Solution to Makeup

Question 1.

(1) To determine a basis of Uy, we consider the row echelon form
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Hence a basis of U; is given e.g. by((%), ( ), (é)),soinparticularUl span((%), <%>, <(1)>)
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To determine a basis of Uy, we consider the row echelon form

—1-1 10 1
2 1 01-2

20 ~ (00 0

11 00 0

—1-1 00 0

~1 —1 1 -1 -1

, . 2 1 1 , , 2 1

Hence a basis of Us is given e.g. by ( 20 9) |2 ), so in particular Uy = span( 20,000
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(2) To determine a basis for Uy N Uz, we solve

1
—1
1
0
1

i Lt
O~ NO
oo~ O
[elelele)oy

0
1
0
0
0

|
COORH
OO~ OO

HNNO
D b O—FNO

[elelole)

=D b

J ()

100 1 1-1 1000 2/3-1
12 1]-2-1-1 010{0-1/3—1
21 1/-2 0-1 ~ 001/0-1/3 2
110/—-4-1-2 0001 1/3 0
100 1 1-1 00 0|0 0 0
to get the general solution
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yielding e.g. the basis

for U1 n U2.

Finally, we calculate

dim(U1+U2) = dimUl—l—ding—dim(UlﬂUg) =3+3-2=4.

Question 2.

We have
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Partial fraction decomposition yields
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Finally, V(f,0,1) = &, — .

Question 3.

(1) We get
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Since f is continuous, it exactly equals its Fourier series, and we get
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(2) Parseval’s lemma gives
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(3) Equating f(z) and its Fourier series at @ = 0, we obtain
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Question 4.
The constant solution y = 0 of the differential equation does not satisfy y(1) = In 2.

To get the general solution, we separate and integrate, thus obtaining
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In(eV —e™Y) = Inz+ Cp,
with a constant Cp, and so

with a constant C'. We solve

to get the general solution




Now

y(1) zln<%+ %24—1) < In2
yields %2 +1= (2 — %)2, hence C = % So
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is the solution of the differential equation satisfying y(1) = In2.

Question 5.

We obtain
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flx,y) = det <§%f%) = det( Iy%) = (1—ay)?—ay = 1—3ay + 2%y,
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hence f'(z,y) = (2zy? — 3y 222y — 3x).

So (8) is a critical point.

If x # 0, then, at a critical point, also y # 0, and it remains to satisfy 2zy = 3.
Altogether, the set of critical points of f is given by
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Since

we have H;(0,0) = (,2 —3) with principal minors 0 and —9, and Hy(s, &) = (% 22’2) with principal

minors % and 0.

In all cases it is impossible to decide whether the critical point under consideration is an extremum.

Question 6.
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(1) We have f'(z,y) = ( 1 ?) and ¢'(u,v,w) = (£ — % %) hence

(gof)(zy) = g (flz,y) - f'(x,y)

(2) Since (go f)(x,y) = % = (x — y)?, we can calculate the derivative directly to obtain

(go f)(zy) = 2z -y) 2(y—1)).

Question 7.

We have |a,|"/" = % - (n!)Y/™. The weak form of Stirling’s formula gives
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Both the upper bound and the lower bound tend to e~'v/2, hence so does |a,|'/" itself. Therefore,
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Question 8.

(1) We have
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and so on, leading to
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as it should be.

(2) The Taylor series of f(z) in 29 = 0 is given by
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as expected.



