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Solution 12
Problem 57.

(1) Since det A =det (_37) =1-t—3-(—2) =t + 6, the matrix A is invertible for ¢t € R with t # —6
(also written as: it is invertible for t € R~ {—6}).

(2) Using Gau$ transformations, we obtain
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89 90 91 T2 72 72 1 1 1
det A = det(70 71 72) - det<53 53 53) - 72.53-det( 11 1) - 72-53~det<
19 17 18 19 171
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So A is not invertible.
(3) Using Gauf} transformations followed by a development by the first column, we obtain
i10 01—it —i it ) ' ' )
det (<117) = det (0 ei+1) = +1-det (') = (L=i)(t+1) = (<)t +1) = (1 —it).

So A is invertible whenever t(1 — it) # 0, that is, whenever ¢t # 0 and ¢t # —i (also written as: it is
invertible for t € C ~ {0, —i}).

(4) Using Gaufl transformations together with Laplace development, we can calculate e.g. as follows.

-1 1 11 -1 11t -2 01—t -2 01—t
_ -1-1 1 1) _ 0 -2 01—\ _ 5 51 4) — _ 5 91
detA = det (% 7}5 :% %) = det( 8t:% :g %i) = det (t7% 7% %7§) = det (tJr% 31 é)
= —(t+1)det (_317F) = —(t+D(—(-2)(1—1) = 2(t2-1).

So A is invertible whenever ¢ # 1 and ¢ # —1 (also written as: it is invertible for t € R~ {—1,+1}).

(5) For instance, we can calculate

510) = (1 —t)det (tj%ﬁié) = i(1—t)det (tj}:f é)
= i(1—t)-(1—d)det (,_9¢71) = i1 —t) 1 —a)(—(t —1)(1—1)) = 2(t—1)2.

So A is invertible whenever ¢ # 1 (also written as: it is invertible for t € C \ {1}).
Problem 58.

(1) We obtain
fllay) = Quty a+2y).
Solving the system of linear equations f’(x,y) = 0 yields (5) = (8) as the only critical point of f.
Now the Hesse matrix becomes

Hf(xvy) = (%%) )
in particular, H;(0,0) = (%%) The principal minors in (8) are
det(2) = +2, det (73) = 3.
(2) We obtain
fllay) = (—4y° +42® 5y —12a2y%) .

So for f'(z,y) = 0 we need 423 — 4y3 = 0, that is, * = y. Plugging this into the second equation
5yt — 12zy2, we get 52 = 1223, that is, either = 0 or z = 1—52 So the critical points of f are given

by (§) and by (132).

Now the Hesse matrix becomes

_ 1242 —12y42
Hf(:L',y) - (—12y2 20y° —24xy :



So at the critical point (8), we get Hy(0,0) = (88). Thus there, the principal minors are both
zero, and we can not decide whether it is a maximum or a minimum.
At the critical point (g?g), we get H¢(12/5,12/5) = (_112;{;’;2 ;}gijgi ) Therefore, the principal
minors are
‘ 852 193 /52 126 _ 126
det(i20/s%) = +12%/5%, det (707 S10% ) = Srdet (N3 =+

Since both of them are positive, we have a local minimum at (g?g)

(3) We obtain
f(wy,2) = (=22 —-10 z—4y x+y—2z—10).

—11
The system of linear equations f'(z,y, z) = 0 has the unique solution (:132), which is thus the only

critical point of f.

Now the Hesse matrix becomes
H 5.9 1
f(l',y,Z) - ( 1_172) 5

-2 0 1
0-4 %) Its principal minors are

/

so in particular Hy(—11, -3, -12) =

(=)

1

-2
det(—g) = -2, det(_%fg) = 48, det( ?_%,é) = —-10.

—11
So f has a local maximum in ( —132).
(4) We obtain
Flay2) = (= @+y+ e (1= (@+y+2)22)e™ (1= (@+y+my)e ).
So f'(x,y,z) = 0 requires first of all that neither z, y, z, nor (z + y + z) vanishes. From
(x+y+2)yz = (e4+y+2)zz = (x+y+2)ay =1
we may therefore conclude that = y = z, and thus that 2 = 371/3. So the only critical point of f
-1/3
is 3*1/3 .
3-1/3
Now the Hesse matrix becomes

Hy(z,y,2) =
(myz—(1-(zty+2)yz)yz)e” *¥* (—yz—(z+y+z)z—(1—(z+y+z)yz)zz)e” """ (—yz—(z+y+z)y—(1-(z+y+z)yz)zy)e” V>
(—zz—(z+y+z)z—(1—(z+y+z)zz)yz)e” *¥* (—zz—(1—(z+y+z)zz)zz)e” "Y* (—zz—(z+y+z)z—(1—(z+y+z)zz)zy)e” "V
(mzy—(z+y+2)y—(1-(zt+y+2)zy)yz)e” " (—zy—(v+y+2z)a—(1-(z+y+z)zy)zz)e” *¥* (mzy—(1—(z+y+2)ay)ay)e” ¥~

—1-4-4
and in particular, H;(371/3,371/3 371/3) = 372/3¢=1/3 . (:3 -1 :411). Its principal minors are

(372/3671/3)1 det(71) — 7372/3671/3,

(37237132 det (Z427) = —(372/3e71/3)2. 15,
(3_2/36_1/3)3(161](:‘11:[11 :3) = 3_26_1(161](_6_1% _1121) = —9e7 1.
—4-4-1 012 15

3-1/3
So we can not decide whether f has a local maximum or minimum in (31/ 3.
3-1/3

2 3 1
Problem 59. Let v; = (8), vy = (*%) and vg = (7%) be vectors in R?2.

2 3 1
(1) Since det (8 =2 —%) = 2det (3 _3) = 2(—4 — 15) = —38 # 0, the columns of the matrix (vi,vs, v3)

form a linearly independent tuple.

(2) For instance,

u €y x (v1 X v2) = (g) X ((5) x (‘%)) - (%) % (—1§) - (725)

is, by construction, orthogonal to both v; and vy X vs.



3)

To find such a vector, we consider the equation for A\; and Ao resulting from
(AMv1 + A2vz) -v3 = 0,

namely

A (=3)+ X5 = 0.

19
So for instance we can take \; = 5 and Ay = 3, so that w def S5v1+3vy = (109) actually is orthogonal
to vs.

Problem 60.

(1)

The assertion is not true. For instance, consider f(z,y) = z* + y*. We have f'(z,y) = (423 493),
so that (8) is a critical point of f. It is a local minimum of f(x,y), in fact, f(0,0) = 0 < f(z,y)
even for all (f/) € R?. However, the Hesse matrix, given by H¢(z,y) = (12532 120y2), takes the value
H;(0,0) = (8 8) at this critical point. In particular, its principal minors both vanish, and are hence
not both positive.

Another, but trivial, example is the function f(x,y) = 0. Here the Hesse matrix is zero, whereas
every point () € R? is a local minimum (and a local maximum).

The assertion is true. In fact,
det A = det A® = det(—A) = (=1)"det A= —det A,

and so det A = 0, whence A is not invertible.



