31st March 2004                              Calculus Lecture                                           Dr.Kuenzer
Notes by Omar Shouman

Series (continued)
Recall
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Example (Geometric Sum)
Let 
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If 
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Suppose now that 
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Therefore, 
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Numerical Example:

Consider the case 
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Geometric Series

If 
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Rules for Series
a) Let  
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 be convergent series, and let 
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b) Let 
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If 
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 is convergent, then:
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 is convergent too.

If 
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 absolutely converges (i.e. if 
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 itself converges. However, they are NOT always equal in value.

c) If 
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and if 
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converges. This is the Leibniz Criterion.
d) “Distributive Law”

Let 
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 both be convergent series,

Then:
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 (Cauchy Product)

(e.g.
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e) “Comparison Criterion”  (similar to improper integrals)
· If 
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Then if 
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  is convergent then 
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 is absolutely convergent.
In other words, if the “bigger sum" converges, then the “smaller sum” converges absolutely.

· If 
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Then, if 
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 is divergent then 
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In other words, if the “smaller sum" diverges, then the “bigger sum" diverges as well.

f) Let 
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 be a positive, decreasing, continuous function. Then:
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Examples
1. For rule b) “the absolute convergence”

Consider 
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By Leibniz Criterion (see rule c)): this series converges since 
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 is a decreasing sequence. 
But does it converge absolutely? No,
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 is divergent
since 
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 diverges (by the integral criterion) (see rule f)).

Then, we conclude that the series 
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 is convergent, but NOT absolutely convergent.
Generally, we can say that if the sum is absolutely convergent, then it is convergent (i.e. converges without the absolute value sign). However, if the series is convergent, this does NOT say that it is absolutely convergent.
2. For rule c), “Leibniz Criterion”

Consider the series 
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By Leibniz, the series converges (to 
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3. For d), “Cauchy sum”. Recall 
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For the example we consider 
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We know from the geometric sum example that 
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But the Cauchy product says that:
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Back to the Cauchy product:
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