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Abstract

Let £ be a Frobenius category. Let £ denote its stable category. The shift functor on
& induces, by pointwise application, an inner shift functor on the category of acyclic
complexes with entries in £. Shifting a complex by 3 positions yields an outer shift
functor on this category. Passing to the quotient modulo split acyclic complexes, HELLER
remarked that inner and outer shift become isomorphic, via an isomorphism satisfying still
a further compatibility. Moreover, HELLER remarked that a choice of such an isomorphism
determines a Verdier triangulation on £, except for the octahedral axiom. We generalise
the notion of acyclic complexes such that the accordingly enlarged version of Heller’s
construction includes octahedra.
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0 Introduction

0.1 Heller’s idea (')

0.1.1 Stable Frobenius categories and an isomorphism between outer and inner
shift

Let &£ be a Frobenius category, i.e. an exact category with enough bijective objects. For instance,
the category of complexes with values in an additive category, equipped with pointwise split
exact sequences, is a Frobenius category.

Let £ denote the stable category of £; cf. §0.3. Assume that £ has split idempotents.

A complex with entries in £ is acyclic if any Hom functor turns it into an acyclic complex of
abelian groups. Let £T(A¥) denote the category of acyclic complexes with entries in £ (2).
Let £T(A¥) denote the homotopy category of the category £*(A¥) of acyclic complexes; that
is, the quotient category of acyclic complexes modulo split acyclic complexes.

There is a shift automorphism T on £. It induces a first, inner shift automorphism T (A¥) on
é*(ﬁ#) by pointwise application.

There is also a shift automorphism Ty on the diagram Af . It induces a second, outer shift
automorphism £1(Ty) on ET(A¥), shifting a complex by three positions.

Both outer and inner shift induce automorphisms

£'(Ty) resp. THAY)  on £H(A]) .
HELLER remarked that these functors are isomorphic. But there is no a priori given isomorphism.

So he chose an isomorphism
EH(T) = THAD).

satisfying, for technical reasons, still a further compatibility.

Then he remarked that the choice of such an isomorphism ¥J; determines a triangulation on £
in the sense of PUPPE [28, Sec. 2]; that is, it satisfies all the axioms of VERDIER [31, Def. 1-1]
except possibly for the octahedral axiom. Namely, as distinguished triangles we take acyclic
complexes on which outer and inner shift coincide (i.e., which are “3-periodic up to shift”) and
on which 1, is the identity.

Whether this observation now fathoms Puppe triangulations remains to be discussed. Whenever
two objects are isomorphic but lack a nature-given isomorphism, it is at any rate not unusual
to pick an isomorphism. Once a suitable isomorphism between our shift functors chosen, a
Puppe triangulation ensues. In nontechnical terms, we may let the relation between the two
shifts govern the Puppe triangulations. This is a possible point of view, which we shall adopt
and put into a larger framework; cf. §0.2.2.

HELLER used this construction to parametrise Puppe triangulations on £. The non-uniqueness
of such a Puppe triangulation on £, and hence the impossibility of an intrinsic definition of
distinguished triangles, thus can be regarded as rooted in the possible nontriviality of the
automorphism group of the inner shift functor T+(A#), or, by choice, of the outer shift functor

'HELLER formulated his idea using Freyd categories. We will rephrase it using complexes, for this is the
language we will use below. Cf. §§0.2.2,0.2.4.
2The notation using the diagram A;ﬁ is chosen to fit into a larger framework; see §0.2.2 for more details.



ET(T,). This is to be seen in contrast to the intrinsic characterisation of short exact sequences

in an abelian category.

0.1.2 The stable Frobenius case models a general definition of Puppe triangula-
tions

A weak kernel in an additive category is defined by the universal property of a kernel, except
for the uniqueness of the induced morphism; dually a weak cokernel.

A weakly abelian category is an additive category in which each morphism has a weak kernel
and a weak cokernel, and in which each morphism is a weak kernel and a weak cokernel. For
instance, the stable category £ appearing in §0.1.1 is a weakly abelian category.

Let C be a weakly abelian category with split idempotents carrying a shift automorphism T.
Now Heller’s construction yields an alternative, equivalent definition of a Puppe triangulation
on (C,T) as being an isomorphism

CHT,) = TH(AD)

satisfying still a further compatibility. In other words, a Puppe triangulated category can be
defined to be such a triple (C, T, d5).

0.1.3 From Puppe to Verdier and beyond

In a Puppe triangulated category, Verdier’s octahedral axiom [31, Def. 1-1] does not seem to
hold in general (3).

In a Verdier triangulated category, in turn, it seems to be impossible to derive the existence
of the two extra triangles in a particular octahedron described in [3, 1.1.13], or to distinguish
crosses as in [16, App.].

Moreover, to define a K-theory simplicial set of a triangulated category, one is inclined to
take objects as 1-simplices, distinguished triangles as 2-simplices, distinguished octahedra as
3-simplices, etc.

So we enlarge the framework, generalising from C*(A¥) to C*(A#), as described next in §0.2.

0.2 Definition of Heller triangulated categories
0.2.1 A diagram shape

Given n > 0, we let A, :={i € Z : 0 < i < n}, considered as a linearly ordered set. Let
A, be the periodic prolongation of A,, consisting of Z copies of A,, put in a row. This is a
periodic linearly ordered set; that is, a linearly ordered set equipped with a shift automorphism
i+ i*1. For instance, Ay = {...,27%,0,1,2,0*!, ...}, equipped with i+—i*1. Let A be the
category consisting of periodic linearly ordered sets of the form A, as objects, and of monotone
shiftcompatible maps as morphisms.

3The author lacks an example of a category that is Puppe but not Verdier triangulated, but strongly suspects
that such an example exists, i.e. that the octahedral axiom is not a consequence of Puppe’s axioms; cf. Question
1.6. In any case, such a deduction is unknown.



Let A, (A;) denote the category of morphisms in A,, i.e. the category of A,-valued diagrams
of shape A;. Given «a, § € A, such that a < 3, the object (¢ — (3) in A,,(A) is abbreviated

by 3/a.

Let A% be the full subcategory of A, (A;) that consists of objects /o within a single period,
i.e. such that 7! < a < 8 < a*!. For instance,

O+1/O+1 —_— ...

i ) 2/2 0*1/2
1/1 2/1 0+1/1
0/0 1/0 2/0 07 /0

0.2.2 Heller triangulations

Let C be a weakly abelian category; cf. §0.1.2. A sequence X ey 9 Zin C s called ezact
at Y if f is a weak kernel of g, or, equivalently, if g is a weak cokernel of f. A commutative
quadrangle in C whose diagonal sequence is exact at the middle object is called a weak square.

Let C*(A¥) be the category of C-valued diagrams of shape A¥ with a zero at a/a and at
atl/a for each o € A, , and such that the quadrangle on (y/a, 6/a,v/B3,/8) is a weak square
whenever 7! < a < < v <46 <a. Let CH(A¥) be the quotient of CT(A#) modulo the

full subcategory of diagrams therein that consist entirely of split morphisms.

For instance, CT(A¥) is the category of C-valued acyclic complexes; and C*(A¥) is its quotient
modulo split acyclic complexes, i.e. the homotopy category of C-valued acyclic complexes.

Furthermore, suppose given an automorphism T on C. We obtain two shift functors on C*(A%),

the inner shift given by pointwise application of T, and the outer shift induced by a diagram
shift j/i—it1/5.

A Heller triangulation on (C, T) is a tuple of isomorphisms ¢ = (U,,)n>0, where 9, is an isomor-
phism from the outer to the inner shift on C*(A#). This tuple is required to be compatible

with the functors induced by periodic monotone maps between A,, and A,,, where m, n > 0.
Moreover, it is required to be compatible with an operation called folding, which emerges from
the fact that a weak square



entails a folded weak square

0 Y
)
X —=XaY'.

(z f")
A Heller triangulated category is a triple (C, T, ) as just described, often just denoted by C.

An n-triangle in a Heller triangulated category C is an object X of C*(A#) that is periodic in
the sense that outer shift and inner shift coincide on X, and that satisfies X1J,, = 1. The usual
properties of 2-triangles generalise to n-triangles.

If C is a Heller triangulated category in which idempotents split, then, taking the 2-triangles as
the distinguished triangles, it is also triangulated in the sense of VERDIER [31, Def. 1-1]; see
Proposition 3.6.

0.2.3 Strictly exact functors

An additive functor C ——~ C’ between Heller triangulated categories (C,T,¥) and (C',T',¢)
is called strictly exact if, firstly, it respects weak kernels, or, equivalently, weak cokernels; if,
secondly, F T' = T F; and if, thirdly, the functor

ctar) 28D, cvap)

induced by pointwise application of F, satisfies F +(A Yx ! = P, x FH(A#) for n > 0.

n

0.2.4 Enlarge to simplify

Let A, := {i€Z : 1<i<n} Wehave an embedding A, . A# via ar— a/0. Let C be

a weakly abelian category. Let C (An) denote the category of C-valued diagrams of shape A,,.
Let C(A,) be the quotient of C(A,) modulo the full subcategory of split diagrams. Restriction

induces an equivalence

() crAr) L ey,

which is also a useful technical tool; cf. Proposition 2.6.

At first sight, one might be inclined to prefer C(A,) over C*(A#). It contains smaller diagrams

and has a less elaborate definition. By transport of structure along (), one obtains an outer
shift on C(A,,) as well. By pointwise application of the shift functor on C, we also obtain an

inner shift on C(A,,). These could be compared in order to write down a definition of Heller

triangulated categories.

So why then did we prefer to use C*(A#) in our definition of Heller triangulated categories in

§0.2.2? Working with C (A ), the indirect definition of the outer shift would cause problems. In

practice, one would have to pass the equivalence (*) back and forth. The “blown-up variant”
Ct(A#) of C(A,,) carries a directly defined outer shift functor and is thus easier to work with.

There is a further equivalence C(A,,) =~ C (A,_1), where C denotes the Freyd category of C,

i.e. the universal abelian category containing C, and where C(A,_,) is the quotient of C(A,_;)

modulo split diagrams with entries in C; cf. Proposition 2.10. Originally, HELLER worked with
C(A,_) for n =2, i.e. with C/C.




0.3 A result to begin with

Let £ be a Frobenius category. We define its stable category £ to be the quotient category of
the category of purely acyclic complexes with values in the bijective objects of £, modulo the
subcategory of split acyclic such complexes.

Then £ is equivalent to the classical stable category £ of £, defined as the quotient category
of & modulo bijective objects. But £ carries a shift automorphism T (invertible), whereas £
carries, in general, only a shift autoequivalence (invertible up to isomorphism). In this sense,
£ is a “strictified version” of €.

Theorem (Corollary 4.7, Corollary 4.9). Given a Frobenius category &, there exists a Heller
triangulation ¥ on (£, T). An exact functor € L. & between Frobenius categories that sends

all bijective objects of £ to bijective objects of £ induces a strictly exact functor £ £, g

The Verdier triangulated version of this theorem is due to HApPEL [11, Th. 2.6].

0.4 A quasicyclic category

Let C be a Heller triangulated category.

A quasicyclic category is a contravariant functor from A’ to the (1-)category of categories. Let-
ting qcyc, C be the subcategory of isomorphisms in C*(A#) for n > 0, we obtain a quasicyclic
category qcyc, C. There is a quasicyclic subcategory qeyc?=! C that consists only of n-triangles
and their isomorphisms instead of all objects in C*(A#) and their isomorphisms (*).

Restricting qeyc?='C along the functor A° C . A’ of “periodic prolongation”, this yields a
simplicial category, hence a topological space; depending functorially on C. This space is the
author’s tentative proposal for the definition of the K-theory of C; cf. [27, Rem. 63]. Of course,
this definition still needs to be justified by results one expects of such a K-theory, which has
not yet been attempted.

0.5 Some remarks

A comparison of our theory to the derivator approach and related constructions in [4],
[14, chap. V.1], [13], [10], [18], [7] and [23] would be interesting. One might ask whether the
base category of a triangulated derivator in the sense of [23] carries a Heller triangulation; and
if so, whether morphisms of triangulated derivators give rise to strictly exact functors.

Our approach differs from the derivator approach in that we consider a single category C with
shift and an “exactness structure”, i.e. a Heller triangulation, on it. The categories C*(A¥)
needed to define this “exactness structure” on C consist of veritable C-valued diagrams; cf. §0.2.
In particular, a “structure preserving map” between two such categories C and C’, i.e. a strictly
exact functor, is a single additive functor C Lo compatible with the “exactness structures”
imposed on C and on C’. In contrast, a “structure preserving map” of triangulated derivators
is a compatible family of additive functors.

The generalised triangles in [3, 1.1.14] are, in our language, n-pretriangles for which the
2-pretriangle obtained by restriction along any periodic monotone map As; — A, is a

4Here, “9=1" is a mere symbol that should evoke the definition of n-triangles via 9.



2-triangle. An n-triangle is such a generalised triangle, but the converse does not hold in
general, as pointed out to me by A. NEEMAN. For an example, see [21, §2].

It is conceivable that the concept of Heller triangulated categories is essentially equivalent to a
direct axiomatisation via n-triangles, as worked out independently by G. MALTSINIOTIS [24]
and myself [20]. To compare these approaches, on the one hand, the Heller triangulated
category should be closed in the sense of [21, §A.2, Def. 13]; on the other hand, the n-triangles
should be stable under folding as in Lemma 3.4.(2).

Concerning the motivation to consider triangulated categories at all, and in particular derived
categories, conceived by GROTHENDIECK, we refer the reader to the introduction of the thesis
of VERDIER [30]; cf. also [15] and [33, p. 26].
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0.7 Notations and conventions

(i) The disjoint union of sets X and Y is written X LY.
(ii) Given a, b, ¢ € Z, the assertion a = b is defined to hold if there exists a z € Z such that a — b = cz.

(iii) For a, b € Z, we denote by [a,b] :== {z € Z : a < z < b} the integral interval. Similarly, we let
[a,b ={z€Z : a<z<b},la,b:={2€Z : a<z<b},Zsg:={2€Z : z2>0}and
Zg() Z:{ZEZ : Z<0}

(iv) All categories are supposed to be small with respect to a sufficiently big universe.

(v) Given a category C, and objects X, Y in C, we denote the set of morphisms from X to Y by ¢(X,Y), or
simply by (X,Y), if unambiguous.

(vi) Given a poset P, we frequently consider it as a category, letting p(x,y) contain one element y/x if < y,
and letting it be empty if x € y, where z,y € Ob P = P.

(vii) Given n > 0, we denote by A, := [0,7n] the linearly ordered set with ordering induced by the standard
ordering on Z. Let A, := A, ~ {0} = [1, n], considered as a linearly ordered set.

(viii) Maps act on the right. Composition of maps, and of more general morphisms, is written on the right,

. a b ab
lL.e. — — = — .
F G FG
(ix) Functors act on the right. Composition of functors is written on the right, i.e. — — = —.

Accordingly, the entry of a transformation a between functors at an object X will be written Xa.

The reason for this convention is that we will mainly consider functors of type “restriction
to a subdiagram” or “shift”, and such operations are usually written on the right.

(x) A functor is called strictly dense if its map on the objects is surjective. It is called dense if its induced
map on the isoclasses is surjective.



(xi)

(xii)

(xiii)

—~

xiv)

(Xxii)

(xxiii)

(xxiv)

F F
Given transformations C /@5\ ! /W C" , we write a % a’ for the transformation from FF’ to GG’
o e

given at X € ObC by X(axd') :== (XFa')(XaG") = (XaF')(XGa'). In this context, we also write the
object F for the identity 1z on this object, i.e. e.g. X(Fxa') = X(1p xa') = (X F)d'.
The inverse of an isomorphism f is denoted by f~. Note that if we denote an iterated shift automorphism

ffTL by f f** for 2 € Z, then we have to distinguish f~ (inverse isomorphism if f is an
isomorphism) and f~! (inverse of the shift functor applied to f).

In an exact category, pure monomorphy is indicated by X —e—» Y pure epimorphy by X —+— Y.

A morphism in an additive category A is split if it is isomorphic, in A(A1), to a morphism of the form
00

XaeY (1—()» Y @& Z. A morphism being split is indicated by X >—=Y (not to be confused with

monomorphy). Accordingly, a morphism being a split monomorphism is indicated by X ==Y , a

morphism being a split epimorphism by X >+=Y . Cf. §A.2.1.

We say that idempotents split in an additive category A if every endomorphism e in A4 that satisfies

e? = e is split.

The category of functors and transformations from a category D to a category C is denoted by [ D,C1
or by C(D). To objects in C(D), we also refer to as diagrams on D with values or entries in C.

If C and D are categories, and X € ObC(D), we usually write (d s e)X = (Xq4 Ko, X, ) for a morphism
d—+¢in D. If the morphism a is unambiguously given by the context, we also use small letters to
write (Xg —r X.) i= (Xg — X.) (similarly X/, "> X7, Vg —2o ¥, ...

Let Add denote the 2-category of additive categories.

Given an additive category A and a full additive subcategory B C A, we denote by A/B the quotient
of A by B, having as objects the objects of A and as morphisms equivalence classes of morphisms of A;

where two morphisms f and f’ are equivalent, written f =p f’, if their difference factors over an object
of B.

In an exact category, an object P is called projective if (P, —) turns pure epimorphisms into epimorphisms.
An object T is called injective if (—, I') turns pure monomorphisms into epimorphisms. It is called bijective
if it is injective and projective. See §A.2 for details.

In an additive category, a morphism K . X is called a weak kernel of a morphism X N Y if for

every morphism 7T’ . X with tf = 0 there exists a morphism T' . K with t'i = t. A weak cokernel
is defined dually. An additive category is called weakly abelian if every morphism has a weak kernel and
a weak cokernel, and is a weak kernel and a weak cokernel.

The Freyd category of a weakly abelian category C is written C. See 8A.6.3 for details.

In an abelian category, a commutative quadrangle

b
X/ > YI
f/
. s . (z f) (j?;) . . .
is called a square if its diagonal sequence X ——> X' @ Y —— Y is short exact. Being a square is
indicated by a box sign “00” in the quadrangle.

The quadrangle (X,Y, X', Y”) is called a weak square if its diagonal sequence is exact in the middle; cf.
Definition A.9. Being a weak square is indicated by a “+"-sign in the quadrangle.

In an exact category, (X,Y, X', Y’) is a pure square if it has a pure short exact diagonal sequence. Being
a pure square is indicated by a box sign “[J” in the quadrangle.

In a weakly abelian category, (X,Y, X', Y”) is a weak square if it is a weak square in the Freyd category
of that weakly abelian category.

In an abelian category, given a morphism X I, Y, we sometimes denote its kernel by Ky, and its
cokernel by Cy.



10
1 Definition of a Heller triangulated category

1.1 Periodic linearly ordered sets and their strips

Without further comment, we consider a poset D as a category, whose set of objects is given
by D, and for which # p(a, 8) = 1 if o < 3, and # p(a, ) = 0 otherwise. If existent, i.e. if
a < f3, the morphism from « to ( is denoted by 3/a. A full subposet of a category is a full
subcategory that is a poset. In particular, a full subposet of a poset is just a full subcategory
of that poset.

A periodic poset is a poset P together with an automorphism T : P+ P, ar—a T =: ol
Likewise, we denote a T™ =: a™™ resp. a T~ =: a~™ for m € Z>,. By abuse of notation, we
denote a periodic poset (P, T) simply by P.

A morphism of periodic posets P <2 P’ is a monotone map p of the underlying posets such
that (o/)p = ((«/)p)™! for all o/ € P’. The category of periodic posets shall be denoted by

pp.

A periodic linearly ordered set is a periodic poset the underlying poset of which is linearly

ordered, i.e. such that #(D(a,ﬁ) U D(ﬁ,a)) =1forall o, 8 € D.

To any linearly ordered set D we can attach a periodic linearly ordered set D by letting D :=
D xZ,and (o, 2) < (B,w) if z <w, orif (z =wand a < Bin D). We let (o, 2)™ := (o, 2+ 1).
Sending D — D, a+— (a,0), and identifying D with its image, we obtain (o, z) = a**, and
the latter is the notation we will usually use. The periodic linearly ordered set D is called the
periodic repetition of D. Likewise, the functor D+ D from the category of linearly ordered
sets to the category of periodic linearly ordered sets is called periodic repetition.

Let A be the full subcategory of the category of linearly ordered sets defined by
Ob A = {An T ne Z}O}-

Let _A be the full subcategory of the category of periodic linearly ordered sets defined by
ObA :={A, : n€Zx} (°).

The reason for considering periodic linearly ordered sets is that the functor periodic repetition from
A to A is dense and faithful but not full. We will require a naturality of a certain construction
with respect to P € Ob A, which is stronger than setting P = D and requiring naturality with
respect to D € Ob A.

Given n > 0, the underlying linearly ordered set of A, is isomorphic to Z via
a™+——a+ (n+ 1)z. We use this isomorphism to define the operation

A, xZ — A, , (o 2) — a4+ 2 = (aFax)tEtetd

where we write k = (n + 1)k + k with k € Z and k € [0,n] for k € Z. For instance, if n = 3,
then 2! + 7 =113,

To a periodic linearly ordered set P, we attach the poset
P*:={f/ae P(A) : f'<a<f<all}

as a full subposet of P(A;), called the strip of P. A morphism therein from [/« to /v is
written ¢/ 3/a, which is unique if it exists, i.e. if @ <y and g < 0.

>The category A is isomorphic to the category L defined by ELMENDORF in [6].
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The strip P# carries the automorphism 3/a+— (3/a)™! := a*1/3 in pp, where 3/a € P7.

It P = A,, we also write 3/a 2 (8/a)*™.

This construction defines a functor

3k

T pp

A
P P#

[

which sends a morphism P <2~ P’ in A to

P# > P'#
Bpla'p ~— B/

In fact, p* is welldefined, since if #/~' < o/ < 3 < o/, then (8p)~! < a'p < B'p < (a/p)th.
Moreover, p” is monotone and compatible with shift.

Example 1.1 The periodic poset Af, i.e. the strip of the periodic repetition of Ay, can be
displayed as

1+1/1+1 N

T

0+1/0+1 . 1+1/O+1 e ..

! !

2/2 ——=011/2 1+1/2
T ! T
1/1 2/1 0+t /1 ——=1%1/1
b !
0/0 1/0 2/0 0+1/0

[

2-1/271 —» (/27! —1/27!1 —>2/271

o

1.2 Heller triangulated categories

Suppose given a weakly abelian category C; cf. Definition A.26. From §1.2.1.3 on, we assume
it to be equipped with an automorphism

C = C
1
(X%Y) = (XT2LyT) = (X*“ey+,

uT™ utm

Similarly, we denote (X T™ — Y T™) = (X" —Y*™) for m € Z.
Recall that its Freyd category C is an abelian Frobenius category, and that the image of C in

~

C, identified with C, is a sufficiently big subcategory of bijectives; cf. §A.6.3.
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1.2.1 The stable category of pretriangles C*(P#)

1.2.1.1 Definition of CT(P%)

Concerning the Freyd category C of C, cf. §A.6.3. Concerning the notion of a weak square in C,
see Definition A.9. A weak square in C is a weak square in C that has all four objects in ObC.
Applying Remark A.27, we obtain an elementary way to characterise weak squares as having a
diagonal sequence with first morphism being a weak kernel of the second; or, equivalently, with
second morphism being a weak cokernel of the first.

Given a periodic linearly ordered set P, we let C*(P#) be the full subcategory of C(P#) defined

by

( 1) Xa/o=0and X1/, =0 for all a € P.

2) Foralld!'<a<pf<y<di<atinP,
the quadrangle

Ob C*(P#) := { X € ObC(P¥#) - Xoyp —— Xs/s

T+T

Xyfa —= Xs/a

is a weak square (as indicated by +).

\ J

Note that we do not require that (Xy+1/, — Xgr1/5) = (X, /0 — X5/5) 1! for v/, §/3 € P#*
with v/a < 0/0.

An object of CT(P#) is called a P-pretriangle. Given n > 0, an object of C*(A¥), ie. a
A, -pretriangle, is also called an n-pretriangle.

Roughly put, an n-pretriangle is a diagram on the strip A% of the periodic repetition A, of A,
consisting of weak squares with zeroes on the boundaries.

Example 1.2 A O-pretriangle consists of zero objects. A 1-pretriangle is just a sequence
- Xo/1-1, X170, Xo+1/1, ... of objects of C, decorated with some zero objects. A 2-pretriang-

le is a complex in C which becomes acyclic in ¢ — for short, which is acyclic —, decorated with
some zero objects.

A morphism in C is split in C if and only if it factors in C into a retraction followed by a
coretraction. Equivalently, its image, taken in C, is bijective as an object of C.

Let CTsPlit( P#) be the full subcategory of CT(P#) defined by

Ob ¢l (ph) = {X € Ob et (p#) . vt == Xoyp is split in C }
5/

for all v/, 6/8 € P* with v/a <
We denote the quotient category by
C+(P#) = C+(P#)/C+,split(P#) :

called the stable category of P-pretriangles.

Example 1.3 We have CT(A¥) = Ct(A¥) = 0. The category C*(A¥) can be regarded as the

homotopy category of the category of acyclic complexes with entries in C.
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1.2.1.2 Naturality of C*(P#) in P

Suppose given periodic linearly ordered sets P, P’, and a morphism P# <% P'# of periodic
posets such that either (P = P’ and ¢ = T, the shift functor on P#) or ¢ = p* for some

morphism P <2- P’ of periodic linearly ordered sets.
Recall that if P = A,,, then we write alternatively T,, for the shift functor T on A%.

We obtain an induced functor

cH(PF) S (P
X —— X(C'(g) = q¢X,

given by composition of g, followed by X.

In particular, the shift T on P# induces a functor

C+(P#) crm C+(P#)
X — X7 = X(C*(T)) ,
called the outer shift. Note that if P = A, then [X]g/la = X(g/a)+1 = Xon1p for B/a € AF.
On the stable category, this functor induces a functor

C+(P#) C+4(T2 c+(p#)

X o X",

likewise called the outer shift.

_ #
Given a morphism P <2~ P" in A, we obtain an induced morphism P# <*— P'# and hence an
induced functor usually abbreviated by

p# = C* (p¥)
_—

CH(P*) CH(pP'?#)
X — Xp*:=X(CT(p?)).

Likewise on the stable categories; we abbreviate p# := C*(p*).

So altogether, we have defined Xp# := p# X (Xp#: operation induced by p, applied to X ; p? X:
composition of p# and X), which is a bit unfortunate, but convenient in practice.

Given a morphism P <2~ P’ in A and X € Ob C*(P#), we have
(XJHp* = [XpT)

natural in X. Likewise on the stable categories.

Given P, P’ € Ob A, a functor C*(P¥) i CH(P'*) is called strictly periodic if
[XFIT = [X]TF,

natural in X. Likewise on the stable categories.
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1.2.1.3 Naturality of C*(P#) in C

An additive functor C —~ C’ is called subezact if the induced additive functor € —— ¢’ is an
exact functor of abelian categories; cf. §A.6.3. Alternatively, it is subexact if and only if it
preserves weak kernels, or, equivalently, weak cokernels; cf. Remark A.27.

Suppose given a subexact functor C L, ¢ and P € ObA. We obtain an induced functor

c+(P#) e | ' (P#)
X — XFY(P*),

where, writing Y := X F+H(P#), we let
zF
(YVssa = Yo,) 1= (XpgjaF =+ X5/ F)

for 3/, §/v € P# with B/a < d/7.
In particular, the automorphism C T+ C induces an automorphism
cr(pt) L cr(p)
X — [X'] = X(T"(P#)),
called the inner shift. Note that if P = A, then [X ]/, = X;{/la for 3/a € A¥.
On the stable category, this induces an automorphism

TH(PF)

CH(P#) CH(P#)

X — XM,

likewise called the inner shift.

1.2.2 Folding

The following construction arose from a hint of A. NEEMAN, who showed me a multitude of
2-triangles in an n-triangle similar to the two 2-triangles explained in [3, 1.1.13]; cf. Defini-
tion 1.5.(ii) below.

1.2.2.1 Some notation
Given P = (P, T) € Ob A, we denote by 2P the periodic poset (P, T?).
Given a linearly ordered set D, we let plLI D be the linearly ordered set having as underlying set

{p} U D; and as partial order p <, ,p a for all @ € D, and o <, p fifa, 8 € D and a <p .

Roughly put, 2P is P with doubled period, and p U D is D with an added initial object p.

Let n > 0. We have an isomorphism of periodic linearly ordered sets

2An - AQn+1

T kti/2 for | =50
(k+n+1)*ED2 for =, 1
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and an isomorphism of linearly ordered sets

,Ol—,An - An—l—l
k' +— k+1 forkel0,n]
p — 0.

In order to remain inside A resp. inside A, we use these isomorphisms as identifications.

Then P+ 2P is natural in P and therefore defines an endofunctor of A, and D+ p LU D is
natural in D and therefore defines an endofunctor of A.

Given a linearly ordered set D, we will need to consider the periodic posets 2D and p LI D, formed
using periodic repetition.

1.2.2.2 The folding operation
Let n > 0. Let the strictly periodic functor

CH((2A,)%) = ct(pUA,)
X — Xj,

be determined on objects by the following data. Writing Y = X¥,,, we let

Vagp 2 Vi) = (Xarija 2= Xgip)
(Voo = Yoa) = (Xﬂ“/ﬁ E N jars @ Xa+2/ﬁ>
z0
y L (0 :(:)
Yora—=Ysn) = (Xprjan ® Xareyp —> Xorjpm @ Xyrays
(YZS/W Y, Yp'“/'y) = (X5+1/,Y+1 ) X,y-v—z/é = ,y+2/,y+1>

for a, 8,7, € A, with a < 3, with v < § and with §/a < §/v. The remaining morphisms
are given by composition.

Note that X € Ob C*((24,)%), so e.g. Xg+1/5 # 0 is possible, whereas Xgi2,3 = 0 for § € A,,.

We claim that Xf, is an object of C*(p U An#).

In fact, by Lemma A.14, applied in the abelian category é, we are reduced to considering
the quadrangles of Y on (v/p, d/p, v/B3,6/8) for B,~v,6 € A, with § < v < §;
on (v/a,d/a,v/B,8/8) for o, B,v,6 € A, with a < f < ~v < 6 and on
(v/c, ptt/a, /B, pt1/B) for o, B, v € A, with a < 3 < .

The quadrangle of Y on (v/«a, d/a, v/3, §/5) is a weak square as the direct sum of two weak
squares.

For the remaining quadrangles to be treated, Lemma A.17 reduces us to considering

the quadrangles of Y on (a/p, B/p, a/a, B/a), on (8/p, p™/p, B/c, p™ /@) and on
(B/a, ptt/a, B8, pTt/B) for a, 3 € A, with a < 3. These are in fact weak squares, as

ensues from Lemma A.18 and its dual assertion. This proves our claim.
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This construction of Y = Xf, is functorial in X.
To prove that the folding operation passes to the stable categories, we have to show that for an
object X of C**Plit((2A,)#), the folded object Xf, is in CtsPlit(p L An#). Denote Y := Xf,.

Since Yo/, Y /p is split in Cforall a, B € A, with o < 8, it suffices to prove the following
lemma.

Lemma 1.4 Suppose given m > 0 and Z € Ob C*(A%) such that Zu o = Zgyo is split in ¢
forall a, B € A, with 0 < a < . Then Z € Ob CHPIt (AT,

Proof. Consider the morphism Z. s Z&/ﬂ for v/a < 6/3 in A¥.. We have to show that it is

split in C’ i.e. that its image, taken in C is bijective there. Unless o < 8 < v < d < atl, this
morphism is zero, hence split in C. If this condition holds, it is the diagonal morphism of the
weak square (Zv/a, Zsja, Zrgs Zs)3)-

So by Lemma A.19, applied in the abelian category C , we see that it suffices to show that the
(horizontal) morphism Zg3/, =7, /o 1s split in C and that the (vertical) morphism Z, /, =7, /3
is split in C for all o, 3, v in A, with 7! <a <3<y <ot

The long exact sequence

© o Loyt = Zajyr = Ly~ Zpja = Zyja —= Zyjp —= Zarip —

in C shows that it suffices to show that the morphism Zﬁ/aﬁ v/a 18 split in C for all
0<a<B<y<0™ In fact, first of all we may assume that 0 < o < 07!, so that
0<a<fB<y<a™t <0 Henceeither 0 <a<B<y< 0, or 0<y ' <a< <0t
or 0 <A<y <a< 0t

Now we may assume that 0 < « and apply Lemma A.19 to the weak square
(Zsjo, Zyjo, Z8ja> Zyja), in which ZQ/OHZ/O is split in C by assumption, in which
Zﬁ/oi’Zﬁ/a is split in C since Za/();'ZB/O is split in C by assumption, and in which
Zy /0 = Zy o is split in C since Za)o = Z 0 is split in C by assumption. 0

So the folding operation passes to an operation

CH((2A,)#) =~ CT(pUA,")
X — Xin

I—n

on the stable categories.
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Let D = A,. Note that 2A; ~ Aj. Let X € Ob C*((2A3)#), depicted as follows.

+ +

+

cf

00— X1+1/0+1 é X2+1/0+1 é X0+2/0+1 é X1+2/0+1 é X2+2/0+1 =

+

x

OHXO+1/2$X1+1/2 $

+

T

+ x

+

x

+

x

+

x

-]

X2+1/2 2z X0+2/2 T X1+2/2 — 0

+

x

+

x

+

0*>X2/1 i>XO+1/1 i>i>X2+1/1 L>X0+2/1 ——=0

+

0*>X1/OL>X2/OJ>

+

R

x

x

+

€T

+

x

+

T

+

x

+

x

+

X2+1/0

+

0 »X0/271 in/Qa iX2/271 ;X0+1/271 §X1+1/271 —0

+

-1

+ +

Note that p LI Ay ~ As. Folding turns X into Xfo € Ob Ct(p U Ay #), depicted as follows.

00—

+

)0—— X2+2/2+1 —_—

00— X2+1/1+1

0— X1+1/0+1

+ (zx)

x 0

+ 0x

x 0

(o (62)

@X0+2/1 _— X2+1/0+1

+ (zx)

+

x

+

€T

EBX1+2/2 l> X1+2/1+1 —

+

x

+

€T

@X0+2/2 l> X0+2/0+1 B

+

+

|

(zx)

(-

x
x

)

+ z
x 0

(]

(-%)

+

0 —_— XQ/Q—I —_— XQ/()@X0+1/2—1 —_— X2/1 @X1+1/2—1 —_— O

+

|

+
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1.2.3 A definition of Heller triangulated categories and strictly exact functors

Recall that C is a weakly abelian category, and that T = (—)™! is an automorphism of C.

Suppose given n > 0. We have introduced the automorphisms
Ct(Tn)

CH(A#) ——— CH(A¥) (outer shift; §1.2.1.2)
X — X"
FAR)  BD +(A# - i
CT (A7) = CT (A7) (inner shift; §1.2.1.3)
X b [XT].

The outer shift shifts the whole diagram X € Ob C*(A#) one step downwards — the object X ,+1 /5
is the entry of [X]*! at position 3/a.

The inner shift applies the given shift automorphism (=)™t of C entrywise to a diagram
X € Ob CH(A¥).

Furthermore, we write [X " := X T"(A#)*C*(T,)" = XCH(T,)" TH(A¥)* for a, b € Zx
and X € Ob C*(A¥); similarly for a, b € Z. Likewise in the stable case.

Definition 1.5

(i) | A Heller triangulation on (C,T) is a tuple of isomorphisms of functors

v = (C+(Tn) RN T (AF) >n>0 - ( =" = =" >n>0

=

such that
(*) p#*ﬁm = ﬁn*p#
for all n, m > 0 and all periodic monotone maps A, <= A,, in A, and such that

(k) in *Upp1 = Vopga *in

for all n > 0.

Note that given n > 0, the isomorphism ¥,, consists of isomorphisms

X T X

~

in the stable category C* (A7) of n-pretriangles, where X runs over the set Ob C*(A¥) of
n-pretriangles.

Condition (*) asserts that the following diagram commutes in Add for all n, m > 0 and all
periodic monotone maps A, DL A,, in A.

B# — C+(p#)

CHAL) CHAL)




Condition (#x*) asserts that the following diagram commutes in Add for all n > 0.

CH(AL 1) - CHALL)
[—1“/92%@}[ ) [—1+1<§%:}[—“}
S N
C+( Q#n-‘rl) — C+(Ajé+l)

(ii) | Given a Heller triangulation 9 on (C, T), we use the following terminology.

(1) The triple (C,T,?) forms a Heller triangulated category, usually
just denoted by C.

(2) Given n > 0, an n-triangle is an object X of CT(A#) for which
[XH1] = [X]*!in Ob C*(A%), and for which

XV, = 1[X]+1 = 1[X+1] (equality in C+(A#)) .
A morphism of n-triangles is a morphism X — Y in C*(A#) be-

tween n-triangles X and Y such that [u]tt = [uT1].

The category of n-triangles and morphisms of n-triangles is denoted

by CTI=L(A#).

In the notation C*tY=1(A#), the index “¥=1 " is to be read as a symbol, not as an actual
equation.

The subcategory of n-triangles CT*?=1(A#) in the category of n-pretriangles C* (A7) is not
full in general.

(iii) | An additive functor C -~ C’ between Heller triangulated categories (C,T, %) and
(C', T, ) is called strictly exact if the following conditions hold.

(1) FT'=TF.
(2) F is subexact; cf. §1.2.1.3.
(3)  We have
() V% FH(AY) = FHAF) 0,

for all n > 0.

Such a functor F is called strictly exact because of the equality in (1).

Condition (*xx*) asserts that the following diagram commutes in Add for all n > 0.

_ FH(A#) _
CH(A%) — C'T(AF)
+1 / +1 19/ \
[ ] -t :> ![ '

\/ R

C'H(AF)
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To summarise Definition 1.5 roughly, a Heller triangulation is an isomorphism © from the outer
shift to the inner shift, varying with A,,, and compatible with folding. An n-triangle is a periodic
n-pretriangle at which ¢ is an identity. A strictly exact functor respects the weakly abelian
structure and is compatible with shift and .

Note that if 9 is a Heller triangulation on (C,T), so is —4.

Definition 1.5 would make sense for periodic, but not necessarily linearly ordered posets, general-
ising A,,. But then it is unknown whether, and, it seems to the author, not very probable that the
stable category of a Frobenius category is triangulated in this generalised sense. More specifically,
it seems to be impossible to generalise Proposition 2.5 below accordingly, which is the technical
core of our approach.

Question 1.6 Does there exist an additive functor C i C’ between Heller triangulated cate-
gories that, in Definition 1.5.(iii), satisfies (1) and (2), but (3) only for n < 27 If F is an identity,
this amounts to asking for the existence of two Heller triangulations ¢ and 9 on (C, T), C weakly
abelian, T automorphism of C, such that ¥,, = 9/, only for n < 2.

2 Some equivalences

Suppose given n > 0. Suppose given a weakly abelian category C, together with an automor-
phism T : C —C, X — X", Concerning the Freyd category C of C, we refer to §A.6.3.

We shall show in Proposition 2.6 that the functor C(A#) —» C(A,,), induced on the stable cate-

gories by restriction from A¥ to A, = [1,n], is an equivalence.

2.1 Some notation
2.1.1 Some posets

Let A, = A, ~ {0} = [1,n], considered as a linearly ordered set. We have an injection
A, — A% i+—i/0, and identify A, with its image in A%.

We define two subposets of A# by

AL = {B/ae A¥ : 0<a}
AY = {B/aeA¥ : a<0}.

Then A, = (A2 N AY) < {0/0, 07'/0}.
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2.1.2 Fixing parametrisations x*, k"

There exists a bijective morphism A2 — Zsg of posets (“refining the partial to a linear order”).
We fix such a morphism and denote by Zx, L A% its inverse (as a map of sets; in general, x°
is not monotone). So whenever k*(¢) < k4(¢'), then ¢ < ¢'. In particular, k#(0) = 0/0.

There exists a bijective morphism AY — Z<, of posets. We fix such a morphism and denote

by Z>y i AY its inverse (as a map of sets). So whenever k¥ (¢) < k¥(¢'), then £ < /. In
particular, £¥(0) = 07 /0.

2.1.3 The categories C™*(A2%), CT(A2) etc.

Let A be an abelian category, and let B C A be a full subcategory. Let E C A¥ be a full
subposet.

For example, for E we may take the subposets A2, AY or A2 N AY-+L of A¥.

Moreover, for example, we may take A = C and for B either C or C.

Let B™*(E) be the full subcategory of B(FE) defined by

( )

Forall ' <a<fB<y<di<atin A,
such that v/«, v/f3, 6/a and § /3 are in E,
the quadrangle

Ob B™*(E) == { XeObBE) : Xys—Xos

T+T

Xﬂf/a —rs X&/a

is a weak square (as indicated by +).

\ /

The symbol * should remind us of the fact that we still allow X, /4 resp. X441/, to be arbitrary
for @ € A, such that a/a € E resp. a™!/a € E.

In turn, let BT (E) be the full subcategory of B™*(E) defined by

Ob B*(E) = { X € Ob B (E) Xaja =0 for a € A, such that o/a € E, and }

X410 =0 for a € A, such that o™ /a € E.

2.1.4 Reindexing
Given a subposet E C A%, we have a reindexing equivalence

C(E) = C(E™)
X — XD
XED 4 X

defined by
(X gja = Xgayr = Xajg
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where 3/a € ET!; and inversely by
(X)gra = Xy = Xaris,

where 3/a € E. This equivalence restricts to an equivalence between C*(F) and C*(E*!).

For instance, if £ = A#, then X(*1) = [X]*!. The outer shift and reindexing will play different
roles, and so we distinguish in notation.

2.2 Density of the restriction functor from A# to A,

2.2.1 Upwards and downwards spread

Let the upwards spread S* be defined by

C(A,) =~ CHAY)
X — XS5%,
where X S* is given by
(XS%)opo = 0 .
(XS%)s0 = Xg for B € A,
(XS%)g/a = Cokern(X, R Xp) fora, g € An with a < 3
(XS%)g/a = 0 for a, B € A, with 07! < 8 < at! < g,

the diagram being completed with the induced morphisms between the cokernels and zero
morphisms elsewhere.

This construction is functorial in X. The functor S* is left adjoint to the restriction functor
from C* (A7) to C(A,), with unit being the identity, i.e. X = X S|4 .

Dually, let the downwards spread S¥ be

C(A,) =+ CHAY)
X — XS5v,
where X SV is given by
(XSV)O+1/O = 0
(XS5%)as0 = X, for a € A,
(XSY)a/p-1 = Kern(X, > Xs) fora, 8 € A, with a <43
(XSY)ag-1 = 0 fora, 3 € A, witha ' <87'<a<0,

the diagram being completed with the induced morphisms between the kernels and zero mor-
phisms elsewhere.

This construction is functorial in X. The functor S¥ is right adjoint to the restriction functor
from C*(A)) to C(A,), with counit being the identity, i.e. XS"|y = X.
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2.2.2 Resolutions

2.2.2.1 A stability under pointwise pushouts and pullbacks

Let E C A¥ be a full subposet. Moreover, assume that E is a conver subposet, i.e. that
whenever given &, ¢ € E and n € A¥ such that £ <n < ¢, then n € E.

An element §/5 € E is on the left boundary of E if we may conclude from /8 € E and v < ¢
that v = 9. It is on the lower boundary of E if we may conclude from d/a € F and a < (3 that

a=p.

An element v/a € E is on the right boundary of E if we may conclude from §/a € E and v < ¢
that v = 4. It is on the upper boundary of E if we may conclude from /3 € E and o < (3 that

a=p.
Let A be an abelian category. Concerning pointwise pullbacks and pointwise pushouts, we refer
to §A.T.

Lemma 2.1 Suppose given € € E and an object X of AT*(E).

(1) Given a monomorphism X, =X in A, the pointwise pushout X% of X along x' is an
object of AT*(E) again.

(2) Given an epimorphism X, X in A, the pointwise pullback X1, of X along x’ is an
object of Ob AT*(E) again.

(3) Suppose that e is on the left boundary or on the lower boundary of E. Given a morphism
X. 5> X" in A, the pointwise pushout X1% of X along z' is an object of At*(E) again.

(4) Suppose that  is on the right boundary or on the upper boundary of E. Given a morphism

XsiX’ in A, the pointwise pullback X 1, of X along x’ is an object of Ob AT*(FE)
again.

Proof. Ad (1). First we remark that by Lemma A.15, the quadrangle
(Xb/as Xs/rs (X17) g0, (X1%)5/,) is a pushout for € < B/a < §/v in E.

We have to show that the quadrangle of X1* on (y/a,8/a,v/3,6/3), where
S '<ag<p<y<i<a in A, is a weak square, provided its corners have indices in F.
Using Lemmata A.14, A.16 and convexity of E, we are reduced to the case ¢ < v/a. In this
case, the assertion follows by Lemma A.15.

Ad (3). Here we need only Lemma A.14 and convexity of £ to reduce to the case ¢ < 7/a, the
rest of the argument is as in (1). Hence the morphism 2’ may be arbitrary. 0

2.2.2.2 Upwards and downwards resolution

Remark 2.2

(1) Given a direct system Xg— X; — Xy — -+ in Ct*(A2) such that its restriction to
any finite full subposet E C A2 eventually becomes constant, then the direct limit hLQZ X;

exists in CT*(A2).
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(2) Given an inverse system Xp ~— X; «— Xy ~— -+ in Ct*(AY) such that its restriction to
any finite subposet £ C AY eventually becomes constant, then the inverse limit lgnz X;

exists in CT*(AY).

For k > 0, we let
ObCH*(AL) T ObCH(AL)
X — x1h

') (Xpagy —0) if k%(k) € {a/a, a*t/a} for some a € A, with 0 < «
x = _
(Xea () 4 Xool) if k2(k) = B/a for some o, f € A, with0 < a < <a™t

Define the upwards resolution map by
ObCH*(AL) L Ob cH(AL)
X +—= XR® :=lmXRj---R5,
H

m

the direct system being given by the transition morphisms
XR(? ) "RrAn — (XR(? ) "RrAn)RTAn—H .

We have X R® = X for X € Ob CT(A2).

Note that we apparently cannot turn the upwards resolution into a functor unless we are in a
particular case in which the map | on objects can be turned into a functor.

Dually, for & > 0, we let
ObCH*(AY) M ObC+(AY)

X XTm”(k) ;

") (X (k) =—0) if K7(k) € {a/a, atl/a} for some a € A, with a <0
x = _
(Xo (k) ~— XvyP) if 7 (k) = B/a for some a, 3 € A, witha™ ' <71 <a <0

Define the downwards resolution map by
ObCH*(AY) 4 Ob c+(AY)
X + XRY :=I1lmXRj---R) ,
—

m

the inverse system being given by the transition morphisms
XR - RY, <2 (XR -+ RL)RS,.,

We have XRY = X for X € Ob C*(AY).
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Lemma 2.3

(1) Given a morphism'Y —%~ X in CT(AL) with X € Ob CT(A2), there exists a factorisation

Y4 X) = (Y —-YR*—X).

(2) Given a morphism'Y <2~ X in Ct(AY) with X € Ob CT(AY), there exists a factorisation
YL X) = (Y~—YR"~—X).
Proof. Ad (1). Since the entries of X are injective in C and since Xaja =0 and Xq+1/, =0 for
a > 0, we obtain, using the universal property of the pointwise pushout, a factorisation
Y24 X) = (Y —~YR;---R: — X)

for every m > 0, compatible with the transition morphisms, resulting in a factorisation over
YRA:h_n}mYR@---R,An. o

2.2.2.3 Both-sided resolutions

Let the resolution map
Ob C(A,) £~ ObcCt(A¥)
X +— XR

be defined by gluing an upper and a lower part along A, as follows.

)(R|ATA1 = XSARA
XR|ATVL = XSVRV
This is welldefined, since XS*R*|; = X = XSYRY|4 . In particular, we obtain
XRly = X.

We summarise.

Proposition 2.4 The restriction functor
- (=)l :
CHAE) —+ C(A)
Y B Y|An

18 strictly dense, i.e. it 1s surjective on objects.

2.3 Fullness of the restriction functor from A¥ to A,

Proposition 2.5 The restriction functors
CHA) —F C(A)

Y +— Y|A

and ‘ .
CHAL) —= C(An)

Y —— Y’A

n

are full.



26

Proof. By duality and gluing along An, it suffices to consider the restriction from A2 to A,.
So suppose given X,Y € Ob C*(A%) and a morphism X| N Y|4, We have to find a
morphism X .V such that fola, = f.

We construct f~, (¢ for £ = 0 by induction on £.

At k2(0), we let HAA(O) .= 1o. Suppose given ¢ > 1. If k%({) € A, we let fHAA(z) = fuo(o)
If kK2(0) € {a/a, a™/a} for some a > 0, we let fesw = lo. It k%({) = B/a with
0<a<f<ath then we let o := a— 1 be the predecessor of o in A,,, and we let ' := 3 —1
be the predecessor of § in A, using that A,, is linearly ordered. We may complete the diagram

Y

Yi/a Ys/a
>
Xp/a s Xs/a
) + Yy
x =+ x
Yo ” Yo
f§///7 fg//f
Xp o z Xs/ar
fA
to a commutative cuboid, inserting a morphism Xg/, Ble, Ys/a- 0

(=)l
Since we need the restriction functor C* (A7) —¢ (A,) to be full, we are not able to generalise

from linearly ordered periodic posets to arbitrary periodic posets.

2.4 The equivalence between C*(A}) and C(A,)

Let CP(A,) be the full subcategory of C(A,,) defined by
Ob C*H(A,) = {X € Ob C(A,) : Xo— Xsissplitin C for all o, B € A, with o < 3} .
We denote the quotient category by

C(A,) = C(A,)/CP(A,).

Proposition 2.6 The functor

cr(ar) o Al

X +— X|An7

induced by restriction from A¥ to A, is an equivalence.

Proof. By Propositions 2.4 and 2.5, we may invoke Lemma A.1. Moreover, Lemma 1.4 gives
(lan

the inverse image of Ob C(A,) under CT(A#) —=2 C(A,) as Ob CHPlit(A#).
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Consider a morphism X —~ X’ in C*(A¥) such that (X N X")|4, is zero in C(A,). We have
to prove that it factors over an object of C* sPit(A#).

Let Y2 be the cokernel in C(A2) of the counit Xz, 8% — X|as at X|as. Note that Y2[; = 0.
By Lemma A.21, we have Y2 € Ob C*(A2). Consider the following diagram in C*(A2).

X3, 8% —=Xlag —>y>——=V2R?

Ol fATALi 77

X/|AH,SA HX,‘A%

The indicated factorisation

flag

(Xas — X'as) = (X[as —Y* — X'|5)

ensues from the universal property of the cokernel Y. By Lemma 2.3.(1), we can factorise
further to obtain

flag
(*%) (X\Ag — XI’A,A) = (X|A$L —Y“R"® HX/|A,AL) .
Dually, we obtain a factorisation

flag,

(*Y) (X|ay — X'ay) = (X[ay — Y 'R" — X'|zv)

for some YV € Ob C*(AY) such that YV|5, =0.

Since Y2R*|; =0 =YV"R"|4 , there is a unique N € Ob C*(A¥) such that N|zs = Y2R*
and N|zy = YYRY. By Lemma 1.4, we have N € Ob CT*Plit(A%).

Moreover, since both factorisations (*“) and (x") restrict to the factorisation

(X]a, —X'|4) = (X]z, —0—X'|4)

in C(A,), we may glue to a factorisation
(+) (XL X) = (Xx—N—X)

that restricts to (**) in C*(A2) and to () in CT(AY). o

2.5 Auxiliary equivalences

We shall extend the equivalence C*(A#) =~ C(A,,) to a diagram of equivalences

CHAE) == cH(AY) =+ C(Ay) =+ C(Au)

2.5.1 Factorisation into two equivalences

Abbreviate A+ .= (AT C A# AV .= (AV)H! C A# and Af! .= (A,)*! C A#.
Abbreviate ALY .= A2NAVH ={g/a : o, € A,, 0 <a<B<0} C A7
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Let C*sPit(ALY) be the full subcategory of C*(ALY) defined by
Xy/a = X5/ is split in C
Ob CT*PI (ALY = { X € Ob CT(AL) :  forall v/a, /6 € ALY
with v/a < 0/

We denote the quotient category by
C+(Aﬁv) = C+(Aﬁv)/c+’spht(ﬁﬁv)
Lemma 2.7

(1) The restriction functors
crap) —e crar) T er@y)
X B X|ATALV

are full and strictly dense.

(2) The functors
(lagw

cr(Ap) L eramy Uy era

X B X|ATALV

n

induced by restriction, are equivalences.

Proof. Ad (1). The composition
CHAY) — CHAY) — C(A)
X +— X’A%V — XlAn

is strictly dense by Proposition 2.4 and full by Proposition 2.5. Therefore, the restriction
functor from C*(ALY) to CT(A,,) is full and strictly dense.

We claim that the restriction functor from C*t(A#) to CT(ALY) is strictly dense. Let

-

So,+

C(AY) = CHAAMT)
X (XD gH)ED
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cf. §2.1.4. Similarly,
RA,+1

ObCH(AL+Y) Ob CH(AL+)
X — (XEDRMED

Given X € Ob C*(A%"), we may define X’ € Ob C*(A¥) letting

X/|A$’“ = XlA,fl SA’+1RA’+1
X,‘A’IALV = X
X'lay = Xz SYRY.

We claim that the restriction functor from A¥ to A2V is full. Suppose given X, Y €
Ob C*(A7) and a morphism X |z L Y|as. By Proposition 2.6 and a shift, there exists
a morphism X| s+ i Y[ps+1 such that f4|5+1 = f|z+1. By Proposition 2.6 and by duality,
there exists a morphism X|av iR Y|ay such that fY|5 = f|s . We may define a morphism
X ¥ letting

f’|A$ﬁ1 = f°
f/|A,ALv = f
f/’Av = fv .

Ad (2). The composition

CHAY) — CHAF) — C(Ay

X X|ATALV B XlAn

is an equivalence by Proposition 2.6. Therefore, the functor induced by restriction from A#
to ALY is faithful. By (1), it is full and dense, and so it is an equivalence. Therefore, also the
functor induced by restriction from A4Y to A, is an equivalence. 0

2.5.2 Cutting off the last object

Putting n = 2, the equivalence given in Lemma 2.10, composed with the equivalence in Proposition
2.6, can be used to retrieve HELLER’s original isomorphism, called 6(A) in [12, p. 53].

In this section, we suppose that n > 2. Consider the functor

K

C(An) — é(An_l)
X - XK = (Xto)ls

n—1"

where 0 denotes the morphism 0 2, X, ; cf. §A.T.

Explicitly, we have (X K); := Kern(X; — X,,) for i € [I,n — 1], taken in C, equipped with the
induced morphisms (X K); — (XK); for i, j € [1,n — 1] with ¢ < j, fitting into a pullback
(XK);, (XK);, Xi, X;).

Let Ct(A,) C C(A,) be the full subcategory defined by
Ob CP(A,) = {X € Ob C(A,) : (X;— X;) is split in C for all 4, j € [1,n] with i < j},

and let C(A,) := C(A,)/CP(A,) and C(A,_1) i= C(An_1)/CPH(A,_,).
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For Y € ObC(A,) and i € [1,n], we let YR; := Y1Yite ObC(A,).
We have a resolution map
ObC(A,) T ObC(A,)
Y +— YR =YRy --R,.

If Y € ObC(A,) consists of monomorphisms, then so does Y R, whence Y R/, € Ob CPit(A,).

Given a morphism ¥ — Y’ in C (A,) with Y’ having bijective entries, this morphism factors
over Y —— Y R/ by injectivity of the entries of Y’ and by the universal property of the pointwise
pushout.

Lemma 2.8 The functor K is dense.

Proof. Suppose given X € ObC(A,_1). Let X' € ObC(A,) be defined by X', ==X and
X’ :=0. Then X'R, € Ob C(A,) has (X'R,)K ~ X. .

Lemma 2.9 The functor K is full.

Proof. Suppose given X, Y € Ob C (A,) and a morphism X K L VK. We claim that there ex-
ists a morphism X L+ ¥ such that fK = f. We construct its components f; by induction on £.

For ¢ = 1, we obtain a morphism X; -2 V; such that ((XK)1,(YK)y, X1,Y1) commutes, by in-

jectivity of ¥ in C. For £ > 2, we obtain a morphism X, % ¥, such that (XK)y, (YK)y, X0, Y0)
and (Xy_1, Y1, Xy, Yy) commute, by the fact that (X K),—1, (X K)¢, Xo—1, Xy) is a weak square
and by injectivity of Yj. .

Proposition 2.10 The functor K induces an equivalence

c(A,
X

C(A,_y)
XK.

~—

I zl\w

Proof. Let C C C denote the full subcategory of bijective objects in C. Every object in C is a
direct summand of an object in C. Let C***(A,,_;) C C(A,_1) be the full subcategory defined
by

ObCPi (A, 1) == {X €C(A,_1) : (X;— X;) is split for all 4, j € [I,n — 1] with i < j},

Let Y be an object of CP'*(A,_;). Then YR/ | is an object of C*"*(A,_;) that has Y as a
direct summand since the identity on Y factors over Y YR, ;.

Therefore, any morphism that factors over an object of éSplit(An_l) already factors over an
object of CP(A,_;). We infer that

A . ~

C(A,_1) = C(A,_1)/CP"(A,_y).

Suppose given X € Ob C(A,). Denote X’ := XK € ObC(A,_y).
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We claim that if X € Ob C®(A,), then X’ € ObC®i(A,_ ;). First of all, X/ is bijective
for i € [1,n — 1], since the image of X; — X, is bijective, and since X is the kernel of this
morphism. Now suppose given i, j € [1,n — 1] with i < 5. In C, we let B be the image of
X;— Xj and form a pullback (B’, X}, B, X;). Then there is an induced morphism X/ — B’
turning (X, B, X;, B) into a commutative quadrangle, which is a pullback by composition to
a pullback (X}, X7, X;, X;). We insert the common kernel Z of X; — X; and X] — X.

o b

Hence Z —— X/ is split monomorphic, and therefore X’ —+ B’ is split epimorphic. Thus B’ is
bijective, and so finally B’ —~ X j’ is split monomorphic. This proves the claim.

We claim that if X' € ObC®(A,_,), then X € Ob C**(A,,). Suppose given i, j € [1,n — 1]
with ¢ < 7. We have to show that X; — X is split in C. In C, we insert the image B of
X; — Xj and form a pullback (B', X}, B, X;). Since (Xj, B, X;, B) is a square, and since X
is bijective, its diagonal sequence is split short exact. Hence B is bijective as a direct summand
of X; ® B’, which proves the claim.

Invoking Lemma A.1 to prove the equivalence, it remains to show that given X i vin C(An)
such that fK = 0, there exists an object V in C*Pit(A,,) such that there exists a factorisation

X Ly) = (Xx —V—Y).

Denote by XK' € Ob C(An) the object that restricts to X K on A,,_; and that has (XK'), =0.
Let U be the cokernel of X K’ -~ X and consider the following diagram.

Lol

YK ——=Y~

The morphism U — Y is induced by the universal property of the cokernel. Its factorisation
(U—Y)=(U-~UR,—Y) exists since Y consists of bijective objects.

Since the morphism X K” —+ X consists of pullbacks, its cokernel U consists of monomorphisms.
Hence so does V := UR,,, which is therefore in Ob C*Pi(A,,), as required. o

2.5.3 Not quite an equivalence

Let C+Periodic( A#) be the subcategory of C*(A#) that consists of morphisms X —L» ¥ for which
() = (o By

which is in general not a full subcategory. The objects CT-Pericdic(A#) are called periodic

n-pretriangles, the morphisms are called periodic morphisms of periodic n-pretriangles. Let
C+,sp1it,periodic(A#) — C+,periodic(A#) N C+,split(A#)
n ° n nJ/*°

For instance, if (C, T,1) is a Heller triangulated category, then C*Y=1(A#) C ¢+ periodic(A#) g
a full subcategory.
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For Y € Ob C(A,), we define Y'S € Ob C*(A#) by

YS|A$L = YSA
YS|AZ = YSV7

and similarly on morphisms. If Y € Ob C***(A,), then Y'S € Ob C**Pi*(A#) by Lemma 1.4,
since Y'S|; =Y € Ob CPi(A,).

To any X € Ob CT(A¥) for which X/, is zero for all but finitely many §/a € A# | we can
assign its periodification
X = @[X-H]—z c Ob C—l—,periodic(A#) ’
i€Z
and similarly for morphisms between such objects.

If X € Ob C* it (A#), then X € Ob C* it periodic( A#),

n

We have the restriction functor
(A,

C+, split, periodic (A#) Csplit (A )
n n

X — AX|An

which is not faithful in general, as the case n = 2 shows. In the inverse direction, we dispose
of the functor )
C—l—, split, periodic(A#) i Csplit (An>
YS =YS «— Y.
Lemma 2.11 For X € Ob C*split-periedic(A#) “ype have X ~ X5 S.

n

Note that we do not claim that 1 ~ (_)|An§ as endofunctors of C T split periodic(A#)

Proof. We have a short exact sequence
Xz, Sasw — X|aw — [X|An5+l]71|A$y
in C(ALY), and it suffices to show that it splits. Write C' := Xz, S| A

It suffices to show that there exists a retraction to C'— X|zsv, which we will construct by in-
duction. Suppose given 0 < @ < § < 0*'. We may assume that after restriction of C'— X |z

to {6/y € AL : §/v < f3/a}, there exists a retraction. Let o/ := o — 1 be the predecessor
of a, and let ' := 3 — 1 be the predecessor of 3, using that A,, is linearly ordered. It suffices
to show that the morphism from the quadrangle (Cg /o, Cs1ja, Cg/ar, Cg/a) to the quadrangle
(X,@’/a/, Xﬁ’/a, Xﬁ/a’, Xﬁ/a) has a retraction.

Let (Xg//ar, X3/, Xg/ar, T') be the pushout in C. The quadrangle (Cs0r,Caja, Carar, Cara) is
a pUShOUt. The induced morphism from (Cﬁ//a/, Cﬁ//a, Cg/a/, Cﬁ/a) to (XB’/a’7 X,@//o” Xﬁ/a/, T)
has a retraction by functoriality of the pushout. The morphism 7T'— X3/, induced by
pushout is a monomorphism in é, since (Xp /ars Xp/ /0 Xgjars Xgja) is a weak square. Note
that (Cg/a, T, X3/a) is a commutative triangle.

The morphism T'— Cjy/, that is part of the retraction of quadrangles, factors as

(T —Cpra) = (T'—=~Xg/0a —Cp/a)

since Cg/o is injective in C as a summand of Cg, = Xgp. Now Xz, — Cp/, com-
pletes the three morphisms on the other vertices to a retraction of quadrangles from
(Xgjars Xprja, Xpjar, Xgra) 10 (Cpjar, Cgrja; Cpjars Cpja) as sought. 0
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3 Verification of Verdier’s axioms

Let (C, T,¥) be a Heller triangulated category.

3.1 Restriction from C*"='(A#) to C(A,) is dense and full

Let n > 1. Let -
CIATY) * CHAT
U +— USY = (UFHSY)=D
be the conjugate by reindexing, i.e. a “shifted version” of SV; cf. §2.1.4. Note that
(US’V)ﬁ/a = Kern(Uoﬂ/a —u> U0+1/B)
for o, € A, with 0 < a < B <0

Lemma 3.1 Suppose that idempotents split in C. Gien X € Ob C(A,), there exists an
n-triangle X € Ob CT™Y=Y(A#) that restricts to

X|a, = X.

la,

In other words, the restriction functor CHU=1(A¥) C(A,) is strictly dense.

Proof. Let Y := XR € Ob C*t(A%#); cf. §2.2.2.3. We have an isomorphism [Y]*! 7o Y] in
CH(A#). Let [YH] N [Y]*! be a representative in C*(A¥) of the inverse isomorphism (Y,,)~

in C*(A#). Consider the morphism (%)

(01,
[Y+1]71 ’A;ﬁ‘l Apt

Y7 ap = Yiag
We have an induced pointwise epimorphism

Yiag — Y]a087 |ay ,
which we may use to form the pullback

Z ——= Y 34187 |ay
-
f l[e}lA;‘;ls/vAﬁv

Y|Agv 4'—>Y|AIISIV|A,ALV

in the abelian category C(A2Y), i.e. pointwise. An application of Lemma A.21.(2) to the diagonal
sequence of this pullback shows that Z € Ob (fJ“*(AﬁV). We obtain Z,,, = 0forall 0 < o < 0t
and we obtain Zy+1,y = 0. Hence we have Z € Ob CHAN).

Suppose given 3/a € AL, We claim that Zg), Josa, Y/ represents an isomorphism in ¢ /C.
By Lemma A.24, it suffices to show that

([~ x+15) 5 /@
(Y] 415" 8 A (Y an S

6We recall the convention that the inverse of the outer shift applied to a morphism f is written [f]~!, whereas
f~ denotes the inverse morphism, if existent.
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represents an isomorphism in C/C.  Since evaluation at 3/a induces a functor from
CHAL) /CHPit (ALY to C/C, where CT*Pit(ALY) denotes the full subcategory of CT(ALY)
consisting of diagrams all of whose morphisms split (in C or, equivalently, in C), it suffices to
show that

61 15157 s

[YJrl]fl’A#S/v'A%v Y‘A#S/V‘A%v

A AV) .
Now <—>(_1)SIV‘A%V induces a functor from C(A,) to é*(Aﬁv)/CJ“’sPht(Aﬁv), since it maps
CPlt(A,) to CTPit(ASY) by Lemma 1.4, using that idempotents are assumed to split in C.
Therefore, it suffices to show that

represents an isomorphism in C(AAY) /C*split(

) (01 440

(Y] a) (Y] z50)HY

represents an isomorphism in C(A,,). Since (=] as)Y = (—)| 4, , this means that it suffices
to show that

Ola,
Y, = a4,

represents an isomorphism in C(A,). Since ()| A, induces a functor from C*(A¥) to C (A,),
it suffices to show that

[YH] o, [Y]+1

represents an isomorphism in C*(A%). This, however, follows by choice of §. This proves the
claim.

Since idempotents are assumed to split in C, we can conclude from the claim that for all 5/« in

AL the entry Zg Ja 18 isomorphic in C to an object in C, hence without loss of generality, the
entry Zg/, is an object of C. So Z € Ob CT(ALY).

We remark that

Zls, = Yla, = X

*
() Z‘A# — [Y+1]_1|A# — (X—H)(—l)’

where X1 arises from X by pointwise application of (—)™!. Concerning morphisms, we remark
that

(ZLY]aw)ls, = (X 25X)
(**) f n n [9]—1
(Z——=Yl|aw)larn = (YT ==Y)|z .

In fact, on A, the right hand side column of our pullback vanishes; and on A:{ 1 the lower row
of our pullback is an identity.

Now, (*) allows to define the periodic prolongation Z € Ob C*(A#) of Z € Ob C*(ALY) by
Z|ase := Z and by the requirement that [Z]* = [Z11].
We claim that Zv,, = 17+ in CT(A¥). Let Z . ¥ be an inverse image of Z —~ Y| asv under
<y lage < N
CH(A#) 2L CH(AY); of. Lemma 2.7.(1). By (sx), we get
(Z-Ly), = (XX

() _ e
(Z—=—=Y)|arn = (Y 1LY)|A#-
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We consider the commutative quadrangle
(2] Z0n (Z+)]
| |+
L Y,

Y] — Y]

in Ct(A#). We restrict it to A, to obtain the commutative quadrangle

_ Zula. -
(Z]* 4, = [ZH]|,
[f]“lAnl l[f+l]A,L
YO
Y], — s [y
in C(A,), which, using ('), can be rewritten as
X+ Zonlan Y+
9|Anl llXH
Y95, — B

where we did not distinguish in notation between 6|4 and its residue class in C(A,,), etc.

Since 0(Y9,) = 1py+1) in CH(A#), we have 0], (YU,|z ) = 1x+1 in C(A,). Thus the last quad-
(Dlaaw

rangle shows that Z9,|s = 1x+1 = ljzm|z in C(A,) as well. Since Ct(A#) =% CtH(AY)

is an equivalence, we conclude that 29, = lizp+1 In C*t(A7); cf. Proposition 2.6. This proves
the claim; i.e. we have shown that Z is an n-triangle.

Since Z|4 = X by (%), this proves the lemma. o

In the proof of Lemma 3.1, we needed the assumption that idempotents split in C in the equivalent
form that the residue class functor C — C/C maps precisely the objects isomorphic to objects of
C to zero — just as HELLER did at that point.

Lemma 3.2 Given n-triangles X and Y and a morphism
/
Xla, = Yla,
in C(A,), there exists a morphism X Ty of n-triangles such that J?‘An = f. In other words,

~ 4. (A .
the restriction functor CH?=Y(A#) =2 C(A,) is full.

Ola,

Proof. Since the restriction functor C*(A%#) C(A,) is full by Proposition 2.5, we find a

morphism X %~ Y in CT(A#) such that g5 = f.

Let g denote the residue class of g in CT(A¥). Since o, is a transformation, we have

g (Y0,) = (X¥,)[g""]. Since X and Y are n-triangles, both X, and Y4, are identi-
ties, and this equality amounts to [g]*" = [¢g"'], i.e. the difference [g]*! — [¢"'] factors over an

object of CtsPlit(A#). Restricting to A,,, the difference

(g = 19" Dla, = (glap)™V =+
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factors over an object of CSplit(An). Therefore, g|z+ — ( fT)ED factors over an object Z of
CPlt(ATY) say, as

glap = (fFHEY

(X Vign) = (Xlap =22 Ylap) -

By periodic continuation, it suffices to find a morphism Xz N Y]ae in CT(ALY) such that
f|An = f and such that f|A¢1 = (f™)Y. Le. we have to find a morphism X | N Y| anv
such that h|, = 0 and such that h|z+1 = ab, for then we may take fi= glasw — h.

Note that (Z5"7|as )]s, = 0. Note that ZSV|xs is in CT(ALY), hence in CTH*Pi(ALY) by
Lemma 1.4.

Since S'V|xnv is right adjoint to restriction to A' we have a morphism X|aw L ZS" | as
such that a'|j+1 = a.

_ o la+ .
Since CT(ALY) —2% C(AH) is full by the dual and shifted assertion of Lemma 2.7.(1), there
is a morphism ZS5" |5 2, Y|ae such that b5+ = b.

We may take h := a'b'. o

In Lemmata 3.1 and 3.2, we do not claim the existence of a coretraction from C(A,,) to CT 9= (A#)
to restriction. The construction made in the proof of Lemma 3.2 involves e.g. a choice of a lift b’
of b. Cf. [30, 11.1.2.13].

The fullness used in the proof of Lemma 3.2 to lift b, can also be used to lift a. We have used the
direct argument and thus seen that the lift o’ of a does not involve a choice.

Remark 3.3 Suppose that idempotents split in C. By Lemmata 3.1 and 3.2, the restriction

functor (s _
crIAE) T (A,

is full and strictly dense. By Proposition 2.6, the restriction functor

C(Af) T2 ()

is an equivalence. Denoting by C*Y=1(A#) the image of Ct?=1(A¥) in C*(A¥), we obtain a

la,

full and strictly dense functor CH?=1(A#) —= C(A,). Since it factors as a faithful embed-
ding CT7=Y(A#) . CT(A¥) followed by an equivalence, it is also faithful. We end up with

equivalences Ol
CHIZHAR) 23 C(A,) | CHI=H(AH) = CH(AH).

n ~ n

3.2 An omnibus lemma

Suppose given n, m = 1. Concerning the category CHiperiodic(A#) of periodic n-pretriangles
and its full subcategory C*sPlit:periodic(A#) "cf 62 5 3: concerning the category CTV=1(A#) of
n-triangles, cf. Definition 1.5.(ii). Note that

C+’79:1(AZ&) C C—i—,poriodic(A#) C C—l—(Aﬁ)’

n

and that the first inclusion is full.
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Lemma 3.4

(1) Let X be an n-triangle, and let A, <2~ A,, be a morphism of periodic linearly ordered
sets. Then Xp*, obtained by “restriction along p”, is an m-triangle.

(2) Let X be a (2n + 1)-triangle. Then Xf,, obtained by folding, is an (n + 1)-triangle.

(3) The category CHU=L(A#)  of n-triangles is a full additive subcategory of the category
CHperiedic(N#) of periodic n-pretriangles, closed under direct summands.

(4) Suppose given an isomorphism X Ty in CHiperiodic(A#)  [f X is an n-triangle, then Y
s an n-triangle.

(5) Let X oY be a morphism in CHperiodic(A#) such that f|s s an isomorphism. Then
f is an isomorphism.

(6) Let X and Y be n-triangles. Suppose given an isomorphism X|4 %Y|An in C(A,).

Then there exists an isomorphism X —~Y in CHI=Y(A#) such that Ulea,y = U

(7) If X € Ob CHsplitperiodic(A#) " then X s an n-triangle.
Note that Lemma 3.4.(5) applies in particular to n-triangles and a morphism of n-triangles.

Proof. Ad (1). In C*(A?), we have

(Xp™),, = (Xz?n)]g# = (1[X]+1)g# = Lixp#ps -

Ad (2). In C*(A¥,,), we have
(Xin>19n+1 == (X192n+1)in - (1[X}+1)LL = 1[Xjn]+l .

Ad (3). We have to show that

X, Y € Ob CcT7=H(A#) — Xa@Y € Ob CH'=H(AY) .

n n

But since 1, is a morphism between additive functors, we have (X & Y)d,, = lixgy)+ if and
only if X9, = 1ixj+1 and Y¥,, = 1jyj+1. In fact, (X @ Y9, identifies with (Xg” Y%n)-

Ad (4). Since f|, is an isomorphism in C(A,), so is its image in C(A,). Hence the image of

f in C*(A#) is an isomorphism by Proposition 2.6. Consider the commutative quadrangle

41

X

~

Xﬁnil Z\LYﬁn

+1
X ]

in C*(A#). Since [f]*! = [f*!] by assumption, we conclude from Xv,, = 1xj+: that YV, =

1[y]+1.
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Ad (5). It suffices to show that given 0 < ¢ < j < n, the morphism f;/; is an isomorphism in
C. In fact, we have a morphism of exact sequences

(fi/Oa fj/Oa fj/i7 fl/oa J/(])

in é, whose entries except possibly f;/; are isomorphisms; hence also f;/; is isomorphic.
Ad (6). This follows by Lemma 3.2 using (5).

Ad (7). We have [X]|™ >~ 0 in CT(A¥), whence X0, = Ljxj+1 € oy a([X]T [X]T). .

(&%)

3.3 Turning n-triangles

Let n > 2.

Lemma 3.5 Given an n-triangle X € Ob CHY=Y(A#), we define Y € Ob CTpericdic(A#) py
letting

(Yiji = Yjpe) 1= (Xpryy — Xirrryp)
for0<i<j<nand0<i <j < n such that i <i' and j < j', and by letting

(Yn/iiybﬂ/i) = (Xﬁl/ni ¢+1/0+1>

for 0 <i < n. Then [X|T' =Y is an n-triangle.

Proof. Let

it (i+ 1772 it j =50
0+(j+1)/2 lf] =9 1 >
where i € [0,n — 1] and j € Z. The map h,, is a morphism of periodic posets. We claim that
Y = Xh¥f, .

Once this claim is shown, we are done by Lemma 3.4.(1,2).

Note that (Xh#)l/k = Xin, /kh, for k, I € 2A, 1 with k <. For0<i<nand1<j <0t
we obtain

[ (XRE) G161 fori=0and1<j<n
it = 4K I ) —1y+2/ -1y for 1< i @ and i oh
(XPE) -1y j-n= @ (XhE ) -ryrzyg-y for 1<i<j<n
L0 fori=0and j =0"!
( Xotiy; fori=0and 1<j<n

Xirjgn for1<i<n and j=0*!
Xi+1/; fori1<i<j<n
L 0 for i =0 and j = 0!,

and also the morphisms result as claimed. 0
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3.4 Application to the axioms of Verdier

Recall that (C, T,) is a Heller triangulated category.

Proposition 3.6 Suppose that idempotents split in C. The tuple (C,T), equipped with the set
of 2-triangles as the set of distinguished triangles, is a triangulated category in the sense of
Verdier [31, Def. 1-1].

Proof. We number the axioms of Verdier as in loc. cit.

Ad (TR 1). Stability under isomorphism of the set of distinguished triangles follows from
Lemma 3.4.(4).

The possible extension of a morphism to a distinguished triangle follows by Lemma 3.1.

The distinguished triangle (X, X,0) on the identity of an object X in C follows by Lemma
3.4.(7). Alternatively, one can use that each morphism is contained in a distinguished triangle
and the fact that a distinguished triangle is a long exact sequence in C.

Ad (TR 2). Suppose given a distinguished triangle
X %Y % Z 5 Xt
By Lemma 3.5, we obtain the distinguished triangle
P el S A S S S A e

By Lemma 3.4.(1), applied to the morphism Ay «~— A, that sends 0 to 271, 1 to 0 and 2 to 1,
we obtain the distinguished triangle

y ez 2% xt MLy
By Lemma 3.4.(4), we obtain the distinguished triangle

11
y %oz Yo xtt Tl yrh

Ad (TR 3). The possible completion of a morphism in C(A;) to a morphism of distinguished
triangles follows from Lemma 3.2.

Ad (TR 4). The octahedral axiom, i.e. the compatibility of forming cones with composition of
morphisms, follows from Lemma 3.1, applied to the case n = 3, for by Lemma 3.4.(6), we may
arbitrarily choose completions to distinguished triangles. o

Note that 3-triangles are particular octahedra, in the language of [3, 1.1.6]. Using 3-triangles,
we will now verify the axiom proposed in [3, 1.1.13].
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Lemma 3.7 Suppose given a 3-triangle T in Ob Ct7=1((2A,)%), depicted as follows.

0 Y’ 7 X+
T + Ty + z o+
0 X Y —Z 0
Then (o) ( w' )
TH = (Y — Z 7" Xt Yy
and v’
=iy (yv) ( z)

Tsth = (27"~ YV “ 2 Yaz ~% 7)

are distinguished triangles, where 21 <——2A; is the morphism of periodic posets determined
byOs =171 1s=0, 0"'s =1 and 1t's = 0.

Proof. This follows by Lemma 3.4.(1, 2). o

3.5 n-triangles and strictly exact functors

Let C-2+C be a strictly exact functor between Heller triangulated categories (C,T,d) and
(', T 9). Let n > 0.

Lemma 3.8 Given an n-triangle X € Ob CHU=L(A#), the diagram X (F*(A#)), obtained by
pointwise application of F to X, is an n-triangle, i.e. an object of C'HV"=1(A#).
Proof. Using FT' = TF as well as [X]|"! = [X ], we obtain
XFHADT = X(FHAD)CHT) = X(FH(T.))
= XCHT)EHA]) = [XTFH(AD)
= [XT(ET (Aﬁ)) = X(THAD)(FH(AY))
= X((TF)*(A])) = X((FT)*(A])
= X(EFEHAD)(TTAY) = [(X(FHAN)].

Moreover,
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3.6 A remark on spectral sequences

VERDIER calls certain pretriangles objets spectraux (spectral objects); cf. [30, Sec. I1.4]. We shall
explain the connection to spectral sequences in our language.

Consider the linearly ordered set Zo, := {—oo} UZ U {+o0}. Let ZZ# be the subposet of
Z7 (A) consisting of those §/3/~/a for which

i'<a<B<<y<s<atl,

where a, 8,7, € Zo.. A spectral object, in a slightly different sense from [30, 11.4.1.2], is an
object of C*(Z%). The spectral sequence functor

CHZE) S~ C(Z%#)
X +— XE,

is defined by
XE@/B)v/a) = Im(X,/q — X5/8)

for 6/8/v/a € Z¥#, equipped with the induced morphisms.
Lemma 3.9 Given o, 3,7, 0, ¢ € Zo, such that
el <a<pB<y<i<e <atl,
and given X € Ob C*(Z%), the morphisms appearing in XE form a short ezact sequence
XE(e/B/v/a) —~ XE(e/B/6/a) -~ XE(e/v/[/a) .
Proof. This follows by Lemma A.22, applied to the diagram

(Xfy/aa X5/Om Xs/aa X'y/ﬁa Xﬁ/ﬂa Xs/,Ba X’y/’w X5/'ya Xz—:/’y) .
—~—

=0

Note that we may apply a shift 3/a+——a™1/3 to the indices, i.e. an outer shift to X, before
applying Lemma 3.9, to get another short exact sequence.

The usual exact sequences of spectral sequence terms can be derived from Lemma 3.9. Cf.
[30, 11.4.2.6], [5, App.].

4 The stable category of a Frobenius category is
Heller triangulated

Let F = (F,T,l,¢,P,m) be a functorial Frobenius category; cf. Definition A.5.(3). Let B C F
denote the full subcategory of objects in the image of |, coinciding with the full subcategory of
the objects in the image of P; then B is a sufficiently big full subcategory of bijectives in F.

We shall prove in Theorem 4.6 below that the classical stable category F carries a Heller triangu-
lation.
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4.1 Definition of F~(A¥), modelling F*(A})

We shall model, in the sense of Proposition 4.5 below, the category FH(A#) by a category
FH(A#). Morally, we represent weak squares (+) in F by pure squares () in F. To do so,
we have to represent the zeroes on the boundaries by bijective objects.

Let n > 0. Concerning the notion of a pure square, see §A.4. Let FI(A#) C F(A#) be the
full subcategory defined by

1) Xaja and Xq+1/, are in Ob B for all a € A,
2) Foralldi'<a<pfB<y<i<alinA,,
the quadrangle

ObFA#) := { X € ObF(A¥) - Xorp——=Xss

TDT

Xojo == Xs/a

is a pure square.

Given n, m > 0, a morphism A, <~ A,, induces a morphism F D(p#)7 usually, and by abuse
of notation, denoted by p#

Given an exact functor F —» F between functorial Frobemus categories that sends bijectives to

El
bijectives, we obtain an induced functor FU(A#) F(a% FU(A#) by pointwise application

of F.
Denote by

the respective residue class functors, welldefined by Lemma A.31. In particular, M = M'M".

4.2 Folding for F2(A¥)

We model, in the sense of Remark 4.1, the folding operation f introduced in §1.2.2.

Suppose given n > 0. Let the periodic functor

FO(2A)F) I FOpUA,Y)
X — X,
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be determined by the following data. Writing Y := X ]En, we let

(Ya/pLYﬁ/p) = (Xoﬁl/a i» XB+1//3)
Yop =0
Y;;Jrl/p =0
(zx)
(Y’ﬁ/p4y> Yﬁ/a) = (Xg-kl/g — Xﬂ-&-l/oﬁl EB Xa+2/ﬁ)
y (62)

(Yoja —Yspy) = (Xﬁ+1/a+1 O Xatz/g — Xstijp1 @ Xv+2/5>
(Y —y>Y+1 ) = Xs+1 /41 D X 42 <_$) +2 /a1

3/~ et/ ot [y y+2/8 y2 /[y

for a, 8,7, € A, with a < 3, with v < § and with §/a < §/v. The remaining morphisms
are given by composition.

We claim that X7, is an object of F2(p L An#).

In fact, by Lemma A.12, we are reduced to considering the quadrangles of Y inside AZY, i.e.
the quadrangles

(i) on (y/a, 6/, /B3, 6/p) for a, B, 7,0 € Ay, with o < <y < 0
(ii) on (v/p, 6/p, v/B, 0/B) for B, 7,6 € A, with § <y < 6;
(iti) on (v/a, p™/a, v/B, p*/B) for o, B, v € A, with o < 3 < ;

(iv) and on (8/p, p™/p, B/, p™/a) for a, B € A, with a < f.

Another application of loc. cit. reduces case (i) to case (ii) (or (iii)). Still another application
of loc. cit. reduces the cases (ii) and (iii) to case (iv). Now the quadrangle in case (iv) is in fact
a pure square, as follows from X € Ob FZ(A#) and the definition of a pure square via its pure
short exact diagonal sequence.

The construction of Y is functorial in X.
Remark 4.1 We have f, M’ = M'f,,, and thus f,M = Mj forn > 0.

FO(2R,)%) —= FOGT A

M’ iM’
FH(2A,)#) "= Fr(u A
M// iM//

FHQRA)H) e Fr U AT
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Example 4.2 Let n = 2. Note that 2A, ~ As. Let X € Ob F7((2A2)#), depicted as follows.

o | o |

X0+1/0+1 £ X1+1/0+1 £ X2+1/0+1 Z X0+2/0+1 £ X1+2/0+1 £ X2+2/0+1 £ X0+3/0+1

X2/2 $ X0+1/2 $ X1+1/2 $ $ X0+2/2 $ X1+2/2 $ X2+2/2

O O O

T O T O T Od x O x

T O T O T O T O x O x
X1/ I Xo/1 . Xo+1/1 l>i> Xo+i/1 L>X0+2/1 L>X1+2/1
T O = O T O T O T Od T
Xo/0 —2= X1 /0 —=> Xa)0 4 e X1 0 —Z Xptr jg —= Xtz /0
z]\ o =z o =z O T O i O T
Xo-1/2-1 E%Xo/gfl £ X0 §X2/271 ;X0+1/2—1 = Xivio-1 2 Xor o
T O T O O O O

Note that the objects on the boundary of the diagram,

oy Xo-10-1, Xopo, Xij1, Xojz, Xo+ijo+r,
oy Xorijo-1, Xovzpo, Xiteyr, Xorzgo, Xotsjotr,

are all supposed to be in Ob B.

Note that p LI Ay ~ As. Folding turns X into Xf, € Ob FOpUA; #), depicted as follows.
)0——

]
=
-z
X2+1/2+1 @X2+2/2 — X2+2/2+1 —
z 0
O z O
z 0 (Ow) T

0x —x
X1+1/1+1 @X1+2/1 — X2+1/1+1 @X1+2/2 — X1+2/1+1 —

0z
X0+1/0+1 @X()Jrz/o — X1+1/0+1

z 0

(62)

o (§2) O | O

z 0 T

0x —x
@X0+2/1 — X2+1/0+1 @X0+2/2 — X0+2/0+1 —

(z ) O (zz) O (zz) O
o Faoa] 0
T T - (75) zDO <7;> xEl) (7£>

(

X2—1/2—1 @X2/2—2 = X2/2—1 g X2/069X0+1/2—1 £> X2/1 EBX1+1/2—1 & X2/2®X2+1/2—1

T 0

T 0

O

4.3 Some l-epimorphic functors

Let n > 0. Concerning 1-epimorphy, cf. §A.8.
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Lemma 4.3 The restriction functor

(Dla,

FIUAE) —= F(A)

X — X‘A

n

1s 1-epimorphic.

Proof. We claim that the functor (—)|; satisfies the requirements (i,ii) of Corollary A.36,
which then implies that it is 1-epimorphic.

Suppose given Y € Ob F(A,). We construct an object Y of FI(A#) such that Y/|An =Y by
the following procedure.
Write A2 1= A2~ {0/0} and AV := AY ~ {0*1/0}; cf. §2.1.1.

On AL we proceed by induction to construct a diagram for which, moreover, the morphisms
Y, /o —Y, 3 are pur?ly monomorphic for all a, 3,7 € A, with 0 < a <3<y <a™, and,
moreover, for which Y,+1,, = 0 for all 0 < a.

First of all, let }7|An =Y.
Assume given ¢ > 0 such that Y. (1), together with all diagram morphisms pointing to position
k®({'), is already constructed for all ¢ < ¢, but such that Y. is not yet constructed; cf. §2.1.2.

If k2(¢) is of the form a/« for some o € A, with 0 < «, then choose a pure monomorphism
Yo/(a—1) = Yo o into an object Y, /o of B

We do not necessarily choose Y, /(a—1) t here.

If K2(¢) = a*'/a for some a € A, with 0 < «, then let Y1/, := 0.
If k2(¢) is of the form §/a for some o, 3 € A, with 0 < a < 8 < a™!, then we let
(Yis-1/ta-1)» Yo-v/as Yo/@-1)s Yoja )

be a pushout. Recall that by induction assumption, 37(5_1) J(a—1) —** }7(5_1) Ja 18 purely monomor-
phic. So Yj3/(a—1) = Y3/o is purely monomorphic as well.

On A7, we proceed dually, and finally glue along A, to obtain the sought Y.
-~ (Dl
Ad (i). The restriction map F(A#)(Yl,Yg) i f(An)(Yl,YQ) is surjective for Yi, Yy, €

Ob F(A,), as we see by induction, using bijectivity to prolong morphisms and universal prop-
erties of occurring pushouts and pullbacks.

Ad (ii). Suppose given X € ObF(A#). Let X" := (X|z ) € ObF(A#). Let X' €
Ob FY(A¥) be defined by X'|z2.- = X”|5.- and by X'|57.- = X|z7.-.

There is a morphism X' — X that restricts to the identity of X|sv.- on AY . and hence to the
identity of X|5 on A,.

There is a morphism X’ —» X" that restricts to the identity of X”|5s.- on A%, and hence to
the identity of X|4 on A,.

Now suppose given X, Xo € Ob FZ(A¥) such that Xi|a, = Xz, Then there is a sequence

of morphisms
X — X — X{=X] —X, —X,

each of which restricts to the identity of X;|5 = X4 on A,,, as required. 5
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Lemma 4.4 The functors

F(Aa,) Y& FA,)
F(A,) YEI F(A,)

are 1-epimorphic.

Proof. Since N' is full and dense, it is 1-epimorphic by Corollary A.37. Therefore, it suffices to
show that N(A,) is 1-epimorphic.

We will apply Lemma A.35. Choosing representatives of the occurring morphisms Z; — Z; 14
in an object Z of F(A,), where i € [1,n — 1], we see that N(A,) is dense.

To fulfill condition (C) of loc. cit., we will show that glven X, Y € Ob F (A,) and a morphism

(X)(N(An)) 4, (Y)(N(A,)), there are morphisms X’ "~ X and X’ L+ Y in F(A,) such that
(h)(N(A,)) is an isomorphism and such that (R)(N(A,))f = (f)(N(A,)).

We proceed by induction on k € [1,n]. Suppose given a diagram

Xl : Xg - Xg L Xn—l Xn
fli le fsl fl fnl
e R L Y,

in F such that Zfi;, = fiy for i € [1,k — 1], and such that #fi,, =g fiy for i € [k,n],
and a morphism X XinrF (A,) such that (h)(N (A@)) is an isomorphism and such that
(R)(N(A,))f is the morphism in F(A,) represented by f.

If k < n, we shall construct a morphism X’ Mo Xin F (A,) with each RN being an isomor-
phism, and a diagram

4 ~ I~ ~ I~ I~ ~ b~ ~

X = X)) ——X] =X =X
f{l fél fl l f;l
e e L (I

in F such that &' f/,, = fly for i € [1, k], such that #'f/, | — fly =5 0 for i € [k+1,n], and such
that A/ f; — f/ =3 0 for all i € [1,n]. For then we obtain a commutative diagram in F(A,,)

in which we denoted morphisms by their representatives.

Let X, —<+~Bbea pure monomorphism to an object B in B, and let ifkﬂ — fky = jg. Let

FOPEE SR NI S NS SR
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and let

fi fori e [1,n] N {k+1} R 1z, forie [I,n]~{k+ 1}
fi = _ L= .
(Fe) fori=k+1 (") fori=k+1

0

Proposition 4.5 The residue class functor FO(A#) e F+(A#) is 1-epimorphic.

Proof. Consider the commutative quadrangle

FOAF) —— EHAY)
(>|Anl i()m
. N(An)N’ .

F(A) S FA,).
Therein, the functor FZ(A¥) Dlay F(A,) is l1-epimorphic by Lemma 4.3. The functor
F(A,) NAIN F(A,) is 1-epimorphic by Lemma 4.4. The functor f*(A#) (An)
is an equivalence by Proposition 2.6. Hence by Remark A.34, the functor FO(A#) MoF H(AF)
is 1-epimorphic. 0

N(AF)

We do not claim that the residue class functor FJ(A#) — F+(A¥#) is 1-epimorphic.

n

4.4 Construction of 9

Let n > 0. In the notation of Lemma A.32, we let C := A¥; the role of the category called &
there is played by F here; we let G := ]—"D(Aﬁf); and finally, we let H := F+(A#). Note that
FT(A#) is a characteristic subcategory of F(A¥#).

The tuples

IX ﬂ/a ﬁ/anA >XeOb.7:D(A#)

(zz) —x
X318 ® Xot1/a ( f )

Xanp) )
B/aeAl Jxeob 70(A%)

>XeObe(A i)

= ((
- ((
= ((xs/e)yjncat
=

Xgm
/o
Xpjal = Xjh P e XJ1) )
* ol o1 Jsjaeat XeObFI(AF)

are A7 -resolving systems, inducing an isomorphism Ty, —2/" T, by Lemma A.32.(2).
Recall that F+(A¥) Mor (A7) denotes the residue class functor. We have

TimyM' = MFH(T,) = M[-]"
TJ(n)M” = MT+(An) = M[—+1].
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Since M is 1-epimorphic by Proposition 4.5, we obtain

Tin)

AN T Jruwimn FHAY)

———— Y >
L
M M//
- -]+ -
IHAD T e TIEHAD,

9

where 1, is characterised by this commutative diagram, i.e. by
Q1(n), J(n) * M" = M*ﬁn .

Since a(n), j(n) is an isomorphism, so is ¥,,. Varying n, this defines ¥ = (¥,,)n>0.
Theorem 4.6 The tuple ¥ = (V,,)n>0 is a Heller triangulation on F.

Proof. According to Definition 1.5.(i), we have to show that the following conditions (*) and
(*x) hold.

(¥) For m, n > 0, for a morphism A, <2~ A, and for an object Y € Ob F*(A#), we have

Yp*)0m = (Y,)p* .

(#*) For n > 0 and for an object Y € Ob F*((2A,,)%), we have

(Y )J0oir = (Yaui1)], -

Ad (). Recall that p# stands for Z*(p*), and that p# stands for F-(p*). By Proposition 4.5,
we may assume Y = XM for some X € Ob FZ(A¥#). Then

(XMB#)ﬁm = (Xp#M)ﬁm = (Xp#Oq(m),J(m))M”
(XMIn)p* = (Xasw,smM")p* = (Xarm, smp™)M"

so that it suffices to show that Xp#aj(m),J(m) = onj(n),J(n)p#.

Starting with Xp* , the object Xp* Tr(m) is calculated by means of (Ix,# 3/4) BJachl ; whereas

X Tin) is calculated by means of (Ix,s /w) 5/yeAt 1 8O that X Ty p? can be regarded as being
calculated by means of (Ix, gp/ap) 5/aeaz - But

(7) (-z)
IX,Bp/ap = (Xﬁp/ap”*Xﬁp/ﬁp@X(ap)+1/ap+'X(ap)“/ﬁp) = ]Xp#,ﬁ/av

whence Xp# T](m) =X T](n) p#.
Next, starting with Xp# , the object Xp# T, is calculated by means of (‘]Xp#,ﬂ/a)ﬁ/aeﬁﬁ :
whereas X T, p? can be regarded as being calculated by means of (Jx, gp/ap) 8/achz - Dut

Xpp/apt +1 X;pl/apﬂ- +1
X/J’P/apl - Xﬁp/ap P i XﬁP/ap) - ‘]Xp#ﬁ/a )

JX, Bp/ap — (Xﬁp/ap
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whence Xp# TJ(m) =X TJ(n) p#.

Now ot
Xp# Ty - 0200 Xp# T

is induced by (Ixp# s/a) g/acaz @04 bY (Jxp#, /a) 5/acaz i Whereas
X Ty p¥ L X Ty p

can be regarded as being induced by (Ix, gp/ap)g/acaz and by (Jx, gpjap)g/acaz - We have just
seen, however, that these pairs of tuples coincide.

Ad (xx). By Proposition 4.5, we may assume Y = XM for some X € ObF((2A,)%). By
Remark 4.1, we have

(XMjn)ﬁnJrl = (prnM)ﬂnJrl - (XAfnaI(n—i—l),J(n—l—l))M”
(XMﬁan)f = (XOéI(2n+1),J(2n+1)M”)In = (Xal(2n+1),J(2n+1)fn)M,/7

so that it suffices to show that anal(wl),](nﬂ) = Xarent1), s@n+1)fn -

Starting with Xf,, the object Xf, Ti(m+1) is calculated by means of (IX?n,B/a)@/aepuT#;

whereas X Tj,41) fn can be regarded as being calculated by means of the tuple of pure short
exact sequences consisting of

0 at (p/p)™*, 2 €Z
Ix, (a1 /)t at (a/p)t*, a €A, , z€Z
Ix (g+1/at1)+= @ Ix (av2/p)+= at (B/a)™, o, 8 € Ay, a< B, 2€7Z.

We have IX}m(p/p)ﬁ =0 for z € Z. For a € A,,, we have
(z) (-9)
IX;‘n,a/p = Xoﬁ‘l/oz T Agtl /gt S Xa+2/oz +'Xa+2/a+1 = [X,a+1/a )

and accordingly at (a/p)** for z € Z. Moreover, for a, f € A, with o < 3, we have

[X}m /6/04 -

o8 o8
8 o880
v

(62 0-2) )

<Xg+1/a+1 ©® Xa-s-z/ﬁ

and

Ix, pt1jatt @ Ix,at2/p = .
zx 00 0 x
(OOJ:x)

<X3+1/a+1 D Xa+2/g

Accordingly at (G/a)** for z € Z.

Since there is an isomorphism from [ XFn,a/p 1O Ix g+1ja+1 @ Ix o+2/5 that has identities on the
first and on the third terms of the short exact sequences, completed by

0 00
0 01
88
Xﬁ“/ﬁ“ D Xﬁ+2/5 D Xa+3/a+1 @D Xa+2/a+2 = Xﬁ+1/ﬂ+1 D Xa+3/a+1 D Xa+2/a+2 D Xﬁ+2/5

Xﬁ+1/5+1 P Xﬁ+2/ﬁ b Xa+3/a+1 P Xa+2/a+2 — Xa+3/5+1 b Xﬁ+2/a+2

00—z
Xﬂ+1/5+1 D Xa+3/a+1 Q) Xa+2/a+2 D XB+2/5 —+ Xa+3/g+1 D XB+2/Q+2

)

)
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on the second terms, the characterisation in Lemma A.32.(1) shows that we end up altogether
with an T](n+1) =X TI(2n+1) fn

Starting with X7F,, the object Xf, Tim+1) is calculated by means of UX?n,ﬁ/a)ﬁ/aepuT#;
whereas X Tjn41) fn can be regarded as being calculated by means of the tuple of pure short
exact sequences consisting of

0 at (p/p)**, z€Z

JIX, (a1 ja)t at (a/p)t*, a €A, , z€Z

JX7(5+1/0£+1)+Z D JX7(a+2/ﬁ)+z at (ﬁ/Oz)JrZ, a, € N,,a<B,z€Z.
We have Jx;m(p/p)ﬁ =0 for z € Z. For a € A,,, we have

Tirasy = (Xaﬂ o

and accordingly at («/p)** for z € Z.

+1
Xa+1/a T

XaJrl/al = X;;ll/a P — X;—le/a> = JX,oﬂrl/a ’

Xa+1/o¢[’

Moreover, for o, 8 € A, with a < 3, we have

(Xg+1/a+1@Xa+2/g)L
SXfubla = (Xﬂ+1/a+1@Xa+2/ﬁ e

(X1 /01 @Xa+2/ﬁ)+l ™
(X,B+1/a+1 ©® Xa+2/5) = (Xg+1/a+1 S Xa+2/g)+1 P —_—

Xa+3/3+1 D Xﬂ+2/a+2> = JX7 g+i/a+t D JX’Q+2//3 ,

and accordingly at (/a)** for z € Z.
Hence altogether, we conclude that X )En Trm1) = X Tr2nt1) fn-

Now .
XFnQr(nt1), J(nt1

~ ) ~
an TI(n+1) ~ an TJ(n+1)
is induced by (]Xin,ﬁ/a)ﬁ/aeﬁfﬂ and by (JXin,ﬁ/a)ﬁ/aeAfH ; whereas

Xa1(2n+1), J(@2n+1)fn

X Trent1) fn S X Tren+s1) fn
can be regarded as being induced by the tuple consisting of
0 at (p/p)*, = € Z
Ix, (a1 /a)t= at (a/p)™, ael,, z€Z

]X,(ﬁ+1/a+1)+z ) _[X7(a+2/ﬂ)+z at (6/0&)‘”, a, e N, a<B, z€Z.

and by (Jxj, s/a)sjacat, -

Since the respective former tuples are isomorphic by a tuple of isomorphisms that has iden-
tities on the first and on the third term, and since the respective latter tuples are equal, the
characterisation in Lemma A.32.(3) shows that in fact Xf,ar(mi1), 5m+1) = XOr@2nt1), J@2nt1)Tn-o

Corollary 4.7 Let € be a Frobenius category. There exists a Heller triangulation on (E,T).

Concerning the stable category £, cf. Definition A.7.

Proof. Let B C & be the full subcategory of bijectives. The category B?¢ is functorially
Frobenius by Example A.6. Hence £ = B*, equipped with the complex shift T, carries a Heller
triangulation by virtue of Theorem 4.6. o
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4.5 Exact functors induce strictly exact functors

Proposition 4.8 Suppose given an exact functor

FLoF

between functorial Frobenius categories F = (F,T,1,¢,P,m) and F = (ﬁ,T,T, r, |5,7~T) that sat-
isfies

FT = TF

Fl = IF

FP = PF.
Then the induced functor

F - F

18 strictly exact with respect to the Heller triangulations introduced in Theorem 4.6.

Proof. Condition (1) of Definition 1.5.(iii) is satisfied. Condition (2) of loc. cit. holds since each
morphism has a weak kernel that is sent to a weak kernel of its image; and dually. In fact,

f
given a morphism represented by X N Y, the residue class of the kernel of X @Y P(ﬁ) Y in
1
F, composed with X @Y P (+0>> X, is a weak kernel of the residue class of X Ty by Lemma
A.31 and Remark A.27. Since pure short exact sequences and bijectives are preserved by F',

this weak kernel is preserved by F'.

Consider condition (3) of loc. cit. Let ¥ resp. U be the Heller triangulation on F resp. on F
characterised as in Theorem 4.6 by

army, smM" = M9,

- . " __
Xy, jyM" = M0y,

where M, M', M", I(n) resp. J(n) is defined over F as M, M', M", I(n) resp. J(n) is over F.
To prove (3), i.e. to show that for n > 0 and Y € Ob F*(A¥), we have

(YO)FHAF) = (YEHAD)D

we may assume by Proposition 4.5 that Y = X M for some X € Ob F2(A¥). Since

(XMO)FHAE) = (Xaym),smM")FH(AY) = (Xagm, soFH(AF))M"

A Q _ O/ A _ O/ A _ _ "
(XMF*(AD)0, = (XF2(AF)M)D, = (XFAT)fy, jmy) M,

it suffices to show that Xy, s F+(AF) = XFO(AF)az, 5

n)"

Starting with XFY(A#), the object XFD(A#)TH”) is calculated by means of
— i# ; whereas 70 FT(A¥) can be regarded as being calculated by means
Ty roa#).se)jment 3 Whereas X Tr) F*(A#) can b ded as b lculated b

of (Ix,g/aF") B/acAt: where Iy g/oF is defined by an application of F' to all three terms and
both morphisms of the pure short exact sequence Ix 3/. Since F' is additive, we get

(IXFD(Af),ﬁ/a)ﬁ/aeA# - ([X’B/QF)ﬁ/aeAff J

whence X FU(A#) Ty = X i) FH(AY).
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Starting with XFY(A#), the object XFS(A¥) Ty is calculated by means of
(jXFD(Aﬁ) 5/04)/3/&6&% ; whereas X T(,) F7(A%) can be regarded as being calculated by means
of (Jx,g/aF) 8/ach where Jx g/oF' is obtained by entrywise application of F. Since F' com-

mutes with P and P, and with | and 1, we get

(JXFD(Af),ﬁ/a),g/aeA# - (JX,ﬁ/aF)g/aeAf ’

whence X FU(A#) i) =X Tim) FTH(AF).

Moreover, since the defining pairs of tuples coincide, we finally get XF D(A#)ai(n% Jm) =
X, 1mF T (A]). :

Suppose given an exact functor
E ~

E — €&

between Frobenius categories & and € that sends all bijective objects in € to bijective objects in
E. Let B C & resp. B C & be the respective subcategories of bijectives. We obtain an induced

Jo o
functor B* — B*, inducing in turn a functor

E:=F* : £E=B° — B*=¢

modulo split acyclic complexes; cf. Example A.6.(2).

Corollary 4.9 The induced functor

is strictly exact with respect to the Heller triangulations on £ and on § introduced in Theorem
4.6 via the functorial Frobenius categories B* and B*.

Proof. We may apply Proposition 4.8 to (.7-'i F) = (B> 2 B2). .

5 Some quasicyclic categories

In the definition of a Heller triangulated category, the categories C* (A7) occur. Replacing this
classical stable category by its stable counterpart, these turn out to be Heller triangulated them-
selves. So we can iterate. Cf. [2, Prop. 8.4].

Let C be a weakly abelian category. Let n > 0.

5.1 The category C*(A¥) is Frobenius

5.1.1 The category A°(A%) is Frobenius

We proceed in a slightly more general manner than necessary. We generalise the fact that the
category of complexes AO(A;&) over an additive category A is a Frobenius category, to a category
A°(A#) for n > 0; cf. Lemma 5.2 below. Then we will specialise to our weakly abelian category
C and pass to the full subcategory C*(A#) C CO(A¥); cf. Proposition 5.5 below.
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5.1.1.1 Notation
Let A be an additive category. Let A°(A#) be the full subcategory of A(A#) defined by

Ob A°(A#) := {X € ObA(A¥) : Xojo =0and X1/, =0foralla € A, } .

A sequence X' —> X 2+~ X" in A°(A#) is called pointwise split short exact if the sequence
X¢ e Xe P X¢ is split short exact for all § € A#. A morphism is called pointwise split
monomorphic (resp. epimorphic) if it appears as a kernel (resp. cokernel) in a pointwise split
short exact sequence.

The category A°(A¥) carries an outer shift functor X — [X]*!, where [X]}) = X(g/a)t1 =
Xa+1/5 for ﬁ/a € A#

Recall that A, together with the set of split short exact sequences, is an exact category; cf.
Example A.3. So the additive category A°(A#), equipped with the set of pointwise split short
exact sequences as pure short exact sequences, is an exact category; cf. Example A.4.

Given 3/a, 6/v € A¥, we write 3/a < §/vif a <+ and 3 < 4.
Given A € ObA and /a € A¥, we denote by Aj, g the object in A°(A#) consisting of

n’

identical morphisms wherever possible and having

A ifa/B7t <d/y < B/a
0 else

(Ajog))s/y = {

for §/v € A¥. Such an object is called an extended interval.

Intuitively, it is a rectangle with upper right corner at 3/, and as large as possible in A°(A¥).

Let ATPit(A#) be the full subcategory of A°(A#) consisting of objects isomorphic to sum-
mands of objects of the form

D Asa)as -

Bla e A¥

where Ag/ € Ob A for 3/a € A#. This direct sum exists since it is a finite direct sum at each
§/v € A#. Concerning the notation A+ SPit(A#) cf. also Remark 5.3 below.

5.1.1.2 The periodic case

Let A’ be an additive category, equipped with a graduation shift automorphism X — X[+1].
We write X — X [m] for its m-th iteration, where m € Z.

By entrywise application, there is also a graduation shift on A°(A%), likewise denoted by
X +— X[+1].

As in §2.5.3, we define the subcategory A/0Pericdic(A#) C A0(A#) to consist of the morphisms
X LoV in AO(A#) that satisfy

Xy ) = (xS vy

So the subcategory A’0Periodic(A#) C A0(A#) is not full in general.
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Given A € Ob A’ and 0 < i < j < n, we denote by Aj; j; the object in A°(A#) consisting only
of zero and identical morphisms and having

(A )5/ = Alm] if (i/j7) T < §/v < (j/i)T™ for some m € Z
oy 0 else

for §/v € A¥.

Intuitively, it is a rectangle with upper right corner at j/i, and as large as possible in
A0 periodic (A#) “repeated Z-periodically up to according graduation shift.

Let A'*:split,periodic(A#) he the full subcategory of A'-Periodic(A#) consisting of objects isomor-
phic to summands of objects of the form

B A

0<i<ji<n

where A;; € Ob A’ for 0 <4 < j < n. Such an object is called a periodic extended interval.

Lemma 5.1 The category A" Periodic(A#) - equipped with the pointwise split short exact se-
quences, is a Frobenius category, having A sPlitperiodic(A#Y g 4ts subcategory of bijectives.

Proof. By duality, it suffices to show that the following assertions (1,2) hold.

(1) The object Ay, ; is injective in A'%Periedic(A#) for any A € Ob A’ and any 0 < i < j < n.

2) For each object of A0-periodic(A#) there exists a pure monomorphism into an object of
J n J
A/Jr, split, periodic (A# )
#).

Ad (1). Note that we have an adjunction isomorphism

AIO, periodic(A#)<X7 A]’L,j]) - .A,(X]/’L I A)
f o f i/i >
where X € Ob A0-Pericdic(A#) " Suppose given a pure monomorphism Aj; j; ——~ X for some

A€ ObA. Let (A—>X,; —++A) = 14. Let X — Ay ; correspond to X;,; + A. The
composition (Aj; ;) -~ X —» Aj; ;) restricts to 14 at j/i, hence equals L, -

Ad (2). Suppose given X € Ob A"0-periodic(A#) Given 0 < i < j < n, we let

ij/i

X —= (Xj/iig

be the morphism corresponding to 1x,, by adjunction, which is natural in X. Collecting these
morphisms yields a morphism

Xs
X= B X

0<i<j<n

which is pointwise split monomorphic since at j/i, its component X;,; — X /; is an identity. o
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5.1.1.3 The general case

Lemma 5.2 The category A°(A¥), equipped with the pointwise split short exact sequences, is
a Frobenius category, having AT SPi(A#) as its subcategory of bijectives.

Proof. To prove that A°(A#) is a Frobenius category, we more precisely claim that A™ sPlit( A7)
is a sufficiently big category of bijective objects in the exact category A°(A#).

Abbreviate A% := A(Z), where Z denotes the discrete category with ObZ = Z and only
identical morphisms. The category AZ% carries the graduation shift automorphism

AZ o~ AZ
fl+1 fit1
X Ly) e (X TR YY) = (X T Vi ies

We have an isomorphism of categories

A*(A#) ;f, (AZ)-ﬁ-,periodic(A#)
X ((Xjay+i)iez) 5/acat
(Ys/a)o)gjaear ~— V-

Both categories are exact when equipped with pointwise split short exact sequences, and ¢ and
®~1 are exact functors. We have A1 SPIt(A#)P = (AZ)Fsplit, periodic( A#)

Putting A’ := AZ, the result follows by Lemma 5.1. o
If A= C is a weakly abelian category, we have two definitions of C>*Pit(A#).

The first one, given in §1.2.1.1, defines this category as a full subcategory of C*(A#) containing
those diagrams in which all morphisms are split in C.

The second one, just given, defines this category as a full subcategory of C°(A#) containing,
up to isomorphism, summands of direct sums of extended intervals.

Remark 5.3 If A = C is a weakly abelian category, then the two aforementioned definitions of
CHsPit(A#) coincide.

Proof. First, we notice that an extended interval lies in C*(A#), and that all its diagram
morphisms are split in C.

It remains to be shown that an object in CT(A#) all of whose diagram morphisms are split in

~

C, is, up to isomorphism, a summand of a direct sum of extended intervals.

Passing to (C%)"Periodic(A%), we have to show that an object X € Ob(C#)™Pericdic(A%) all of
whose diagram morphisms are split in C%, is, up to isomorphism, a summand of a direct sum
of periodic extended intervals.

By Lemma A.25, applied to the abelian Frobenius category CZ, the object X4, € 0b CZ(An)
is isomorphic to a summand of a finite direct sum of intervals. Hence, by Lemma 2.11, the
object X is isomorphic to a summand of a finite direct sum of images of intervals under S, i.e.
of periodic extended intervals, as was to be shown. 0
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5.1.2 The subcategory C*(A#) C CO(A¥)

Recall that C is a weakly abelian category.

Lemma 5.4 Suppose given a pure short exact sequence
X — X 4 X’

in CO(A#). If two out of the three objects X', X and X" are in CT(A¥), so is the third.

Proof. For an object X € Ob C°(A,) to lie in Ob C*(A,,), it suffices to know that the complex
X((I,/@,’Y) = ( —»Xﬁ/,yfl —»Xﬂ/aH v T ,y/ﬁHXaJrl/B;, )

is acyclic in C for all a, 3, v € A, with a < 8 < v < ot which is true, as we take from
Lemma A.17; cf. Remark A.27.

Now the long exact homology sequence, applied in C to the short exact sequence
X'(a, B,7) = X(a, 8,7) + X" (v, 3,7) of complexes, shows that if two of these complexes
are acyclic, so is the third. o

Proposition 5.5

(1) The category Ct(A¥), equipped with the pointwise split short exact sequences, is a Frobe-
nius category, having CtsPiY(A#) as its subcategory of bijectives.

Hence its stable category Ct(A¥) is equivalent to its classical stable category Ct(AF) =
CH(A#)/CT =PI (A#). So both CT(A#) and C*(A¥) are weakly abelian.

(2) Suppose C to be equipped with an automorphism X — X+, The category C+ Periodic(A#)
(cf. §2.5.3), equipped with the pointwise split short exact sequences, is an additively func-
torial Frobenius category, having C*sPlitperiodic(A#) g5 jts subcategory of bijectives.

We remark that CT(A#) appears in Definition 1.5.

Proof. Ad (1). To prove that C*(A¥) is an exact category, it remains to be shown, in view of
Lemma 5.2 and of §A.2.2, that a pure short exact sequence in C°(A¥) that has the first and
the third term in Ob C*(A#), has the second term in Ob CT(A%), too. This follows by Lemma
0.4.

To prove that C*t(A#) is Frobenius, we may use that C°(A#) is Frobenius, with the bijective
objects already lying in C*(A¥), thus being a fortiori bijective with respect to C*(A#). By
duality, it remains to be shown that the kernel of a pointwise split epimorphism of a bijective
object to a given object in CT(A¥) is again in CT(A¥), thus showing that this epimorphism is
actually pure in C*(A#). This follows by Lemma 5.4.

Ad (2). In view of Lemma 5.1, this follows as (1). o



I do not know whether C*?=!(A#) is Frobenius. It seems doubtful, since this question is
reminiscent of the example of A. NEEMAN that shows that the mapping cone of a morphism
of distinguished triangles in the sense of Verdier need not be distinguished [26, p. 234].

5.1.3 Two examples

Suppose C to be equipped with an automorphism X — X+1,

The category C* Periodic(A#) being a Frobenius category by Proposition 5.5.(2), its classical stable
category C+Periedic(A#) carries a Heller operator, defined on X € Ob C+:Periodic(A#) a5 the kernel

of B— X, where B € Qb CTsplit,periodic(A#) = Ag examples, we calculate the Heller operator
for n € {2,3} on periodic n-pretriangles.

Suppose n = 2. Let X € Ob C""peri‘)dic(ﬁf) be a periodic 2-pretriangle. We obtain

/ X1+/10
X2/0 - ~ Xon
/ [1-2)
X2_/11 ° > Xl/O
[1—x] [1—27] 4
i X 00X
[t -] [t -] ‘ 99]
[00] X200 X2/, X2/1@X1+/B
! 1]
} [(1)8] | /
X2/1@X1/0 X100 X2/0
H [1] -
X;r/o
[%] [T:I ! ) ' 1/
Xoj1 > X1+/0
\ 4 /
Xi1/0 - - X5/0

In particular, if X is a 2-triangle, i.e. an object of C*ﬁzl(ﬁf), then this Heller shift of X is also
a 2-triangle; cf. Lemma 3.5.

o7
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5.2 A quasicyclic category

The category of quasicyclic categories is defined to be the category of contravariant functors

from Ai to the (1-)category (Cat) of categories. Recall that we have a functor A — A,
A, — A, that allows to restrict a quasicyclic category to its underlying simplicial category.

Given a category U, we denote by Iso U C U its subcategory consisting of isomorphisms. Given
a functor U —Z» U’ , we denote by Iso F' : Iso U — Iso U’ the induced functor.
We define

qcyce C

A’ = (Cat)
(Bn-2A,) —  (soCt(AF)

IsoCt(p#)
—_—

Iso C*(Aﬁ)) .

More intuitively written, qcyc, C := IsoCT(AZ¥). Note that qcyc, C consists only of zero-objects.

A strictly exact functor C — €’ induces a functor CH(AH) AR C't(A#) for n > 0, and
thus a morphism
qeye, € 0w qeye, €
of quasicyclic categories.
As variants, we mention
qeyeberiodic 0= [go C+ periodic( A#)
qeyc?=tC = IsoCHI=YHAY) .

5.3 A biquasicyclic category

As an attempt in the direction described in [32, p. 330], we define a first step of an “iteration” of
the construction C — qcyc, C.

By Proposition 5.5, we may form the category CT(A#)T(A#). Note that a morphism

A <2 A, of periodic linearly ordered sets induces a functor CH(AF)T(f#) in the second

variable.

By Lemma 4.8, a morphism A,, <2 A, of periodic linearly ordered sets induces a strictly exact
functor C*(g#), and so a functor C*(g#)"(A%) in the first variable for m > 0.

The functors induced by f and by g commute.

We may define
4CyCey C = Iso (C+(A?)+(Ai¢)> :

which yields a biquasicyclic category, i.e. a functor from A’ x A’ to the (1-)category (Cat) of

categories.
FH(AY

~

By Lemma 4.8, a strictly exact functor C —— €’ induces a functor C*(A#) C't(A¥)

for n > 0, and thus a morphism

qCYCqq F
—_—

qcyc,, C qCyCyq C'

of quasicyclic categories.
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As variants, we mention

qeycperiodic ¢ Igq (O (A#)* periodic 7#))

( (
qeycl1C = Iso (Cﬂﬁ#)*ﬁzl(ﬁﬁ) )
Cf. Remark 3.3.

This procedure can be iterated to obtain triquasicyclic categories etc.

A Some general lemmata

This appendix is a tool kit consisting of folklore lemmata (with proof) and known results (mainly without proof).
We do not claim originality.

A.1 An additive lemma

Let A and B be additive categories, and let .4 L B be a full and dense additive functor. Let N' C B be a full
additive subcategory. Let M C A be the full subcategory determined by

ObM := {A€ObA : AF is isomorphic to an object of N'} .

Lemma A.1 Suppose that for each morphism A % A" in A such that apF =0, there exists a factorisation

ao

(A= A) = (A= My =~ A)

with My € Ob M. Then the induced functor
F
A/M  — B/N
(A2 A  (AF 25 A'F)

is an equivalence.

Proof. We have to show that F' is faithful. Suppose given A —%+ A’ in A such that

(AF I AF) = (AF 2+ N 2 A'F),

where N € Ob. Since F is dense, we may assume N = MF for some M € Ob M. Since F is full, there exist
a’ and a” in A with o' F =V and ¢ F = b"”. Then

1
a a

(A="w ) = (A%

ao

A+ (A— A

with agF = 0. Since a’a” factors over M € Ob M, and since ag factors over an object of M by assumption on
F, we conclude that a factors over an object of M. o

A.2 Exact categories

A.2.1 Definition

The concept of exact categories is due to QUILLEN [29], who uses a different, but equivalent set of axioms. In
[17, App. A], KELLER has cut down redundancies in this set of axioms. We give still another equivalent reformu-
lation.
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An additive category A is a category with zero object, binary products and binary coproducts such that the
natural map from the coproduct to the product is an isomorphism; which allows to define a commutative and
associative addition (4) on 4(X,Y’), where X, Y € Ob.A; and such that there exists an endomorphism —1x
for each X € Ob A that is characterised by 1x + (—1x) = 0x.

A sequence X =N Y L+ Z in Ais called short ezact if f is a kernel of g and g is a cokernel of f.

A short exact sequence isomorphic to a short exact sequence of the form

(10) (1)

X Xoy —%> vV,

where X, Y € ObA, is called split short exact. A morphism appearing as a kernel in a split short exact
sequence is split monomorphic, a morphism appearing as a cokernel in a split short exact sequence is called
split epimorphic. A split short exact sequence is isomorphic to a sequence of the form just displayed by an
isomorphism having an identity on the first and on the third term.

An exact category (£,S) consists of an additive category £ and an isomorphism closed set S of short exact
sequences in &, called pure short exact sequences (7), such that the following axioms (Ex 1, 2, 3, 1°, 2°, 3°) are
satisfied.

A monomorphism fitting into a pure short exact sequence is called a pure monomorphism, denoted by —e—;
an epimorphism fitting into a pure short exact sequence is called a pure epimorphism, denoted by ——. A
morphism which can be written as a composition of a pure epimorphism followed by a pure monomorphism is
called pure.

Ex 1 Split monomorphisms are pure monomorphisms.
b P p b
Ex 1°) Split epimorphisms are pure epimorphisms.
Ex 2)  The composite of two pure monomorphisms is purely monomorphic.

Ex 2°) The composite of two pure epimorphisms is purely epimorphic.

N

X——> 7,

Ex 3)  Given a commutative diagram

we may insert it into a commutative diagram

o
S

X———>Z

A

B

with (X,Y, B) and (A,Y, Z) pure short exact sequences.

"This notion is borrowed from the particular cases of pure short exact sequences of lattices over orders and of ®-pure short exact
sequences of modules. Other frequently used names are admissible short ezact sequence, consisting of an admissible monomorphism
and an admissible epimorphism; and conflation, consisting of an inflation and a deflation.
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(Ex 3°) Given a commutative diagram
Y
X ——— 7,

we may insert it into a commutative diagram

N

X———Z

with (X,Y, B) and (A,Y, Z) pure short exact sequences.

An exact functor from an exact category (£,8) to an exact category (F,7T) is given by an additive functor

F
& — F such that SF' C 7T, where, by abuse of notation, F' also denotes the functor induced by F' on diagrams
of shape @ —> o —» o,

Frequently, the exact category (€,S) is simply referred to by £.

Example A.2

(1) An abelian category, equipped with the set of all short exact sequences as pure short exact sequences, is
an exact category.

(2) If £ is an exact category, so is £°, equipped with the pure short exact sequences of £ considered as short
exact sequences in £°, with the roles of kernel and cokernel interchanged.

Example A.3 An additive category A, equipped with the set of split short exact sequences as pure short exact
sequences, is an exact category.

In fact, (Ex 1, 2) are fulfilled, and it remains to prove (Ex 3); then the dual axioms ensue by duality. Given

XeYeZz 59

/ \\0
10

we get
01
( ) Y®Z
O a
(001) (1) (1’

XYz
y \\(1)(1)>
00
(1 0)

where X — Z is the third component of the given morphism X — X oY ¢ Z.

Example A.4 Suppose given an exact category £ and a category D. Let a short exact sequence (X,Y,Z) in
E(D) be pure if the sequence (Xg, Yy, Z4) is a pure short exact sequence in £ for all d € Ob D. Then £(D) is
an exact category.
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A.2.2 Embedding exact categories

By a theorem

e stated by QUILLEN [29, p. 100],

e proven by LAUMON [22, Th. 1.0.3],

e re-proven by KELLER [17, Prop. A.2],

e where QUILLEN resp. KELLER refer to [9] for a similar resp. an auxiliary technique,

for any exact category &, there exists an abelian category € containing & as a full subcategory closed under
extensions, the pure short exact sequences in £ being the short exact sequences in €& with all three objects in

Ob¢&.

Conversely, suppose given an exact category £ and a full subcategory &' C & such that whenever (X,Y,Z) is a
pure short exact sequence in £ with X, Z € Ob¢&’, then also Y € Ob&’. Then the subcategory £, equipped
with the pure short exact sequences in £ with all three terms in Ob &’ as pure short exact sequences in &', is
an exact category.

A.2.3 Frobenius categories: definitions

Definition A.5

(1)
(2)
(3)

A bijective object in an exact category £ is an object B for which ¢(B,—) and g—, B) are exact functors
from & resp. from £° to Z-Mod.

A Frobenius category is an exact category for which each object X allows for a diagram B —++ X —e—+ B’
with B and B’ bijective.
Suppose given an exact category F carrying a shift automorphism T : X —= X T = X*! and two

additive endofunctors | and P together with natural transformations 1z —+ land P "+ 1 # such that
TP =1 and such that .
X2 X1=xtp T x

is a pure short exact sequence with bijective middle term for all X € ObC. Then (F,T,l,¢,P,m) is called
a functorial Frobenius category. Often we write just F for (F, T,1,¢,P, 7).

Example A.6

(1)

Let A be an additive category. Let Z denote the discrete category with ObZ = Z and only identical
morphisms. The category A(Z) carries the shift functor X® = X+ where (X*+1)! = X1 An
object in the category C(A) of complexes with entries in A is written (X*®,d®), where X is an object
of A(Z) and where X* Lo X with d*d*t! = 0. The category C(A), equipped with pointwise split
short exact sequences, is an exact category; cf. Examples A.3, A.4. Given a complex (X°*,d*), we let
(X*,d*) T = (X*,d*)™! := (X*+, —d*+1) and

o je B o. . +17T
<(X.7d.) (X*.d*) (X',d')' — (X.,d.)+1p (X*,d%) (X.,d.)+1>
(1a%) (")

(X' o X, ((1)8))

- ((X',d') (X*+1, _d-+1)) .

Then (C(A), T,l,¢,P,7) is a functorial Frobenius category.

Suppose £ to be a Frobenius category. Let B C £ be a sufficiently big full subcategory of bijective objects,
i.e. each object of B is bijective in &£, and each object X of £ admits B —+ X —e— B’ with B, B’ € ObB.
In other words, each bijective object of £ is isomorphic to a direct summand of an object of B.

Let B2 C C(B) denote the full subcategory of purely acyclic complexes, i.e. complexes (X*,d*) such

o d . _. _ .

that all differentials X? — X**! are pure, factoring in £ as d = dd with d purely epi- and d purely
monomorphic, and such that all resulting sequences (d, d) are purely short exact. For short, a complex
is purely acyclic if it decomposes into pure short exact sequences.



64

Then B2¢ is a functorial Frobenius category, equipped with the restricted functors and transformations
of C(B) as defined in (1); cf. [25, Lem. 1.1]. Let B%2¢ C B2° be the full subcategory of split acyclic com-
plexes, i.e. of complexes isomorphic to a complex of the form (7* @ T*+!, ((1) 8)) for some T* € Ob B(Z)
Then B*P2¢ is a sufficiently big full subcategory of bijective objects in B?°.

Definition A.7 Suppose given a Frobenius category £, and a sufficiently big full subcategory B C £ of bijec-
tives. Let
E = &/B be the classical stable category of £ ;

E = B?/BP2° be the stable category of £ .

In other words, the stable category £ of £ is defined to be the classical stable category B?C of B*°. The shift
functor induced by the automorphism T of B¢ on £ is also denoted by T.

Lemma A.8 The functor

induces an equivalence

Cf. [19, Sec. 4.3].

Proof. This is an application of Lemma A.1. o

N
We choose an inverse equivalence R to I. We have the residue class functor £ — £, and, by abuse of notation,

a second residue class functor (€ N, &)= (& N, I TR> &).

i P
A morphism X —f> Y is zero in £ if and only if for any monomorphism X —e— X’ and any epimorphism Y/ —+> Y|
there is a factorisation f = if’p. This defines £ without mentioning bijective objects in £. So one might speculate
whether the class of Frobenius categories within the class of exact categories could be extended still without losing
essential properties of Frobenius categories.

A.3 Kernel-cokernel-criteria

Let A be an abelian category. The circumference lemma states that given a commutative triangle in A, the
induced sequence on kernels and cokernels, with zeroes attached to the ends, is long exact.

Definition A.9 A weak square in A is a commutative quadrangle (A, B,C, D) in A whose diagonal sequence
(A,B® C,D) is exact at B@® C. It is denoted by a “+7-sign in the commutative diagram,
C——D
|+ ]
A——=DB.
A pullback is a weak square with first morphism in the diagonal sequence being monomorphic. It is denoted
C——D
o]
A——1DB.
A pushout is a weak square with second morphism in the diagonal sequence being epimorphic. It is denoted
C——=D
| 7]

A——B.
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A square is a commutative quadrangle that is a pullback and a pushout, i.e. that has a short exact diagonal
sequence. It is denoted
C——D

|

A——B.

Remark A.10 If a commutative quadrangle in A

b
W0

—_—
b

d
is a square, then the induced morphism from the kernel of A —%+ C to the kernel of B— D is an isomorphism

a d
and the induced morphism from the cokernel of A — C to the cokernel of B— D is an isomorphism.

Proof. If (A, B,C, D) is a square, then the circumference lemma, applied to the commutative triangle

C

~—~
(k=]
~—

a BoC

%)

A )

yields a long exact sequence

0—>K, 2~ B %p-%¢c, —0,

where K, —+ A is the kernel of a, and where C AN C, is the cokernel of a. Since ib = j and c¢b = p, the
induced morphisms on the kernels and on the cokernels of a and d are isomorphisms. o

Lemma A.11 A commutative quadrangle in A

is a weak square if and only if the induced morphism K, — Ky from the kernel of A —%+ C to the kernel of
B <, D is an epimorphism and the induced morphism C, — Cy from the cokernel of A —2+ C to the cokernel
of B 4 D is a monomorphism.

It is a pullback if and only if K, =+ Ky and C, —— Cy.

It is a pushout if and only if K, =+ Ky and C, = Cg,.

It is a square if and only if K, —+ K4 and C, = Cy.

Proof. Let A’ be the pullback of (C, B, D), and let D’ be the pushout of (A’, C, B). We obtain induced morphisms
A— A’ and D’ —s> D. The circumference lemma, applied to (B, D', D), shows Cp_,ps == Cp_,p.

The quadrangle (A, B, C, D) is a weak square if and only if A -+ A’; which in turn, by the circumference lemma
applied to (A, A’, C), is equivalent to K4_.c =+ K4, ¢ and C4_,c =+ C4/_ ¢; which, by composition and by
Remark A.10, applied to the square (A’, B,C, D’), is equivalent to K4y_.c -+ Kg_p and C4_,c - Cp_p.
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The quadrangle (A4, B,C, D) is a pullback if and only if A =+ A’; which in turn, by the circumference lemma
applied to (A, A’, C), is equivalent to K4_.c =+ K4 _,c and Ca_,c = C4/_¢; which, by composition and by
Remark A.10, applied to the square (A’, B,C, D’), is equivalent to Ky_.c =+ Kg_p and C4_c —— Cp_p.

The quadrangle (A, B,C,D) is a square if and only if A—=> A’ and D' =+ D; which in turn, by the
circumference lemma applied to (A, A’,C), is equivalent to Ka_c —+Ka_c, Ca—c—>Ca_c and
Cp_p = Cp_ p; which, by composition and by Remark A.10, applied to the square (A’, B,C, D’), is equiv-
alent to KA—»C'%KB—»D and CA—»C'%CBHD- u]

A.4 An exact lemma

Let £ be an exact category. A pure square in £ is a commutative quadrangle (A, B, C, D) in £ that has a pure
short exact diagonal sequence (A, B & C, D). Just as a square in abelian categories, a pure square is denoted
by a box “[J”.
Lemma A.12 Suppose given a composition

X/ > YI > Z/

X—Y——>7
of commutative quadrangles in €. If two out of the three quadrangles (X,Y, X", Y"), (Y, Z,Y',Z"), (X, Z, X', Z’)

are pure squares, so is the third.

Proof. In an abelian category, this follows from Lemma A.11.

As explained in §A.2.2, we may embed & fully, faithfully and additively into an abelian category € such that the
pure short exact sequences in € are precisely the short exact sequences in € with all three objects in Ob €. In
particular, the pure squares in & are precisely the squares in € with all four objects in Ob&, and the assertion
in € follows from the assertion in &. o

A.5 Some abelian lemmata
Let A be an abelian category.

Lemma A.13 Inserting images, a weak square (A, B,C, D) in A decomposes into

C—+—= —>D
ot
— = ——
T

SRS

— —e—>
Proof. The assertion follows using the characterisation of weak squares, pullbacks and pushouts given in Lemma
A11. o
Lemma A.14 If, in a commutative diagram
X/ > Y/ > Z/
| -1 ]
X—Y——>7

in A, the quadrangles (X,Y,X'.Y') and (Y,Z,Y',Z') are weak squares, then the composite quadrangle
(X,Z,X',7") is also a weak square.



67

Proof. The assertion follows using the characterisation of weak squares given in Lemma A.11. o

Lemma A.15 If, in a commutative diagram

X —=Y' —>Z
]
X—>Y—>7Z

in A, the left hand side quadrangle (X,Y,X')Y') is a pushout, as indicated, and the outer quadrangle
(X,Z,X',7") is a weak square, then the right hand side quadrangle (Y,Z,Y',Z') is also a weak square.

If the left hand side quadrangle (X,Y, X', Y') and the outer quadrangle (X,Z, X', Z") are pushouts, then the
right hand side quadrangle (Y,Z,Y',Z’) is also a pushout.

Proof. This follows using Lemma A.11. o

Lemma A.16 If, in a commutative quadrangle in A

X/ > Y/

]

X—Y,

the morphism X —Y is an epimorphism and the morphism X' — Y’ is a monomorphism, then the quad-
rangle is a weak square.

Proof. This follows using Lemma A.11, applied horizontally. o

Lemma A.17 Given a commutative diagram

i

in A such that (X,7,0,7Z") and (Y,0,Y',W') are weak squares, then (Y, Z,Y', Z') is a weak square.
Proof. This follows using Lemma A.11. o

Lemma A.18 Given a diagram
0 >y v“; A

| o] e

X ——=Y' ——7

ZT+yT+T

X =Y 0

i A consisting of weak squares, as indicated by +, the sequence

17

v
zu’ (y'v") <_Z/>
kel Y/ PG

X Y// EB Z/ N Z//

is exact atY' and atY" @ Z'.
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Proof. At Y’, we reduce to the case u, u', x and y monomorphic and (X,Y, X', Y”’) being a pullback via Lemma
a b
A.13. Suppose given T e V' with ty’ = 0 and tv’ = 0. First of all, there exist T — X’ and T'— Y such

that auw’ = ¢ = by. Thus there exists T — X such that cx = a and cu = b. In particular, czu/ = au’ = t.
Hence a factorisation of ¢ over zu’ exists. Uniqueness follows by monomorphy of zu'. o

Lemma A.19

(1) Suppose given a weak square in A
X —=Y!

Lo

with X' bijective. If the images of X — Y, of X — X’ and of Y — Y are bijective, then the images
of X' —Y' and of X — Y’ are bijective, too.

(2) Suppose given a weak square in A
X —>Yy!

Lo

with Y bijective. If the images of X' — Y, of X — X' and of Y — Y are bijective, then the images
of X — Y and of X — Y’ are bijective, too.

Proof. Ad (1). We decompose (X,Y, X’ Y”’) according to Lemma A.13 and denote the image of X — Y by
Imxy, etc.

The diagonal sequence of the square (Imx y, Y, Imx ys, Imy y+) shows that Imy y+ is bijective.

The diagonal sequence of the square (Imyx x/, Imx y/, X', Imx/ y) shows that Imx/ y- is bijective. o
Lemma A.20 Given a pullback
L
XI ? Yl )

in A with Y’ injective, the morphism (X', Y") ) (X,Y) is split monomorphic in A(A1). More precisely, any

retraction for x may be extended to a retraction for (z,y).

Proof. Let xz' = 1x,. We form the pushout.

Y
f /
xX=——=p /,
X/?YI
There is an induced morphism P —Y’ such that (X — P —Y"') = (XLj»Y’) and such that
Y —P—Y") = (Y’i'»Y’). Since Y’ is injective, we obtain a factorisation (P —Y’') =
(P—e>Y —>Y"). -

Lemma A.21 Suppose given a morphism X —Y of commutative quadrangles in A, i.e. a morphism in

A(Al X Al)
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(1) If X is a pushout and Y is a weak square, then the cokernel of X —=Y is a weak square.

(2) If X is a weak square and Y is a pullback, then the kernel of X —Y is a weak square.

Proof. Ad (1). A morphism of commutative quadrangles gives rise to a morphism of the diagonal sequences;
namely from a sequence that is exact in the middle and has an epimorphic second morphism, stemming from
X, to a sequence that is exact in the middle, stemming from Y. In order to prove that the cokernel sequence
is exact in the middle, we reduce by insertion of the image of the first morphism of the diagonal sequence
and by an application of the circumference lemma to the case in which the sequence stemming from Y has a
monomorphic first morphism. Then the snake lemma yields the result. o

Lemma A.22 Suppose given a diagram
O > Y// > Z/I

RN

X —Y —7
N
X——Y—>7
in A, consisting of weak squares. The induced morphisms furnish a short exact sequence
Im(X —2") — Im(Y —2) — Im(Y —2").
Proof. Abbreviate Im(X — Z’) by Imx 7 etc. The morphism Imx z» — Imy,z is monomorphic by com-

position, and, dually, the morphism Imy z» — Imy,z~ is epimorphic. Now since Imx x» — Imy z/ is epi-
morphic and Imy,z» — Imy~ z~ is monomorphic, it suffices to show that

ImX,X’ e ImY,Z/ e ImY”,Z”

is exact at Imy,z/. This follows from the diagram obtained by Lemma A.13

0 Y” } Il’ny//,z//
IR
X' Y’ —> Imy~ 7/

boe e |

ImX_,X/ E— Imy,y/ —t Imywz/ s

since by Lemma A.14, weak squares are stable under composition. o

A.6 On Frobenius categories

A.6.1 Some Frobenius-abelian lemmata
Suppose given an abelian Frobenius category A; cf. Definition A.5. Let B be its full subcategory of bijective
objects. Recall that the classical stable category of A is defined as A = A/B; cf. Definition A.7. A morphism

in A whose residue class in A is an isomorphism is called a homotopism. A morphism in A whose residue class
in A is a retraction is called a retraction up to homotopy.

y
Lemma A.23 Given a retraction up to homotopy X L Y and an epimorphismY' —+—Y in A, in the pullback
xT
X —+—=X

b

Y ——Y,
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the morphism X' i Y’ is a retraction up to homotopy, too. More precisely, if gf =5 ly, then we may find a
morphism g’ with ¢' f' =5 1y+ as a pullback of g along x.

Proof. Let Y —+ X be such that gf =1y + h, where
v-Ley) = v By
for some B € Ob B and some morphisms h; and hy in A. Let B P, Y’ be a morphism such that
By dey) = B2y,
which exists since B is projective and y is epimorphic. The commutative quadrangle
Yy
Y —+—=Y

1y/+yh1h/2l i1y+h
y

Y ——Y

is a pullback since the induced morphism on the horizontal kernels is an identity; cf. Lemma A.11. So we may
form the diagram

y
Y ——Y

o

X —+=X

f/l " lf
Y
Y —+—=Y ,

in which ¢’ with ¢’z = yg and ¢'f' = 1y + yhih) is induced by the universal property of the lower pullback
(X', X,Y’Y), and in which the resulting upper quadrangle (Y'Y, X', X) is a pullback by Lemma A.11. o

Yy
Lemma A.24 Given a homotopism X I, Y and an epimorphism Y' —+—Y in A, in the pullback
T
X —+—=X
r
vl |
y
Yl —t— Y )
the morphism X' L Y’ is a homotopism, too.

Proof. Let gf =g 1y and fg = 1x. By Lemma A.23, we may form the diagram

y
Y ——=Y

Y ——Y,

in which ¢'f’ =g 1lys. Since g is a retraction up to homotopy, so is ¢’ by Lemma A.23. Therefore ¢’ is a
homotopism. Hence also f’ is a homotopism. o
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A.6.2 Decomposing split diagrams in intervals

Let A be an abelian Frobenius category, and let B be its full subcategory of bijective objects. Suppose given

n > 1. Write A, := A, ~ {0}. An object X in A(A,) is called split if X}, — X is split for all k, [ € [1,7]
with & < I.

Given C € Ob A and k, I € [1,n] with k <[, we denote by Cfi ;) the object of A(A,,) given by (Ciry)j = 0 for

. c 1 ..
€ [L,n] N [k, 1], by (Cay); = C for j € [k, 1], and by ((Cy)j —= (Cir)yr) = (C == C) for j, j' € [k,1]
with j < j’. An object in A(A,) of the form Cj for some C' € Ob A and some k, | € [1,n] with k <, is
called an interval.

Lemma A.25 Any split object in B(An) is isomorphic to a finite direct sum of intervals.

Proof. We proceed by induction on n. Suppose given a split object X in B(A,). Let X’ := X 1o be defined

as a pointwise pullback at n, using 0 2, X, (cf. §A.7 below). We have X’ € ObB(A,,) with X! = 0. Hence,
by induction, X’ is isomorphic to a finite direct sum of intervals. There is a pure monomorphism X’ —e—+ X
whose cokernel is a diagram in Ob B(An) consisting of split monomorphisms; cf. Lemma A.11. Moreover, by
an iterated application of Lemma A.20, starting at position 1, this pure monomorphism X’ —e— X is split as a
morphism of A(A,) (%). Thus X is isomorphic to the direct sum of X’ and the cokernel of X’ —~ X, and it
remains to be shown that this cokernel is isomorphic to a finite direct sum of intervals.

Therefore, we may assume that X consists of split monomorphisms X >s—= X; for k, [ € [1,n]. We have

3
a monomorphism (Xi)(;,,) —> X. Choosing a retraction to X, >+ X,, and composing, we obtain a core-

traction to 4, so that X is isomorphic to the direct sum of the interval (X1)(;,,) and the cokernel of i. Since the
cokernel of 7 has a zero term at position 1, we are done by induction. o

A.6.3 A Freyd category reminder

The construction of the Freyd category and its properties are due to FREYD [8, Th. 3.1].

Definition A.26 Suppose given an additive category C and a morphism X I Y in C.

(1) A morphism K '+ X is a weak kernel of X —» Y if the sequence of abelian groups

(=)f

S xy 2y

(T, K)
is exact at (T, X) for every T € ObC.
(2) A morphism Y L+ C is a weak cokernel of X I Y if the sequence of abelian groups

x,1) 2 ) 2 (1)

is exact at (Y, T) for every T € ObC.

(3) The category C is called weakly abelian if every morphism has a weak kernel and a weak cokernel, and if
every morphism is a weak kernel (of some morphism) and a weak cokernel (of some morphism).

Let C be a weakly abelian category. Let C°(A1) be the full subcategory of C(A;) whose objects are zero
morphisms. The Freyd category C of C is defined to be the quotient category
C == C(A)/C(A)).

We collect some elementary facts and constructions and mention some conventions.

8 At this point, we use that A,, is linearly ordered.
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(1)

The category C is abelian. The kernel and the cokernel of a morphism X Ly represented by (f', ")
are constructed as

K—tex Ly Yy
X Lxr X" £ v p C,

where 7 is a chosen weak kernel and p a chosen weak cokernel of the diagonal morphism f'y = zf”. If
1 ’ 1 "

fly=xf" =0, we choose X' —> X’ as weak kernel and Y/ = Y as weak cokernel.

Choosing a kernel and a cokernel for each object in ¢ (A1), we obtain a kernel and a cokernel functor

C(A1) —x C, as for any abelian category.

We stipulate that the pullback resp. the pushout of an identity morphism along a morphism is chosen to
be an identity morphism.

We have a full and faithful functor ¢ — C, X — (X X x ). Its image, identified with C, consists of
bijective objects.

For each X = (X’ = X") € ObC, we may define objects and morphisms

X X
XP 4> X — XI

by

1xs T
X/ > X’ > X/

1X,l l llxw
1

;_Z w X" 1
X —X'—X".

As already mentioned in (3), the objects X P and X | are bijective, and thus C is Frobenius.
Sometimes, we write just ¢ for X¢ and 7 for Xx. Note that X7 =1x and X: =1x if X € ObC.

X7 X z
This construction X P —> X ——> X | is not meant to be functorial in (X’ — X'’), however.

Remark A.27 Suppose given morphisms X 2 Y 2~ Z in C. The following assertions are equivalent.

(1)
(i)
(i)

Proof.

The morphism f is a weak kernel of g.
The morphism g is a weak cokernel of f.

The sequence (f,g) is exact at Y when considered in C.

Ad (i) = (iii). Suppose that f is a weak kernel of g. Let K —'+ Y be the kernel of g in C. Factor

f = f’i. Since f is a weak kernel of g in C, we may factor (Kn)i = uf, whence Km = uf’. Hence f’ is
epimorphic.

Ad (iii) = (i). Suppose (f,g) to be exact at Y. Let T Ly in C be such that tg = 0. Then ¢ factors over
the kernel of g, taken in C, and therefore, by projectivity of T in C, also over X. o

Remark A.28 A morphism X g, Y in C is monomorphic if and only if it is a coretraction. Dually, it is
epimorphic if and only if it is a retraction.

Proof.

Suppose f to be monomorphic in C. It suffices to show that f is monomorphic in C, for then f is a

coretraction since X is injective in C. Let K — X be the kernel of f in C. From (Km)if = 0, we conclude

(Kn)i

= 0 since f is monomorphic in C, and thus K ~ 0 since K is epimorphic and ¢ is monomorphic in C. o

In particular, an abelian category is weakly abelian if and only if it is semisimple, i.e. if and only if every morphism
in A splits. Hence the notion “weakly abelian” is slightly abusive.
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Let £ be a Frobenius category; cf. §A.2.3.

i p
Lemma A.29 Suppose given a pure short exact sequence X' —e+ X —— X" in . In &, the residue class iN
is a weak kernel of pN, and the residue class pN is a weak cokernel of iN.

Proof. By duality, it suffices to show that ¢ N is a weak kernel of pN. So suppose given T —+ X in € with
tp =g 0. We have to show that there exists a morphlsm T —+ X’ such that /i =pt. Let (T “Lox I X") =

(T - p-L X"), where B is bijective. Let P +> B be the pullback of p along q. We have a factorisation

(T L X) = (T —+ P— X). We have a factorisation (X’ —.— X)=(X' —er P X); moreover, (i,p) is
a pure short exact sequence, hence split by projectivity of B; cf. Lemma A.11 and §A.2.2. Let ir = 1. Then
ri — 1 =g 0, since it factors over B. We obtain (vr)i = vriw =g vw = t. o

Remark A.30 The stable category € and the classical stable category £ of the Frobenius category £ are weakly
abelian. The stable category £ carries an automorphism T, induced by shifting an acyclic complex to the left by
one position and negating the differentials.

Cf. Definition A.7.

Proof. By Lemma A.8, it remains to prove that £ is weakly abelian. Suppose given a morphism X g, Yin€.

By duality, it suffices to show that the residue class of X I Y in £ is a weak cokernel and has a weak kernel.
Substituting isomorphically in £ by adding a bijective object to X, we may assume f to be a pure epimorphism
in £. So we may complete to a pure short exact sequence and apply Lemma A.29. o

i P
Lemma A.31 A pure short exact sequence X' —+ X — X" in £ is mapped via the residue class functor N
to a sequence in & that is exact at X when considered in the Freyd category £ of £. In particular, a pure square
in £ is mapped to a weak square in £.

Proof. By Remark A.27, we may apply Lemma A.29. o

A.6.4 Heller operators for diagrams
In Definition 1.5, the central role is attributed to the tuple ¥ = (Un)p>0 of isomorphisms. In the case of C
being the stable category of a Frobenius category, such an isomorphism ¢, arises from different choices of pure
monomorphisms into bijective objects. To that end, we provide a comparison lemma, which suitably organises
wellknown facts.
Let C be a category.
Given a category D and a full subcategory U C D(C), we say that U is characteristic in D(C) if the image of
U under A(C) is contained in U for any autoequivalence D —+ D, and if U is closed under isomorphy in D(C),
ie. X ~ X’ in D(C) and X’ € Ob U implies X € Ob Y.

Let £ be a Frobenius category. Denote by £ its classical stable category, and denote by £ A & the residue
class functor. Let G C £(C) be a full additive subcategory. Let H C £(C) be a full additive characteristic
subcategory such that (G)(N(C)) C H.

g——=¢£(C)

lN(C)

H——£(0O)

A C-resolving system I consists of pure short exact sequences

X, PX,c ~
I = Xe—>Ix.—+> X, ,
ceObC/xcObg

with bijective objects Ix . in £ as middle terms.
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Lemma A.32

(1) Given a C-resolving system

iX,c PX,c ~
I = Xo—>Ix .+ X, ,
ceObC/XecObg

there exists a functor

LY,

that is uniquely characterised by the following properties.
On objects X € ObG C Ob&(C), the image X T; € ObH C Ob&(C) is characterised as follows.

(%)  For any (c s d) € C, there exist
. . . (X TI)“{ .
e a representative (X T1)5 in & of the evaluation (X Tr)e — (X Tr)q in & at

¢ —> d of the diagram X T; € ObH C Ob&(C), and
o a morphism Ix . — Ix q in €

such that
X, s I B (X T))e

T e

Xy 2 Ixa 2 (X T)a

is a morphism of pure short exact sequences.

fTr
On morphisms (X N Y)e G C&C), the image (X Ty —— Y T;) € H C £(C) is characterised as
follows.

(¥x)  For any c € ObC, there exist

(fTr)e
o q representative (f Tr)Y in € of the evaluation (X Tr). RELG YTp)ein & at

5T
¢ of the diagram morphism (X Ty -4 YT;)eHCEC), and
e a morphism Ix . — Iy. in &

such that
X, ix,c Ix. PX,c (XT)).

fcl l \L(f-r]);

Y.

Y. L Iy, i)l/; (Y T[)C

is @ morphism of pure short exact sequences.

(2) Given C-resolving systems

iX,c PX,c ~
I = XCAHIX,CH_»XC 5
ceObC/Xe0Obg

i . Pxe =~
I = ((Xc X" Ich i Xé) ) ’
ceObC/XecObg

there exists an isomorphism
aI,I’
T, — Tp

that is uniquely characterised by the following property.
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(xxx)  For any X € ObG C Ob&(C) and for any c € Ob C, there exist

(Xeop 17)e
o a representative (Xay )™ in & of the evaluation (X Tr). =4 (XTr)e in

& at ¢ of the evaluation X T; Xa—”; XTpinHCEWC) ofarp at X, and
e a morphism Ix . —> Iy, in &
such that
X, 2o IX e —+— (X Tp)e

X —Q%IX(, PXue (XT]/)

is a morphism of pure short exact sequences.

Proof. Let us first assume that H = £(C). Having proven all assertions in this case, it then finally will remain
to be shown that given H C £(C) and a C-resolving system I, we have X Ty € ObH C Ob&(C) for X € Obg.

We remark that starting from a morphism U —+ U’ in € and from chosen pure short exact sequences (U, B, V)

and (U’, B’, V') with bijective middle terms B resp. B’, we may define a morphism V' —+ V' in & by the
existence of a morphism

—i—>BJ—>V

bk

of pure short exact sequences in &£, where V —+ V' is the image in £ of the morphism V s V'in €.

<§7Qj

~

! - !/ >

S

Ad (1). Given X € ObG, we define X T; € £(C) at the morphism ¢ — d of C' by the diagram in (x). The
characterisation (%) shows that X T is in fact in Ob £(C).

Given a morphism X I, Y in G, we define the morphism X T; EAS Y T;in £(C) at ¢ € ObC by the diagram
in (x). Combining (*) and (xx), we see that f T is in fact in £(C). From (**) we conclude that T; is indeed
a functor.

Xag o
Ad (2). Given X € Ob g, we define X Ty 2oy X T at ¢ € ObC by the diagram in (xxx).

Xa ’
Combining (%) and (x), we see that X T —% X T is indeed in £(C). Combining (x*x) and (*x*), we see
that o v is indeed a transformation.

Suppose given resolving systems I, I’ and I”. The characterisation of o ;- etc. implies that oy ey v = oy g
and that oy ; = 17,. Hence in particular, oy ;rap 1 = 11, and ap jarp = 11,,, and so ay,p is an isomorphism
from Ty to Ty.

Consider the case C = Ay, i.e. the terminal category, let G = £(Ag) = € and let H = £(Ag) = €. For a

T.
Ag-resolving system J, we obtain a functor &€ —> £ that factors as

In fact, for a morphism b that factors over a bijective object B, we can choose 0 as a representative of bT y,
inserting the pure short exact sequence (B, B,0). Moreover, T is an equivalence, for it is full; faithful, using
the dual of the argument just given; and dense, since given a morphism of short exact sequences in £ with
bijective middle terms and an identity on the kernels, the morphism on the cokernels is a homotopism.

Now return to the general case H C £(C). Let J’ be a C-resolving system consisting of pure short exact sequences
with bijective middle term that already occur in the chosen Ag-resolving system J. Then, for X € ObgG, we
have X Ty = X(N(C))(T;(C)). Since X(N(C)) € ObH by assumption, and since, moreover, H is assumed
to be a characteristic subcategory of £(C), we conclude that X (N(C))(T;(C)) = X T is in ObH. Finally,

let I be an arbitrary C-resolving system. We have X Ty % X Ty in £(C), and thus X T € ObH implies
X T; € ObH, since a characteristic subcategory of £(C) is, by definition, closed under isomorphy. o
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A.7 Pointwise pullback and pushout

Suppose given an abelian category A, a poset F and an element € € E. Let E€ := E1J{e'} be the poset defined
by requiring that € < &/, that a € &’ whenever a € € and that ¢’ € « for all @ € F; and the remaining relations
within £ C E° inherited from E. We define the pushout at

AE) 2 A

X o Xt

’ X’/ .
where X := X'|g, and (X! —— X!) = (X! =% X!,); and a transformation

i = iX’ /
x
X1,

X'lg=X

natural in X’, by the following construction. Abbreviating X 1@’ by X , we let

/ ~ Xa/s ~
X, =X.—> X,
Bl
I/T la
Xa/s

Xe — Xa

for « € F with € < a. Ife;éa,weletXa:Xa and i, = 1x,,.

Given a < fin E, we let

(Xa @2 Xp) be induced by pushout ife <a <4,

(Xa )fﬁ/’a Xp) = (Ko™ X-"+Xp) ifegabute<p,
o Xpje o Xo/a .

(Xo =22 Xp5) = (Xo =2 Xp) ifeg 3.

The morphism X —+ X 17" is the solution to the following universal problem. Suppose given a morphism
X -Lrvin A(E) such that at e € E we have a factorisation

fe z’
X, Ley) = (X, S X, Y.

Then there is a unique morphism X 1%’ —?+ Y such that

X Lry) = (X x1* Loy,

Dually, let E. := E U {¢’'} be the poset defined by requiring that € > &, that a 2 ¢’ whenever a 2 ¢ and that
¢’ % a for all @ € E; and the remaining relations within £ C E. inherited from E. We define the pullback at e

AE) e am)
X — X1y,

’
XE/E/

where X := X'|, and (X!, — X!) = (X!, —— X!); and a transformation

e’/

= pX’
X=X 2= X,

natural in X’, being the solution to the universal problem dual to the one described above.
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A.8 1l-epimorphic functors

F
Let C — D be a functor between categories C and D.

F
Definition A.33 The functor C — D is 1-epimorphic if the induced functor “restriction along F'”

o

(C,E] D, &1
G
is full and faithful for any category €. In particular, given functors D — € with FG ~ F H, we can conclude
H

that G ~ H; whence the notion of 1-epimorphy.

Remark A.34 Suppose given a diagram of categories and functors

c—Fop
S\Ll ZlT
¢ -1

with equivalences S and T, and with FT ~ SF'. Then F is 1-epimorphic if and only if I’ is 1-epimorphic.

Let C, C' € ObC. An F-epizigzag (resp. an F-monozigzag) C ~ C’ is a finite sequence of morphisms

’ ’ ’ ’
uo Uu, Ul u u2 Uy, Uk —1 Uy,
C = CO R ZO -~ Cl R —— Zl — Cl Lk Ckfl — Zkfl <k—10k = C/

in C of length k > 0 such that u}F is an isomorphism for all 7 € [0, k], and such that
uF = (uwF)(uyF) (w1 F)(u) F)” - (ug—1 F)(uj,_F)~ : CF — C'F

is a retraction (resp. a coretraction) in D.

Lemma A.35 Suppose the functor

c oo

to be dense, and to satisfy the following condition (C).

Given objects C, ¢’ € Ob C and a morphism CF < C'Fin D, there exists

an F-epizigzag Cs <% C, an F-monozigzag C' <5 C! and a morphism Cj - C{
such that

(CF =5 or L or 2 oip) = (o F - OlF).

Then F is 1-epimorphic.
Proof. Since F is dense, Remark A.34 allows to assume that F' is surjective on objects, i.e. (ObC)F = ObD.

B G
Let us prove that £(C) iy (D) is faithful. Suppose given functors C p — & and morphisms G —> H

H
and G — H such that Fy = Fv/. Given D € ObD, we have to show that Dy = Dv'. Writing D = CF for
some C € ObC, this follows from Dy = CFy = CF~' = Dvy'.

G
- 5
Let us prove that £(C) iy (D) is full. Suppose given functors C p —+ € and a morphism FG — FH.

Define G — H by (CF)b := C3. "

We have to prove that D4 is a welldefined morphism for D € ObD. So suppose that D = CF = C'F. We
have to show that Cd = C’4. By assumption (C), applied to d = 1p = l¢r = l¢vF, there exist an F-epizigzag
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C, % C, an F-monozigzag C' <5 C{ and a morphism Cj — CY{ such that (¢sF)(c{F) = cF. We obtain

(e FG)(CO)(E,FH) = (Cy8)(csFH)(c,FH)

(

(Cs6)(cFH)
= (cFG)(C{9)

(s FG) (et FG)(C{0)

(s FG)(C'0) (L FH) ,
whence C'§ = C’§ by epimorphy of ¢, F'G and by monomorphy of ¢, FH.

We have to prove thatAS is natural. Suppose given C'F 4 C'F in D for some C, C' € ObC. We have to
show that (dG)((C'F)d) = ((CF)d)(dH), i.e. that (dG)(C'6) = (Cd)(dH). By assumption (C), there exist an

F-epizigzag Cs <5 C, an F-monozigzag C' ~5 C{ and a morphism Cs — C{ such that (¢sF)d(c;F) = cF. We
obtain
(s FG)(dG)(C'6)(ct FH) =

) (cs FH)(dH)(C/FH)
C FG)(CO) (A FH)

whence (dG)(C’6) = (CH)(dH) by epimorphy of ¢, F'G and by monomorphy of ¢, F'H. o

Corollary A.36 IfC i D is a functor such that (i, ii) hold, then F is 1-epimorphic.

(i) For all morphisms D A in D, there is a morphism C —+ C" in C such that
(C—~C"F = (D2 D).
(ii) For any C, C' € ObC such that CF = C'F, there exists a finite sequence of morphisms

C = Cy 0 7y <" 0 M gz, Moy M L M2 Mg Mo oo

from C to C" such that w;F = u,F = lcp = lorp for all i € [0, k].

Proof. The functor F' is dense, even surjective on objects, because identities have inverse images under F. To
d
fulfill condition (C) of Lemma A.35, given objects C, C' € Ob(C and a morphism CF — C'F in D, we may

d
take some morphism Cs — C/ in C such that (Cs — C!)F = (CF — C'F), we may take for ¢ a sequence
as given by assumption because of CiFF = C'F, and we may take for ¢; a sequence as given by assumption
because of C{F = C'F. o

Corollary A.37 IfC L D is a full and dense functor, then F' is 1-epimorphic.
Proof. In fact, in condition (C) of Lemma A.35, we may take an F-monozigzag and an F-epizigzag of length 0.0

References

[1] Baues, H.-J.; Muro, F., The characteristic cohomology class of a triangulated category,
arxivimath. KT /0505540, 2005.

[2] BELIGIANNIS, A., On the Freyd categories of an additive category, Homology Homotopy Appl., 2 (11),
p. 147-185, 2000.

[3] BERNSTEIN, J.; BEILINSON, A.A.; DELIGNE, P., Fuaisceauz pervers, Astérisque 100, 1982.

[4] DELIGNE, P., Catégories spectrales, manuscript, 1968.



NN

=)

—_

[y —
L e = = R e AL = R . B L)

N N = =
= O O ~ O

[\

e T T E E E E EE ==
)

[\

79

DELIGNE, P., Décompositions dans la catégorie dérivée, Proc. Symp. Pure Math. 55, p. 115-127, 1994.
ELMENDORF, A.D., A simple formula for cyclic duality, Proc. Am. Math. Soc. 118 (3), p. 709-711, 1993.

FRANKE, J., Uniqueness theorems for certain triangulated categories possessing an Adams spectral se-
quence, www.math.uiuc.edu/K-theory/0139, 1996.

FRrREYD, P., Stable Homotopy, Proc. Conf. Categorical Algebra, La Jolla, p. 121-172, Springer, 1965.
GABRIEL, P., Des catégories abéliennes, Bull. Soc. Math. France 90, p. 323-448, 1962.

GROTHENDIECK, A., Les Dérivateurs, www.math.jussieu.fr/~maltsin/groth/Derivateurs.html, around
1990.

HapPEL, D., Triangulated Categories in the Representation Theory of Finite Dimensional Algebras, LMS
LN 119, 1988.

HELLER, A., Stable homotopy categories, Bull. Am. Math. Soc. 74, p. 2863, 1968.

HELLER, A., Homotopy theories, Mem. Am. Math. Soc. 383, 1988.

ILLusie, L., Complexe cotangent et déformations. I., SLN 239, 1971.

ILLUSIE, L., Catégories dérivées et dualité, travauz de J.-L. Verdier, Enseig. Math. 36, p. 369-391, 1990.
ILLusie, L., Perversité et variation, Manuscr. Math. 112, p. 271-295, 2003.

KELLER, B., Chain complexes and stable categories, Manuscr. Math. 67, p. 379-417, 1990.

KELLER, B., Derived categories and universal problems, Comm. Alg. 19 (3), p. 699-747, 1991.
KELLER, B., Deriving DG categories, Ann. scient. Ec. Norm. Sup. 4eme série, t. 27, p. 63-102, 1994.
KUNZER, M., On derived categories, diploma thesis, Universitiat Stuttgart, 1996.

KUNZER, M., Nonisomorphic Verdier octahedra on the same base, preprint, arXiv:0708.0151v3, 2007.
LAUMON, G., Sur la catégorie derivée des D-modules filtrés, SLN 1016, p. 151-237, 1983.

MALTSINIOTIS, G., La K-théorie d’un dérivateur triangulé (with an app. by B. KELLER), in “Categories
in Algebra, Geometry and Mathematical Physics”, Contemp. Math. 431, p. 341-368, 2007.

MALTSINIOTIS, G., Catégories triangulées supérieures, pré-preprint, www.math.jussieu.fr/~maltsin/tex-
tes.html, 2005.

NEEMAN, A., The Derived Category of an Exact Category, J. Alg. 135, p. 388-394, 1990.
NEEMAN, A., Some New Azioms for Triangulated Categories, J. Alg. 139, p. 221-255, 1991.

NEEMAN, A., The K-theory of triangulated categories, in FRIEDLANDER, E.M.; GRAYSON, D.R. (eds.),
Handbook of K-theory, Springer, p. 1011-1078, 2005.

PuppPE, D., On the formal structure of stable homotopy, Coll. on Algebraic Topology, Aarhus, p. 65-71,
1962.

QUILLEN, D., Higher algebraic K -theory: I, SLN 341, p. 85147, 1973.
VERDIER, J.-L., Des catégories dérivées des catégories abéliennes, Astérisque 239, 1996 (written 1967).
VERDIER, J.-L., Catégories Derivées, published in SGA 4 1/2, SLN 569, p. 262-311, 1977 (written 1963).

WALDHAUSEN, F., Algebraic K-theory of spaces, Algebraic and geometric topology, SLN 1126, p. 318419,
1985.

WEIBEL, C.A., History of homological algebra, www.math.uiuc.edu/K-theory /0245, 1997.

Matthias Kiinzer

Lehrstuhl D fiir Mathematik

RWTH Aachen

Templergraben 64

D-52062 Aachen
kuenzer@math.rwth-aachen.de
www.math.rwth-aachen.de/~kuenzer



	Introduction
	Heller's idea
	Stable Frobenius categories and an isomorphism between outer and inner shift
	The stable Frobenius case models a general definition of Puppe triangulations
	From Puppe to Verdier and beyond

	Definition of Heller triangulated categories
	A diagram shape
	Heller triangulations
	Strictly exact functors
	Enlarge to simplify

	A result to begin with
	A quasicyclic category
	Some remarks
	Acknowledgements
	Notations and conventions

	Definition of a Heller triangulated category
	Periodic linearly ordered sets and their strips
	Heller triangulated categories
	The stable category of pretriangles  C+(P#)
	Definition of  C+(P#)
	Naturality of  C+(P#)  in  P
	Naturality of  C+(P#)  in  C

	Folding
	Some notation
	The folding operation
	An example: folding from 5# to 3#

	A definition of Heller triangulated categories and strictly exact functors


	Some equivalences
	Some notation
	Some posets
	Fixing parametrisations , 
	The categories +,(n), C+(n) etc.
	Reindexing

	Density of the restriction functor from n# to n
	Upwards and downwards spread
	Resolutions
	A stability under pointwise pushouts and pullbacks
	Upwards and downwards resolution
	Both-sided resolutions


	Fullness of the restriction functor from n# to n
	The equivalence between  C+(n#)  and  C(n)
	Auxiliary equivalences
	Factorisation into two equivalences
	Cutting off the last object
	Not quite an equivalence


	Verification of Verdier's axioms
	Restriction from C+,= 1(n#) to C(n) is dense and full
	An omnibus lemma
	Turning n-triangles
	Application to the axioms of Verdier
	n-triangles and strictly exact functors
	A remark on spectral sequences

	The stable category of a Frobenius category is Heller triangulated
	Definition of F(n#), modelling  F+(n#)
	Folding for F(n#)
	Some 1-epimorphic functors
	Construction of 
	Exact functors induce strictly exact functors

	Some quasicyclic categories
	The category C+(n#) is Frobenius
	The category A0(n#) is Frobenius
	Notation
	The periodic case
	The general case

	The subcategory C+(n#)C0(n#)
	Two examples

	A quasicyclic category
	A biquasicyclic category

	Some general lemmata
	An additive lemma
	Exact categories
	Definition
	Embedding exact categories
	Frobenius categories: definitions

	Kernel-cokernel-criteria
	An exact lemma
	Some abelian lemmata
	On Frobenius categories
	Some Frobenius-abelian lemmata
	Decomposing split diagrams in intervals
	A Freyd category reminder
	Heller operators for diagrams

	Pointwise pullback and pushout
	1-epimorphic functors


