G. Hif}, M. Kiinzer
Group theory, WS 07/08
Solution 1

Problem 1

(1) We have
0a(R) = {(L32:22) 0 cRYU{(WS 522) :acR)
SO2(R) {(-masia) acR}

Written as row vectors, the set of vertices of our n-gon is given by

V, = {(cos(27rk/n) sin(27rk/n)) ke Z} - ]R,lx2 .

By definition, we have Dy, = {S € O2(R) : V,S CV,}.
Note that for a, 3 € R, we have

(cospsing) (_Gnacosa) = (cos(B+a) sin(5+a))

(cos,@ sinﬁ) (Csti)rslg 732813) = (Cos(ﬂ—a) sin(ﬁ—a))

Hence for S = ( w@sa Sino‘) our condition V,, S C V,, reads

2
2rk/n+ a € Ty
n

forall k € Z,ie a€ Q%Z.

Moreover, for S = (COS'JK Sino‘) our condition V,,S C V,, reads

2
2nk/n —a € Ty
n

forallk € Z,ie. a € %’TZ. We obtain

Dy, = {(Cadha)aeZZYu{(ha_na) e 27}
D2, NSO2(R) = {(_ma509) . ae 227}

—sin(27w/n

(2) Write a := ( COS(QW”; fg;g;%%) and b:= (§_7). Note that

[ cos(2mk/n) sin(2nk/n

a - —sin(27wk/n) cos(2mk/n
ko cos(2mk/n sin(27k/n
ba - sinEQﬂ'k/ng — cosEZﬂ'k/n

for k € Z. Hence D, = (a,b) = {V/a® : 0<i<n, 0<j <1}

Note that _
b~rab = (SnEm) mmBE) = a7t
Hence
a lba = ba’.
We conclude that ‘ '
bl (ak)b = baF

k . .
ik a if7=0
a (bja )a { bakt+2 lfj =1



for k € Z and j € {0,1}. This yields the following disjoint decompositions of Dy, into conjugacy
classes.

Case n =5 0.

Dy, =
{1 u{a,a YU {a?,a 2} U---U{a™? 1, a2t U {a™?} LU {b,ba?, ..., ba" 2} U {ba,ba®, ... ba" '}

In particular, Z(Da,) = {1,a™/?} = (a"/?).
Case n =5 1.
Dy = {1} U{a,a Y U{a®, a2} U-- U {a™ V2 o+ D/2Y | (b ba, ... ba" 1}
For the last conjugacy class we observe that the multiples of 2 run through all elements of Z/(n)

in the exponent of a.

In particular, Z(Ds,) = {1} = 1.
Problem 2

(1) Assume that G = G,,, - H. We have to show that H acts transitively on M. Since G acts transitively
on M by assumption, we have to show that given g € G, there exists an h € H such that m" = m9.

In fact, write g = ch with ¢ € G,, and h € H. Then m" = m" = m?9.

Conversely, assume that H acts transitively on M. We have to show that G = G,,, - H. Suppose
given g € G. Since H acts transitively on M, there exists an h € H such that m9 = m”. Hence
c:=gh™! € G,,, and in fact g = ch.

(2) We restrict the action of G on U\G to U. This U-set contains the fixed point U. The U-orbits
in U\G \ {U} have a length that divides |U|, which is thus either equal to 1 or > p. Since by
assumption p > [G : U] — 1 = |[U\G \ {U}|, we can conclude that these U-orbits have length 1. In
other words, for all g € G and all u € U, we have Ugu = Ug; that is, gug~' € U. Hence U < G.

Problem 3
We have an embedding
G - S
g > (ulg):zr—>1zg);
cf. Cayley’s Theorem, which states that any group is isomorphic to a subgroup of a symmetric group.

Since the order of G is even, there exists an element y € G of order 2; cf. Cauchy’s Theorem or Sylow’s
Theorem.

Since u(y) is of order 2, its cycle type consists of 2-cycles. But since u(y) does not have a fixed point, the
number of 2-cycles in its cycle type is n.

Consider the sign (or signum) morphism

sgn

S¢ — {+£1}
o > sgno.
Since sgn(u(y)) = —1, we see that sgnop : G {£1} is surjective. Let N < G be the kernel of sgnop.
We have [G : N] = [{£1}]| =2.
Problem 4
The group GL2(F3) acts on the set

L = {((10)), {((11)), ((1-1)), ((01))}



of one-dimensional subspaces of Ff by multiplication from the right. This yields a morphism

GLy(Fy) —> &t
(¢8) — ((Con—(=v) (=) -

Its kernel consists of those invertible matrices (‘j Z) that leave all one-dimensional subspaces invariant.

Matrices of the form (é Q), where A\ € F;* := F3 \ {0}, fulfill this condition. Conversely, for a matrix

that fulfills this condition, we have
(10)(24) = (w0)
o1 (2h) = ()

for some p, v € Fy, and thus (‘ZZ) = (47). Finally,

(11)(62) = (sv) € ((11))
shows that u = v. Hence
Kernp = {(33) S AEFS} = Z(GLy(Fy)) .
Now | GLo(F3)| = (32 —1)(3%2 — 3) = 48 and | Kern | = 2 shows that the image of ¢ has order 48/2 = 24.

Therefore, ¢ is surjective.

Since there is an isomorphism Sy, ~ 84 induced by a bijection L == {1,2, 3,4}, by composition we also
obtain an epimorphism GLg(F3) — S4 with kernel Z(GL2(F3)).

As to the image of SLy(F3) under ¢, we claim that it equals the alternating group Ay. In fact, since
Z(GL2(F3)) < SLa(F3), we have |¢ (SL2(F3))| = 24/2 = 12. Since Ay, is the only subgroup of St of order
12, we conclude that ¢ (SLa(F3)) = Af.

Finally, under the chosen isomorphism Sy, ~ S84, the subgroup A, is mapped to the subgroup Ajy.
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