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Problem 31 (8 points)

Let G be a group. Let H ≤ G be such that [G : H] < ∞. Let A be a G-module. Let T be a
system of left coset representatives for H in G containing 1. For g ∈ G, we write g = ξ(g) ·η(g),
where ξ(g) ∈ T and η(g) ∈ H. Show that

Z2(H, A|H) - Z2(G, A)

α -
(

α�GH : (g, g′) -
∑

t∈T α
(
η(gg′t)η(g′t)−1, η(g′t)

)
t−1

)
maps in fact to Z2(G, A), and that it induces a morphism Cores�GH : H2(H, A|H) - H2(G, A)
of abelian groups. Show that

Cores�GH ◦ Res�GH = [G : H] · idH2(G,A) .

Problem 32 (6 points)

Let Q be a divisible abelian group. Let B -f A be an injective morphism of abelian groups.
Show that the induced morphism

Hom(A, Q) - Hom(B, Q)

g - g ◦ f

is surjective.

Problem 33 (4+2+2 points)

Let A be a finite abelian group.

(1) Show that A ' Â = Hom(A,C∗).

(2) Let B ≤ A be a subgroup. Show that B is isomorphic to a quotient of A.

(3) Show that the evaluation map ε : A - ˆ̂
A, a - (λ - λ(a)) is an isomorphism.

Problem 34 (6+3 points)

Let p be a prime. Let n ≥ 0.

(1) Let G be a finite group such that |G/Z(G)| = pn. Show that |G′| divides pn(n−1)/2.
(Hint: Induction on n. If n ≥ 1, then choose x ∈ GrZ(G) such that xZ(G) ∈ Z(G/Z(G))
and consider N = {[x, g] : g ∈ G} P G.)

(2) Let P be a group of order pn. Show that |M(P )| divides pn(n−1)/2.
(Hint: Apply (1) to a representation group of P .)

Christmas Problem (10 bonus points)

Let G be a finite nonabelian simple group. Show that G has a nonabelian proper subgroup.
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