Solution to Final

Question 1.

(1) To determine a basis of Uy, we consider the row echelon form

1 0 0 1 0 0

0 1 0 0 1 0
Hence a basis of U; is given e.g. by((?), (é), (%)),soinparticularUl span((?), (é), (%))

0 1 0 0 1 0

To determine a basis of Uy, we consider the row echelon form

0 0 1-1 1-100
00 0 1 0 010
0 0-1 1| ~ (0 001].
-1 1-1 0 0 000
1-1 1 0 0 000
0 1 —1 0
. . . O O 1 . . 0
Hence a basis of U is given e.g. by ( of =1 5 ), so in particular Uy = span( o,
1 1 0 1

(2) To determine a basis for Uy N Us, we solve

100 0-1 1 1000-1 1
010 0 0-1 0100 0-1
011 0 1-1 o 0010 1 0
101/ 1 1 0 0001 1-1
010-1-1 0 0000 0 O
to get the general solution

A1 -1 1

32 0 ?

ﬁf =5 1]+t 21 ], s, te R,

2 0 1

3 1 0

yielding e.g. the basis

for U1 n U2.

Finally, we calculate

Question 2.

(1) For m # 0, we get

L 2F(z —m)2e”ime dg

tm = 37 Jo
1 2.0 —ima]27 i 27 —imz
= ﬁ([@*”) ey — 2 fo (- me dz)
— 7# ([(z — ﬂ)%e*imx]? — # 027r e~ ima dz)
_ 2
For m = 0, we get
1 27 2
o = — (x—m)? = T
2m Jo 3
Thus
fl@) = 2 49 +§ v 72 +a i cos(mzx)
x) = — = —
3 m=—0o0 ? 3 m=1 m?



(2) Parseval’s lemma gives

+oo 4 00 2m 4
9 T 4 1 4 T
E m|? = — +2 E — = — — de = —,
el 9 + — mA 2 (@ —m)"dz 5

m=—0o0

hence
iL_W_
= mt 90

Question 3.

(1) We get e.g.
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(2) The matrix A is invertible for det A = t2(t? + 5) # 0, i.e. for t € R\ {0}.

Question 4.

Let h(y, z) ef ;(tant)e“OStdt, let g(x) Lof (ﬂf) Since (ho g)(x) = fzoz (tant)e® st dt, we have to

calculate
(hog)'(x) = W(g(x))-g'(z).

Now ¢'(z) = (21”3) and

B (y,z) = (tany)e® oSy fyo 2 (tant)e* o5t dt)

e?cosy % fy(iz Sint)ezcost dt)

(tany)e 0

(¢
)

(-

(-

tany e?cosy %(ezcosy 7€Z>) .

So
(hog)(@) = W(gla)-g'(x) = (= tan(a?)ereos) aem@”ew)-(? )

= _9r tan(mQ)emcos(m2) + l(emcos(w2) _ ez) .
Question 5.

(1) To determine the critical points of f(z,y, z), we solve
f'(@y,2) = ((2x+o:2+y2+22)e““z (2y+a°+y+2%)e" T (2z+x2+y2+22)e““z) = (000).

We obtain first 2z = 2y = 2z = —2? + 3% + 22, hence z = y = 2.
From 2z + 22 + 3% + 22 < 0 we can now take that 2z = —322, i.e. that either x = 0 or z = —%.

0 -2/3
Therefore, f(z,y, z) has the critical points (8) and (2%)

(2) The Hesse matrix of f is calculated to be

rdyds 2+4m+x2+y2+z2 2y+21+x2+y2+z2 22+2:c+a:2+y2+z2
Hf(x,y,z) = 'Y 2e+2y+a+y’+22  24+4y+ai+yi4z? 2z42y+ady®+2?
2$+2z+x2+y2+z2 2y+22+x2+y2+z2 2+4z+w2+y2+z2



0
Hence, for the critical point (8) we get
H;(0,0,0) = (820
£0,0,0) = (29) .
0
Its principal minors are 2, 4 and 8, and therefore (8) is a local minimum.

-2
For the critical point <—223) we get
Hp(~2/3,-2/3,-2/3) = =2 (—1/3 23 43
f(i/af/af/)*e 74/37443 243 :
Its principal minors are 2/3e72, —4/3e~% and —8e7%, and therefore we can not decide whether

-2/
<2/3) is a local extremum.

Question 6.

(1) The radius of convergence is
R = (hm |24 "|1/"

= (hm |2z|) = 5"

the value

B 4+2i
_1—1/2_ 5

Moreover, the geometric series yields for z =

)
2o (i) -2 ()

(2) We will calculate the radius of convergence as

R = (7111330|(n!)1/1n”|1/n)_1 = (nm (n!)l/(”ln"))_l .

n—oo

N[ .

By the weak form of Stirling’s formula, we get
(enlnn+1fn)1/(nlnn) < (n])l/(nlnn) < (e(nJrl) 1n(n+1)7n)1/(nlnn) ,

whence 1 1 1 1 n+1 In(n41) 1
RS T Y < (nl) /(nlnn) e n Inm Tnn |

Now the exponent 1 + — &5, tends to 1 as n tends to oo.

nlnn

Moreover, the exponent "+1 1n§Z:1) — —n tendsto1-1+0=1 as n tends to oco.

Hence both the lower and the upper bound tend to e, so that also the middle sequence tends to e.

Inverting finally yields R = 1/e.

Question 7.

We calculate the Taylor development of f(z) ECO M (In(z)) in ¢ = e for n = 2.

f@) = () fe) = 0
F@) = ik fley = ¢
@) =~ (5 + w) o) = -4
@) = & (& + iyt wdy)

So for x > e we have

1 1 , 1/ 2 3 2 z—e)’
In(In(z)) = g(xfe)*e_g(xfe) +§_3 <E+ (In¢)? * (ln£)3> ( 6 |

for some £ with e < ¢ < z. In particular, In& > 1 and In¢ < Inz, so that we can conclude that

(@—e)®

ln(ln(x)) Z é(l‘ — 6) — e%(l‘ - 6)2 + 5% ((1n26)3 + (ln3§)3 + (1n26)3) _6

—e)3
z %(x_e)—L(x—e)Q"'x%(m?:,;)B(mG) ;

allowing us to choose ¢ = 7/6.



