UZLI{o0}, considered as a linearly ordered set, and thus as a category. Write
la, Bl ={0€Z : a <o <P} fora, B € Zy such that a < 3; ete.

Given X € OblZ,C(A)l, the morphism of X on a < [ in Z, shall be denoted by
X(a) = X(B).

An object X € Ob[[Z,C(A)1 is called a pointwise split and pointwise finitely filtered complex
(with values in A), provided (SFF 1,2,3) hold.

(SFF 1) We have X (—o0) = 0.
(SFF 2) The morphism X (a) = X (8)" is split monomorphic for all i € Z and all & < 3 in Z,.

(SFF 3) For all 1 € Z, there exist 8y, ag € Z such that X (a) =, X ()" is an identity whenever
a<B<Bora <a<fin Zy.

The pointwise split and pointwise finitely filtered complexes with values in A form a full sub-
category SFFC(A) C [Z,, C(A)L.

Suppose given a pointwise split and pointwise finitely filtered complex X with values in A for
the rest of the present §3.

Let o € Zoo. Write X (a) := Cokern (X (o — 1) — X (a)) for v € Z. Given i € Z, we obtain
X ()t =~ Doe-voa X (0)?, which is a finite direct sum. We identify along this isomorphism. In
particular, we get as a matrix representation for the differential

(X(@) X)) = | @ Xy = P X
€]—00,0]

o€]—00,q]

where di, . = 0 whenever ¢ < 7; a kind of lower triangular matrix.

3.2 Spectral objects

Let Zoo := Zoo X Z. Write o™ := (a, k), where o € Zy, and k € Z. Let o™ < 1 in Zy if
k< /lor (k=/¢and a<f),ie. let Z, be linearly ordered via a lexicographical ordering. We
have an automorphism a™ —» a***! of the poset Z.., to which we refer as shift. Note that

— ootk = (—oo)”“.

We have an order preserving injection Z., — Zo, a—a™®. We use this injection as an

identification of Z., with its image in Z. , i.e. we sometimes write o := o™ by abuse of
notation.
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Let Z% = {(a,3) € Zoo X Zo, : 7L< a < B < att}. We usually write 3/a = (o, 8) € Z7%;
reminiscent of a quotient. The set Z7 is partially ordered by 3/a < 8'/a’ <= (3 < ' and
a < ). We have an automorphism 3/a+— (3/a)*! := a™1/3 of the poset Z%, to which,
again, we refer as shift.

We write Z# = {#/a € Z# : —oco < a < 3 < o}. Note that any element of Z# can
uniquely be written as (3/a)™ for some 3/« € Z% and some k € Z.

We shall construct the spectral object Sp(X) € Ob[Z# K(A)I. The morphism of Sp(X) on
Bla < B/a’ in Z% shall be denoted by X (8/a) — X (3'/a/).

We require that
+k z / N+k T / / otk
(X((B/a)™) == X((8/)™)) = (X(8/a) =~ X(8/a")
for B/a < B'/a’ in ZZ; i.e., roughly put, that Sp(X) be periodic up to shift of complexes.

Define
X(B/a) := Cokern (X(«) (3))

for ﬁ/Oz € Z7.. By periodicity, we conclude that X( / ) 0 and X(oﬁl/a) = 0 for all
a € Zo

Write . ' , .
Do prjar = (g )oclap), rejors) = X(B/a) — X(3'/a’)
for i € Z and B/a, §'/a’ € ZF.
Given —co < a < <y <ooand i € Z, we let
(X(ﬁ/ay‘ N X(v/oz)") - ( (Blay L2 X(3/a) @ X(v/ﬁ)i>
. 0
(X(v/a)i EN X(v/ﬁ)") - (X(ﬁ/aY & X/ Ak (v/ﬁ)")

X(/B) 2w X8y ) = (X8 L X(5la)) .
( ) = | )

By periodicity up to shift of complexes, this defines Sp(X). The construction is functorial in
X € ObSFFC(A).

3.3 Spectral sequences
Let Z## .= {(y/a,6/8) € Z# x 2% : 0' <a < f<y<0<a}. Given (y/a,6/8) € ZEF,
we usually write 6/3/v/a = (v/a,§/8). The set Z## is partially ordered by
0/Bv/a< 8B /o' = (v/a <A/ and 6/B<8/F).
Define the spectral sequence E(X) € Ob LZ%# AT of X by letting its value on
8/Bfv/a < 83 [
in Z7# be the morphism that appears in the middle column of the diagram

HO (X (v/a)) —+—=E(3/B/~/a)(X) H°(X(5/8))

HO(w)l l HO(x)l

HO(X (7 /o) —— E(8/ {7 /') (X) o= HO (X (5'/))
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Given 6/3)~v/a € Z%# and k € Z, we also write
E(3/B)v/a) ™ (X) = E((6/8)™"/(v/a)™*)(X) .
Altogether,

[Zoo,C(A)] D SFFC(A) — [ZE K(A)I — [ZHF AT
X +— Sp(X) — E(X).

3.4 A short exact sequence

1

Lemma 18 Given e ' < a <<y < I <e<atl inZy, we have a short exact sequence

E(e/B)v/a)(X) —= E(¢/B[5/a)(X) — E(e/v/5/a)(X) .
Proof. See [10, Lem. 3.9]. .

Lemma 19 Given e ' < a<f<v<d<e<atl inZy, we have a short exact sequence
E(e/v/8/0)(X) —~ E(e/v/6/8)(X) -~ E(a!/v/3/8)(X).

Proof. Apply the functor induced by 3/a+——a™/3 to Sp(X). Then apply [10, Lem. 3.9]. &

The short exact sequence in Lemma 18 is called a fundamental short exact sequence (in first
notation), the short exact sequence in Lemma 19 is called a fundamental short exact sequence
(in second notation). They will be used without further comment.

3.5 Classical indexing

Let 1 <r < oo andlet p, ¢ € Z. Denote
EPY = EPI(X) = E(—p—1+7”/—p—1//—p/—p—r)+p+q(X),

where 7 4+ 00 := 00 and 7 — 00 := —o0 for all 7 € Z.

Example 20 The short exact sequences in Lemmata 18, 19 allow to derive the exact couples of
Massey. Write D% = DiJ(X) := E(—i/—o00/ —i—r+1/—00) Tt (X) for i, j € Z and r > 1. We
obtain an exact sequence

Di,j € Di—l,j-&-l € Ei+r—2,j—r+2 € Di+r—1,j—r+2 € D:‘+r—2,j—r+3

by Lemmata 18, 19.

3.6 Comparing proper spectral sequences

Let X 2+ Y be a morphism in SFFC(A), i.e. a morphism of pointwise split and pointwise

finitely filtered complexes with values in A. Write E(X) B, E(Y) for the induced morphism

on the spectral sequences.
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For o, B € Zo, we write a < 3 if
(a<B) or (a=p and a€{cc™ : keZ}U{-oc0™ : keZ}).
We write . B
77 = {0/B)y/a e Zt* . ' <a<B<y<i<att}.

We write ' ' .
E = B(X) := B(X)|z## € ObLZ%# AT

for the proper spectral sequence of X; analogously for the morphisms.

Lemma 21 IfE(a+ 1/a — 1/aj/a—2)**(f) is an isomorphism for all o € Z and all k € Z,
then E(f) is an isomorphism.

Proof. Claim 1. We have an isomorphism E(y/8 — 1/3/8 — 2)™*(f) for all k € Z, all 8 € Z
and all v € Z such that v > 3. We have an isomorphism E(8 + 1/8 — 1/3/a — 1)7*(f) for all
keZ,all 3 €Z and all « € Z such that a < 3.

The assertions follow by induction using the exact sequences

E(y +2/v/v+1/8)"" = E(v/8-1/8/8-2)"" =~ E(y+1/6-1/8/6—-2)"* — 0

and
0 — E(B+1/6-1)8/a=2)" ~ E(B+1/8-1)3/a-1)"" s E(B—1/a—2)a—1/a—3)TF

Claim 2. We have an isomorphism E(v/8 —1/8/a—1)**(f) for all k € Z and all o, 3, v € Z
such that a < § < 7.

We proceed by induction on v — a. By Claim 1, we may assume that a < f —1 < 3+ 1 < 7.
Consider the image diagram

E(y —1/8 —1)8/a — 1)*" —+ B(y/8 - 1)8/a — 1)*" —~ E(y/3 - 1/B/a)**.

Claim 3. We have an isomorphism E(§/3/~v/a)™(f) for all k € Z and all a, 3, v, § € Z such
that a < < v <.

We may assume that v — 3 > 1, for E(6/3/3/a)*t® = 0. We proceed by induction on v — 3.
By Claim 2, we may assume that v — 3 > 2. Consider the short exact sequence

E(3/8)y — 1/a)™ —= E(3/8)v/a)™ S E(@6/y —1/y/a)tF.

Claim 4. We have an isomorphism E(6/3/v/a)**(f) for all k € Z and all o, 3, v, § € Zy
such that o < § < v <.

In view of Claim 3, it suffices to choose @ € Z small enough such that E(6/3/v/a)t*(f) =
E(0/B)~/=00)T*(f); ete.
Claim 5. We have an isomorphism E(§/8/v/a)™(f) for all k € Z and all a, 8,7, § € Zy
such that o < f < v < 0.

In view of Claim 4, it suffices to choose 3 € Z small enough such that E(6/3/~/—o0)™*(f) =
E(0/—00/v/—00)*(f); etc.
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Claim 6. We have an isomorphism E(6/3/v/a)™(f) for all k € Z and all a, 8, v, 6 € Zs
such that —co <0 ' <a<f<y<oo < —00™ <d <atl

In view of Claim 5, it suffices to consider the short exact sequence
E(00/B/7/871)™* = Bloo/Bf7/a)™ <~ E(/Bv/a)* .

Claim 7. The morphism E(f) is an isomorphism.

Suppose given a, 3, v, § € Zo such that 67! < a < < v <6 < atl. Via a shift, we may
assume that we are in the situation of Claim 5 or of Claim 6. o

3.7 The first spectral sequence of a double complex

Let A be an abelian category. Let X € ObCC-(A). Given n € Z.,, we write X[™* for
the double complex arising from X by replacing X® by 0 for all i € [0,n[. We define a
pointwise split and pointwise finitely filtered complex t;X, called the first filtration of tX, by
letting t;.X (o) := tX[7* for o € Zoo; and by letting t;X (o) — t.X (3) be the pointwise split
inclusion tX[~* — tX[=%* for a, 8 € Z such that a < 3. Let By = E;(X) := E(t;X). This
construction is functorial in X € Ob CC-(A). Note that t;X (a) = X ~vk+e,

We record the following wellknown lemma in the language we use here.

Lemma 22 Let a €|—00,0]. Let k € Z such that k > —a. We have
Ei(a/a—1)a/a—1)HX) = HFFe(X-o¥)
Ei(a+1/a—1jaja—2)"(X) = H*H'(X")),
naturally in X € Ob CC-(A).

Proof. The first equality follows by Ej(a/a—1/a/a—1)"* = H*; X (a/a — 1) = HFFe(X o),

The morphism ;X (a/ov — 1) — ;X ((a — 2) ™ Jao = 1) = ;X (v — 1/ — 2).+1 from Sp(t;.X)
is at position k£ > 0 given by

(-1)*9

tI_X(O_/)k — X—a,k+a X—oc—‘rl,k—i—a _ tI_X(a . 1)k+1 :

cf. §1.1.6. In particular, the morphisms
Erfla+1/afa+1/a)™ ! 5 Efa/a—1)aja—1)"F 5 E(a—1/a—2/a—1/a—2)TF!
are given by

(=De+tHk(9) (=1)*HF(9)

Hk-i—a (X—a—l,*) Hk—i—oz (X—a,*) Hk:—i—a (X_a+1’*) )

Now the second equality follows by the diagram
Ei(a+1/a—1)aj/a—2)*F

/ \

Ei(la/a—1)a/a—2)*k Ei(a+1/a—1)aj/a—1)**

\ /

Ei(a+1/afa+1/a)* 1 —=E(a/a - 1]a/a = 1) —=Ei(a - 1/a—2/a—1/a—2)"FT.

o
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Remark 23 Let X-LoY be a rowwise quasiisomorphism in ~CC-(A). Then
E1(6/8)y/a)T*(f) is an isomorphism for 6 ' <a<B<y<I<a™ inZy and k € Z.

Proof. Tt suffices to show that the morphism Sp(t;f) in [Z%, K(A)T is pointwise a quasiiso-
morphism. To have this, it suffices to show that tf** is a quasiisomorphism for & > 0. But
fl* is a rowwise quasiisomorphism for k > 0; cf. §1.1.6. 0

Lemma 24 The functor CC-(A) B, [ng#, Al factors over

KK-(A) P [Z##, AT

Proof. By Lemma 1, we have to show that E; annihilates all elementary horizontally split acyclic
double complexes in Ob CC-(.A) and all elementary vertically split acyclic double complexes in

Ob CC-(A).

Let U € ObCC-(A) be an elementary vertically split acyclic double complex concentrated in
rows ¢ and i + 1, where ¢ > 0. Let V€ Ob CC*-(A) be an elementary horizontally split acyclic
double complex concentrated in columns j and j + 1, where 57 > 0.

Since V is rowwise acyclic, E; annihilates V' by Remark 23, whence so does Ej.

Suppose given
(%) —o<a<f<y<di<

in Zo, and k € Z. We claim that the functor E;(6/3/~v/a)** annihilates U. We may assume
that 3 < 7. Note that E;(6/8/v/a)™(U) is the image of

The double complex U%* JU (=8 is columnwise acyclic except possibly if —3 = i + 1 or
if -6 = i+ 1. The double complex Ul=7*/Ul=%* is columnwise acyclic except possibly if
—a =141 orif —y =i+ 1. All three remaining combinations of these exceptional cases are
excluded by (x), however. Hence E;(§/3/v/a)™(U) = 0. This proves the claim.

Suppose given
(%) S'<a<B<y< o< -0 <i<att.

in Zo, and k € Z. We claim that the functor E;(6/3/~v/a)** annihilates U. We may assume
that 3 < 7 and that ' < a. Note that E;(§/3/v/a)™™*(U) is the image of

H* (41U (v/)) — B (U(B/67Y)) .

The double complex U+ /U= is columnwise acyclic except possibly if —(671) =4+ 1
or if =3 = i + 1. The double complex Ul=7* JU [=e* is columnwise acyclic except possibly if
—v =4+ 1orif —a =i+ 1. Both remaining combinations of these exceptional cases are
excluded by (%), however. Hence E(6/3/v/a)™(U) = 0. This proves the claim.

Both claims taken together show that E; annihilates U. 0
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4 Grothendieck spectral sequences

4.1 Certain quasiisomorphisms are preserved by a left exact functor

Suppose given abelian categories A, BB, and suppose that A has enough injectives. Let A B
be a left exact functor.

Remark 25 Suppose given an F-acyclic object X € Ob A and an injective resolution
I € ObCIP(InjA) of X. Let Conc X L+ T be its quasiisomorphism. Then Conc FX L FI
1S a quasisomorphism.

Proof. This follows since F is left exact and since H(FT) ~ (R'F)X ~ 0 for i > 1. o

Remark 26 Suppose given a complex U € ObCI°(A) consisting of F-acyclic objects. There
exists an injective complex resolution I € ObCL(Inj A) of U such that its quasiisomorphism

U-ter maps to a quasiisomorphism FU Ry

Proof. Let J € ObCC-“¥(Inj A) be a CE-resolution of U; cf. Remark 9. Since the mor-
phism of double complexes Concy U — J is a columnwise quasiisomorphism consisting of
monomorphisms, taking the total complex, we obtain a quasiisomorphism U —t.J consist-
ing of monomorphisms. By F-acyclicity of the entries of U, the image Concy F'U — F'J under
F'is a columnwise quasiisomorphism, too; cf. Remark 25. Hence F' maps the quasiisomorphism
U —tJ to the quasiisomorphism FU — F'tJ. So we may take [ :=tJ. 0

Lemma 27 Suppose given a complex U € ObCIO(A) consisting of F-acyclic objects and an
injective complex resolution I € ObCP(Inj.A) of U. Let U-LeT be its quasiisomorphism.
Then FU X% FT is a quasiisomorphism.

Proof. Let U — I’ be a quasiisomorphism to an injective complex resolution I’ that is mapped
to a quasiisomorphism by F’; cf. Remark 26. Since U — I’ is a quasiisomorphism, the induced
map g(a(U,I)«~— kal’, 1) is surjective, so that there exists a morphism /" — I such that
U—1I—1I) = (U =N I)in K(A). Since, moreover, U S Tisa quasiisomorphism, I’ — I
is a homotopism. Since FU — FI’ is a quasiisomorphism and FI’ — FI is a homotopism,
we conclude that F'U — F'[ is a quasiisomorphism. o

4.2 Definition of the Grothendieck spectral sequence functor

Suppose given abelian categories A, B and C, and suppose that A and B have enough injectives.
Let A2+ B and B-S+ C be left exact functors.

A (F,G)-acyclic resolution of X € Ob A is a complex A € Ob CI°(A), together with a quasi-
isomorphism Conc X — A, such that the following hold.

(A1) The object A* is F-acyclic for i > 0.

(A 2) The object A’ is (G o F)-acyclic for i > 0.
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(A 3) The object FA" is G-acyclic for i > 0.

An object X € Ob A that possesses an (F,G)-acyclic resolution is called (F,G)-acyclicly re-
solvable. The full subcategory of (F, G)-acyclicly resolvable objects in A is denoted by A(rq).

A complex A € ObCP(A), together with a quasiisomorphism Conc X —» A, is called an
F-acyclic resolution of X € Ob A if (A 2) holds.

Remark 28 If F' carries injective objects to G-acyclic objects, then (A1) and (A3) imply
(A2).

Proof. Given i > 0, we let I be an injective resolution of A%, and I the acyclic complex
obtained by appending A’ to I in position —1. Since At is F-acyclic, the complex FI is acyclic;
cf. Remark 25. Note that FB°] ~ FA? is G-acyclic by assumption. Since

(RFGYFI' — (R*G)FB*'I — (RF'GQ)FB'I

is exact in the middle for j > 0 and £ > 1, we may conclude by induction on j and by
G-acyclicity assumption on F I’ that FB’/I is G-acyclic for 7 > 0. In particular, we have
(R'G)(FB/I) ~ 0 for j > 0, whence

GFB'I — GFI" — GFB'™']
is short exact for j > 0. We conclude that (G o F)I is acyclic. Hence A’ is (G o F)-acyclic. o

To see Remark 28, one could also use a Grothendieck spectral sequence, once established.

Remark 29 Suppose given X € Ob A, an injective resolution I of X and an F-acyclic re-
solution A of X. Then there exists a quasiisomorphism A— I that is mapped to 1x by HC.

Moreover, any morphism A —— I that is mapped to 1x by H® is a quasiisomorphism and is

mapped to a quasiisomorphism F A iy o) by F.

Proof. Let I' be an injective complex resolution of A such that its quasiisomorphism A — I’ is
mapped to a quasiisomorphism by F'; cf. Remark 26. We use the composite quasiisomorphism
Conc X — A — I’ to resolve X by I'.

To prove the first assertion, note that there is a homotopism I’ — I resolving 1y; whence the
composite (A — I’ —» I) is a quasiisomorphism resolving 1x.

To prove the second assertion, note that the induced map ka4, I) ~— xayl’, 1) is surjective,
whence there is a factorisation (A — I’ — I) = (A -~ I) in K(A) for some morphism I’ — I,
which, since resolving 1x as well, is a homotopism. In particular, A —» I is a quasiisomorphism.
Finally, since F'I' — F'I is a homotopism, also F'A T Flisa quasiisomorphism. o

Alternatively, in the last step of the preceding proof we could have invoked Lemma 27.

The following construction originates in [5, XVIL.§7] and [7, Th. 2.4.1]. In its present form, it
has been carried out by HAAS in the classical framework [8]. We do not claim any originality.

I do not know whether the use of injectives in A in the following construction can be avoided; in
any case, it would be desirable to do so.
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We set out to define the proper Grothendieck spectral sequence functor
BRG o
Ara — LZ77,CI.

We define E%G on objects. Suppose given X € Ob A(pqy. Choose an (F, G)-acyclic resolution

Ax € ObClP(A) of X. Choose a CE-resolution Jx € ObCC-(InjB) of FAx. Let EG%,(X) :=
Ei(GJx) = E(tiGJx) € ObLZ##, CT be the Grothendieck spectral sequence of X with respect
to F' and G. Accordingly, let

E%TG(X) = EI(GJX) = E(tIGJx) € Ob [Zfo#,C]

be the proper Grothendieck spectral sequence of X with respect to F' and G.
We define EgirG on morphisms. Suppose given X € ObArg), and let Ax and Jx be as
above. Choose an injective resolution Ix € ObCl(Inj.A) of X. Choose a quasiisomorphism

Ax 5 Iy that is mapped to 1y by H° and to a quasiisomorphism by F; cf. Remark 29. Choose

a CE-resolution Kx € ObCC-(InjB) of FIx. Choose a morphism Jx -2~ Kx in CC-(Inj B)
that is mapped to Fpx by H°((—)*7); cf. Remark 6.

Note that Jx 2~ Ky can be written as a composite in CC- CE(Inj B) of a rowwise homotopism,

followed by a double homotopism; cf. Proposition 17. Hence, so can GJx — GKx. Thus
Ei(GJx) _ErGax) Ei(GKx) is an isomorphism; cf. Remark 23, Lemma 24.

Suppose given X Liyin Arc). Choose a morphism Iy i Iy in CI°(A) that is mapped to

f by HY. Choose a morphism K x I Ky in CC-(Inj B) that is mapped to F'f’ by HO((—)*’*);
cf. Remark 6. Let

“Gr (G : El(Gf") ¢ El(G :
B (X Loy) = (EI(GJX) BlCGox) | g (GRy) G, B(GKy) ~2Cm) EI(GJY)> .
The procedure can be adumbrated as follows.
Ky f” Ky
‘IV (h/
JX JY
Ix ! Iy
p;y’ px/
AX AY
X ! Y

We show that this defines a functor E%TG cAra) — [Zfo#, C1. We need to show independence
of the construction from the choices of f’ and f”, for then functoriality follows by appropriate
choices.
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Let Iy i Iy and Kx iR Ky be alternative choices. The residue classes of f" and f'in KIC(A)
coincide, whence so do the residue classes of F'f" and F'f’ in K°(B). Therefore, the residue
classes of f” and f” in KK"(B) coincide; cf. Proposition 14. Hence, so do the residue classes of

Gf" and Gf" in KK-(C). Thus E((Gf") = Ey(Gf"); cf. Lemma 24.

We show that alternative choices of Ax, Ix and px, and of Jx, Kx and qx, yield isomorphic
proper Grothendieck spectral sequence functors.

Let A x X x and J X BE x be alternative choices, where X runs through Ob Az ).

Suppose given X L yin A(rc). We resolve the commutative quadrangle

in A to a commutative quadrangle

Iy L1y

uxi lw

jXLjY

in KI°(A), in which ux and uy are homotopisms; cf. Remark 6. Then we resolve the commu-

tative quadrangle

Fly -2 pr

Fux \L iFuy
-~ Ff -
FlIx —FIy
in K(B) to a commutative quadrangle

KXf*>KY

Uxi ivy
Yoo
Ky — Ky
in KK“(B); cf. Proposition 14. Therein, vx and vy are each composed of a rowwise homotopism,

followed by a double homotopism; cf. Proposition 17. So are Gvx and Gvy. An application of
E;(G(—)) yields the sought isotransformation, viz.

E1(Gux) Er(Gax

(Er(Gx) 2 fy (G D By (GRy) 9 iy (Gly) )
at X € Ob A(pq); cf. Remark 23, Lemma 24.

Finally, we recall the starting point of the whole enterprise.

Remark 30 ([5, XVIL§7], [7, Th. 2.4.1]) Suppose given X € Ob Apq) and k, { € Zzy. We
have

B (—k+1/—k—1/—k/—k —2)""(X) ~ (R'G)(R'F)(X)

G, (00/ —00 o0/ —o00) FFH(X) ~ (RM(Go F))(X),

naturally in X.
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Proof. Keep the notation of the definition of qurG .

We shall prove the first isomorphism. By Lemma 22, we have
ESG(—k+1/—k—1)—k/—k—2)"(X) ~ HNHY(GJY™)) .

Since Jy is rowwise split, we have HY(GJy™) ~ G(H*J"). Note that H J"" is an injective
14
resolution of H*F' Ax; cf. Remark 8.(1). By Remark 29, HZFAXH Irx HFIx ~ (RF)(X). So

—_
~

HAY(HY(GJT™)) ~ HYGH T ~ (RFG)(HFAx) ~ (RFG)(RF)(X) .
We shall prove naturality of the first isomorphism. Suppose given X Y in A(r,q). Consider
the following commutative diagram. Abbreviate E := E(—k +1/—k — 1/ —k/—k — 2)th+,

E(t1Ggx) E(tIGf”) E(t1Gqy)

E(t:GJyx) < BE(tGKy) E(tiGKy) < E(tiGJy)
14 1§ 1§ 14
WG O e T g <O e
13 1§ 1§ 13
HFGHE T HkG}igq;"* HFGHK G HFGHK, e HFGHCJ, ™
14 1§ 1§ 14
REG)HF Ay I pegyptpr, — SO pegyntpr, <O grgyeray
1§ 1§
®-G)RF)(x) T mEG)RIP)(Y)

We shall prove the second isomorphism. By Lemma 27, the quasiisomorphism FAx —tJx
maps to a quasiisomorphism GFAx — tGJx ~ GtJx. By Lemma 27, the quasiisomorphism

“IrX GFIy. So

R

Ax % Iy maps to a quasiisomorphism GF Ay

B, (00/—00 00/ —00)TFH(X) ~ HF(tGJy) ~ H(GtJx) ~ HFY(GFAx)
~ H"*(GFIx) ~ (RM(Go F))(X).

We shall prove naturality of the second isomorphism. Consider the following diagram. Abbre-

viate E := E%fG(oo/—oo//oo/—oo)Jrk”.

E(t:GJx) E(tlqu)
13

b+ Gy — O
13

b+ Gty — ot
13

HAHGR Ay — O

B(tGEx) el BtiGEy) ~—0) g G
1§ 1§ 14

HA+ Gy —— O ety <O e
1 1§ 14

HAH Gty —— O ke Gy <O iy

14

HAHGFLy — O perigpry, <Y e ay

Id 1d
(RE(Go 1) () D (Rt o 1)) ()
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4.3 Haas transformations

The following transformations have been constructed in the classical framework by HAAS [8]. We
do not claim any originality.

4.3.1 Situation
Consider the following diagram of abelian categories, left exact functors and transformations,

A—Lt-B—-¢
Ul M/"VJ/ V/Wl
A=

ie. /oU -V oF and G' oV -~ W oG. Suppose that the conditions (1,2,3) hold.

(1) The categories A, B, A" and B’ have enough injectives.
(2) The functors U and V carry injectives to injectives.

(3) The functor F' carries injective to G-acyclic objects. The functor F’ carries injective to
G'-acyclic objects.

We have A(p ) = A since an injective resolution is an (F, G)-acyclic resolution. Likewise, we
have A p gy = A’

Note in particular the case U =14, V =1gand W = 1¢.
We set out to define the Haas transformations

~Gr hL SGr by SGr
EF',G'(U(_)) - EF,G'oV( _) - EF,WOG( _) )

where hL depends on F, F', G', U, V and u, and where hl} depends on F, G, G', V, W and v.

4.3.2 Construction of the first Haas transformation

Given T" € Ob A, we let EgYG(T) be defined via an injective resolution Iy of T' and via a
CE-resolution Jp of Flr; cf. §4.2.

Given T' € Ob A, we let EGI ., (T") be defined via an injective resolution I}, of 7" and via a
CE-resolution J7., of F'I},; cf. §4.2.

We define hL. Let X € Ob A. By Remark 5, there is a unique morphism [, LSS Ulxin KP(A)
that maps to 1yx under HY. Let J}, M V' Jx be the unique morphism in KK"(B') that maps
to the composite morphism (F’J;JX TN FUT VFIX) in KO(B') under HO((—)*"); cf.

Lemma 13. Let the first Haas transformation be defined by

I
h, X

(B (0) 5 i, (0) = (EW[;X) Fae)

EI(G’VJX)> .
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We show that hL s a transformation. Let X L Y bea morphism in A. Let Iy i Iy resolve
XLy, Let Jx Lo gy resolve FIx Lo FIy. Let Iy L Iy resolve UX 2 Uy, Let

Jux KRS Juy resolve F'Iyx i F'Iyy. The quadrangle

UX=—=UX
Ufi lUf
Uy —=UY

commutes in A’. Hence, by Remark 5, applied to I}, and Uly, the resolved quadrangle

I x ﬂ>UIX

b

commutes in K(A’). Hence both quadrangles in

J 20 (N RCSy g VFIy
F/f/l iF/Uf/ lVFf/
F/I(,]YWF,UIY VFIY

commute in K[O(B’ ). By Lemma 13, applied to J{,x and V.Jy, the outer quadrangle in the
latter diagram can be resolved to the commutative quadrangle

Tk S VJx
f”// l \va//
‘](/]Y Wy V‘]Y

in KK~(B'). Applying E;(G'(—)) and employing the definitions of E%{G, , nga,ov and hL, we
obtain the sought commutative diagram

B o (UX) BE o (X)
ES o (Uf)l lE%ov(ﬂ
B o (UY) B& (Y)

in [Z##, C'1.

4.3.3 Construction of the second Haas transformation

We maintain the notation of §4.3.2.
Given X € Ob A, we let the second Haas transformation be defined by

(Bfiey (x) 2%

It is a transformation since v is.

hHX

Egich)G(X)) - (EI(GVJX) Erlr) EI(WGJX)>.
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5 The first comparison

5.1 The first comparison isomorphism

Suppose given abelian categories A, A" and B with enough injectives and an abelian category C.
Let A x A’ -2+ B be a biadditive functor. Let B> C be an additive functor.

Suppose given objects X € Ob.A and X’ € Ob A’. Suppose the following properties to hold.

(a) The functor F(—, X’) : A— B is left exact.
(a') The functor F(X,—) : A'— B is left exact.
(b) The functor G is left exact.
c¢) The object X possesses a (F(—, X'), G)-acyclic resolution A € ObCL(A).

(
(¢) The object X’ possesses a (F(X,—), G)-acyclic resolution A’ € Ob chAn.

Moreover, the resolutions appearing in (c¢) and (¢’) are stipulated to have the following proper-
ties.

(d) For all & > 0, the quasiisomorphism Conc X — A is mapped to a quasiisomorphism
Conc F (X, A%) — F(A, A’*) under F(—, A’%).

(d’) For all k& > 0, the quasiisomorphism Conc X’ — A’ is mapped to a quasiisomorphism

Conc F(AF, X') — F(A*, A') under F(A* —).
The conditions (d,d’) are e.g. satisfied if F((—, A*) and F(A*, —) are exact for all k > 0.

Theorem 31 (first comparison) The proper Grothendieck spectral sequence for the functors
F(X,—-) and G, evaluated at X', is isomorphic to the proper Grothendieck spectral sequence for
the functors F(—, X') and G, evaluated at X; i.e.

EgEX,—),G(X,) = Eg?—,x'),G(X>

in [Z## C1.

Proof. Let Ja, Jar, Jaa € ObCC-(InjB) be CE-resolutions of the complexes
F(A, X'), F(X,A"), tF(A, A") € ObCl(B), respectively.

The quasiisomorphism Conc X — A induces a morphism F'(Conc X, A") — F(A, A), yielding
F(X,A")—tF(A, A"), which is a quasiisomorphism since Conc F'(X, A’*) — F(A, A%) is a
quasiisomorphism for all £ > 0 by (d).

Choose a CE-resolution Jg — Jy a0 of F(X, A")—tF (A, A’); cf. Remark 6. Since the
morphism F(X,A") —tF (A, A’) is a quasiisomorphism, Ju — J4 4 is a composite in
CC" ©E(Inj B) of a rowwise homotopism and a double homotopism; cf. Proposition 17. So
is GJy — GJ4 4. Hence, by Remark 23 and by Lemma 24, we obtain an isomorphism of the
proper spectral sequences of the first filtrations of the total complexes,

Egzxﬁ,m(x) = Bi(GJa) = Ei(GJan) .
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Likewise, we have an isomorphism
E%E—,X’),G(X) = EI(GJA) — EI(GJAyA/) .

We compose to an isomorphism E%EX,—),G(‘X,) s Ef:g_’X,) o(X) as sought. .

5.2 Naturality of the first comparison isomorphism
We narrow down the assumptions just as we have done for the introduction of the Haas trans-

formations in §4.3.1 in order to be able to express, in this narrower case, a naturality of the first
comparison isomorphism from Theorem 31.

Suppose given abelian categories A, A" and B with enough injectives and an abelian category C.

Let A x A’ -2+ B be a biadditive functor. Let B —C, ¢ be an additive functor.

Suppose that the following properties hold.

(a) The functor F'(—, X') : A— B is left exact for all X’ € Ob A"
(a') The functor F'(X,—) : A'— B is left exact for all X € Ob A.
(b) The functor G is left exact.

) For all X’ € Ob A’, the functor F'(—, X’) carries injective objects to G-acyclic objects.
c’) For all X € Ob A, the functor F(X, —) carries injective objects to G-acyclic objects.
d) The functor F(I,—) is exact for all I € ObInj.A.

d’) The functor F(—, ") is exact for all I’ € OblInj A’

Proposition 32 Suppose given X —+ X in A and X' € Ob A'. Note that we have a trans-

formation F(x,—): F(X,—) — F(X,—). The following quadrangle, whose vertical isomor-
phisms are given by the construction in the proof of Theorem 31, commutes.

EGr (X/) h%(w,—)X, EGr
F(va)vG F(X,—),G
{
EGr

iz
. na@ . ~
r F(-,X"),G r
E%(—,X'),G(X) Eg(—,xf),G(X)

(X')

For the definition of the first Haas transformation h%( see §4.3.2.

z,—)?

An analogous assertion holds with interchanged roles of A and A’.

Proof of Proposition 32. Let I resp. I be an injective resolution of X resp. X in A. Let [ AT

be a resolution of X — X. Let I’ be an injective resolution of X’ in A'.
Let JX) resp. 7% be a CE-resolution of F(X,I') resp. F(X,TI').
Let Jrp resp. J; ;, be a CE-resolution of tF'(1,I') resp. tF(I,1').
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Let J; resp. J; be a CE-resolution of F'(I, X’) resp. F(f, X').

We have a commutative diagram

F(2,X") -

F(I,X")

in CI°(B), hence in KI°(B). By Proposition 14, it can be resolved to a commutative diagram

I — g

]

JI’[/ —— Jf,[’

]

Jr—=Jj
in KK"(B). Application of EI(G (—)) vields the result; cf. Lemma 24.

We refrain from investigating naturality of the first comparison isomorphism in G.

6 The second comparison

6.1 The second comparison isomorphism

Suppose given abelian categories A and B’ with enough injectives, and abelian categories B
and C.

Let AL B’ be an additive functor. Let B x B’ N C be a biadditive functor.

Suppose given objects X € ObA and Y € ObB. Let B € Ob C%(B) be a resolution of Y, i.e.
suppose a quasiisomorphism ConcY — B to exist. Suppose the following properties to hold.

(a) The functor F' is left exact.

(b) The functor G(Y, —) is left exact.

(c) The object X possesses an (F, G(Y, —))-acyclic resolution A € ObCL(A).
(d) The functor G(B*, —) is exact for all k > 0.

(e) The functor G(—, I’) is exact for all I’ € ObInjB'.
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Remark 33 Suppose given a morphism D LoD in CC-(C). IfH(f~*) is a quasiisomorphism
for all £ > 0, then f induces an isomorphism

Ei(D) "L E(D)

of proper spectral sequences.

Proof. By Lemma 21, it suffices to show that Ej(a+1/a —1/a/a —2)T*(f) is an isomorphism
for all « € Z and all k € Z. By Lemma 22, this amounts to isomorphisms H*H(f~*) for all
k, ¢ > 0, i.e. to quasiisomorphisms H’(f~*) for all £ > 0. o

Consider the double complex G(B, FA) € Ob CC-(C), where the indices of B count rows and
the indices of A count columns. To the first filtration of its total complex, we can associate the

proper spectral sequence Ej(G(B, FA)) € Ob [2§#,C].

Theorem 34 (second comparison) The proper Grothendieck spectral sequence for the func-
tors F' and G(Y, —), evaluated at X, is isomorphic to E;(G(B, FA)); i.e.

By (X) ~ Eil(G(B, FA))
in TZ##,C1.

Proof. Let J' € ObCC-(InjB’) be a CE-resolution of FA. By definition, Eg:’rG(Y’_)(X) =
Ei(G(Y,.J")). By Remark 33, it suffices to find D € Ob CC-(C) and two morphisms of double

complexes
G(B,FA) % D <= G(Y,.J)
such that Hf(u™*) and H(v™*) are quasiisomorphisms for all ¢ > 0.

Given a complex U € ObCL(B), recall that we denote by Conc,UU' € Ob CC-(B) the double

complex whose row number 0 is given by U, and whose other rows are zero.

We have a diagram
G(B,Concy FA) — G(B,J') «— G(ConcY,J')
in CCC*(C). Let £ > 0. Application of H((—)™=") yields a diagram
(+)  HY(G(B,Concy FA)"™*) — HYG(B,J')"™*) «— H(G(ConcY,J') =)
in CC-(C). We have
H'(G(B, Concy FA)™=%) G(B , H*((Conc, FA)*’*)) = G(B,ConcH(FA))

and
HY(G(B,J)"™") ~ G(B,H(J™)),

since the functor G(B*, —) is exact for all k > 0 by (d), or, since the CE-resolution .J is rowwise
split. Since the CE-resolution J’ is rowwise split, we moreover have

H'(G(ConcY, J')™=*) ~ G(ConcY,H(J"™")) .
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So the diagram (x) is isomorphic to the diagram
(%) G(B,Conc HZ(FA)) — G(B’HE(JH*)) - G(Conc Y, Hﬁ(Jlf,*)) 7

whose left hand side morphism is induced by the quasiisomorphism Conc H¢(FA) — H(J'~*),
and whose right hand side morphism is induced by the quasiisomorphism ConcY — B.

By exactness of G(B*, —) for k > 0, the left hand side morphism of (*#) is a rowwise quasiiso-
morphism. Since HY(J**) is injective, the functor G(—, H*(J'**)) is exact by (e), and therefore
the right hand side morphism of () is a columnwise quasiisomorphism. Thus an application
of t to (xx) yields two quasiisomorphisms; cf. §1.1.6. Hence, also an application of t to ()
yields two quasiisomorphisms in the diagram

tH*(G(B, Concy FA)~=*) — tH(G(B,J')"™*) «~— tH'(G(ConcY,J')"™*) .

Note that t o H((—=)™=*) = H((=)™") o t12, where t;» denotes taking the total complex in
the first and the second index of a triple complex; cf. §1.2.2. Hence we have a diagram

H'(((t12G(B, Cone, FA) ™) — B ((112G(B,7)) ") «— H'((t12G(ConcY, 7))
consisting of two quasiisomorphisms. This diagram in turn, is isomorphic to
H' (G(B,FA)"*) . H€<(t1,2G(B, J’))"*) — Hf((G(Y, J’))*’*) :

where the left hand side morphism is obtained by precomposition with the isomorphism
G(B, FA*) ==t Conc, G(B, FA*) = (t,2G(B, Concy FA))™*, where k > 0; cf. §1.1.6.

Hence we may take

(G(B,FA) ~ D < G(B,J)) = (G(B,FA) e 4,G(B,J) ~— G(Y, J’)) .

6.2 Naturality of the second comparison isomorphism

Again, we narrow down the assumptions just as we have done for the introduction of the Haas
transformations in §4.3.1 to express a naturality of the second comparison isomorphism from
Theorem 34.

Suppose given abelian categories A and B’ with enough injectives, and abelian categories B and

F ~
C. Suppose given additive functors A=z B’ and a transformation F—~ ['. Let B x B’ G
be a biadditive functor. F

Suppose given a morphism X —— X in A and an object Y € ObB. Let B € ObCI(B) be a
resolution of Y, i.e. suppose a quasiisomorphism ConcY — B to exist. Suppose the following
properties to hold.

(a) The functors F and F are left exact and carry injective to G (Y, —)-acyclic objects.

(b) The functor G(Y, —) is left exact.

(c) The functor G(B*, —) is exact for all k > 0.
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(d) The functor G(—,I’) is exact for all I’ € ObInjB'.

Let A—~ A in C°(Inj.A) be an injective resolution of X —~ X in A. Note that we have a
commutative quadrangle

G(B,pA .

GBed) G(B,FA)

G(B,Fa)l lG(B,Fa)

c(B, FA) 222 (B, B A)

G(B,FA)

in CC-(C).
Note that once chosen injective resolutions A of X and A of X, the image of G(B, Fa)
in KK“(C) does not depend on the choice of the resolution A-“~A of X -~ X, for

ClO(A) GEBEE), CC-(C) maps an elementary split acyclic complex to an elementary hori-
zontally split acyclic complex.

Lemma 35 The quadrangle

Ef Gy, (@)

Egrc(y ) (X) Eng(Y ) (X)

| |

Ey(G(B, FA) B0 o (@B, FA))

commutes, where the vertical isomorphisms are those constructed in the proof of Theorem 34.

a

Proof. Let J %~ J' be a CE-resolution of F A% FA. Consider the following commutative
diagram in CC-(C).

G(v,a)

G(Y,J") G(Y,J
612G (B, J) N LGB, )
G(B, FA) 22" (B, FA)
An application of E; yields the result. 0
Lemma 36 The quadrangle
. hl X .
E%rCJ(Y,—)(X) . Eg@f(y,_) (X)
zi lz
G(B,pA)) .
B(G(B, FA) P (B, FA))

commutes, where the vertical morphisms are those constructed in the proof of Theorem 34.
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For the definition of the first Haas transformation h}( see §4.3.2.

z,—)
Proof. Let J' —?+ J' be a CE-resolution of FA "% FA. Consider the following commutative

diagram in CC-(C).
G(Y.9)

G(Y,J) G(Y, ')
l 1 QG B, b, l v
t12G(B, J) 259 (B
G(B,FA) -2 q(p Fa)
An application of Ey yields the result. 0

We refrain from investigating naturality of the second comparison isomorphism in Y.

7 Acyclic CE-resolutions

We record BEYL’s Theorem [4, Th. 3.4] (here Theorem 40) in order to document that it fits in our
context. The argumentation is entirely due to BEYL [4, Sec. 3], so we do not claim any originality.

Let A, B and C be abelian categories. Suppose A and B to have enough injectives. Let
AL B-5. C be left exact functors.

7.1 Definition

Let T € Ob CI°(B). In this §7, a CE-resolution of T" will synonymously (and not quite correctly)
be called an injective CE-resolution, to emphasise the fact that its object entries are injective.

We regard Cl°(B) as an exact category as in Remarks 9 and 11.

Definition 37 A double complex B € CC-(B) is called a G-acyclic CE-resolution of T if the
following conditions are satisfied.

(1) We have H(B*~) ~ T and H¥(B*~) ~ 0 for all k£ > 1.

(2) The morphism of complexes B¥* — B*1* consisting of vertical differentials of B, is a
pure morphism for all k£ > 0.

(3) The object BY(B**) is G-acyclic for all k, £ > 0.
(4) The object Z*(B**) is G-acyclic for all k, £ > 0.

A G-acyclic CE-resolution is a G-acyclic CE-resolution of some 7' € Ob CI°(B).

From (3, 4) and the short exact sequence Z‘( B**) — B¢ — B1(B**) we conclude that B**
is G-acyclic for all k, ¢ > 0.

From (3,4) and the short exact sequence Bf(B**) — Z¢(B**) — H(B**), we conclude that
HY(B**) is G-acyclic for all k, £ > 0.
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Example 38 An injective CE-resolution of T is in particular a G-acyclic CE-resolution of T

Note that given Y € ObC(B) and ¢ € Z, we have Z‘GY =~ GZ'Y, whence the universal
property of the cokernel H'GY of GY* ! — Z‘GY induces a morphism H‘GY — GH'Y. This

furnishes a transformation HY(GX**) 2% GHY(X**), natural in X € Ob CC-(B).

Remark 39 If B is a G-acyclic CE-resolution, then H(GB~*) o GHY(B~*) is an isomor-
phism for all £ > 0.

Proof. The sequences

GBZ(Bk,*) ., GZe(Bk’*) ., GHZ(Bk’*)
szfl(Bk,*) ., GBk,Zfl . GBE(Bk,*)

are short exact for k, £ > 0 by G-acyclicity of B(B**) resp. of Z*~1(B**). In particular, the
cokernel of GB**~t — GZ(B**) is given by GH*(B**). .

7.2 A theorem of Beyl

Let X € Ob A(rg). Let A € ObCP(A) be a (F, G)-acyclic resolution of X. Let B € CC-(B)
be a G-acyclic CE-resolution of FA.

Theorem 40 (BEyL, [4, Th. 3.4]) We have an isomorphism of proper spectral sequences
BEFL(X) ~ E(GB)

in [Z##,C1.

Proof. Since the proper Grothendieck spectral sequence is, up to isomorphism, independent of
the choice of an injective CE-resolution, as pointed out in §4.2, our assertion is equivalent to the
existence of an injective CE-resolution .J of FA such that E(G.J) ~ E;(GB). So by Remark 33,
it suffices to show that there exists an injective CE-resolution J of FA and a morphism B — J
that induces a quasiisomorphism HY(GB~*) — HY(G.J~*) for all £ > 0. By Remark 39 and
Example 38, it suffices to show that GH!(B~*) — GH*(J~*) is a quasiisomorphism for all
¢=0.

By the conditions (1,2) on B and by G-acyclicity of HY(B**) for k, £ > 0, the complex HY(B~*)
is a G-acyclic resolution of H(FA); cf. Remark 10.

By Remark 4, there exists J € ObCC-(InjB) with vertical pure morphisms and split
rows, and a morphism B —J consisting rowwise of pure monomorphisms such that
H*(B*~) — H(J*7) is an isomorphism of complexes for all k£ > 0. In particular, the com-
posite (Concg FA— B — J) turns J into an injective CE-resolution of FA.

Let ¢ >0. Since B is a G-acyclic and J an injective CE-resolution of FA, both
Conc HY(FA) — HY(B~*) and ConcH‘(FA) — HY(J~*) are quasiisomorphisms.  Hence
HYB~*) —HYJ~*) is a quasiisomorphism, too. Now Lemma 27 shows that
GHY(B~*) — GH*(J~*) is a quasiisomorphism as well. .
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8 Applications

We will apply Theorems 31 and 34 in various algebraic situations. In particular, we will re-prove
a theorem of Beyl; viz. Theorem 53 in §8.3.

In several instances below, we will make tacit use of the fact that a left exact functor between
abelian categories respects injectivity of objects provided it has an exact left adjoint.

8.1 A Hopf algebra lemma

We will establish Lemma 47 in §8.1.4, needed to prove an acyclicity that enters the proof of the
comparison result Theorem 52 in §8.2 for Hopf algebra cohomology, which in turn allows to derive
comparison results for group cohomology and Lie algebra cohomology; cf. §§8.3, 8.4.

8.1.1 Definition

Let R be a commutative ring. Write ® := ®gr. A Hopf algebra over R is an R-algebra H
together with R-algebra morphisms H — R (counit) and H S H®H (comultiplication), and
an R-linear map H >~ H (antipode) such that the following conditions (i-iv) hold.

Write zA = > . zu; ® zv; for ©+ € H, where u; and v; are chosen maps from H to H, and
where ¢ runs over a suitable indexing set. Note that ) .(r -z 4+ s - y)u; @ (r-z+ s - y)vy; =
re (O u; @av) + 5 (D, yu @yv;) for x,y € H and 7, s € R, whereas u; and v; are not
necessarily R-linear maps.

The elegant Sweedler notation [15, §1.2] for the images under A(A ® 1) etc. led the author, being
new to Hopf algebras, to confusion in a certain case. So we will express them in these more naive
terms.

Write H®HLH, t@yr—az-yand R—~H, r—r-1y. Write H® H-—H ® H,
TRQUH—Yy .

(i) We have A(e ® idy) = (z+— 1z ® x), i.e. Y, xue - xv; = x for x € H.
(') We have A(idy ®e) = (2 ® 1p), i.e. Y. 2u; - avie = x for v € H.

(i) We have A(idy ®A) = A(A®idg), i.e. 32, ; 1w @ 2vu; @ T0v; = 3, 5 DU @ TUv; ® TV,
forz € H.

(iii) We have A(S ®idy)V =en, ie. Y xu;S - xv; = xe - 1y for x € H.
(iii") We have A(idy ®S)V =en, ie. Y, xu; - xv;,S = xe - 1y for x € H.

(iv) We have S? = idy.

In particular, imposing (iv), we stipulate a Hopf algebra to have an involutive antipode.
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8.1.2 Some basic properties

In an attempt to be reasonably self-contained, we recall some basic facts on Hopf algebras needed
for Lemma 47 below; cf. [15, Ch. IV], [1, §2], [13, §§1-3]. In doing so, we shall use direct
arguments.

Suppose given a Hopf algebra H over R.

Remark 41 ([15, Prop. 4.0.1], [1, Th. 2.1.4], [13, 3.4.2])

The following hold.

We have 3 (- y)u; @ (z - y)vi = 3, (2w, - yuy) @ (wv; - yvy) forz, y € H.
We have 155 = 1g.

We have (x-y)S =yS - xS forz,y € H.

We have Se = ¢.

)
)
)
)
5) We have A(S ® S)T = SA, i.e. Y, xu;S @ zv;S =), xSv; ® xSu; forx € H.
) We havex -y =7, (Zj(xuz)u] Sy (xui)vj5> cxv; forx,y € H.

) We havey -z =3 xu; - <Zj(:wi)uj5 Sy (:wi)v]) forxz,y € H.

) We have ), xv; - xu;S = xe - 1y for x € H.

)

We have ), xv;S - xu; = xe - 1y for x € H.

Proof. Ad (1). Given z, y € H, we obtain
> (@y)u @ (zy)v; = (zy)A = zA-yA = 37, (2w - yuy) @ (zv; - yvj) -

Ad (2). Remarking that 15A = 1y ® 1y, we obtain

iif)

148 = 1pAS®idg)V 2 14614 = 1.

Ad (3). Given z, y € H, we obtain

(x-y)S ) > ip(@ui - zviEe - yuy - yoge) S

> ik - yuy - yoge) S - wvug - wov;S

—~
=
=t
=

<

N

—~
-
=i
=t

<

N

Zi,j,k,é(xui SYUuR)S - TV - YURUy - YURVES - TU05S

[
X
—~
—-
=
=

Zi’j’k’g(:cuiuj CYURU)S - TUV; - YURYp - YURS - 10 S

—
=
~—

Zwk(xuz cyug)ugS - (T - Yug)vj - yoRsS - xS

—~
[
=
=4

=

sz(l’uz SYug)E - YyupS - xS
Zi,k(yuké : Z/Uk)S : (a:uis . xvi)S
yS xS .

(V)

X
~

=
=
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Ad (4). Note that (ye-z)e =ye-ze = (y-z)e for y, z € H. Given x € H, we obtain

z8e & (> rue - zv;)Se = (D, xue - xvS)e = (D, xu; - xv;5)e (i) (xe-1g)e = xe.
Ad (5). Given x € H, we obtain

tAS®@S)T = D (xuie - xv)A(S @ S)T
= Y(rwe-1g)A-zv,A(S® S)T

> (@ugS - uv) A - 2, A(S @ S)T
= 3w SA - zuv A - u A(S © S)T
i > i TuSA - v A - row A(S ®@ S)T

Zi,j,k,z ru; SA - (xvujuy @ x0u0;) - (200,008 @ TV;VULS)
= Zi,j,k,e zu SA - (zviujuy - 0008 & TV U U - TUV;US)
= D ke TUSA - (Tviug - 20005008 @ TUVjUY, - TV;VUEULS)
= D ke TUSA - (zviug - 200068 @ TV UKL - TUVURVES)
= Z”k zu; SA - (xvu; - 20008 ® TV URE - 1)
= D ik TUSA - (zviuy - (Tvvjvk - V0UE)S @ 1p)
= > vuiSA - (zvuy - 2008 @ 1pr)
=" Y awSA - (zve - 1y ® 1g)
= > .(xu; - zve)SA
© TSA .

Ad (6). Given x, y € H, we obtain

(i) (

iii)
Ty = D TUYTVE =Y TU Y TVUGS TV = Y TG - Y - LUV - T,

Ad (6"). Given z € H, we obtain

O (iii") g (i) S
Yyexr = Y TUE YAV = Z” TU; - TUVS Y - TV = Z” zu; - U;uS - Y - TV;v;

Ad (7). Given x € H, we have

(iv) 2 2 ®) 2 (iv) (iif) 4)
YoirvprwS = Y ST St S = Y xSuS-aSv ST = Y aSwS-wSv; = xSely = xely .
Ad (7). Given z € H, we have

(iii’

> ruS-au, ) > ©S%0;8-x5%u; © > xSu;S% xSv; S o > wSu;xSvS i) xSe-ly @ rely .

In the present §8.1, we shall refer to the assertions Remark 41.(1-7") just by (1-7').
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8.1.3 Normality

Suppose given a Hopf algebra H over R, and an R-subalgebra K C H. Suppose H and K to
be flat as modules over R.

Note that K ® K — H ® H is injective. We will identify K ® K with its image.

The R-subalgebra K C H is called a Hopf-subalgebra if KA C K ® K and KS C K. In this
case, we may and will suppose the maps u; and v; to restrict to maps from K to K.

Suppose K C H to be a Hopf-subalgebra. It is called normal, if for all a € K and all z € H,

we have
Yoiruica-avS € K and dorwS-a-zv € K.

An ideal I C H is called a Hopf ideal if IA C I ® H + H ® I (where we have identified [ ® H
and H ® I with their images in H ® H), Ie = 0 and IS C I. In this case, the quotient H/I
carries a Hopf algebra structure via

H/I = R, r+1 +— xc
H/I 2~ H/IQH/I, v+ — S.(rui+1)® (zv;+ 1)
H/I 2~ H/I, c+1 — zS+1.

Suppose K C H to be a normal Hopf subalgebra. Write K+ := Kern(K — R). By (6,6',3,4)
and by writing

for k € K, the ideal HK™ = K1t H is a Hopf ideal in H.

8.1.4 Some remarks and a lemma

Suppose given a Hopf algebra H over R and a normal Hopf-subalgebra K C H. Suppose H
and K to be flat as modules over R.

Write H := H/HK*. Given x € H, write 7 := x + HK* € H for its residue class.

Let N', N, M, M’ and @ be H-modules. Let P be an H-module, which we also consider as an
H-module via H— H, x+— .

We write (N, M) = g(N|x, M|k) for the R-module of K-linear maps from N to M.

Remark 42 Given f € gfN,M) and v € H, we define x - f € (N, M) by

[n](z- f) = 20 wwi - [rviS - n]f

forn € N. This defines a left H-module structure on g(N, M).

Formally, squared brackets mean the same as parentheses. Informally, squared brackets are to
accentuate the arguments of certain maps.
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Proof. We claim that o’ - (z - f) = (' - ) - f for z, 2’ € H. Suppose given n € N. We obtain

[n](«"- (z - f))

Yo 2w [0S - nl(x - f)

> Ui xuy - [1v;S - 2'viS - nl f
> (@i auy) - [(2'v; - avy)S - n] f
Y@ x)u - [(o - x)uS -l f

= [n)((@"-z)- f).

—
w
=

—
=
~—

We claim that 1y - f = f. Suppose given n € N. We obtain

—

(- f) = S lgu - [LgviS-nlf = 1y [1gS-nlf 2 Wlf,

remarking that 1;A =15 ® 1. a

I owe to G. Hiss the hint to improve a previous weaker version of Corollary 45 below by means
of the following Remark 43.

Denote by
ME = {meM :a-m=as-mforallac K}

the fixed point module of M under K.

Remark 43 Letting T -m :=x-m for v € H and m € M¥, we define an H-module structure
on MX.

Proof. The value of the product = - m does not depend on the chosen representative x of &
since, given y € H, a € K™ and m € M¥, we have

It remains to be shown that given z € H and m € M¥, the element z - m lies in M¥. In fact,
given a € K, we obtain

g-m

a-z-m & > T (Zj(xvi)ujS a- (xvl-)'uj> -m
= >, ru;- (Zj(xvi)ujs ‘- (xvi)vj>

> i TUi - VUi SE - ag - TVviE - M

—
N
=

Zi,j TU; - TUUGE - AE - TV;V;€ - M

—
=
=

=

Zi’j LU - TUVFE - GE - TVE - M

—~
—

<
~

> TU; - ag - TVE - M

—~
—

<
~

ag -xr-m.

Remark 44 We have (N, M))* = (N, M), as subsets of g N, M).
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Proof. The module ( 5N, M))™ consists of the R-linear maps N Lo M that satisfy
Yoiwu - [zvS-n|f = xe-n|f .
forz € H andn € N. The module (NN, M) consists of the R-linear maps N o M that satisfy
[z nlf = x-[nlf

for z € H and n € N. By (iii'), we have (N, M))* D (N, M).

It remains to show that (g(N, M))* C (N, M). Given f € (N, M))*, 2 € H and n € N,
we obtain

/

—~
—
—

> wu; - [rvie - n|f

> aui - [wvugS - xvg - nl f

—~~

iif)

(ii

=

> i vugy - [wuv;S - zv; - nlf
> e - [xv; - n| f
[z-nlf .

—~
(=
=

Corollary 45 Given f € (N, M) and x € H, we define T - f € (N, M) by
n)(z- f) = >, zu; - [zv;S - nlf

forn € N. This defines a left H-module structure on g(N, M).

Proof. By Remark 42, we may apply Remark 43 to g(IN, M). By Remark 44, the assertion
follows. .

Remark 46 Given f € (N, M), x € H, and H-linear maps N' = N, M —*~ M’, we obtain
VT P = 5 ().
Proof. Given n’ € N’, we obtain
W@ ) = (Soau- oo nvlf)p = Xeu-wos-w)vfn) = W@ @) .

The following Lemma 47 has been suggested by the referee, and has been achieved with the help
of G. CARNOVALE. It is reminiscent of [16, Cor. 4.3], but easier. It resembles a bit a Fourier
inversion.

Note that the right H-module structure on H induces a left H-module structure on g(H, M).

Lemma 47 We have the following mutually inverse isomorphisms of H-modules.
K(H,M) — rH,M)
[ (@3 2y [2uS]f)

K(H,M) ~— rH,M)
) ~— g
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Proof. We claim that ® is a welldefined map. We have to show that f® is welldefined, i.e.
that its value at ¥ does not depend on the representing element x. Suppose given y € H and
a € K*. We obtain

Sau - [(ya)uS)f 2 S yui - au; - [(yo; - avy)S)f
= Zzg yu; - au; - [av;S - yviS| f
= Zz,j yu; - avy - av] [yvz ]f

Zi yu; - ae - [inS]f

We claim that ® is H-linear. Suppose given y € H and 2 € H. We obtain

[Z)((@)®) = X wui - [eviS|(Gf)

LT -y - [yvgS - xvS]f
i T - yug - [(zv; - yv;)S1f
i ) [z - y)uiS]f
= [Z(y(fo)) .

1= 1= I

Z
Z
5>

We claim that U is a welldefined map. We have to show that gW is K-linear. Suppose given
a € K and x € H. Note that au; € K for all i, whence also au;S € K, and therefore
au;S =i+ au;Se - 1. We obtain

la-z](g¥)

—
[N
~
<.

—
w
=

<
<.

— —~
= ||
~— ~—
-
o,

I

> MM MM M
E
3

We claim that ®WU = id (g 7). Suppose given x € H. We obtain

[z](fPP)

>, o, - [751(/9)
D iy ;- wuSU; - [u; SviS1f

Zi’j 2v; - zuv;S - [wuguS? f
5oy -8 - [yl
Zi,j zV;0; - v0juS - (x| f
> avse - [zl f

—
[
N

= ||>-
=3 2
= S

—
)
~

—
=
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id 77,0y Suppose given x € H. We obtain

[Z](gV®) = > wui- [xviS](gV)
= D, 2w 2v;Sv; - [2viSu;Sg
© Do rui - aviugS - [z S? g
2 > Tui - aviugS - [Ty g
W D i ruguy - xS - [T g
TS s [T
0O
= [zlg-
Finally, it follows by H-linearity of ® and by ¥ = ®~! that ¥ is H-linear. o

The tensor product N ® M is an H-module via A. Note that R is an H-module via €. Note
that R@ M ~ M ~ M ® R as H-modules by (i,1).

Remark 48 (cf. [3

AP K(Q, M))

f

P, K(Q, M))

(P (g—~[p®dqlg))

, Lemma 3.5.1]) We have mutually inverse isomorphisms of R-modules

- wHP®Q,M)
—  (p®q—[dl(pf))
L WP®Q,M)
~— g,

natural in P € Ob H-Mod, @ € Ob H-Mod and M € Ob H-Mod.

Proof. We claim that o is welldefined. We have to show that fa is H-linear. Suppose given

x € H. We obtain

r-(p®q)

—
=4
=

—~

iif)

W

~—

= Zix_ul--p@xw'q

= D lrvi
> ruing - [ruvpS - avi - gl (pf)
Zi,j zu; - [zvuS - 2vv; - q)(pf)
> wu - [rvie - ql(pf)

z - [q)(pf)

r-[p®

ql(zui - (pf))

ql(fa) .

We claim that [ is welldefined. First, we have to show that [p|(¢3) is K-linear. Suppose given

a € K. We obtain

[)(98)

a-q —— [p@aq]g g Zi[auig'p®avi'

qdlg = >, [0t -p@av;-qlg = a-p®dqlg .
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Second, we have to show that g3 is H-linear. Suppose given x € H. We obtain

=

(g—[7-p®dlg)

(g > ,[7w 70 - p® q)]g)

(g X217 - p @ zviu; - Tv;S - q)]g)
(g > ;[Twns - p ® zuv; - 20iS - q)]g)
(g— > zu; - [p® 2v,S - ¢lg)

= I-(¢g—~[p®dlg) .

—
—
=

(iif

—

= ||

=

£ <
=

Finally, @ and (8 are mutually inverse. o

Corollary 49 We have p(P,M*) ~ (P, g(R,M)) ~ (P, M) as R-modules, natural in P
and M.

Proof. Note that M ~ g(R, M) as H-modules, whence M¥ ~ (R, M) as H-modules by
Remarks 43, 44. Now the assertion follows from Remark 48, letting Q) = R. o

8.2 Comparing Hochschild-Serre-Hopf with Grothendieck

Let R be a commutative ring. Suppose given a Hopf algebra I over R (with involutive antipode_)
and a normal Hopf-subalgebra K C H; cf. §8.1.3. Write H := H/HK™. Suppose H, K and H
to be projective as modules over R. Suppose H to be projective as a module over K.

Let B € ObC(H-Mod) be a projective resolution of R over H. Let B € Ob C(H-Mod) be a
projective resolution of R over H. Note that since H is projective over R, B|gr € Ob C(R-Mod)
is a projective resolution of R over R. Let M be an H-module.

By Corollary 45 and by Remark 46, we have a biadditive functor

U

(H-Mod)° x H-Mod — H-Mod
X , X e UX,X') = X, X') .
Write B - .
(H-Mod)° x H-Mod — R-Mod
v . v - VYY) = gV, YY)

for the usual Hom-functor.

In particular, we shall consider the functors

IMod “%7 AMod Y RMod
X — U(R,X)~ XX
Y —  V(RY)~YT.

On the other hand, we shall consider the double complex
D(M) = D™= (M) := V(B,, U(B-, M)) = H(B,, x(B=, M)) )

Note that D(M) is isomorphic in CC-(R-Mod) to p(B- ®g B—, M), naturally in M; cf.
Remark 48.
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Lemma 50 The H-module U(H, M) is V(R, —)-acyclic.

Proof. By Lemma 47, this amounts to showing that H(l::I , M) is V(R, —)-acyclic, which in
turn amounts to showing that V (B, g H,M)) = (B, g H, M)) has vanishing cohomology in
degrees > 1. Now,

wB, KH,M)) ~ fH®zB, M) ~ gB,M),

whose cohomology in degree i > 1 is Extly(R, M) ~ 0. o
Lemma 51 Given a projective H-module P, the H-module U(P, M) is V (R, —)-acyclic.

Proof. 1t suffices to show that U(] [ H, M) ~ [[ U(H, M) is V(R, —)-acyclic for any indexing
set I". By Lemma 50, it remains to be shown that R‘V (R, [[ Y) is isomorphic to [[ R’V (R,Y)
for a given H-module Y and for i > 1. Having chosen an injective resolution J of Y, we may
choose the injective resolution [[.J of [[ Y. Then

V(R I} Y) ~ HV(R, ]I} J) ~ H'[[,V(R,J) ~ [[{ HV(R,J) ~ [[[RV(RY).

Theorem 52 The proper spectral sequences

B(D(M)  and  Efin v (M)
are isomorphic (in [Zfo#, R-Mod 1), naturally in M € Ob H-Mod.

Proof. To apply Theorem 31 with, in the notation of §5.1,
(Axa - B-Swc) = ((H-Mod) x H-Mod —~ f-Mod ") R-Mod )

and with X = R and X’ = M, we verify the conditions (a—d’) of loc. cit. in this case.

Ad (c). We claim that B is a (U(—, M), V(R, —))-acyclic resolution of R. We have to show
that U(B;, M) is V(R, —)-acyclic for i > 0; cf. §4.2. Since B; is projective over H, this follows
by Lemma 51. This proves the claim.

Ad (¢'). Let I be an injective resolution of M over H. We claim that I isa (U(R,—), V(R, —))-

acyclic resolution of M. We have to show that U(R, I') is V(R, —)-acyclic for i > 0. In fact,
by Corollary 49, U(R, I') is an injective H-module. This proves the claim.

Ad (d,d"). We claim that U(B;, —) and U(—,I') are exact for i > 0; cf. §5.1. The former

follows from H being projective over K. The latter is a consequence of I‘|x being injective in

K-Mod by exactness of K-Mod TEKC IF-Mod. This proves the claim.

So an application of Theorem 31 yields
Ebtr oy vir—y (M) ~ EGi_ v (R) -
To apply Theorem 34 with, in the notation of §6.1,

(A" 8, BxB -“-c) = ((H-Mod)” "“X) HoMod , (H-Mod)? x H-Mod —C),
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and with X = R and Y = R, we verify the conditions (a—e) of loc. cit. in this case.

Ad (c). We have already remarked that B is a (U(—, M), V (R, —))-acyclic resolution of R.
Ad (d). As a resolution of R over H, we choose B.

So an application of Theorem 34 yields

EG anviry(R) ~ Ep <V(B—, U(B-, M))) -

Naturality in M € Ob H-Mod remains to be shown. Suppose given M ——~ M in H-Mod. Note
that the requirements of §5.2 are met. By Proposition 32, with roles of A and A’ interchanged,
we have the following commutative quadrangle.

G ESERﬁ)y(R,i)(m) ar .
EGtr—.v(r—) (M) EGr—.v(r—) (M)
ZT Tz

~Gr h%](**m)R ~Gr
ES(_vM)vv(R7_)(R) EU(_7M)7V(R7_)(R)

Note that the requirements of §6.2 are met. By Lemma 36, we have the following commutative
quadrangle.

I
by m B

ES (R)

Gr
EU(*,M),V(R,f) (R) (=,M),V(R,—)

8.3 Comparing Lyndon-Hochschild-Serre with Grothendieck

Let R be a commutative ring. Let G be a group and let N < G be a normal subgroup. Write
G := G/N. Let M be an RG-module. Write Barg.gr € Ob C(RG -Mod) for the bar resolution
of R over RG, having (Barg.gr); = RG®0+Y) for i > 0, the tensor product being taken over R.

Note that RG is a Hopf algebra over R via

RG — RG®RG, g — g®g
RG °~ RG, g — gt
RG = R, g — 1,

where g € G; cf. §8.1.1. Moreover, RN is a normal Hopf subalgebra of RG such that
RG/(RG)(RN)* ~ RG; cf. §8.1.3.

Note that RG, RN and RG are projective over R, and that RG is projective over RN.

N _\G

We have functors RG -Mod b RG -Mod Sl R-Mod, taking respective fixed points.
Theorem 53 (BEYL, [4, Th. 3.5]) The proper spectral sequences

E?f)N7(7)@(M) and EI<Rg((Bar@;R)_ ®r (Barg.r)=, M))

are isomorphic (in [Zfo#, R-Mod 1), naturally in M € Ob RG-Mod.
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BEYL uses his Theorem 40 to prove Theorem 53. We shall re-derive it from Theorem 52, which
in turn relies on the Theorems 31 and 34.

Proof. This follows by Theorem 52. o

8.4 Comparing Hochschild-Serre with Grothendieck

Let R be a commutative ring. Let g be a Lie algebra over R that is free as an R-module. Let
n < g be an ideal such that n and g := g/n are free as R-modules. Let M be a g-module, i.e.
a U(g)-module. Write Bargzr € Ob C(U(g)-Mod) for the Chevalley-Eilenberg resolution of R
over U(g), having (Bargr); = U(g) ®r A'g for i > 0; cf. [5, XIIL.§7] or [18, Th. 7.7.2].

Note that U(g) is a Hopf algebra over R via

Ug) = UlgeUg), g — ge1+11yg
S
U(g) — Ulg), g — —g

where g € g; cf. §8.1.1.

Note that U(g), U(n) and U(g) are projective over R, and that U(g) is projective over U(n);
cf. [18, Cor. 7.3.9].

We have functors U(g)-Mod Dy (g) -Mod it R-Mod, taking respective annihilated sub-
modules; cf. [18, p. 221].

Theorem 54 The proper spectral sequences
Bf s(M)  and  Br(wi(Bargn)- @ (Bargn)=, M))
are isomorphic (in [Zfo#, R-Mod 1), naturally in M € ObU(g)-Mod.

Cf. BARNES, [2, Sec. IV.4, Ch. VII].

Proof. This follows by Theorem 52. 0

8.5 Comparing two spectral sequences for a change of rings

The following application is taken from [5, XVI.§6].

Let R be a commutative ring. Let A —2» B be a morphism of R-algebras. Consider the functors
A(Bv_)

A-Mod “2 B-Mod and (B-Mod)® x B-Mod 2=% R-Mod.
Let X be an A-module, let Y be a B-module.

We shall compare two spectral sequences with Eg-terms Ext’y (Y, Extil(B,X )), converging to
Ext’7 (Y, X). If one views Xﬁi = A(B,X) as a way to induce from A-Mod to B-Mod, this

measures the failure of the Eckmann-Shapiro-type formula Ext’y (Y, X ﬂf) < Ext’, (Y, X), which
holds if B is projective over A.
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Let I € Ob C°(A-Mod) be an injective resolution of X. Let P € Ob Cl°(B-Mod) be a projective
resolution of Y.

Proposition 55 The proper spectral sequences
B (X)) and B (P, AB,17))
are isomorphic (in [Zfo#, R-Mod 1).

Proof. To apply Theorem 34, if suffices to remark that for each injective A-module I’; the
B-module 4(B, ') is injective, and thus g(Y, —)-acyclic. o

Remark 56 The functor 4(B,—) can be replaced by M, —), where M is an A-B-bimodule
that is flat over B.

8.6 Comparing two spectral sequences for Ext and ®

Let R be a commutative ring. Let S be a ring. Let A be an R-algebra. Let M be an
R-S-bimodule. Let X and X’ be A-modules. Assume that X is flat over R. Assume that
Extyp(M, X') ~ 0 for i > 1.

Example 57 Let T be a discrete valuation ring, with maximal ideal generated by t. Let
R = T/t* for some £ > 1. Let S = T/t*, where 1 < k < £. Let G be a finite group, and let
A= RG. Let M = S. Let X and X’ be RG-modules that are both finitely generated and free
over R.

Consider the functors

(A-Mod)® x A-Mod “=F RMod ™7 Mod

Proposition 58 The proper Grothendieck spectral sequences
~Gr ~Gr
B (X and B o oro(X)

are isomorphic (in [Zﬁ#, S-Mod 1).

Both have Ey-terms Ext’, (M, Extil(X, X’)) and converge to ExtiAﬂ (X®grM, X"). In particular,
in the situation of Example 57, both have E,-terms Ext’, (S, Exth. (X, X' )) and converge to
Extiyd (X/tF, X7).

Proof of Proposition 58. To apply Theorem 31, we comment on the conditions in §5.1.

(c) Given a projective A-module P, we want to show that the R-module (P, X’) is
RM, —)-acyclic. We may assume that P = A, which is to be viewed as an A-R-bimodule.
Now, we have Ext}, (M, A(A,X’)) ~ Ext% (M, X") ~ 0 for i > 1 by assumption.

() Given an injective A-module I’, the R-module 4(X,I’) is injective since X is flat over R
by assumption. o
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8.7 Comparing two spectral sequences for &t of sheaves

Let T -+ S be a flat morphism of ringed spaces, i.e. suppose that
OT ®f’103 - f_IOS -Mod — OT -Mod

is exact. Consequently, f*: Og-Mod — Or-Mod is exact.

Given Og-modules F and F', we abbreviate ofF,F’) := Home,(F,F') € Ob R-Mod and
o(F, F") := Homey (F, F') € Ob Os-Mod.

Let F be an Os-module that has a locally free resolution B € ObC(Os-Mod); cf.
[9, Prop. I11.6.5]. Let G € ObOr-Mod. Let A € ObCl(Or-Mod) be an injective resolu-
tion of G.

Consider the functors O -Mod —*» Og-Mod and (Os-Mod)° x Og-Mod os(==)

OS -Mod.

Proposition 59 The proper spectral sequences
EY 0@ and  Ei(o(B-. f.AY)

are isomorphic (in [2?0#, Os-Mod 1).

In 'particular, both spectral sequences have Es-terms 5xtés(,7: , (R f*)(g)) and converge to
(RTx)(G), where T'r(—) == ol(F, fo(—)) = feo(f*F,—)). For example, if S = {x} is
a one-point-space and if we write R := Og(.S), then we can identify Og-Mod = R-Mod. If, in
this case, F = R/rR for some r € R, then I'y/,z(G) ~I'(T,G)[r] :={g € G(T) : rg =0}.

Proof of Proposition 59. To apply Theorem 34, we comment on the conditions in §6.1.

(c) Since f, maps injective Op-modules to injective Os-modules by flatness of Tt s , the
complex A is an (f., of(F,—)))-acyclic resolution of G.

(e) If Z is an injective Os-module and U C S is an open subset, then Z|; is an injective
Op-module; cf. [9, Lem. II1.6.1]. Hence of(—,Z)) turns a short exact sequence of Os-
modules into a sequence that is short exact as a sequence of abelian presheaves, and hence
a fortiori short exact as a sequence of Os-modules. In other words, the functor oJ(—,Z))
is exact. o
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